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PREFACE  TO  SIXTH  EDITION. 


The  present  edition  of  this  work  constitixtes  almost  a 
new  book,  one-half  or  more  of  the  entire  volume  being  new 
matter.  Much  of  the  latter  contains  original  matter  not 
hitherto  pubUshed.  Portions  of  those  chapters  on  combined 
bending  and  direct  stress  and  on  the  tlieory  and  design  of 
concrete-steel  members  are  of  this  natare.  The  effort  has 
been  to  set  forth  the  treatment  of  concrete^steel  beams  and 
other  members  with  complete  fulness  to  meet  the  require- 
ments of  that  rapidly  extending  field  of  engineering  con- 
struction. 

It  is  believed  that  the  value  of  the  book  is  greatly  en- 
hanced by  the  tables  which  the  author  is  permitted  to  in- 
clude in  this  volume  through  the  generous  courtesy  of  the 
Cambria  Steel  Company.  These  practical  tables,  found  at 
the  end  of  the  book,  are  taken  directly  from  the  Cambria 
Steel  Company's  Handbook,  and  they  will  not  only  enable 
any  instructor  to  give  with  the  greatest  facility  extended 
practical  exercises  of  computations  and  design  in  his  in- 
struction work,  but  they  will  also  be  found  of  great  value 
in  structural  practice. 

The  advanced  analjrtic  matter  relating  to  the  general 
theory  el  Hai^tirity  in  amorphous  solid  bodies,  and  the 
escact  theories  of  torsion  and  flexure,  have  been  placed  at 
the  end  of  the  vokune  in  Appendix  I.    While  this  matter 
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may  not  be  of  immediate  use  to  the  ordinary  practitioner, 
every  real  student  of  the  subject  of  resistance  of  materials 
should  be  familiar  with  the  treatment  of  these  general 
problems,  special  solutions  of  which  only  are  required  in 
the  every-day  practice  of  the  engineer. 

The  author  desires  to  express  his  indebtedness  to  Lieut.- 
Col.  John  W.  Butler,  Ord.  Dept.  U.  S.  A.,  commanding 
Watertown  Arsenal,  Watertown,  Mass.,  for  photographs  of 
the  400-ton  Emery  machine  at  the  Watertown  Arsenal  and 
material  tested  to  destruction  in  that  machine,  half-tones 
of  which  will  be  found  at  a  ntimber  of  places  in  the  book; 
also  to  Mr.  John  Sterling  Deans,  Chief  Engineer,  The 
Phoenix  Bridge  Company,  for  similar  courtesies,  and  to  Mr. 
Myron  S.  Falk,  C.E.,  M.E.,  for  suggestions  and  assistance  in 
preparing  the  manuscript,  for  proof-reading  and  other 
courtesies  of  substantial  character. 

W.  H.  B. 

Columbia  UNivERSiTy,  April  7,  1903. 
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CHAPTER  I. 

ELEMENTARY  THEOPY  OF  ELASTICITY  IN  AMORPHOUS 

SOLID    BODIES. 

Art.  I. — General  Statements. 

The  molecules  of  all  solid  bodies  known  in  nature  arc 
more  or  less  free  to  move  toward,  or  from,  or  among  each 
other.  Resistances  are  offered  to  such  motions,  which 
vary  according  to  the  circumstances  tmder  which  they 
take  place  and  the  nature  of  the  body.  This  property 
of  resistance  is  termed  the  elasticity  of  the  body. 

The  summation  of  the  displacements  of  the  molecules 
of  a  body,  for  a  given  point,  is  called  the  distortion  or 
strain  at  the  point  considered.  fhe  force  by  which  the 
molecules  of  a  body  resist  a  strain,  at  any  point,  is  called 
the  stress  at  that  point.  This  distinction  between  stress 
and  strain  is  fundamental  and  important. 

Stresses  are  developed,  and  strains  caused,  by  the 
application  of  force  to  the  exterior  surface  of  the  materiaL 
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These  stresses  and  strains  vary  in  character  according  to 
the  method  of  application  of  the  external  forces.  Each 
stress,  however,  is  accompanied  by  its  own  characteristic 
strain  and  no  other.  Thus  there  are  shearing  stresses  and 
shearing  strains,  tensile  stresses  and  tensile  strains,  com- 
pressive stresses  and  compressive  strains.  Usually  a 
number  of  different  stresses  with  their  corresponding 
strains  are  coexistent  at  any  point  in  a  body  subjected  to 
the  action  of  external  forces. 

It  is  a  matter  of  experience  that  strains  always  vary 
•  •  .-.continuously  p,nd  in  the  same  direction  with  the  corre- 
•    •  '•'sponding-'*  fetresses.     Consequently    the    stresses    are    con- 
:\  : :,  :  tJcxHoUfefy  .'increasing  functions   of   the   strains,   and   any 
stre'ss  may*  be 'represented  by  a  series  composed  of  the 
ascending  powers  (commencing  with  the  first)  of  the  strains 
multiplied   by  proper  coefficients.     When,   as   is  usually 
the  case,  the  displacements  are  very,  small,  the  terms  of 
the  series  whose  indices  are  greater  than  tmity  are  ex- 
ceedingly small  compared  with  the  first  term,  whose  index 
is    tmity.     Those    terms    may    consequently    be    omitted 
without  essentially  changing  the  value  of  the  expression. 
Hence  follows  what  is  ordinarily  termed  Hooke's  law  : 

The  ratio  between  stresses  and  corresponding  strains,  fot 
a  given  material,  is  constant. 

This  law  is  susceptible  of  very  simple  algebraic  repre- 
sentation. If  a  piece  of  material,  whose  normal  cross 
section  is  ^4,  is  subjected  to  either  tensile  or  compressive 
stress,  its  length  L  will  be  changed  by  the  amount  JL. 
If  P  be  the  e^rtemal  force  or  loading  which  produces  that 
deformation  or  change  of  length,  the  amount  of  force  or 
stress,  supposed  to  be  uniformly  distributed,  acting  on  i 
square  inch  of  normal  cross-section  of  the  piece,  will  be 
found  by  dividing  the  total  force  P  by  the  area  of  cross- 
section  A.     This  amount  of  uniformly  distributed  stress 
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is  called  the  '  *  intensity  of  stress, '  *  and  it  is  a  most  impor- 
tant quantity.  In  dealing  with  the  effects  of  forces  or 
stresses  in  all  engineering  work,  the  amount  of  such  force 
or  stress  on  a  square  xmit  of  area,  usually  a  square  inch  in 
American  practice,  and  called  the  intensity,  is  often  the 
main  object  sought,  for  it  determines  the  question  whether 
material  is  carrying  too  much  or  too  little  load,  as  well  as 
many  other  related  questions. 

Again,  the  important  consideration  as  to  strain  is  the 
fractional  change  in  length  of  the  entire  piece,  and  not  the 
total  change  in  length  expressed  in  the  unit  adopted,  ordi- 
narily an  inch.  This  fractional  change  of  length  is  the  same 
as  the  amount  of  actual  change  of  each  linear  unit  of  the 
piece,  as  is  foxmd  by  dividing  JL  by  L.  Inasmuch  as  that 
fraction  expresses  the  amount  of  change  in  length  for  each 
omit,  it  is  frequently  called  the  rate  of  change  of  length  or 
rate  of  deformation.  Hooke's  law  is  to  the  effect  that 
the  intensity  of  stress  is  proportional  to  the  rate  of  strain, 
and  its  analytic  expression  may  readily  be  written. 

Let  p  represent  the  intensity  of  any  stress  and  /  the 
strain  per  tmit  of  length,  or,  in  other  words,  the  rate  of 
strain.  If  £  is  a  constant  coefficient,  Hooke's  law  will  be 
given  by  the  following  equation: 

P     AL-     _,  ^^ 

p^-T=  -y-E^^El Q) 

If  the  intensity  of  stress  varies  from  point  to  point  of  a 
body,  Hooke's  law  may  be  expressed  by  the  following 
differential  equation: 

t-^- w 

If  p  and  /  are  rectangular  coordinates,  eqs.  (i)  and  (2) 
are  evidently  equations  of  a  straight  line  passing  through 
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the  origin  of  coordinates.  It  will  hereafter  be  seen  that 
the  line  under  consideration  is  essentially  straight  for 
comparatively  small  strains  in  any  case,  and  for  some 
materials  it  has  no  straight  portions. 

Art.  2. — Coefficients  of  Elasticity. 

In  general  the  coefficient  £  in  eq.  (i)  of  the  preced- 
ing article  is  called  the  coefficient  of  elasticity,  or,  some- 
times, modulus  of  elasticity.  The  coeflBcient  of  elasticity 
varies  both  with  the  kind  of  material  and  kind  of 
stress.  It  simply  expresses  the  ratio  between  stress  and 
strain. 

The  characteristic  strain  of  a  tensile  stress  is  evidently 
an  increase  of  the  linear  dimensions  of  the  body  in  the 
direction  of  action  of  the  external  forces. 

Let  this  increase  per  unit  of  length  be  represented  by 
/,  while  p  and  E  represent,  respectively,  the  correspond- 
ing intensity  and  coefficient.  Eq.  (i)  of  the  preceding 
article  then  becomes 

p^El,    or    £=1 (i) 

E  is  then  the  coefficient  of  elasticity  for  tension. 

The  characteristic  strain  for  a  compressive  stress  is 
evidently  a  decrease  in  the  linear  dimensions  of  the  body 
in  the  direction  of  action  of  the  external  forces.  Let  \ 
represent  this  decrease  per  unit  of  length,  p^  the  intensity 
of  compressive  stress,  and  E^  the  corresponding  coefficient. 
Hence 

p.^EJ,,    or    E,=  ^'' (2) 

E^  consequently  is  the  coefficient  of  elasticity  for 
compression. 


Art  a.]  COEFFICIENTS  OF  ELASTICITY.  $ 

The  characteristic  strain  for  a  shearing  stress  may  be 
determined  by  considering  the  effect  which  it  produces 
on  the  layers  of  the  body  parallel  to  its  plane  of  action. 

In  Fig.  I  let  A  BCD  represent  one  face  of  a  cube,  another 
of  whose  faces  is  fixed  along  AD.     If  a  shear  acts  in  the 
face  BC,  whose  plane  is  normal  to  the  plane 
of  the  paper,  all  layers  of  the  cube  parallel   §i 
to  the  plane  of  the  shearing  stress,  i.e.,  BC,   | 
will  slide  over  each  other,  so  that  the  faces  | 
AB  and  DC  will  take  the  positions  AE  and   | 
DF.    The  amount  of  distortion  or  strain 
per  unit  of  length  will  be  represented  by  ^ 
the  angle  EAB^4^.     If  the  strain  is  small, 
there  may  be  written   0,  sin  0,  or  tan   0         P^^-  '• 
indifferently. 

Representing,  therefore,  the  intensity  of  shear,  coeffi- 
cient, and  strain  by  5,  (7,  and  0,  respectively,  eq.  (i)  of 
Art.  I  becomes 

5  =  (70,    or    6^=-T 0 

0 

It  will  be  seen  hereafter  that  there  are  certain  limits 
of  stress  within  which  eqs.  (i),  (2),  and  (3)  are  essentially 
true,  but  beyond  which  they  do  not  hold;  this  limit  is 
called  the  limit  of  elasticity,  and  is  not  in  general  a  well- 
defined  point. 

The  line  Okghn  exhibited  in  Fig.  2  represents  the  actual 
strains  in  a  piece  of  structural  steel  i  inch  in  length  with 
I  square  inch  of  cross-section.  0  is  the  origin  of  coordi- 
nates, and  the  loads  per  square  inch,  i.e.,  intensities  of 
stresses,  are  shown  by  the  vertical  ordinates  drawn  parallel 
to  OC  from  OD  to  the  strain  curve,  while  the  strains  per 
unit  of  length,  that  is,  per  inch,  are  laid  off  as  horizontal 
ordinates  of  the  curve  parallel  to  OD.     If  Of/  is  the  in- 
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tensity  of  stress,  f/  corresponding  to  the  point  k  of  the  strain 
curve,  while  01'  is  the  restilting  strain  per  unit  of  length, 
then  p'  =  EV,  Again,  if  g  is  at  the  upper  limit  of  the  straight 
portion  of  the  curve  for  which  the  intensity  of  stress  and 
rate  of  strain  are  p  and  /  respectively,  the  relation  between 
those  two  quantities  is  shown  by  eq.  (i).      Since  £,  also  as 


Fig.  2. 

shown  by  eq.  (i),  is  equal  to  the  quotient  of  p  divided 
by  /,  Fig.  2  shows  that  it  is  equal  to  the  tangent  of  the 
angle  between  OD  and  the  straight  portion  Og  of  the  strain 
curve,  it  being  supposed  that  the  rates  of  strain  are  laid 
down  at  their  actual  or  natural  sizes.  If  the  strain  line  is 
curved,  the  first  term  of  eq.  (2)  of  Art.  i,  the  differential 
ratio,  will  represent  the  tangent  of  the  angle  between  the 
curve  and  the  horizontal  axis  OD  in  Fig.  2.  The  point  g, 
being  at  the  upper  limit  of  constant  proportionality  be- 
tween intensity  of  stress  and  rate  of  strain,  is  called  the 
elastic  limit,  above  which  it  is  seen  that  the  strains  in- 
crease far  more  rapidly  than  the  stresses  imtil  the  point  n 
is  reached,  where  actual  rupture  takes  place.  The  nearly 
horizontal  portion  of  the  curve  between  g  and  h  and  a  little 
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above  g  indicates  the  ''stretch  limit,"  an  intensity  of 
stress  where  the  material  is  said  first  to  *  *  break  down  * '  or 
stretch  rapidly  tinder  tensile  stress  without  much  increase 
of  the  latter.  ' 

Art.  3. — Direct  Stresses  of  Tension  and  Compression. 

The  direct  stresses  of  tension  and  compression  always 
produce  shearing  stresses  and  strains  on  all  planes  in  the 
interior  of  a  body  except  those  perpendicular  and  parallel 
to  those  direct  stresses.  If,  in  Fig.  i,  a  straight  piece  of 
material  CD  is  subjected  to  the  tensile  stress  induced  by 
the  forces  P  equal  and  opposite  to  each  other,  there  will  be 
pure  tension  only  on  all  planes  or  sections  of  the  piece  at 
right  angles  to  the  direction  of  the  forces  P,  such  as  HK. 
On  all  planes  passing  through  the  longitudinal  axis  of  the 
piece  there  will  be  no  stress  whatever,  if,  as  is  supposed, 
the  forces  P  are  tmiformly  distributed  over  the  sections 
of  application  DF  and  BC, 
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On  every  oblique  plane  or  section  in  all  parts  of  the 
piece  as  H'K\  supposed  to  be  perpendicular  to  the  plane 
of  the  diagram,  there  will  be  shear  as  well  as  direct 
stress  of  tension  normal  to  it,  the  intensities  of  both  the 
shear  and  the  normal  stress  being  dependent  upon  the 
angle  a  between  HK  and  H'K',  The  force  P  may  be 
resolved  by  the  triangle  of  forces  into  two  components, 
one  at  right  angles  to  H'K',  represented  by  N,  and  the 
other  along  or  tangential  to  H'K\  represented  by  S.     If 


S  EL/tSnaTY  IN  Ah40RPH0US  SOLID  BODIES.        [Ch.  L 

A  represents  the  area  of  the  normal  section  HK,  the  area 

of  the  oblique  section  H'K^  will  be  i4  sec  a.     The  value 

of  the  normal  stress  N  will  he  N  =  P  cos  a,  but  5 =P  sin  a. 

The  intensity  of  the  normal  tensile  stress  on  H'K'  will  be, 

therefore, 

N  P  cos  a  , 

n=-j =  -^ =/>cos'a.       .     .     (i) 

A  sec  a     A  sec  a    ^  ^  ' 

The  intensity  of  shear  on  the  same  plane  H'K'  will  be 

5  P  sin  Of     ^   . 

s=-i =-1 ^psmacosa.       .     .     (2) 

A  sec  a     A  sec  a     ^  ^  ^ 

\Vnen  the  angle  a  is  zero,  5  in  eq.  (2)  becomes  zero, 
while  «  in  eq.  (1)  becomes  equal  to  p,  i.e.,  the  intensity  of 
direct  tensile  stress  on  the  normal  section.  On  the  other 
hand,  when  the  angle  a  has  the  value  of  90°,  both  n  and  s 
become  zero,  i.e.,  there  is  no  stress  whatever  on  a  longi- 
tudinal, axial  plane. 

Inasmuch  as  the  angle  a  may  have  any  value  what- 
ever from  zero  to  90°  on  either  side  of  HK,  it  is  clear  that 
both  shearing  and  normal  tensile  stresses  will  be  found 
concurrently  on  every  oblique  plane  in  the  piece.  As  has 
been  observed  in  the  preceding  article,  these  shearing 
stresses  induce  the  lateral  strains  under  which  the  normal 
cross-sections  of  a  piece  subjected  to  pure  tension  decrease 
in  area  while  they  increase  under  the  action  of  pure  com- 
pression. 

Eqs.  (i)  and  (2)  have  been  written  on  the  assump- 
tion that  the  external  forces  P  produce  tension  in  the 
material,  but  precisely  the  same  equations  apply  to  the 
condition  of  pure  compression,  the  only  difference  being 
that  in  the  latter  case  the  external  forces  P  would  be  di- 
rected toward  each  other  from  the  ends  of  the  piece,  in^ 
stead  of  away  from  each  other. 
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Art.  4. — Lateral  Strains. 

K  a  body,  as  indicated  in  Fig.  i,  be  subjected  to  ten- 
sion, it  has  been  shown  in  Art.  3  that  all  of  its  oblique  cross- 
sections,  such  as  FE  and  GH,  will  sustain  shearing  stresses 
in  consequence  of  the  component  of  the  tension  tangential 
to  those  oblique  sections.  These  tangential  stresses  will 
cause  the  oblique  sections,  in  both  directions,  to  slide  over 
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each  other.  Consequently  the  normal  cross-sections  of  the 
body  will  be  decreased;  and  if  the  normal  cross-sections  of 
the  body  are  made  less,  its  capacity  to  resist  the  external 
forces  acting  on  i4S  and  CD  will  be  correspondingly  dimin- 
ished . 

If  the  body  is  subjected  to  compression,  oblique  sec- 
tions of  the  body  will  be  subjected  to  .shears,  but  in  direc- 
tions opposite  to  those  existing  in  the  previous  case.  The 
effect  of  such  shears  will  be  an  increase  of  the  lateral 
dimensions  of  the  body  and  a  corresponding  increase  in 
its  capacity  of  resistance. 

These  changes  in  the  lateral  dimensions  of  the  body  are 
termed  "lateral  strains";  they  always  accompany  direct 
strains  of  tension  and  compression. 

It  is  to  be  observed  that  lateral  strains  decrease  a  body 's 
resistance  to  tension,  but  increase  its  resistance  to  com- 
pression. Also,  that  if  they  are  prevented,  both  kinds  of 
resistance  are  increased. 

Consider  a  cube,  each  of  whose  edges  is  a,  in  a  body 
subjected  to  tension.     Let  r  represent  the  ratio  between 
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the  lateral  and  direct  rates  of  strains,  and  let  it  be  supposed 
to  be  the  same  in  all  directions.  If  /,  as  in  Art.  2,  represents 
the  direct  \mit  strain,  the  edges  of  the  cube  will  become,  by 
the  tension,  a(i+/),  a(i— /r),  and  a(i—rl).  Consequently 
the  volume  of  the  resulting  parallelopiped  will  be 


a»(i+/)(i-r/)'=a»[i+/(i-2r)] 


(i) 


if  powers  of  /  higher  than  the  first  be  omitted.  With  r  be- 
tween  o  and  i,  there  will  be  an  increase  of  volume,  but  not 
otherwise. 

If  the  body  is  subjected  to  compression,  the  edges  of 
the  cube  become  a{i—l^)y  a{i+r^l^,  anA  a{i-\-ryL^\  while 
the  volume  of  the  parallelopiped  takes  the  value 


a»(i -/,)(! +r,g«=a»[i+/,(2r,- 1)]. 


(2) 


As  before,  the  higher  powers  of  l^  are  omitted.  If  the 
voltime  of  the  cube  is  decreased,  r^  must  be  foimd  between 
o  and  i. 


Art.  S. — Relation   between  the  Coefficients  of  Elasticity  for 
Shearing  and  Direct  Stress  in  a  Homogeneous  Body. 

A  body  is  said  to  be  homogeneous  when  its  elasticity, 
of  a  given  kind,  is  the  same  in  all  directions. 

Let  Fig.  I  represent  a  body  subjected  to  tension  parallel 
to  CD.  That  obUque  section  on  which  the  shear  has  the 

B  greatest  intensity  will  make 
an  angle  of  45®  with  either  of 
those  faces  whose  traces  are 
CD  or  BD ;  for  if  a  is  the  angle 
which  any  oblique  section 
^  G  ~D  makes  with  BD,   P  the  total 

tension   on    BD,   and   .4'   the 
area  of  the  latter  surface,  the  total  shear  on  any  section 
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whose  area  is  A'  sec  a  will  be  P  sin  a.      Hence  the  intensity 

of  shear  is 

P  sin  a      P    . 

jr^^^  =  -^,smacosa (i) 

The  second  member  of  eq.  (i)  evidently  has  its  greatest 
value  for  a  =  45°.     Hence  if  the  tensile  intensity  on  BD  is 

P 
represented  by  -r-,  =/>,  the  greatest  intensity  of  shear  will  be 

S=^ (2) 

2  ^  ^ 

Then  by  eq.  (3)  of  Art.  2, 

^  =  ^ <3) 

In  Fig.  I  EK  and  KG  are  perpendicular  to  each  other, 
while  they  make  angles  of  45°  with  either  AB  or  CD.  After 
stress,  the  cube  EKGH  is  distorted  to  the  obHque  paral- 
lelopiped  E'KG'H'.  Consequently  EKGH  and  E'KG'H' 
correspond  to  A  BCD  and  AEFD,  respectively,  of  Fig.  i, 
Art.  2.     The  angular  difference  EKG  —  E'KG'  is  then  equal 

to  ^ ;  and  EKE'  =  GKG'  -  ^.     Also,  E'KF'  =  45°  -  ■^. 

Using,  then,  the  notation  of  the  preceding  articles, 
there  will  result,  nearly, 

tan(45°-y  =  -7^^  =  i-^(i+^);      •     •     (4) 

remembering  that 

F'K-^FKii+l),     and    E'F' =FK{i-r1). 

From  a  trigonometrical  formula  there  is  obtained, 
very  nearly, 

I  ch\     tan4S''-tanj     i -- 

tan45°+tan-     1+^ 
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From  eqs.  (4)  and  (5), 

<f>  =  l(i+r) (6> 

Substituting  from  eq.  (3),  as  well  as  from  eq.  (i)  of 
Art.  2, 

E 

^"^TiT^y (7). 

It  has  already  been  seen  in  the  preceding  article  that  r 
must  be  foimd  between  o  and  i,  consequently  the  coefficient 
of  elasticity  for  shearing  lies  between  the  values  of  J  and  4  of 
that  of  the  coefficient  of  elasticity  for  tension. 

This  result  is  approximately  verified  by  experiment. 

Since  precisely  the  same  form  of  result  is  obtained  by 
treating  compressive  stress,  instead  of  tensile,  there  will  be- 
foimd,  by  equating  the  two  values  of  d 

E          E^              E,     i+r^ 
— —  =  — --^,    or    -7T  = ^ (8V 

i+r     i+r^  E      i-j-r         .     •     .     v"; 

It  is  clear,  from  the  conditions  assumed  and  operations, 
involved,  that  the  relations  shown  by  eqs.  (7)  and  (8)  can 
only  be  approximate. 

Problems  for  Chapter  I. 

^^  Problem  i. — ^A  wrought-iron  bar  3"Xi"  in  section  is^ 
subjected  to  a  tensile  force  of  27,000  potmds.  The  stretch 
for  a  gauged  length  of  21'  6"  was  .1122".  Find  the  in- 
tensity of  tensile  stress  in  the  material,  the  coefficient  of 
elasticity  £,  and  the  rate  of  strain,  i.e.,  the  strain  per  linear 

inch. 

Partial  Ans,    Intensity  of   stress  =  12,000  pounds  per 

square  inch ;  E  =  2 7,600,000  poimds  per  square  inch. 

^     Problem  2. — A  steel  eye-bar  8"X2"  in  section  carries. 

a  total  load  of  128,000  pounds,  under  which  there  is  a. 
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stretch  of  .016"  in  a  gauged  length  of  5  ft.  Find  the  in- 
tensity of  stress,  rate  of  strain,  and  coefficient  of  elas- 
ticity £.        £'-  33,  100,0  CO. 

Problem  3. — ^A  2"  round  steel  bar,  for  which  the  coeffi- 
cient of  elasticity  E  is  29,000,000  poiinds,  is  subjected  to 
a  tensile  force  of  46,400  pounds.  Find  the  intensity  of 
stress,  the  rate  of  strain,  and  the  total  tensile  strain  for  a 
length  of  18  ft. 

Problem  4. — A  concrete  pillar  24"  X  24"  in  section  and 
8  ft.  high  carries  a  total  (comprtissive)  load  of  115,200 
poimds.  If  the  coefficient  of  elasticity  for  the  concrete  is 
3,000,000  pounds  per  square  inch,  what  will  be  the  rate  of 
compressive  strain  and  the  shortening,  first,  for  the  total 
height  8  ft.  of  pillar,  and,  second,  for  12",  under  the  pre- 
ceding load? 

^-  "  Problem  5. — In  Problems  i  and  2,  if  the  ratio  r  of  lateral 
to  direct  strains  is  .42,  what  will  be  the  change  in  volume 
of  a  portion  of  each  bar  i  ft.  long?  Also,  find  changes  in 
cross  dimensions  of  bars. 

Problem  6. — In  Problem  3  the  diameter  of  the  rotmd 
bar  decreased  .00045".  Find  the  ratio  r  between  direct 
and  lateral  unit  strains,  and  also  the  increase  of  volume  of 
3  ft.  length  of  the  bar. 

Problem  7. — In  Problems  5  and  6  find  the  coefficient 
of  elasticity,  G,  for  shearing  in  terms  of  the  direct  coeffi- 
cient of  elasticity  E. 

Problem  8. — In  Problem  2  find  the  total  normal  and 
tangential  stresses  and  their  intensities  on  plane  sections 
making  angles  of  18°,  35°,  and  53°  with  the  axis  of  the 
piece. 

Problem  9. — In  Problem  3  find  the  total  normal  and 
tangential  stresses  and  their  intensities  on  plane  sections 
making  angles  of  31°,  45°,  and  72°  with  the  axis  of  the 
piece. 


CHAPTER  II. 


HOLLOW  CYLINDERS  AND  SPHERES  AND  TORSION. 


Fig. 


I. 


Art.  6. — ^Thin  Hollow  Cylinders  and  Spheres. 

If  a  straight,  closed,  hollow  cylinder  be  subjected 
to  an  interior  pressure  with  the  intensity  c( ,  sufficiently 
greater  than  the  exterior  pressure  q^,  the  tendency  will  be 
to   split   the    cylinder   longitudinally.     Fig.    i    represents 

such  a  cylinder,  the  sides  of  which 
are  supposed  to  be  so  thin  that 
the  stress  to  which  they  are  sub- 
jected may  be  considered  uni- 
formly distributed  throughout  the 
material. 

AB  represents  the  diametral 
plane  through  the  axis  of  the  cylinder,  the  thickness,  i, 
of  the  shell  being  supposed  in  this  case  to  be  so  small  that 
the  cylinder  may  be  considered  a  *  *  thin ' '  cylinder. 

The  interior  radius  is  /  and  the  exterior  radius  r^.  If 
a  imit  length  of  cylinder  be  considered,  the  total  circum- 
ferential tension  developed  in  the  material  on  one  side  of 
the  cylinder  will  be  9'^  — 9/i,  it  being  supposed  that  the 
interior  pressure  is  so  much  greater  than  the  exterior  that 
tension  only  will  be  induced  in  the  material.  Obviously^ 
if  the  exterior  pressure  were  much  larger  than  the  interior, 
compression    would    exist    instead    of    tension.     The    in- 

14 
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tensity  of  tensile  stress  t  in  the  sides  of  the  cylinder  will 
therefore  be 

^ i       (i) 

This  value  of  t  expresses  the  tendency  of  the  cylinder 
to  split  along  a  diametral  plane  under  the  action  of  the 
interior  pressiire  ^. 

If  the  ends  of  the  cylinder  are  closed,  the  internal 
pressiire  against  them  will  tend  to  force  them  off  or  to  pull 
the  cylinder  apart  around  a  section  normal  to  the  axis. 
The  force  F  tending  to  produce  this  result  will  be 

F-<ctr"-q,r,') (2) 

The  area  of  normal  section  of  the  cylinder  will  be 
Tcir^  —  r'^).  Hence  the  intensity  of  stress  developed  by 
this  force  will  be 

If  the  exterior  pressure  is  so  small  that  it  may  be  con- 
sidered zero,  eqs.  (i)  and  (3)  give 

•   '-^ (4) 

When  the  thickness  of  the  shell  is  small  /  may  be 

placed  equal  to -,  and  this  value  introduced  in  eq.  (5) 

will  give 

/  =  ^(;r37)-17 ^^) 

/  in  eq.  (6)  is  seen  to  be  but  half  as  much  as  /  in  eq.  (4  V 
In  this  case,  therefore,  if  the  material  has  the  same  ulti- 
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mate  resistance  in  both  directions,  the  cylinder  will  fail 
longitudinally  when  the  interior  intensity  is  only  half 
great  enough  to  produce  transverse  rupture. 

In  designing  thin  cylinders  it  will  usually  be  necessary 
to  determine  the  thickness  i.  so  that  the  tensile  stress  t  in 
the  metal  shall  not  exceed  the  prescribed  value  h.  After 
writing  h  for  t  in  eq.  (i),  also  r^  —  r'  for  ij  then  dividing 
both  sides  of  the  equation  by  r',  there  will  result 


This  equation  readily  gives 


•.-"-Kf^}-''- 


(7) 


If  the  exterior  pressure  q^  is  so  small  that  it  may  be 
considered  zero,  the  thickness  given  by  eq.  (7)  takes  the 
following  form : 

•■-^ w 

This   is  the   same  value   that  will   be   found  by  solving 
eq.  (4)  for  i. 

The  expression  for  the  thickness  of  the  material  of  the 
cylinder  to  resist  the  longitudinal  tension  having  the  in- 
tensity /  can  be  foimd  with  equal  ease.  If  f^  be  written 
for  /  in  eq.  (3),  as  the  greatest  permissible  longitudinal 
tension,  then  if  both  numerator  and  denominator  of  the 
second  member  of  that  equation  be  divided  by  r",  there 
will  result 
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n 


The  solution  of  this  equation  at  once  gives  the  desired 
thickness : 


.^_r'=t  =  r'(^-'- 


+  9.> 


-/. 


(9) 


If  q^  is  so  small  that  it  may  be  neglected,  it  is  simply  to 
be  made  zero  in  eq.  (9). 

If  the  exterior  pressure  q^  were  considerably  larger  than 
^,  the  resulting  stresses  in  the  sides  of  the  cylinder  would 
be  compression,  but  the  formulae  for  the  resulting  intensi- 
ties would  be  precisely  the  same  as  the  preceding,  as  long 
as  the  cylinder  retained  its  cn-cular  shape. 

The  case  of  stresses  in  a  thin  hollow  sphere  or  thin 
spherical  shell  may  be  treated  in  the  same  general  manner. 
The  hemispherical  ends  of  a  metallic  cylindrical  tank  or 
reservoir  may  be  illustrated  by  the  skeleton  section  in 
Fig.  2. 


-i 


t\ 


Fig.  2. 

As  indicated  in  the  figure  the  internal  radius  of  each 
end  is  r^  while  r  is  the  external  radius.  The  internal  and 
external  intensities  of  pressure  are  as  shown  in  Fig.  i. 
The  force  tending  to  tear  off  the  hemispherical  ends  of  the 
tank  along  the  line  AB,  Fig.  2,  is  ^{q'r^^  —  q^r^).  The  sec- 
tion of  metal  resisting  this  force  with  the  intensity  t  is 
;r(r'  — r^*).  The  intensity  of  stress  developed  in  the  metal 
will  therefore  be 


^jflx-3x^\ 


r^-r.^ 


fio) 
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If  the  external  pressiire  is  so  small  that  there  may  be 
taken  q^  =o,  eq.  (lo)  will  take  the  form 

^^^^^-^-^ ^"^ 

In  this  last  equation  i^r—r^,  and  the  interior  radius 
is  placed  equal  to  one  half  the  sum  of  the  interior  and  ex- 
terior radii,  as  may  be  done  without  sensible  error.  The 
interior  radius  being  given,  the  thickness  of  metal  required 
to  withstand  a  given  internal  pressure  q'  without  stressing 
the  metal  above  a  given  worlcing  value  t  may  be  written 
as  follows  from  eq.  (ii) : 

•■-^ <") 

If  the  value  of  the  thickness  i  should  be  desired  in 
terms  of  both  the  interior  and  exterior  presstires,  it  can 
easily  be  written  by  the  aid  of  eq.  (lo);  if  both  numerator 
and  denominator  of  the  second  member  of  that  equation 
be  divided  by  r^*,  there  may  at  once  be  fotmd 


After  multiplying  this  eqtiation  through  by  r^,  then  sub- 
tracting that  quantity  from  each  side  of  the  resulting 
equation,  the  desired  value  of  the  thickness  will  be 


-'--^-.(7^1)'-^ ^ 


13) 


By  giving  a  proper  working  value  to  the  tensile  in- 
tensity t  and  inserting  the  values  of  the  pressures,  the  thick- 
ness i  will  at  once  result. 

In  this  last  set  of  equations  it  has  been  asstimed  that 
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no  metal  is  taken  out  of  the  section  AB  hy  rivets.  The 
proper  allowance  for  metal  so  deducted  will  be  plainly 
evident  after  the  subject  of  riveted  joints  has  been  treated. 

Art.  7. — ^Thick  Hollow  Cylinders  and  Spheres. 

If  the  sides  or  walls  of  hollow  cylinders  and  spheres 
subjected  to  high  internal  pressures  are  great  in  compari- 
son with  the  internal  radius,  the  tensile  stress  in  the  metal 
may  not  be  assumed  to  be  imiformly  distributed,  and  it 
is  necessary  to  determine  entirely  different  formulae  from 
those  established  in  the  preceding  article. 

The  normal  section  of  a  thick  hollow  cylinder  is  shown 
in  Fig.  I,  /  being  the  internal  radius  and  r^  the  external, 
with  the  intensities  of  internal  and  external  pressures  cf 
and  q^  respectively.     It  is  supposed  that  the  internal  pres- 
sure so  greatly  exceeds  the  external  that  the  metal  sustains 
tensile   stress  only.     If  the   cylinder   be  supposed   to  be 
divided  into  a  great  number  of  thin  concentric  portions, 
the  elastic  stretching  of  the  metal  will  cause  a  much  higher 
tension  to  exist  in  the  interior  portions  than  in  the  exterior. 
The  determination  of  the  law  of  variation  of  the  intensity 
of  the  tensile  stress  in  the  sides  of  the  cylinder  is  the  chie* 
purpose    of    the    investigation.     If 
any  diametral  section,  such  as  ABy  ^ 
Fig.  r,  be  assumed,  it  is  clear  that 

the  sum   of  all  the  tensile  stresses         v  \    ^'  ^   ^^ri  \ 

developed  in  that  section  must  be  \\_  ^y /   ^'"* 

equal  to  the  excess  of  the  internal 
pressure  over  the  external.     A  unit 

length  of  cylinder  will  be  considered  in  the  following 
formulae. 

The  tensile  stress  in  the  sides  of  the  cylinder,  whose 
intensity  will  be  represented  by  t,  and  which  is  developed 
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in  any  diametral  section,  as  AB,  has  a  circumferential 
direction,  and  for  that  reason  it  is  sometimes  called  *  *  hoop 
tension. ' ' 

The  variation  of  this  tensile  intensity  t  carries  with  it 
a  corresponding  variation  in  intensity  of  the  radial  pres- 
sure whose  intensity  is  q,  having  the  values  q^  in  the  in- 
terior of  the  cylinder  and  q^  at  the  external  surface. 

The  amount  of  tension  on  a  radial  section  of  thickness 
dr  will  be  tdr,  and  if  that  differential  expression  be  inte- 
grated so  as  to  extend  over  the  entire  thickness  of  one  wall 
or  side  of  the  cylinder,  it  must  be  equal  to  the  effort  of  the 
internal  pressure  in  excess  of  the  external  to  split  the 
cylinder  along  one  of  its  sides.  The  following  equation 
is  the  analytical  expression  of  this  condition : 

g'/-9,r,=y^'W (i) 

It  is  only  necessary  to  determine  a  proper  expression 
for  t  in  terms  of  r  in  order  to  make  the  integration  indicated 
in  eq.  (i),  and  thus  completely  solve  the  problem.  If 
the  following  values  of  t  and  q  be  assumed,  it  will  be  found 
that  eq.  (i)  is  completely  satisfied: 

^=a+^    and     9=-a  +  ^.      .     .     .     (2) 

The  quantities  a  and  6  of  eq.  (2)  are  arbitrary  constants 
which  are  to  be  fotind  by  the  condition  imposed  in  eq.  (i) 
and  by  the  further  condition  that  q  must  be  equal  to  <f 
when  r  is  equal  to  /,  and  to  5,  when  r  is  equal  to  r^.  The 
substitution  of  the  value  of  t  fromeq.  (2)  in  eq.  (i)  will  give 

^<fr'-q,r, (3) 
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Again,  by  first  making  r  equal  to  /  and  then  r  equal 
to  rj  in  the  second  of  eqs.  (2),  there  will  result 

9^  =  -^+ pi    and    gj  =  -a+-5.       .     .     (4) 
By  subtracting  the  second  from  the  first  of  eqs.  (4), 

^-'^^^'. (5) 

The  substitution  of  6  from  eq.  (5)  in  the  second  of 
eqs.  (3)  will  give 

-^^ (6) 

If  the  value  of  a  and  6  as  determined  in  eqs.  (5)  and  (6) 
be  introduced  into  the  two  eqs.  (2),  the  intensities  of  the 
compression  and  tension  in  the  metal  of  the  cylinder  will 
be 

,    <fr"-q,r'{cf-qy\*i. 

Eqs.  (7)  and  (8)  are  the  general  values  of  the  intensities 
of  the  internal  stresses  in  the  shell  of  the  cylinder,  q  acting 
in  a  radial  direction  and  t  m  a.  circumferential  direction. 
The  maximum  tensile  stress  f  will  exist  at  the  interior 
surface  of  the  cylinder  and  will  be  found  by  making  r = r' 
in  eq.  (8) : 
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The  least  intensity  of  tension  will  exist  at  the  exterior 
surface  of  the  cylinder  and  will  be  indicated  by  i^.  It 
has  the  following  value  found  by  making  r  =  rj  in  eq.  (8) : 

It  is  essential  to  find  an  expression  for  the  thickness  i 
of  the  cylinder  wall  required  for  given  pressures  so  that  the 
maximum  tensile  stress  shall  not  exceed  a  given  value  h, 
and  it  is  readily  found  by  first  dividing  both  numerator 
and  denominator  of  the  third  of  eqs.  (9)  by  r'  and  then 

solving  the  resulting  equation  for  J , 


If  both  members  of  this  last  equation  be  multiplied  by  r*, 
and  then  if  r'  be  subtracted  from  both  sides  of  the  resulting 
liquation,  the  desired  expression  for  the  thickness  will  be 

The  internal  radius  r^  being  known,  cq.  (ii)  will  give 
the  pn.>per  thickness  of  metal  when  the  working  tensile 
stress  or  h<.x>p  tension  h  is  prescribed  together  with  the 
actiuil  pressures  (f  and  q^.  It  wiH  be  observed  that  the 
denominator  of  the  fraction  in  the  third  member  of  eq.  (i  i) 
becv>mes  zero  when  j^j  +  fe  ==  / :  hence  the  resulting  value 
of  i  would  be  indefinitely  great.  This  shows  that  when 
the  iiiteusity  of  the  internal  pressure  is  eqtxal  to  or  greater 
than  twice  the  intensity  of  the  external  pressure  added 
to  the  greatest  allowed  tensile  stress  in  the  metal,  it  is  imr 
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possible  to  make  the  wall  of  the  cylinder  thick  enough  to 
meet  the  requirements  of  the  case,  whatever  may  be  the 
internal  radius. 

If  the  external  pressure  is  so  small  that  it  may  be  neg- 
lected, it  is  necessary  only  to  place  9i=o  in  the  preceding 
equations. 

It  is  seen  by  eq.  (8)  that  the  intensity  of  the  hoop 
tension  t  decreases  quite  rapidly  as  the  radius  increases. 

In  all  ordinary  engineering  operations  it  is  not  necessary 
to  use  these  formulae  for  thick  hollow  cylinders,  but  they 
are  required  for  such  special  purposes  as  the  design  of 
modem  high-powered  ordnance  and  some  special  hydraulic 
machinery.  A  more  elegant  and  complete  if  not  con- 
clusive demonstration  of  eqs.  (7)  and  (8)  will  be  found  in 
App.  I.  The  preceding  method,  however,  is  probably 
more  simple,  and  does  not  require  the  general  equations 
of  equilibrium  used  in  the  theory  of  elasticity  in  solid 
bodies. 

Equations  for  thick  hollow  spheres  may  readily  be 
established  in  precisely  the  same  general  manner  followed 
in  the  preceding  paragraphs  for  thick  hollow  cylinders, 
but  such  spheres  are  so  seldom  used  that  any  other  demon- 
stration will  not  be  given  than  the  general  one  fotmd  in 
App.  I. 

Art.  8. — ^Torsion  in  Equilibrium. 

The  state  of  stress  called  torsion  is  produced  when  a 
straight  bar  of  material,  like  a  piece  of  rotmd  shafting,  is 
twisted.  Such  a  bar  is  represented  in  Fig.  i,  the  axis  of 
the  piece  being  AB,  and  its  normal  cross-section  having 
any  shape  whatever.  In  engineering  practice  the  outline 
of  that  normal  section  is  usually  circular,  although  it  is 
occasionally  square. 
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The  twisting  of  the  bar  is  done  by  the  action  of  two 
equal  and  opposite  couples  acting  in  two  planes,  each  nor- 
mal to  the  axis,  but  at  any  desired  distance  apart.  The 
two  couples  are  represented  in  Fig.  i  at  each  end  of  the 
piece  in  the  two  normal  sections  A  and  B.  The  forces 
and  lever-arm  of  one  couple  are  respectively  P  and  e,  and 
P'  and  e^  of  the  other.  The  moment  of  the  first  couple 
will  be  Pe  and  that  of  the  second  couple  PV,  and  if  pure 


p 


Fig.  I. 

torsion  is  to  be  produced  these  two  moments  must  be  equal, 
but  opposite  to  each  other.  Inasmuch  as  the  moment  of  a 
couple  is  the  product  of  the  force  by  the  lever-arm,  the 
forces  and  lever-arms  of  the  two  twisting  couples  may  vary 
to  any  extent  as  long  as  the  moments  remain  tmchanged. 
Although  the  system  of  forces  to  which  a  bar  in  torsion 
is  subjected  is  such  as  to  be  in  equilibrium,  any  portion 
of.  the  piece  will  tend  to  have  its  normal  sections  like  those 
at  CD  rotated  over  each  other,  the  result  being  a  small 
sliding  motion  around  the  axis  of  the  piece.  Hence  a 
torsive,  stress  is  wholly  a  shearing  stress  on  normal  sections 
of  the  piece  subjected  to  torsion.  It  is  further  important 
to  observe  that  inasmucli  as  a  couple  produces  the  same 
effect  wherever  it  may  act  in  its  own  plane,  the  actual 
twisting  moment  need  not  be  applied  with  its  forces  sym- 
metrically disposed  in  reference  to  the  axis  of  the  piece; 
indeed,  both  of  those  forces  may  be  anywhere  on  one  side 
of  the  piece  without  varying  the  conditions  of  torsion  or 
torsive  stress  to  any  extent  whatever. 
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It  is  known  from  the  general  theory  of  stress  in  a  solid 
body  that  although  there  can  be  no  stresses  of  tension  and 
compression  parallel  to  the  axis  of  a  bar  tinder  torsion,  or 
at  right  angles  to  it,  there  will  be  such  stresses  of  varying 
intensities  on  oblique  planes.  Inasmuch  as  the  result  of 
torsion  is  to  slide  normal  sections  each  past  its  neighbor, 
the  elastic  torsive  shear  like  any  other  shear  will  not  change 
the  volume  of  the  body.  The  principal  shearing  strains 
will  produce  deformation  without  changing  the  dimensions 
whose  product  gives  the  volume. 

The  exact  and  complete  mathematical  theory  of  tor- 
sion deduced  from  the  general  equations  of  equilibrium  of 
stresses  in  an  elastic  solid,  without  extraneous  assumpn 
tions,  will  be  fotmd  in  App.  I.  Those  formulae  show  accu- 
rately the  state  of  torsive  stress  in  bars  of  any  elastic 
material  and  of  various  shapes  of  cross-section.  For  the 
general  purposes  of  engineering  practice  that  general  demon- 
stration is  rather  complicated.  Hence  it  is  often  avoided 
by  making  certain  approximate  assumptions  based  to  some 
extent  on  experimental  observations  which  lead  to  an 
approximate  and  simpler  theory,  yielding  formulae  accurate 
only  for  the  circular  normal  section,  but  which  are  not 
materially  in  error  for  the  square  section.  These  formulae 
are,  however,  far  from  accurate  for  certain  other  sections. 
In  this  article  only  the  formulae  of  the  simpler  theory, 
called  the  common  theory  of  torsion, 
will  be  given.  y^x     ""^X%^ 

Fig.  2  is  supix)sed  to  represent  the       f        Vp    /^^A. 

normal  section  of  a  bar  of  material  of      |  '^^i ±A_ 

any  shape,  subjected  to  torsion  by  the      \  ^  / 

application  of  couples  as  shown  in       \  / 

Fig.    I.     The    fimdamental    assump-         ^^--.^-^^^ 
tions  •of  the  common  theory  of  tor-  Fig.  2. 

sion  are  that  the  intensity  of  shearing  stress  varies  directly  as 
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the  distance  from  a  central  point  at  which  that  intensity  is 
zero,  and  that  that  central  point  is  located  at  the  centre  of 
gravity  or  the  centroid  of  the  section.  It  is  also  implicitly 
asstuned  that  the  normal  sections  which  are  plane  before 
torsion  remain  plane  during  torsion.  In  Fig.  2,  i4  is  sup- 
posed to  be  the  centre  of  gravity  of  the  section  at  which  the 
intensity  of  shear,  i.e.,  the  shear  per  square  tinit  of  section, 
is  zero.  The  distance  from  the  centre  A  to  any  point  of 
the  section  is  represented  by  r,  and  to  the  most  remote 
point  in  the  perimeter  of  the  section  by  r^.  In  accord- 
ance with  the  assumed  law,  the  greatest  intensity  of  shear 
Tm  in  the  section  will  be  fotmd  at  the  distance  r^  from  its 
centre.  While  this  is  accurately  true  for  the  circular  sec- 
tion, it  is  quite  erroneous  for  a  number  of  other  sections. 
Hence  the  intensity  at  the  distance  imity  from  the  centre 

•  A  will  be  — ,  and  at  the  distance   r  from  the  centre  it 
will  have  the  value 

^=f  r« (i) 

The  element  of  the  section  at  the  distance  r  from  A  will  be 

rdcj.dr (2) 

Hence  the  shear  on  that  element  is 

f  T  fn 

dS=-—Tfn.rda}.dr-='  — r^dr.dio.     ...     (3) 

The  direction  of  action  of  this  torsive  shear  is  around 
the  circumference  of  a  circle  whose  radius  is  r;  hence  if 
moments  of  all  these  small  shears,  dS,  be  taken  about  the 
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centre  or  point  of  no  shear,  A,  the  lever-arm  of  each  small 
force,  dS,  will  be  r,  and  the  differential  moment  will  be 

T 
dM^rdS^-^r^dr.dcj (4) 

The  total  moment  of  torsion  therefore  will  be 

The  quantity  I^  is  the  polar  moment  of  inertia  of  the  section. 
For  a  circular  section 

h  —^  =—  (cf  =diameter)  — g-.       .     .     (6) 

For  a  square  section  (6  =  side  of  square) 

^>  =  6^"6- (7) 

For  a  rectangfular  section  (6=  one  side  and  c=the  other 
side) 

If ^^ (8) 

'  12  12  '       \    J 

For  an  elliptical  section  {a^  and  6,  being  semi-axes) 

7r(o,'6,+a.V)     7ra,fr,(a,'  +  6.«) 
/> -^ •       .     .     (9) 

Using  the  notation  of  Fig.  i,  the  following  equation  of 
moments  may  be  written,  Pe  being  the  moment  of  the 
external  twisting  couple  and  M  the  moment  of  the  internal 
torsive  shearing  stresses  in  any  normal  section: 


Pe^uJ^I, do) 
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It  is  clear  from  Art.  2,  if  ^o  is  the  shearing  strain  at  the 
distance  r^  from  the  centre,  that  r^^G^o*  ^  being  the 
coeflBcient  of  elasticity  for  shearing.  Also,  since  the  inten- 
sity of  shearing  varies  directly  as  the  distance  from  the 
centre  -A,  it  is  equally  clear  that  the  shearing  strain  <f> 
varies  directly  as  the  distance  from  the  centre,  so  that 
if  a  represents  the  shearing  strain  at  unit's  distance  from  A 

(f>=ra    and     ^©'^''o^ (11) 

Hence  in  general 

T=-Gra (12) 

and  as  a  maximum 

Tm^Gr^a (13) 

a  is  evidently  the  angle  through  which  one  end  of  a  fibre 
of  unit 's  length  and  at  unit 's  distance  from  the  centre  or  axis 
is  turned.     It  is  called  the  angle  of  torsion. 

If  /  is  the  length  of  the  piece  twisted,  the  total  angle 
through  which  the  end  of  the  fibre  at  unit 's  distance  from 
the  axis  will  be  turned  is 

Total  angle  of  torsion^ at.       .     .     .     (14) 

If  the  fibre  is  at  the  distance  r^  from  the  axis  one  end 
will  be  twisted  arovmd  beyond  the  other  by  an  amotmt 
equal  to 

Total  strain  of  torsion  ^r^aL   .     .     .     (15) 

By  the  aid  of  eq.  (13)  eq.  (5)  may  be  written 

Pe  =  M=GaI,^^I, (16) 

If  ^Q  is  observed  experimentally 

'^-^- <"> 
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The  angle  through  which  a  shaft  will  be  twisted  by  the 
moment  Pe,  if  the  length  is  /,  is 

Pel     IT^ 

^^'-vrrnF, <^«) 

If  C  is  in  potmds  per  square  inch,  as  is  usual,  the  pre- 
ceding formulae  require  all  dimensions  to  be  in  inches, 
while  a  will  be  arc  distance  at  radius  of  one  inch. 

If  12/  is  written  for  /  the  unit  for  the  latter  quantity 
must  be  the  foot. 

By  inserting  the  value  of  Ip  from  eq.  (6)  in  eq.  (5), 


Pe^M  = 


2Tm  Trd*     TtTmd^ 


=  1.72-^ 


32         16     ' 
T^ (5) 


Eq.  (19)  will  give  the  diameter  of  a  shaft  capable  of 
resisting  the  twisting  moment  represented  by  Pe  with  the 
maximum  torsive  shear  in  the  extreme  fibres  of  T^. 

The  main  cross  dimensions  of  other  sections  may  be 
found  similarly  by  the  use  of  eqs.  (7),  (8),  and  (9). 

It  is  frequently  convenient  to  compute  the  greatest 
intensity  T  m  from  the  twisting  moment  M,  For  this  pur- 
pose the  equation  preceding  eq.  (19)  gives 

7^«  =  s.i:7s (20) 


These  equations  complete  all  that  are  required  for  the 
practical  use  of  the  common  theory  of  torsion.  In  some 
cases  it  may  be  necessary  to  use  accurate  formulae  for 
other  shapes  of  section  than  the  circular.  In  those  cases 
the  exact  formulae  of  App.  I  should  be  employed.  The 
practical  applications  of  the  preceding  formulae  to  such 


v> 
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problems  as  arise  in  engineering  practice  will  be  made  in 
a  subsequent  article. 


Problems  for  Chapter  II. 

Problem  i  * — ^A  steel  boiler  shell  58"  in  diameter  carries 
an  internal  pressure  of  no  pounds  per  square  inch,  the 
external  atmospheric  pressure  being  taken  at  1 5  pounds  per 
square  inch.  If  the  thickness  of  metal  is  |",  what  is  the 
intensity  of  stress  in  the  steel  plates  on  plane  sections 
taken  through  the  axis  of  the  boiler?  The  ends  of  the 
boiler  being  supposed  closed,  what  will  be  the  intensity  of 
stress  in  the  same  steel  plates,  on  the  annular  section  of 
the  metal  made  by  a  plane  at  right  angles  to  the  axis  of 
the  shell? 

Partial  A  ns.  Intensity  of  stress  on  the  longitudinal  sec- 
tion of  the  plates  is  7347  pounds  per  square  inch. 

Problem  2.* — Design  a  steel  boiler  shell  68''  in  diameter 
for  an  internal  pressure  of  225  pounds  per  square  inch  above 
the  atmosphere,  the  greatest  intensity  of  allowed  stress 
being  8000  pounds  per  square  inch.  Then  find  the  in- 
tensity of  stress  in  the  annular  section  of  the  shell  made 
by  a  plane  at  right  angles  to  the  axis  of  that  shell. 

Partial  Ans.  Thickness  required  is  H". 

Problem  3.* — In  Fig.  2  of  Art.  6  a  diameter  of  cylinder 
of  2  ft.  and  a  pressure  of  1800  potinds  per  square  inch 
above  the  atmosphere  are  taken.  What  is  the  total  force 
tending  to  tear  the  semispherical  head  from  the  cylinder 
and  what  must  be  the  thickness  of  steel  plate  to  resist  it 
if  the  greatest  working  intensity  of  stress  in  the  steel  is 
10,000  pounds  per  square  inch?     Also  find  the  thickness 

*  The  steel  shell  is  treated  as  if  there  were  no  riveted  joints,  althoup^h 
obviously  such  joints  must  be  used  in  actual  boilers.  This  assumption  i« 
made  as  these  problems  are  to  be  solved  prior  to  the  study  of  riveted  joints. 
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of  the  Steel  shell  required  to  prevent  tearing  apart  along  a 
longitudinal  section  if  the  greatest  working  intensity  is  9000 
pounds  per  square  inch. 

Problem  4. — Each  foot  of  head  of  water  corresponds 
to  .4335  lb.  per  square  inch  of  pressure.  Design  cast-iron 
water-pipes  6",  20",  and  48"  in  diameter  for  heads  of  75 
and  180  ft.,  the  greatest  working  intensity  of  tensile  stress 
in  the  cast  iron  being  2000  potmds  per  square  inch. 

Problem  5. — Let  the  pressure  in  the  bore  of  a  12"  steel 
rifle  be  taken  at  28,015  pounds  per  square  inch,  the  ex- 
ternal atmospheric  pressure  being  taken  at  15  pounds 
per  square  inch.  Let  it  further  be  assumed  that  the  greatest 
intensity  of  tensile  stress  in  the  metal  shall  not  exceed 
40,000  poimds  per  square  inch,  this  intensity  existing  at 
the  interior  surface  of  the  gun  at  the  instant  of  discharge. 
It  is  first  required  to  find  the  thickness  of  metal.  Eq.  (11) 
of  Art.  7  will  give  that  thickness.  Then  find  the  intensity 
of  tensile  stress  in  the  metal  at  the  exterior  surface  and 
at  the  distances  of  2",  4",  and  6"  from  the  interior  surface. 
The  solution  of  eqs.  (11),  (7),  and  (8)  of  Art.  7  will  give 
the  required  answers.  The  thickness  of  metal  will  be 
found  to  be  8.28"  and  the  intensity  of  stress  at  the  exterior 
surface  11,980  pounds. 

•^^rroblem  6. — A  round  bar  of  steel  2  J  inches  in  diameter 
is  twisted  by  a  force  of  2100  pounds  acting  with  a  lever- 
arm  of  17  inches.  Two  sections  25  ft.  apart  are  turned  .185 
inch  in  reference  to  each  other,  i.e.,  the  total  strain  of  torsion 
for  a  length  of  bar  of  25  feet  has  that  value.  Find  the 
total  angle  of  torsion,  the  angle  of  torsion  and  the  coeffi- 
cient of  elasticity,  G,  for  shearing  (i.e.,  for  torsion). 

Ans,  a  =  .ooo43;  a/ =  .129;  and  C  =  13,000,000  lbs. 

Problem  7. — The  greatest  permitted  working  intensity 
of  torsive  shearing  is  8000  pounds  per  sq.  in.  Design  a 
steel  shaft  to  carry  a  twisting  moment  produced  by  a  force 
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of  1900  potinds,  acting  with  a  lever-ami  ot  84  inches.  If 
the  coefficient  of  elasticity  for  shearing  is  12,000,000  pounds, 
what  will  be  the  angle  of  torsion?  Also  what  will  be  the 
total  angle  of  torsion  and  total  strain  of  torsion  for  a  length 
of  shaft  of  13  feet? 

Problem  8. — A  shearing  force  of  44,000  pounds  acting 
on  the  normal  section  of  a  two-inch  square  steel  bar  pro- 
duced a  shearing  strain  of  ,001834  inch  for  a  length  of 
two  inches.  What  is  the  coefficient  of  elasticity,  G,  for 
shearing? 
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FLEXURE. 


Art.  9. — ^The  Common  Theory  of  Flexure. 

A  STRAIGHT  piece  or  bar  of  material  is  subjected  to 
flexure  or  bending  when  it  is  acted  upon  by  loads  or  forces 
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Fig.  I. 
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at  right  angles  to  its  axis,  the  loads  and  supporting  forces 
taken  as  a  whole  constituting  a  system  in  equilibrium. 
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It  is  known  from  the  general  theory  of  stress  in  a  solid 
body  that  although  there  can  be  no  stresses  of  tension  and 
compression  parallel  to  the  axis  of  a  bar  under  torsion,  or 
at  right  angles  to  it,  there  will  be  such  stresses  of  varying 
intensities  on  oblique  planes.  Inasmuch  as  the  result  of 
torsion  is  to  slide  normal  sections  each  past  its  neighbor, 
the  elastic  torsive  shear  like  any  other  shear  will  not  change 
the  volume  of  the  body.  The  principal  shearing  strains 
will  produce  deformation  without  changing  the  dimensions 
whose  i>roduct  gives  the  voliune. 

The  exact  and  complete  mathematical  theory  of  tor- 
sion deduced  from  the  general  equations  of  equilibrium  of 
stresses  in  an  elastic  solid,  without  extraneous  assump- 
tions, will  be  found  in  App.  I.  Those  formulae  show  accu- 
rately the  state  of  torsive  stress  in  bars  of  any  elastic 
material  and  of  various  shapes  of  cross-section.  For  the 
general  purposes  of  engineering  practice  that  general  demon- 
stration is  rather  complicated.  Hence  it  is  often  avoided 
by  making  certain  approximate  assumptions  based  to  some 
extent  on  exp)erimental  observations  which  lead  to  an 
approximate  and  simpler  theory,  yielding  formulae  accurate 
only  for  the  circular  normal  section,  but  which  are  not 
materially  in  error  for  the  square  section.  These  formulae 
are,  however,  far  from  accurate  for  certain  other  sections. 
In  this  article  only  the  formulae  of  the  simpler  theory, 
called  the  common  theory  of  torsion, 
will  be  given.  X  \     ^N(  >^ 

Fig.  2  is  supposed  to  represent  the      j         Vo    y^^ 

normal  section  of  a  bar  of  material  of      |  ''^^- iA— 

any  shape,  subjected  to  torsion  by  the      \  ^  / 

application  of  couples  as  shown  in       \  / 

Fig.    I.     The   fundamental   assump-         ^^--__./^^ 
tions*of  the  common  theory  of  tor-  Fig.  2. 

sion  are  that  the  intensity  of  shearing  stress  varies  directly  as 
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temal  stresses  of  tension  and  compression  shown  by  the 
two  shaded  triangles.  Hence  in  order  that  there  may 
be  equilibrium  the  sum  of  those  stresses  of  tension  and 
compression  must  be  equal  to  zero.  This  latter  condition 
will  determine  in  a  simple  manner  the  position  of  the 
neutral  axis.  If  a  is  the  intensity  of  either  the  tensile  or 
compressive  stress  at  the  distance  unity  from  the  neutral 
axis,  then  by  the  second  of  the  preceding  fundamental 
assumptions  the  intensity  N,  at  any  other  distance  z  from 
the  same  axis  or  line  of  no  stress,  will  be  N  =-az.  Again, 
if  A  is  the  area  of  the  normal  section  of  the  beam,  dA  will 
be  the  area  of  an  indefinitely  small  portion  of  that  section, 
so  that  the  amount  of  internal  stress  acting  on  it  will  be 
az,dA.  If  this  differential  amount  of  stress  be  integrated 
for  the  entire  section,  the  preceding  condition  of  equilibrium 
for  either  portion  of  the  beam  requires  that  the  sum  repre- 
sented by  that  total  integration  shall  be  equal  to  zero; 
or  if  rfj  and  d  represent  the  distances  of  the  most  remote 
fibres  on  either  side  of  the  neutral  axis,  the  following 
equations  may  be  written: 


/\zdA  =a  I   'zdA  -o, 
d  J-d 


or 

rd^ 

zdA^o (i) 


/:■ 


Eq.  (i)  shows  that  the  static  moment  of  the  entire 
section  about  the  neutral  axis  is  equal  to  zero,  and  there- 
fore that  the  neutral  axis  passes  through  the  centre  of 
gra\4ty  or  the  centroid  of  the  normal  section. 

It  is  next  necessary  to  determine  the*  expression  for 
the  bending  moment  of  the  internal  stresses  of  any  sec- 
tion, such  as  JF  of  Fig.  i ,  which  is  induced  by  and  must 
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be  equal  to  the  moment  of  the  external  forces  acting  upon 
either  one  of  the  two  portions  into  which  the  beam  is 
divided  by  that  section. 

In  Fig.  I,  let  mn  represent  a  differential  length,  dl 
of  the  neutral  surface,  and  let  p  represent  the  radius  of 
curvature  of  dl  after  flexure,  also  as  shown  in  Fig.  i,  C 
being  the  centre  of  curvature.  If  u  is  the  direct  or  longi- 
tudinal strain  of  a  unit  length  of  fibre  at  the  distance  unity 
from  the  neutral  axis,  when  stressed  with  the  intensity  a, 
the  strain  in  dl  under  that  intensity  will  be  udL  BD  is 
drawn  parallel  to  JF,  and  represents  the  position  of  BD 
before  flexure.  The  triangle  D'mD  ic,  therefore,  similar 
to  Cmn,     Consequently  there  may  be  written 

udl     dl      ^         I 

T~  ~7?  '    •  •  ^  ~p» \^) 

Or  the  rate  of  strain,  i.e.,  the  strain  of  a  unit  length  of 
fibre  at  distance  unity  from  the  neutral  axis,  is  equal  to 
the  reciprocal  of  the  radius  of  curvature. 

By  the  fundamental  law  or  assumption  of  the  common 
theory  of  flexure  already  given 

Rate  of  strain  at  distance  z  —  -. 

'  P 

Then,  by  the  fundamental  law  between  stress  and 
strain,  the  intensity  N  of  the  direct  stress  at  any  distance 
z  is 


.A/ 


N=E-=Euz (3) 

If  b  is  the  variable  breadth  of  section,  the  differential 
of  the  total  stress  is 

E 
Nbdz=-.(bdz).z (4) 
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The  diflferential  moment  of  the  internal  stresses  about 
the  neutral  axis  will  be 

dM  =N Mz.z  =  - .{bdz) ,z^]  .     .     .     .     (S) 

E  /*^»  EI 

.•.M=-/     (bdz).z'^—;    ....     (6) 

in  which  I  is  the  moment  of  inertia  of  the  section  of  the 
beam  about  the  neutral  axis. 

If  X  is  the  horizontal  coordinate  of  the  neutral  sur- 
face, and  w  the  deflection  or  sag  of  the  beam  at  any  point, 
as  indicated  in  Fig.  i ,  when  the  curvature  is  small 


I      d^w 
p  ^dx^ 

and 

d^w  ^-^ '    , 

M-E^d^ ©-"!• 

Eq.  (7)  is  the  fimdamental  equation  by  which  the  de- 
flection of  a  bent  beam  is  foimd,  whatever  may  be  the 
character  or  amount  of  the  loading.  As  indicated,  it  is 
strictly  true  only  when  the  deflections  are  small ;  in  other 
words,  when  they  are  produced  by  strains  within  the  elastic 
limit  of  such  beams  as  are  ordinarily  used  in  engineering 
practice.  That  equation  is  easily  integrated  in  all  ordi- 
nary cases,  if  the  value  of  the  external  bending  moment  M 
is  expressed  in  terms  of  x,  as  will  be  abimdantly  illustrated 
in  succeeding  articles. 

Another  equation  of  great  practical  value  remains  to 
be  established.  Let  it  first  be  observed  that  the  intensity 
of  stress  a,  at  the  distance  of  unity  from  the  neutral  sur- 
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face  of  a  bent  beam  is  a  =  Eu,  by  Hooke  *s  law,  and  f \irther 
by  eq.  (2) 

E 

a^Eu=— (8) 

P 

E 
If  the  value  Of  —  from  eq.  (8)  be  substituted  in  eq.    (6) 

there  will  result 

M=a7 (9) 

If  the  greatest  intensity  of  stress  in  a  normal  section 

of  a  bent  beam  at  the  distance  d^  from  the  neutral  axis  be 

k 
represented  by  fe,  then  ^  =  t,  and  eq.  (9)  will  take  the  form 

M^j- (10)    ^^ 

Eq.  (10)  is  one  of  the  most  important  equations  in  the 
whole  subject  of  the  resistance  of  materials  in  consequence 
of  its  frequent  use  in  the  practical  operation  of  designing 
beams  or  girders.  Its  employment  is  rendered  exceed- 
ingly simple  and  convenient  by  tables  in  which  m.ay  be 
foxmd  computed  the  moments  of  inertia  I  for  all  the  rolled 

sections,  as  well  as  values  of  the  quantity  ^,  called  the 

"  section  modulus."  These  tables  are  fotmd  in  the  various 
"Hand-books"  published  by  steel-producing  companies, 
and  they  obviate  essentially  all  numerical  computations 
for  the  determination  of  either  moment  of  inertia  or  section 
modulus.  Other  tables  may  also  be  found  which  give  the 
moments  of  inertia  of  a  great  variety  of  built  sections, 
i.e.,  composite  sections  formed  of  various  commercial 
rolled  shapes  such  as  plates,  angles,  channels,  and  I  beams. 
In  all  the  preceding  expressions  where  the  quantity 
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M  appears  it  is  to  be  taken  to  represent  the  bending  mo- 
ment of  the  external  forces,  including  the  reactions,  applied 
to  a  beam,  the  moment  being  taken  about  the  neutral 
axis  of  the  section  under  consideration.  This  external 
moment  must  necessarily  be  equal  to  the  moment  of  the 
internal  stresses  represented  by  the  last  members  of  the 
preceding  moment  equations  involving  the  greatest  in- 
tensity of  stress  k  of  the  section  and  the  moment  of  inertia 
/  of  the  latter. 

There  are  one  or  two  approximate  features  involved 
in  the  preceding  analysis,  the  character  of  which  is  not 
discoverable  when  the  fundamental  laws  of  the  theory  of 
flexure  are  assumed  rather  than  demonstrated,  but  which 
appear  plainly  evident  in  the  true  demonstration  of  the 
theory  of  flexure  in  App.  I.  It  is  obvious  that  the  com- 
pression produced  at  the  exterior  surface  of  a  bent  beam 
at  the  points  of  loading  is  neglected  or  ignored  in  the  pre- 
ceding demonstrations;  but  this  does  not  sensibly  affect 
the  accuracy  of  the  formulae  which  have  been  reached. 
There  is,  however,  one  result  of  the  assumptions  made 
which  materially  affects  the  accuracy  of  the  formulae  of  the 
common  theory  of  flexure  for  comparatively  short  beams. 
If  the  accurate  analysis  be  followed  it  will  be  found  that 
the  formulae  of  that  theory  involve  in  reality  the  further 
assumption  that  the  depth  of  the  beam,  i.e.,  in  the  direc- 
tion of  the  loading,  is  small  in  comparison  with  the  length 
of  span.  The  limit  of  ratio  of  length  of  span  to  depth 
above  which  the  formulae  may  be  applied  with  strict  accu- 
racy cannot  be  definitely  assigned,  but  there  are  many 
beams,  especially  of  timber,  employed  in  engineering 
practice  which  are  much  too  short  in  comparison  with 
their  depths  to  permit  an  accurate  application  of  the  for- 
mulae of  the  common  theory  of  flexure,  'this  observation 
bears  with  special  emphasis  on  computations  for  pins  in 
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pin-connected  bridges  which  are  treated  as  short  beams. 
As  a  matter  of  fact,  the  common  theory  of  flexure  cannot 
be  applied  to  such  short  thick  beams  with  any  degree  of 
accuracy  whatever.  It  is,  however,  entirely  permissible 
to  use  these  formulae  as  general  expressions,  even  under 
such  loosely  approximate  conditions,  into  which  empirical 
quantities  established  under  the  actual  conditions  of  use 
are  introduced,  but  they  are  not  to  be  used  in  any  other 
way.  By  such  a  procedure  the  formulae  of  the  common 
theory  of  flexure  ha^ve  become  of  inestimable  value  to  the 
civil  engineer,  but  it  is  imperative  to  realize  under  what 
conditions  they  may  be  employed  with  strict  accuracy 
and  under  what  conditions  the  introduction  of  quantities 
established  by  practical  tests  is  required. 

Art.  lo. — ^The  Distribution  of  Shearing  Stress  in  the  Normal 

Section  of  a  Bent  Beam. 

The  longitudinal  fibres  of  a  beam  tinder  loading  take 
their  stresses  of  tension  and  compression  from  the  shearing 
stresses  which  are  induced  on  vertical  and  horizontal 
planes  in  the  interior  of  the  beam.  In  order  to  realize 
what  takes  place  in  the  interior  of  a  beam  let  it  be  sup- 
posed to  be  divided  into  an  indefinitely  large  number  of 
small  rectangular  portions  like  those  shown  in  the  up- 
per part  of  Fig.  i,  and  on  a  somewhat  larger  scale  in  the 
lower  part.  The  vertical  loading  and  reactions  induce 
transverse  shears,  i.e.,  shearing  stresses  on  vertical  trans- 
verse planes,  which,  as  known  from  the  general  theory  of 
stresses  in  solid  bodies,  induce  shears  of  equal  intensity  on 
horizontal  planes.  The  result  is  that  which  is  shown  in 
the  lower  portion  of  Fig.  i.  On  the  faces  of  the  indefi- 
nitely small  rectangular  portions  of  the  beam  there  are 
induced  shears  in  pairs  having  the  same  intensity  and  act- 
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ing  either  toward  or  from  a  given  edge.  Each  horizontal 
layer  of  the  beam  is,  therefore,  made  to  slide  a  little  over 
the  adjoining  layers  above  and  below  it,  as  shown  at  A  and 
A'  in  the  lower  part  of  F^,  i. 

W|    w,    w,       w,     w.     w, 

OOP OOP 


Carefully  remembering  these  general  conditions,  let  the 
bentiing  moment  in  the  section  ad  of  the  beam  in  Fig.  2 
be  represented  by  M  and  let  the  total  transverse  shear  at 


the  same  section  be  represented  by  S.     Then  if  x  measured 

M 


horizontally  from  the  section  ad  be  so  taken  that  x  = 
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and  if  the  intensity  of  the  direct  stress  of  tension  or  com- 
pression at  the  distance  z  from  the  neutral  axis  be  repre- 
sented by  fe,  there  may  at  once  be  written 

M^'Sx^     ;    /.  k-^-7-x (i) 

k  is  thus  seen  to  be  a  function  of  both  z  and  x.  If  je?  be 
tinchanged  while  x  varies,  the  small  variation  of  k  for  an 
indefinitely  small  variation  of  x  will  be 

j^dx^-jdx (2) 

If  s  is  the  intensity  of  the  transverse  shear  at  the  dis- 
tance z  from  the  neutral  axis,  the  variation  of  that  intensity 
for  the  indefinitely  short  distance  dz  (x  remaining  imchanged) 

ds 
will  be  'rd^f  and  if  the  breadth  or  width  of  the  beam  is  6, 

the  variation  of  longitudinal  shear  on  the  small  horizontal 
area  bdx  for  the  small  distance  dz  will  be 

j^dz(bdx) (3) 

The  small  shear  given  by  expression  (3)  is  equal  to  the 
variation  of  k  found  by  multiplying  the  members  of  eq.  (2 ) 
by  bdz,  hence 

jr-dz.bdx^'-^dx.bdz; (4) 

•'•  dz^T'     ^^    ds^jzdz (s) 

It  is  obvious  that  the  intensity  of  the  shear  at  the  ex- 
terior surface  of  the  beam  is  zero;  in  other  words,  5=0, 
when  z^d  the  distance  of  the  extreme  fibre  of  the  section 
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from  the  neutral  axis.  Hence  eq.  (5)  mtist  be  integrated 
between  the  limits  of  z  and  d,  and  that  integration  will 
give 

S   T"^  S 

.'.   ^=j-J     zdz^-^iiP-z^).       .     .     .     (6) 

The  intensity  s  has  its  maximiim  value  where  2f=o,  i.e.,. 
at  the  neutral  axis ;  hence 

(max.)^=— T- 01 

.      .                  ,      r     8fed»     2bd* 
If  the  section  is  rectangular,/  = = 

and 

(max.)  5=-.^^ (8) 

In  other  words,  the  maximum  intensity  of  shear  foimd  at. 

3 
the  neutral  axis  is  -,  the  average  shear  of  the  entire  section. 

It  is  to  be  remembered  that  this  intensity  of  shear  s, 
at  all  points  in  the  entire  beam,  acts  on  both  the  vertical 
and  horizontal  planes,  i.e.,  this  shear  acts  on  longitudinal 
or  horizontal  planes  parallel  to  the  neutral  surface  as  well 
as  upon  the  vertical  section  of  the  beam. 

Eq.  (6)  is  the  equation  of  a  parabola  with  its  vertex 
in  the  neutral  surface.  Hence  if  Of  be  laid  off,  as  shown 
in  Fig.  2,  at  any  convenient  scale  to  represent  the  maxi- 
mtim  value  of  s,  as  given  in  eq.  (7),  and  if  from  /  as  ver- 
tices the  two  branches  of  parabolic  ctirves  fa  and  fd  be 
described  as  shown,  any  horizontal  abscissa  of  the  ^  curves 
drawn  from  the  line  ad  will  represent  the  intensity  of  shear 
at  that  point.  The  origin  of  coordinates  for  eq.  (6)  is  at. 
O  in  Fig.  2. 
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With  such  material  as  timber,  in  the  case  of  bean.s, 
the  longitudinal  shear  represented  by  5  in  either  eq.  (7) 
or  eq.  (8)  may  be  the  governing  quantity  in  design.  The 
capacity  of  timber  to  resist  shear  along  its  fibres  is  com- 
paratively so  small  that  where  the  spans  are  relatively 
short  failure  will  take  place  by  shearing  along  the  neutral 
surface  before  the  extreme  fibres  yield  either  in  tension 
or  compression.  In  the  design  of  timber  beams,  there- 
fore, and  in  other  similar  cases,  it  is  necessary  to  test  by 
computation  the  maximum  valiae  of  s  as  well  as  to  deter- 
mine the  greatest  intensity  of  tensile  or  compressive  stress 
in  the  extreme  fibres,  as  will  be  completely  shown  in  a 
later  article. 


Art.  II. — ^External  Bending  Moments  and  Shears  in  General. 

Beams  subjected  to  pure  bending  only  will  be  treated 
here. 

A  beam  is  said  to  be  non-continuous  if  its  extremities 
simply  rest  at  each  end  of  the  span  and  sujfer  no  constraint 
whatever, 

A  beam  is  said  to  be  continuous  if  its  length  is  equal 
to  two  or  more  spans,  or  if  its  ends,  in  case  of  one  span  (or 
more)  suffer  constraint. 

A  cantilever  is  a  beam  which  overhangs  its  span,  one 
end  of  which  is  in  no  manner  supported.  Each  of  the 
overhanging  portions  of  an  open  swing  bridge  is  a  canti- 
lever truss. 

Fig.  I  represents  a  beam  simply  supported  at  each  end, 
carrying  the  loads  W^,  W^,  W„  etc.  Let  bending  moments 
be  taken  for  any  section,  as  JF,  at  the  distance  xf  from 
the  right-hand  abutment,  at  which  location  the  reaction 
R'  acts.  The  load  W^  is  at  the  distance  x^  from  the  sec- 
tion, W,  at  the  distance  ^,,  and  W^  at  the  distance  ^,  from 
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the  same  section,  the  last  distance  not  being  shown  in 
the  figure.  The  bending  moment  desired  will  be  the 
following:  .  . 

.      M^R'x'-W.x.-W^^-W^^.     .     .     .     (i) 

This  eqtiation  is  typical  of  all  external  bending  moments 
for  a  beam  simply  supported  at  each  end,  whatever  may 
be  the  system  of  loading  or  its  amoimt,  or  whatever  may 
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be  the  location  of  the  section.    This  equation  is  frequently 
written  in  the  following  form : 

M^IWx (2) 

The  summation  sign  indicates  that  the  stim  is  to  be 
taken  of  the  products  formed  by  multiplying  each  external 
force,  whether  loading  or  reaction,  by  its  lever-arm  or 
normal  distance  from  the  section  in  question.  It  is  a 
common  and  convenient  mode  of  expressing  the  general 
value  of  the  bending  moment  in  any  case  whatever. 

In  eq.  (i)  the  differentials  of  x\  x^,  x^,  and  x^  are  all 
equal,  so  that  if  that  equation  be  differentiated,  the  first 
derivative  of  M  will  have  the  following  form  : 


dM 
dx 


^R'-W^-W^-W^^IW^S, 


.     (3) 
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It  will  be  at  once  evident  that  5  in  eq.  (3)  is  the  total 
transverse  shear  in  the  section  for  which  the  bending 
moment  M  is  written,  since  the  algebraic  stun  of  R'  and  the 
loads  between  the  end  of  the  beam  and  the  section  con- 
stitutes that  shear.  Indeed,  the  usual  manner  of  deter- 
mining the  total  transverse  shear  is  the  simple  operation 
of  summing  up  all  the  external  forces  acting  on  one  of  the 
portions  of  the  beam  formed  by  the  section  in  question; 
the  external  forces,  such  as  the  reaction,  acting  in  one 
direction  being  given  one  sign,  and  those,  like  the  loading, 
acting  in  the  other  direction  being  given  the  opposite  sign. 
The  shear,  therefore,  becomes  the  numerical  difference 
of  the  two  sets  of  forces  having  opposite  directions. 

Eq.  (3)  thus  establishes  the  following  important  prin- 
ciple :  The  total .  transverse  .  shear  at  any  section  is  equal 
to  the  first  differential  coefficient  of  the  bending  moment  con- 
sidered a  function  of  x» 

In  Fig.  I  the  force  5  is  supposed  to  be  the  resultant  of 
the  three  loads  Wj,  W,,  and  W^y  and  the  reaction  R\  i.e., 
the  force  5  is  supposed  to  represent  that  resultant  both 
in  line  of  action  and  magnitude.  The  bending  moment  M 
is,  therefore,  equal  to  5e,  e  being  the  normal  distance  of 
the  line  of  action  of  5  from  the  section,  so  that  the  actual 
bending  moment  upon  any  section  of  a  bent  beam  may 
always  be  represented  by  the  transverse  shear,  located 
as  the  resultant  of  all  the  external  forces  producing  the 
bending  moment,  multiplied  by  its  lever-arm.  This  is  a 
simple  but  important  matter  of  observation. 

In  the  section  JF  let  the  two  equal  and  opposite 
forces  5  and  —  5,  numerically  equal,  act  in  opposite  direc- 
tions; they  will  not,  therefore,  affect  the  equilibrium  of 
the  beam  or  any  portion  of  it  in  any  way  whatever.  As 
far  as  the  equilibrium  of  the  portion  of  the  beam  JF 
is  concerned,  the  loads  and  the  reactions  may  be  supposed 
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to  be  displaced  by  the  couple  S,  —  S,  with  the  lever-arm  e, 
and  the  shear  5  acting  upward  in  the  section  JF.  The 
importance  of  this  particular  feature  of  the  analysis  con- 
sists in  showing  that  in  every  bent  beam  carrying  loads 
the  action  of  the  external  forces  (including  the  reaction) 
producing  the  bending  is  equivalent  to  a  couple  whose 
moment  is  Se  acting  about  the  neutral  axis  of  the  section 
and  the  total  transverse  shear  S  acting  in  the  section. 
The  shear  5  evidently  tends  to  move  or  slide  one  portion 
of  the  beam  past  the  other,  and  an  essential  part  of  the 
operation  of  designing  beams  and  trusses  is  its  determina- 
tion at  various  sections  with  correspondingly  various 
positions  of  loading. 

As  is  well  known,  the  analytical  condition  for  a  maxi- 
mum or  minimum  bending  moment  in  a  beam  is 

dM 

^=° (4) 

From  eqs.  (3)  and  (4)  is  to  be  deduced  the  following 
principle :  The  greatest  or  least  bending  moment  in  any  beam 
is  to  be  found  in  that  section  for  which  the  shear  is  zero. 

The  greatest  bending  moment  obviously  is  the  only 
one  of  importance  in  the  design  of  beams  and  trusses,  and 
eq.  (4)  shows  that  the  section  in  which  it  will  be  foimd 
can  be  located  by  simple  inspection  of  the  loading.  It  is 
only  necessary  to  sum  up  the  reaction  at  one  end  and  the 
loads  adjacent  to  it,  until  the  point  is  reached  where  the 
summation  is  zero.  This  point  will  usually  be  foimd 
where  a  load  is  supported.  In  that  case  the  single  load 
may  arbitrarily  be  divided  into  two  parts,  supposed  to  act 
indefinitely  near  to  each  other,  so  that  one  of  the  parts 
may  be  just  sufficient  to  make  the  zero  summation  desired. 
A  single  practical  operation  will  make  this  feature  per- 
fectly clear  and  simple. 
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If  the  loading  is  uniformly  continuoiis  and  of  the 
intensity  />,  in  each  of  the  equations  (i),  (2),  and  (3) 
pdx  is  to  be  used  for  each  of  the  separate  loads  Wp  W^„  W„ 
etc.     The  bending  moment  thus  becomes 


M 


R'af - IWx^Rx' -  r x,pdx^R'af '-^px'.     (5) 


The  expression  for  the  shear  then  becomes 

•      dM 


dx 


=S=R'-px (6) 


A  second  differentiation  gives 

■^  =  -^ <7) 

Or,  the  second  differential  coefficient  of  the  moment 
considered  a  function  of  x  is  equal  to  the  intensity  of  the 
continuous  load. 

This  method  of  passing  from  formulae  for  concentrated 
loads  to  those  for  continuous  loads  is  perfectly  simple  and 
frequently  employed. 

Art.  12. — Intermediate  and  End  Shears. 

The  beam  shown  in  Fig.  i  is  supposed  to  carry  any 
loading  whatever,  and  the  figure  is  consequently  intended 
to  exhibit  a  imiform  load  in  addition  to  a  load  of  con- 
centrations. Inasmuch  as  all  beams  and  other  similar 
pieces  have  considerable  weight,  and  sometimes  great 
weight,  ordinarily  considered  tmiformly  distributed  over 
the  span,  this  condition  of  loading  is  that  which  exists  in 
all  actual  cases.  The  amount  of  imiform  loading  per 
linear  tmit,  usually  a  foot,  is  represented  by  />,  while  the 
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concentrations,  as  heretofore,  are  represented  by  W,,  W^„ 
etc. 

The  determination  of  the  transverse  shear  at  any  sec- 
tion of  a  beam  or  truss  is  one  of  the  most  frequent  as  well 
as  one  of  the  most  important  computations  required  in 
the  design  of  structures.  As  has  already  been  indicated, 
it  is  an  extremely  simple  computation.  It  is  first  neces- 
sary, after  knowing  the  position  of  the  loading,  to  find  the 
reactions  at  both  ends  of  the  span.     In  Fig.  i  the  various 


R 


t-a\  i* )  a 


f  wmmwmmfw)m//.'m^^^^^^^^^  '■ 


w. 


w. 


w» 


w» 


i 


fX- 


I 


s 


"^J^TJ^^ 


Fig.  I. 

weights  or  loads  are  separated  by  the  distances  shown,  a' 
being  the  distance  from  W^  to  the  reaction  R  or  end  of  the 
span.  Wo  is  supposed  to  rest  at  the  right  end  of  the  span 
for  a  purpose  that  will  presently  appear.  The  reaction 
-R"  at  the  left  end  of  the  span  (not  shown)  resulting  from 
the  concentrated  loads  only  will  have  the  following  value: 

+W,(^-^^)-i-wf-]'  +  wl     (X) 

The  reaction  R'"  at  the  other  end  of  the  span  (not 
shown)  can  be  expressed  by  a  similar  equation,  but  it  is 
simpler  and  more  direct  to  write  it  as  follows: 


R'"  ^W^  +  W^  +  W,  +  W,  +  W^-R". 


(2) 
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Obviously  the  sum  of  the  two  reactions  i?"  and  /?"' 
must  be  equal  to  the  total  concentrated  loading. 

That  part  of  the  reaction  due  to  the  uniform  load  ex- 
tending over  the  span  /  will  clearly  be  one  half  of  that 
load  or 

R,=ipl=R, (3) 

The  reaction  R^  is  supposed  to  be  found  at  the  left 
end  of  the  span  and  R^  at  the  right  end.  The  total  re- 
actions then  will  be  as  follows.     At  left  end  of  the  span : 

R^R''  +  ipl (4) 

At  right  end  of  the  span : 

R^=R^-  +  ipl (S) 

The  transverse  shear  at  any  intermjediate  section  of 
the  beam  whatever  may  now  readily  be  written.  Let  the 
section  AB  Sit  the  distance  x  from  the  left  end  of  the  span 
first  be  considered.  The  total  loading  between  that  sec- 
tion and  the  end  of  the  span  is  W^  +  W^  +  px,  and  it  acts 
downward.  As  the  reaction  R  acts  upward  the  expression 
for  the  shear  will  be 

S^R-W.-W^-px (6) 

In  this  case  the  section  considered  has  been  taken 
between  two  weights;  let  the  section  at  the  weight  W, 
be  considered,  that  weight  being  at  the  distance  x'  from 
the  end  of  the  span.  The  amoimt  of  uniform  load  over 
the  length  x'  is  simply  px^,  but  inasmuch  as  the  weight  W^ 
is  located  at  the  section  under  consideration,  the  portion 
of  that  weight  which  may  be  taken  as  resting  on  the  left 
of  the  section  considered  is  indeterminate.     In  such  cases 


5  a  FLEXURE,  [Ch.  IIL 

it  is  proper  and  customary  to  take  any  portion  or  all  of 
the  weight  as  resting  on  either  side  of  the  section,  but 
indefinitely  near  to  it.  If  it  is  a  case  where  the  maximum 
shear  is  desired,  the  single  weight  should  be  taken  in  such 
a  position  as  to  make  the  transverse  shear  as  great  as 
possible.  If  the  case  is  one  where  it  is  desired  to  find  the 
section  at  which  the  total  load  from  that  section  to  the 
end  of  the  span  is  equal  to  the  reaction,  any  portion  may 
be  taken  which  is  found  necessary  to  make  the  equality. 
If,  for  instance,  px'  +  W^  +  W^  is  less  than  R  while  px' + 
W^  +  W^  +  W^  is  greater  than  R,  then  that  portion  of  W, 
which  would  be  considered  on  the  left  of  the  section  but 
indefinitely  near  to  it  would  be  R  —  px'  —  W^  —  W^.  The 
remaining  portion  of  W^  would  be  considered  as  resting 
at  the  right  of  the  section  but  indefinitely  near  to  it.  In 
such  a  case  the  transverse  shear  is  zero  at  the  w^eight  W^. 

Again,  let  it  be  desired  to  find  the  greatest  upward 
shear  at  W^,  it  being  supposed  that  R  is  greater  than  the 
total  load  between  W^  and  the  left  end  of  the  span.  In 
this  case  no  portion  of  W,  would  be  considered  as  acting 
to  the  left  of  the  section,  but  the  expression  for  the  shear 
would  be 

S^R-px'^W.-W, (7) 

It  can  be  seen  from  the  preceding  statements  that  the 
maximum  transverse  shear  in  the  beam  will  occur  at  the 
ends  of  the  span  where  the  value  of  the  shear  is  the  end 
reaction.  Inasmuch  as  the  end  reaction  R  or  R^  is  thus 
the  greatest  shear  in  the  entire  span,  it  is  a  most  important 
quantity  to  determine  in  the  design  of  beams  and  trusses; 
it  is  the  most  important  single  factor  in  the  determina- 
tion of  the  amoimt  of  material  required  at  the  end  sections 
of  both  beams  and  trusses.  The  value  of  this  end  shear 
is  given  by  the  values  for  R  and  /?'  in  eqs.  (4)  and  (5). 
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Since  the  total  transverse  shear  in  any  section  of  a 
beam  is  simply  the  summation  of  all  the  external  loads, 
including  the  reactions  from  one  end  of  the  span  up  to  the 
section  considered,  it  is  evident,  first,  that  that  summation 
may  be  made  from  either  end  of  the  span,  and  second, 
that  the  amounts  so  found  will  be  equal  numerically  but 
affected  by  opposite  signs.  In  determining  the  shear. 
therefore,  in  any  given  case,  it  is  usual  to  malre  the  sum- 
mation from  that  end  of  the  span  which  can  be  used  with 
the  greatest  convenience  in  computation. 


Fig.  2  exhibits  a  graphical  representation  of  the  pre- 
ceding treatment  of  intermediate  and  end  shears,  MN 
being  the  length  of  span  shown  in  Fig,  i.  MF  is  the 
reaction  R  laid  off  at  a  convenient  scale.  The  weights  or 
loads  W,,  iy„  W,,  etc.,  are  laid  off  vertically  downward  in 
their  proper  locations  at  the  same  scale,  as  shown.  The 
vertical  distance  of  G  below  F  is  the  amount  of  uniform 
load  pa'  between  R  and  W^  in  Fig.  i,  also  laid  down  by  the 
same  scale.     GG,  is.  therefore,  the  shear  in  the  beam  of 
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Fig.  I  immediately  to  the  left  of  1V„  and  Hfi^  is  the  shear 
immediately  to  the  right  of  the  same  load.  Similarly, 
//(//  being  drawn  horizontally,  HK  is  the  amount  of  uniform 
loading  pa  between  W^  and  1^,.  The  remainder  of  the 
diagram  is  drawn  in  the  same  manner. 

Any  vertical  ordinate  drawn  from  MN  either  up  or 
down  to  the  broken  line  FGH^K  ...  0  represents  the  shear 
at  the  corresponding  point  in  the  span  at  the  same  scale 
used  in  laying  off  the  reactions  and  loads.  QQ,  is  the  shear 
at  the  point  or  section  of  beam  at  Q^,  while  77,  is  the 
shear  at  the  section  T.  The  shear  is  zero  at  W,  where  it 
changes  its  sign.  At  that  point  also  will  be  found  the 
greatest  bending  moment  in  the  beam. 

As  the  diagram  is  drawn  the  shears  on  the  left  of  W, 
and  above  MN  are  positive,  those  on  the  right  of  W,  and 
below  MN  being  negative;  but  the  diagram  might  have 
been  drawn  with  equal  propriety  so  as  to  have  made  R' 
and  the  shears  between  it  and  W^  positive  and  those  be- 
tween that  load  and  R  negative. 

A  glance  at  the  diagram  shows  that  the  end  shears, 
vequal  to  the  reactions,  are  the  greatest  in  the  span. 


If  a  beam  carries  a  load  of  concentrations  only  its  shear 
diagram  will  be  illustrated  by  Fig.  3,  in  which  there  are 
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five  loads,  the  diagram  being  composed  of  rectangles  only. 
If,  again,  the  load  is  wholly  imiform  Fig.  4  will  represent 
the  shear  diagram  composed  of  two  triangles  with  their 
apices  at  C,  the  centre  of  the  span  and  point  of  no  shear. 
Any  vertical  ordinate  drawn  from  MN  in  either  figure 


Pig.  4. 

to  the  stepped  line  in  the  one  case  and  to  the  straight  line 
in  the  other  will  represent  the  shear  at  the  section  of  beam 
from  which  the  ordinate  is  drawn.  Those  diagrams  repre- 
sent completely  the  graphical  treatment  of  shears  in  all 
cases. 


Art.  13.— Mazimum  Reactions  for  Bridge  Floor  Beams. 

Three  transverse  floor  beams  of  a  railroad  bridge  are 
represented  in  Fig.  i  separated  by  the  two  spans  l^  and  / 
which,  in  a  bridge,  represent  the  panel  lengths.  The 
members  AB  and  BC  supporting  the  weights  W^,  W^, 
etc.,  indicate  the  stringers  which  carry  the  railroad  track 
and  the  train.  The  two  beams  or  stringers  AB  and  BC 
are  considered  simple  non-continuous  beams  resting  on 
the  floor  beams,  but  not  necessarily  nor  usually  on  their 
tops.  The  problem  is  to  determine  the  position  of  the 
locomotive  or  other  train  loads  on  the  adjacent  two  short 
spans  /j  and  /,  so  that  the  reaction  R  on  the  floor  beam 
between  shall  have  its  greatest  value. 

In  Fig.  I  let  a  section  of  the  beam  be  shown  at  i?,  and 
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let  the  nt:*s  be  meastired  from  the  right  and  left  ends  of 
/  and  /p  while  W^,  W^,  etc.,  W,  W\  etc.,  represent  the 
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Fig.  I. 


weights  or  wheel  concentrations  resting  on  the  two  spanj 
The  reaction  R  will  then  have  the  value 

D     W^x^  +  W.^x^+etc.     W:j;  +  I^'V+etc.  -^ 

/?= J^ + 1 .      •     KD 

If  the  whole  system  of  loading  move  to  the  left  by  the  dis- 
tance Jx,  the  new  reaction  will  be 

_,     ^     (W,  +  W,+etc.)  Jx  .  (ly  +  iy^+etc.)  Jx 

In  that  position,  which  gives  a  maximxim  or  minimum,. 
jR'  — -R=o;  hence 

(W,  +  W,  +  W^+etc,)j^(W  +  W'  +  W''+etc,).  .     (2) 

It  will  seldom  happen  that  eq.  (2)  will  be  satisfied 
imless  a  concentration  rest  on  the  pomt  R,  so  that  the 
proper  portion  of  it  may  be  taken  for  one  span  or  the 
other,  precisely  as  in  the  problems  of  maximum  shear 
and  maximimi  moments. 

Ordinarily  the  two  adjacent  spans  are  equal,  or  /  =  /i; 

/.  W,  +  W^+etc.^W  +  W'+etc.   .     .     •     (3) 


Art.  14.]  BENDING  MOMENT  PRODUCED  BY  TIVO  IVEIGHTS.     57 

Eq.  (3)  shows  that  when  the  two  spans  are  equal,  the 
amounts  of  load  each  side  of  R  must  also  be  eqxial. 

After  the  proper  position  of  loading  has  been  deter* 
mined,  eq.  (i)  will  give  the  maximum  reaction  desired. 

In  computing  this  reaction  it  is  to  be  remembered  thai 
there  will  usually  be  a  whole  weight  resting  at  B  which  is 
to  be  added  to  the  amoxmts  given  by  eq.  (i)  in  order  to 
find  the  total  reaction  on  the  floor  beam  at  B, 

Art.  14. — Greatest  Bending  Moment  Produced  by  Two 

Equal  Weights. 

Fig.  I  represents  a  non-continuous  beam  with  the  span  / 
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Fig.  I. 

supporting  two  equal  weights  P,  P,  These  two  weights  or 
loads  are  to  be  kept  at  a  constant  distance  apart  denoted 
by  a. 

It  is  required  to  find  that  position  of  the  two  loads 
which  will  cause  the  greatest  bending  moment  to  exist 
in  the  beam,  and  the  value  of  that  moment.  The  reac- 
tion i?  is  to  be  found  by  the  simple  principle  of  the  lever. 
Its  value  will  therefore  be 


/ 
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R -i-^-^P (0 

Since  the  reaction  R  can  never  be  equal  to  2P,  IP^ 
or  the  shear,  must  be  equal  to  zero  at  the  point  of  applica- 
tion of  one  of  the  loads  P.     In  searching  for  the  greatest 
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moment,  then,  it  will  only  be  necessary  to  find  the  moment 
about  the  point  of  application  of  one  of  the  forces  P.     It 
will  be  most  convenient  to  take  that  one  nearest  R. 
The  moment  desired  will  be 


M 

dM 
dx 


^Rx  =  2P\X'--j tI (a) 

r>/        2X       a\ 


m     m       X   ^  • 

2      4 


This  value  in  eq.  (2)  gives 


.-K'-f)' '-'' 


M. 

Since  " 

rf'M     _4P 

dx*  "      I  ' 

it  appears  that  M,  is  a  maximum. 

The  shear  5  in  the  section  RP  of  the  span  will  b«  the 
reaction  R  as  given  by  eq.  (i) : 


5  =  2P 


-?(-f) <4) 

Throughout  the  section  a  the  shear  S'  will  be 

5'-5-P=P-^(*+^) (5) 

Finally,   between   the   right   abutment   and  the   nearest 
weight  the  shear  Sj  will  be 


,.      r.       T>        2^/      o\ 

S,  =S-2P=- — r(*+2/ 


(6) 


1 
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If  the  separating  distance,  a,  between  the  two  weights 
be  increased  a  value  may  be  reached  so  great  as  to  make 
the  bending  moment  of  the  pair  of  weights  less  than  that 
produced  by  placing  one  of  them  at  the  centre  of  the  span. 
This  limiting  value  of  a  may  easily  be  found.  The  moment 
at  the  centre  of  span  produced  by  placing  a  single  weight 
P  there  is 

224 
By  using  eq.  (3) 

By  solving  this  equation 

a=/(2-\/2)=.s86/." (8) 

Whenever,  therefore,  the  separating  distance  a  is  equal 
to  or  greater  than  .586  span  length,  the  moment  should 
be  found  by  placing  a  single  weight  P  at  the  centre  of  the 
span. 

Art.  15. — Position  of  Uniform  Load  for  Greatest  Shear  and 
Greatest  Bending  Moment  at  any  Section  of  a  Non- 
Continuous  Beam  —  Bending  Moments  of  Concentrated 
Loads. 

A  continuous  load  of  uniform  density  is  frequently 
employed  in  structural  operations  both  for  beams  and 
trusses,  and  it  is  essential  to  place  such  a  load  so  as  to 
produce  the  greatest  effect  both  for  shears  and  moments. 
The  position  of  loading  for  the  greatest  shear  will  first  be 
found. 
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A  continuous  train  of  any  given  uniform  density  ad^ 
vances  along  a  simple  beam  of  span  I.  It  is  required  to 
determine  what  position  of  loading  will  give  the  greatest  shear 
at  any  specified  section. 

In  Fig.  I,  CD  is  the  span  /,  and  A  is  any  section  for 


B 


Fig.  I. 

which  it  is  required  to  find  the  position  of  the  load  for  the 
greatest  transverse  shear.  The  load  is  supposed  to  ad- 
vance continuously  from  C  to  any  point  J5.  Let  R  be  the 
reaction  at  Z?,  and  IP  the  load  between  A  and  B.  The 
shear  S'  at  A  will  be 

R-IP^S' (i) 

Let  R^  be  that  part  of  R  which  is  due  to  2P,  and  /?" 
that  part  due  to  the  load  on  CA ;  evidently  /?'  is  less  than 
IP.     Then 

R'  +  R''-IP=S\ 

I{  AB  carries  no  load,  i?'  and  IP  disappear  in  the  value 
of  S.     Hence 

is  the  shear  for  the  head  of  the  train  at  A.  5  is 
greater  than  5'  because  IP  is  greater  than  /?'.  But  no  load 
can  be  taken  from  AC  without  decreasing  i?".  Hence  the 
greatest  shear  at  any  section  will  exist  when  the  load  extends 
from  the  end  of  the  span  to  that  section,  whatever  he  the  den- 
sity  of  the  load. 

In  general,  the  section  will  divide  the  span  into  two  xm- 
equal  segments.  The  load  also  may  approach  from  either 
direction.     The  greater  or  smaller  segment,  then,  may  be 
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covered,  and,  according  to  the  principle  just  established, 
either  one  of  these  conditions  will  give  a  maximum  shear. 
A  consideration  of  these  conditions  of  loading  in  connec- 
tion with  Fig.  I,  however,  will  show  that  these  greatest 
shears  will  act  in  opposite  directions. 

When  the  load  covers  the  greater  segment  the  shear  is 
called  a  main  shear ;  when  it  covers  the  smaller,  it  is  called 
a  counter  shear. 

The  determination  of  the  greatest  bending  moment 
at  any  section  A  of  a  beam  or  truss,  exemplified  by  Fig.  i, 
traversed  by  a  continuous  train  of  tmiform  density  is  a 
very  simple  matter.  It  is  clear  that  every  part  of  the 
uniform  load  resting  on  the  beam  will  produce  bending  at 
any  section  considered ;  and  it  is  further  obvious  that  every 
part  of  that  uniform  loading  will  create  a  bending  moment 
at  A  of  the  same  sign.  It  follows,  therefore,  that  the 
•entire  span  should  be  covered  by  the  uniform  train  in  order 
to  produce  a  maximum  bending  moment  at  any  section 
of  the  beam  or  truss,  and  that  this  single  position  of  the 
train  will  give  the  maximum  bending  moment  throughout 
the  entire  span. 

The  preceding  position  of  moving  load  is  taken  only  for 
a  train  of  uniform  density  or  for  a  series  of  uniform  con- 
centrations, each  pair  of  which  is  separated  by  the  same 
distance  as  every  other  pair,  i.e.,  for  a  tmiformly  distributed 
system  of  tmiform  concentrations. 

The  general  case  of  a  simple  beam  loaded  with  any 
system  of  weights  may  be  represented  by  Fig.  2,  in  which 
the  beam  carries  three  loads  W^,  Tyj,and  W,,  spaced  as 
shown.  The  reactions  or  supporting  forces  R  and  R'  are 
•determined  in  the  usual  manner  by  the  law  of  the  lever. 
Hence 

R-^W^j+W^-j-  +  W, — ^ — .     ...    (2) 
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A  Similar  value  may  be  written  for  i?',  but  it  is  simpler 
after  having  found  one  reaction  to  write 


R'^W.  +  W^  +  W^-R. 


(3) 


The  beam  itself  being  supposed  to  have  no  weight,  the 
bending  moments  at  the  points  of  application  of  the  loads 
will  be 


Ra, 

R{a  +  b)-Wfi, 

i?(a  +  6  +  c)  -  T^,  (6 + c)  -  W^,c.  J 


•     .     (4) 


After  substituting  the  value  of  R  from  eq.  (2)  in 
eqs.  (4)  the  moments  in  the  latter  equations  will  be  com- 
pletely known. 


w 


7T^ 

iiiliiii  I  !, 
II     1114^1  I 

'il  iiliiiij 

itiiiiiiili 


:ii 


sw-n' 


Fig.  2. 


The  bending  moment  produced  by  each  weight  will  be 
represented  by  the  ordinates  of  the  triangles  shown  in  Fig.  2, 
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the  restdtant  moments  at  the  points  of  application  of  the 
weights  being  given  by  eqs.  (4).  The  ordinate  CD  repre- 
sents Mj  in  eqs.  (4)  by  any  convenient  scale.  Similarly 
FH  represents  M,  in  eqs.  (4),  and  KL,  M^,  The  lines 
AC,  CF,  FK,  and  KB  are  then  drawn.  Any  vertical  inter- 
cept between  AB  and  the  polygon  ACFKB,  foimd  in  the 
manner  explained,  will  represent  the  bending  moment 
at  the  point  where  the  intercept  is  drawn,  and  to  the  scale 
at  which  M,,  Af,,  and  M,  are  laid  down.  This  intercept  is 
simply  the  sum  of  the  intercepts  of  the  triangles,  each 
representing  the  partial  bending  moment  due  to  a  single 
weight. 

Obviously  the  bending  moments  of  any  number  of  loads 
of  any  magnitude  or  of  a  uniform  load,  even,  may  be  treated 
or  represented  in  the  same  manner. 

The  lower  portion  of  Fig.  2  is  the  shear  diagram  drawn 
precisely  as  explained  for  Fig.  3  of  Art.  1 2 . 

Art.  16. — Greatest  Bending  Moment  in  a  Non-Continuous 
Beam  Produced  by  Concentrated  Loads. 

The  position  of  the  moving  load  for  the  greatest  bend- 
ing moment  at  any  section  of  a  non-continuous  beam  may 
be  very  simply  determined.  In  Fig.  i,  let  FG  represent 
any  such  beam  of  the  span  /,  and  let  any  moving  load  what- 
ever, as  H^i .  .  .  Wn* .  .  .  Wn  advance  from  F  toward  G, 
Let  C  be  the  section  at  which  it  is  desired  to  determine  the 
maximum  bending  moment,  and  let  n'  loads  rest  to  the 
left  of  C,  while  n  is  the  total  number  of  loads  on  the  span. 
Finally,  let  x'  represent  the  distance  of  W^f  from  C  and  to 
the  left  of  that  point,  while  x  is  the  distance  of  Wn  to. the 
left  of  F.  If  a  is  the  distance  between  W^  and  W^^  b  the 
distance  between  W^  and  W^,  c  the  distance  between  W^ 
and  W4,  etc.,  the  reaction  RbXG  will  be 
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/?- 


w. 


+w^- 


0  +  6  +  C+  ...  ■\-x 
I 

6  +  C+  . . .  +x 
I 


•    •     .    .     (i) 


The  bending  moment  M  about  C  will  then  take  the 
value 

W^{a  +  b+c+  ...  +o(f) 


Or,  after  inserting  the  value  of  R  from  above, 

+  .  .  .  +(H^^  +  iy^  +  H^,+  .  .  .  +Wn)x\ 

If  the  moving  load  advances  by  the  amotmt  Jx,  the 
moment  becomes,  since  Jx^Jx^^ 


(2) 


^ 


(ji^c^  ''n^' 


a 


n  n  (k 


■i'- 


f  .0. 


Fio.  1. 


I' 


-(W,  +  W,+  ...+Wn')Jx.     (3) 


/^.  16.]  BENDING  MOMENT  IN  A  NON-CONTINUOUS  BEAM.      65 


Hence,  for  a  maximiun,  the  following  value  must 
be  uagiili  ii  i :    ^y^y^-^. 


-{W,  +  W,+  ...+Wn')\^o.     (4) 
Or  the  desired  condition  for  a  maximum  takes  the  form 


It  will  seldom  or  never  occur  that  this  ratio  will  exactly 
exist  if  Wn'  is  supposed  to  be  a  whole  weight;  hence  W^ 
wU  usually  be  that  part  of  a  whole  weight  at  C  which  is 
necessary  to  be  taken  in  order  that  the  equality  (5)  may 
hold. 

It  is  to  be  observed  that  if  the  moving  load  is  very 
irregular,  so  that  there  is  a  great  and  arbitrary  diversity 
among  the  weights  W,  there  may  be  a  number  of  positions 
of  the  moving  load  which  will  fulfil  eq.  (5);  some  one  of 
which  will  give  a  value  greater  than  any  other ;  this  is 
the  absolute  maximum  desired. 

From  what  has  preceded,  it  follows  that  Wn'  may 
always  be  taken  at  the  point  C  in  question;  hence  txf  in 
eq.  (2)  may  always  be  taken  equal  to  zero  when  that 
equation  expresses  the  greatest  value  of  the  moment.  The 
latter  may  then  take  either  of  the  two  following  forms : 

MJj[W,a  +  {W,+W,)b+  .  .  .  +{W,  +  W, 

.....  _(T^^  +  w^^+  ...  +w^^,_^)(?)j 

+  W^{c+d^  .  .  .  +^)+  .  .  .  ^WnX] 
-W,(a  +  64-  ...  +?)-W,(6+...  +?) 


0  w^-v 


® 


(6a) 
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In  these  equations  x  corresponds  to  the  position  of 
maximum  bending,  while  the  sign  (?)  represents  the  dis- 
tance between  the  concentrations  Vl^n'-i.and  Wn^. 

It  has  already  been  shown  that  for  any  given  condition 
of  loading  the  greatest  bending  moment  in  the  beam  will 
occur  at  that  section  for  which  the  shear  is  zero.  But  if 
the  shear  is  zero,  the  reaction  R  must  be  equal  to  the  stun 
of  the  weights  (W^i  +  Vl^j+  .  .  .  +Vl^n')  between  G  and  C\ 
the  latter  now  being  the  section  at  which  the  greatest 
moment  in  the  span  exists. 

Hence  for  that  section  eq.  (5)  will  take  the  form 

I R .  . 

But  if  e.g.  is  the  centre  of  gravity  of  the  load  in  Fig.  i, 
and  if  its  distance  from  F  is  /', 


r/ 


rJj(W^  +  W,+  ...+Wn) (8) 

This  equation  in  connection  with  eq.  (7)  shows  that 
the  centre  of  gravity  of  the  load  is  at  the  same  distance 
from  one  end  of  the  beam  as  the  section  or  point  of  greatest 
bending  is  from  the  other.  In  other  words,  the  distance 
between  the  point  of  greatest  bending  for  any  given  system  of 
loading  and  the  centre  of  gravity  of  the  latter  is  bisected  by 

the  centre  of  span. 

If  the  load  is  uniform,  therefore,  it  must  cover  the  whole 

span. 

It  is  to  be  observed  that  eq.  (6)  is  composed  of  the  sums 
]/\r^^  W^^^W^,  etc.,  multiplied  by  the  distances  a,  6,  c,  etc. 
Again,  as  in  the  equation  immediately  preceding  eq.  (2), 
the  expression  for  the  moment,  ilf ,  may  be  taken  as  com- 
posed of  the  positive  products  of  each  of  the  single  weights 
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W^y  \\\,  etc.,  multiplied  by  its  distance  from  any  point 
distant  x  to  the  right  of  Wn  and  of  the  negative  products 
similarly  taken  in  reference  to  the  section  located  by  x\  as 
shown  by  eq.  (6a) . 

The  practical  application  of  the  preceding  formulae  can 
therefore  best  be  effected  by  means  of  a  tabulation  of  mo- 
ments like  that  shown  in.  Table  I,  taken  from  the  standard 
specifications  of  the  N.  Y.  C.  &  H.  R.  R.  R.  Co.  for  1902. 
The  wheel  weights  and  train  loads  shown  ir^  the  table  are 
for  one  rail  only,  i.e.,  they  are  half  those  for  one  track. 
By  comparing  the  weights  and  spacings  with  those  in  Fig.  i 
and  eq.  (6)  it  will  be  seen  that  1^^1  =  10,000  lbs.;  W^=^ 
20,000  lbs.;  1^3  =  20,000  lbs.,  etc.,  and  that  a=8  ft. ;  6  = 
5  ft. ;  c  =  5  ft.,  etc. 

In  using  tables  similar  to  Table  I  for  shears  as  well  as 
for  moments  it  is  convenient  to  have  the  summations  of 
weights,  distances  between  weights  or  spacings  of  loads, 
and  the  moments  already  described  from  each  extremity 
of  the  system  or  series.  An  examination  of  the  table  with 
the  explanatory  notes  at  the  bottom  will  make  its  com- 
position perfectly  clear.  The  figures  on  the  right  of  the 
heavy  stepped  line  are  found  by  taking  moments  of  each 
load  or  weight  proceeding  from  load  10  to  the  right.  For 
example:  20,000X8=- 160,000;  2o,oooX(8  + 5) +  20,000X8 
=  420,000 ;  20,000  X  (5  +  5  +  8)  +  20,000  X  (5  +  8)  +  20,000  X  8= 
780,000.  Also  in  line  10, 1 3,000  X  (5+9)4-13,000X9=299,000, 
etc.  Again,  beginning  at  the  right  end  of  line  5,  13,000  X 
5=65,000;  13,000 X (5 +  5) +  13,000X5  =195,000,  etc.  All 
the  lines  from  5  to  14  are  made  up  in  a  similar  manner. 

The  method  of  finding  shears  set  forth  in  Art.  12  and 
of  finding  the  greatest  bending  moments  by  eqs.  (5),  (6), 
and  (6a)  of  this  article,  by  the  aid  of  Table  T.  leads  to  the 
numerical  results  shown  in  Table  II.  The  series  of  con- 
centrated loadings  exhibited  in  Tables  I  and  II  are  iden- 
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tical,  and  they  are  given  in  the  specifications  of  Mr.  Theo- 
dore Cooper,  C.E.,  as  the  locomotive  loading  **  E  40."  It 
will  be  observed  that  the  entire  train  for  Table  II  is  com- 
posed of  two  coupled  locomotives  followed  by  a  tmiform 
train  of  2000  lbs.  per  linear  foot  for  each  rail,  while  in 
Table  I  the  train  load  is  2  2  50  lbs.  per  linear  foot. 

Table  II  is  taken  from  a  paper  by  Mr.  O.  E.  Selby, 
Jim.  Am.  Soc.  C.  E.,  in  the  **  Trans.  Am.  Soc.  C.  E.,"  Vol. 
XLII,  1899.  ,In  general,  the  computation  of  maximtmi 
shears  at  arbitrary  points  like  quarter-points  and  the 
centre  is  largely  tentative  by  the  use  of  the  general  methods 
of  Art.  12,  but  Mr.  Selby  obtained  his  shears  (of  Table  II) 
by  means  of  equivalent  loads,  which  he  explains  in  bis 
paper. 

When  a  uniform  train  load  is  a  part  of  the  system  of 
loading  it  is  only  necessary  to  consider  any  desired  portion 
of  it  as  acting  through  its  centre  of  gravity,  i.e.,  through 
its  mid-point.  Taking  that  centre  as  its  point  of  applica* 
tion  the  separating  space  is  the  distance  from  that  point 
to  the  nearest  concentration.  If  in  Table  II  20  feet  of 
train  load  be  taken,  that  train  weight  will  be  40,000  poimds 
applied  at  the  distance  10  +  5  =  15  feet  from  load  18.  This 
simple  operation  is  all  that  is  needed  for  any  tmiform  load 
or  for  a  series  of  sections  of  uniform  load. 

Problem. 

Let  a  railroad  plate  girder  with  an  effective  span  of  80 
feet  be  traversed  from  right  to  left  by  the  moving  load 
shown  in  Table  II,  except  that  there  will  be  taken  but  one 
locomotive  followed  by  the  uniform  train  load  of  2000  poimds 
per  linear  foot.  It  is  required  to  find  the  greatest  bend- 
ing moments  and  shears  at  the  centre  and  quarter-points 
of  the  span,  the  dead  load  or  own  weight  of  the  span  and 
track  being  taken  at  1400  pounds  per  linear  foot. 
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1-o^^tng    moments  at  the 
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Centre, 
a:  =  J/ —  40  ft. 
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end,  qtiarter-point, 
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=  20  ft.  x^^oit, 

,000  lbs.         zero 


r-point  there  will  be 
ain  load  on  the  span, 
tender  wheel,  which 

vs  y  =  ^,  the  criterion, 

' ,  the  first  being 

,000  ^ 

lence  wheel  3  at  the 
•  •..:;-.  ;  £qj.   ^^   maximum 

0»  W^n=  40,000  lbs. 
o    lbs.     Hence    the 


•      •  •  .    * 


»•  • 
.  •  •  • 


X 10)  — 230,000 
=  1,631,500  ft.-lbs. 

of  the  span  ten  feet 
ux  c*a*..^-  le  girder,  making  a 


[Ch.  iir.. 


31 


■jMTOa 

% 

'a'sssssiii34ii4;i;555;5;??s5s^ 

H 

■».dt 

S 

1 

js^ssss^asjsssss'S.-as^ssgsss??? 

^ 

:i^i^^^5s^K-Zi1L™lin^^ii^iE 

SSSS3oS3??|o^fs::^jr|^^?s^^='?s 

saaaft:i^s:^^s^ss3SS5sss:;S'S,S!:;!;ss% 

^iiiilii^iii^=n^^i^li^l^^iJii 

1 

S^??S::;3^^S8  5?J!:'S=SSa5,SS'SK'SS35; 

- 

-lOOTPOH 

Sflf!lllliilf=irff?llr^ll=^lil 

■Iwj'UBdg 

■s 

■B11B3 

siiiiiiiiisms'S'i:iiiii'i;si;ii-ss^ 

1 

■».dt 

ii-siiiiiiii-mHiiiii.'i-isiiiiis 

« 

iiiii-iiiiiissisisiiitiiiiii  i  i  ? 

SKllHS^H^saHsHlr^sffHisI 

-.„<i^,^r-'^^'„a»0.<,<,^^^^^^-*-'-'C«^~ 

I 

3 

ir-sasK  =  ?!:■§  :r'SSft5,:i3:?SftKSS55;ii5 

:«O0..0Ot.0v>^..»0».-»0"t-~»-D0»r.o-» 

:s?a:;s^'S,5;!'5"Ss:;:;ss'S,Kg;j^S55SS^ 

;"-^ss^j^^S||H^HH»a5s=H 

:«e.o-- jjj^j.«oo--jjyo  J*  jo--nj" 

Art.  1 6.]  BENDING  MOMENT  IN  A  NON-CONTINUOUS  BEAM.      7^ 


Dead  Load. 

By.  eq.  (6)  of  Art.  17  the  bending  moments  at  the 
quarter-point  and  ^centre  are,  since  the  reaction,  R,  is 
40  X  700  =  58,000 :  " 

Quarter-point,  Centre, 

.  y^  a:  =  2oft.  :«:«=J/  — 40  ft. 

Kl  =-{lx—x^) 420,000  ft.-lbs.         560,000  ft.-lbs 

By  eq.  (7)  of  Art.  17,  the  shears  at  end,  quarter-point, 
and  centre  are 

End,  Quarter-point,         Centre, 

x^o.  a:=»20  ft.  x—^oit. 

Shear 28,000  lbs.         14,000  lbs.        zero 

Moving  hood. 

If  wheel  3  be  placed  at  the  quarter-point  there  will  be 
one  locomotive  and  20  feet  of  tmif orm  train  load  on  the  span, 
the  latter  being  5   feet  from  the  last  tender  wheel,  which 

may  be  represented  by  wheel  No.  9.     As  7  =  \,  the  criterion, 

CQ-  (5)»  gives  either  7=^; or  -3 ,  the  first  bemg 

^   ^^^'  ^  I     182,000        182,000  ^ 

too  small  and  the  second  too  large.     Hence  wheel  3  at  the 

quarter-point   is   the   proper   position   for   the   maximum 

bending  moment.      In  eq.    (6)   or   (6a),   Wn  =  40,000  lbs. 

and    :r  =  io;     also    Wn'-i^W^^  20^000    lbs.     Hence    the 

bending  moment  has  the  value 

Af  =  }  (4, 206,000  + 142,000  X  20  +  40,000  X 10)  —  230,000 

==  1,631,500  ft.-lbs. 

If  wheel  S  be  placed  at  the  centre  of  the  span  ten  feet 
of  uniform  train  load  will  rest  on  the  girder,  making  a 
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total  of  162,000  pounds.      The  criterion,  eq.  5,  then  gives 

/'      70,000  00,000 

-7=-T or  -7 —    ,  the  first  value  being  less  than  i 

/     162,000        162,000  **  * 

and  the  second  greater.     Hence  the  trial  position  is  cor- 
rect, and  the  corresponding  greatest  moment  will  be 

Af  =i(4,2o6,ooo  + 142,000  X 10  +  20,000  X  s)  —  830,000 

=  2,033,000  ft.-lbs. 

As  the  span  is  80  ft.,  the  imiform  load  giving  the  same 
centre  moment  as  the  actual  load,  i.e.,  the  equivalent  imi- 
form load,  is 

g 
^^8oX8o'  2'^33»ooo  =  2541  lbs.  per  linear  foot, 

the  total  bending  moment  at  the  quarter-point  will  then  be 

1 163 1,500  +  420,000  =  2,05 1 ,500  ft.-lbs. 

And  at  the  centre 

2,033,000  +  560,000  =  2,593,000  ft.-lbs. 

The  end  shear  will  be  foimd  by  placing  W,  at  the  left 
end  of  the  span,  requiring  35  feet  of  train  load  to  be  on  the 
girder.  The  reaction,  i.e.,  the  end  shear,  at  the  left  end 
of  the  span  will  then  be  written  by  the  aid  of  Table  I : 

Reaction  =end  shear  = 

4,206,000+ (142,000— io,ooo)X35+ 70,000X17.5— 10,000X53 

80 

=  119,01:3  lbs. 

The  equivalent  uniform  load  producing  the  same  shear 


is 


p  = =  2975  lbs.  per  Imear  foot. 
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The  shear  at  the  quarter  point  will  be  found  by  placing 
W,  at  that  point,  requiring  lo  feet  of  train  load  to  be  on 
the  girder.  The  reaction  at  the  left  end  of  the  span  will 
then  be 

„    4,206,000  +  142,000X10  +  20,000X5  « 

i<= g^ =71,575  lbs. 

The  shear  at  the  quarter-point  will  therefore  be 

71,575  - 10,000  =61,575  lbs. 

The  centre  shear  will  be  found  by  placing  W^  at  the 
centre  of  the  span,  requiring  W^  to  be  at  the  right-hand 
extremity  of  the  span.  The  reaction  at  the  left-hand  end 
of  the  span  will  then  be 

„     4,206,000  —  142,000X5  ,- 

/?  « g^ *43»7oo  lbs. 

The  centre  shear  will  then  be 

43.700-  io»ooo  =33,700  lbs. 

V 

The  total  shears  at  the  end,  quarter-point,  and  centre 
will  have  the  values 

At  end 119,013  +  28,000  =  147,013  lbs. 

At  quarter-point 61,575  + 14,000  =   75»S75  lbs. 

At  centre =  33,7oo  lbs. 

There  may  be  more  than  one  position  of  concentrated 
loadings  satisfying  the  criterion,  eq.  (5),  as  may  be  seen 
by  trial.  Such  maxima  must  frequently  be  sought,  and 
they  can  be  found,  if  existing,  with  little  trouble. 
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Art.  17. — Homients  and  Shears  in  Special  Cases. 

Certain  special  cases  of  beams  are  of  such  cominon 
occurrence,  and  consequently  of  such  importance,  that  a 
somewhat  more  detailed  treatment  than  that  already 
given  may  be  deemed  desirable.  The  following  cases  are 
of  this  character: 

Case  I, 

Let  a  non-continuous  beam  supporting  a  single  weight 

P  at  any  point  be  con- 
sidered, and  let  such  a 
beam  be  represented  in 
Fig.  I.  If  the  span  RR' 
is  represented  by 

l=a  +  h=RP+R'P, 


Fig.  I. 

the  reactions  R  and  R'  will  be 


R-^P, 


and 


R'^-,P. 


CO 


Consequently,  if  x  represents  the  distance  of  any  sec- 
tion in  RP  from  R,  while  cc'  represents  the  distance  of  any 
section  of  /?'P  from  /?',  the  general  values  of  the  bending 
moments  for  the  two  segments  a  and  b  of  the  beam  will  be 


M=Rx,    and     M'^R'x'. 


0 


These  two  moments  become  equal  to  each  other  and 
represent  the  greatest  bending  moment  in  the  beam  when 

x=^a    and     x^  ==  b, 

or  when  the  section  is  taken  at  the  point  of  application  of  Ute 
load  P. 

Eq.  (2)  shows  that  the  moments  vary  directly  as  the 
distances  from  the  ends  of  the  beam.  Hence  if  AP  (nor- 
mal to  RR')  is  taken  by  any  convenient  scale  to  represent 
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the  greatest  moment,  -yP,  and  if  RAR^  is  drawn,  any 

intercept  parallel  to  i4P. and  lying  between  RAR^  and  RR' 
will  represent  the  bending  moment  for  the  section  at  its 
foot  by  the  same  scale.  In  this  manner  CD  is  the  bend- 
ing moment  at  D. 

The  shear  is  tmiform  for  each  single  segment;  it  is 
evidently  equal  to  R  for  RP  and  R'  for  R^P.  It  becomes 
zero  at  P,  where  is  found  the  greatest  bending  moment. 

Case  11. 

Again,  let  Fig.  2  represent  the  same  beam  shown  in 
Fig.  I,  but  let  the  load  be  one  of  uniform  intensity,  p^ 
extending  from  end  to  end  of  the  beam.  Let  C  be  placed 
at  the  centre  of  the  span, 
and  let  R  and  i?',  as  before, 
represent  the  two  reactions. 
Since  the  load  is  symmetri- 
cal in  reference  to  C, 

R=R\ 

For    the    same    reason    the 
moments  and  shears  in  one  Fig.  2. 

half  of  the  beam  will  be  exactly  like  those  in  the  other; 
consequently  reference  will  be  made  to  one  half  of  the 
beam  only.  Let  x  and  x^  then  be  measured  from  R 
toward  C  The  forces  acting  upon  the  beam  are  R  and 
p,  the  latter  being  uniformly  continuous.  Applying  the 
formulae  for  the  bending  moment  at  any  section  x,  re- 
membering that  x^  has  all  values  less  than  x, 


M 


^Rx-p       {x-x^)dx^; 
px^ 


.\  M^Rx- 


2 


(3) 
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If  /  is  the  span,  at  C,  M  becomes 

^.=T"  8 <4) 

But  because  the  load  is  uniform 


Hence 


2 


^.-f-T © 


if  W  is  put  for  the  total  load.     Placing 
in  eq.  (3), 


M^^{lx-x^) (5). 


2 


The  moments  M,  therefore,  are  proportional  to  the 
abscissae  of  a  parabola  whose  vertex  is  over  C,  and  which 
passes  through  the  origin  of  coordinates  R.  Let  AC,  then, 
normal  to  RR\  be  taken  equal  to  M^,  and  let  the  parabola 
RAR^  be  drawn.  Intercepts,  as  FH,  parallel  to  AC,  will 
represent  bending  moments  in  the  sections,  as  if,  at  their 
feet. 

The  shear  at  any  section  is 

or  it  is  equal  to  the  load  covering  that  portion  of  the  beam 
between  the  section  in  question  and  the  centre, 

Eq.  (7)  shows  that  the  shear  at  the  centre  is  zero;  it 
also  shows  that  S  =  /?  at  the  ends  of  the  beam .  It  further 
demonstrates  that  the  shear  varies  directly  as  the  distance 
from  the  centre.  Hence,  take  RB  to  represent  R  and  draw 
BC.    The  shear  at  any  section,  as  //,  will  then  be  repre- 
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sented  by  the  vertical  intercept,  as  HG,  included  between 
BC  and  RC. 

The  shear  being  zero  at  the  centre,  the  greatest  bending 
moment  will  also  be  found  at  that  point.  This  is  also 
evident  from  inspection  of  the  loading. 

Eq,  (2;  of  Case  I  shows  that  if  a  beam  of  span  /  carries  a 

W 
weight  —  at  its  centre,  the  moment  M  at  the  same  point 


2 


will  be 


r^jT      W   I      Wl 
*      4     -* 


2 


8 


® 


The  third  member  of  eq.  (8)  is  identical  with  the  third 
member  of  eq.  (5).  It  is  shown,  therefore,  that  a  load 
concentrated  at  the  centre  of  a  non-continuous  beam  will 
cause  the  same  moment,  at  that  centre,  as  double  the  same 
load  uniformly  distributed  over  the  span. 

Eqs.  (s)  and  (8)  are  much  used  in  connection  with  the 
bending  of  ordinary  non-continuous  beams,  whether  solid 
or  flanged ;  and  such  beams  are  frequently  found. 

Case  III, 

The  third  case  to  be  taken  is  a  cantilever  uniformly 
loaded;  it  is  shown  in  Fig.  3.  Let 
X  be  measured  from  the  free  end  A, 
and  let  the  uniform  intensity  of  the 
load  be  represented  by  p.  The  load 
px  acts  with  its  centre  at  the  distance 
hx  from  the  section  x.  Hence  the 
desired  moment  will  be 

px^ 


'^     2 


(9) 


Fio.  3. 


K  AB  «  /,  the  moment  at  B  is 

pP 


Ciq) 
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The  negative  sign  is  used  to  indicate  that  the  loner  side 
of  the  beam  is  subjected  to  compression.  In  the  two  pre- 
ceding cases,  evidently  the  upper  side  is  in  compression. 

The  shear  at  any  section  is 

^^"rf^==-^^ Ci.O 

Hence  the  shear  at  any  section  is  the  load  between  the  free 
end  and  that  section. 

Eq.  (9)  shows  that  the  moments  vary  as  the  square 
of  the  distance  from  the  free  end;  consequently  the 
moment  curve  is  a  parabola  with  the  vertex  at  A,  and 
with  a  vertical  axis.  Let  BCy  then,  represent  M^  by  any 
convenient  scale  and  draw  the  parabola  CD  A.  Any  ver- 
tical intercept,  as  DF,  will  represent  the  moment  at  the 
section,  as  F,  at  its  foot.  * 

Again,  let  BG  represent  the  shear  pi  at  J5,  then  draw 
the  straight  line  AG.  Any  vertical  intercept,  as  //F,  will 
then  represent  the  shear  at  the  corresponding  section  F. 


AiU  z8.— Recapitttlatlon  of  the  General  Formiite  of  the 

Common  Theory  of  Flexure. 

It  is  convenient  for  many  purposes  to  arrange  the 
fbrmuke  of  the  Common  Theory  of  Flexure  in  the  most 
general  and  concise  form.  In  this  article  the  preceding 
general  formuke  for  shear,  strains,  resisting  moments,  and 
deflections  will  be  recapitulated  and  so  arranged.  In 
order  to  complete  the  generalization,  the  summation  sign  2 
will  be  used  instead  of  the  sign  of  integration. 

In  Fig.  1,  let  -^jffC  represent  the  centre  line  of  any  bent 
beam ;  AjF^  a  vertical  line  through  A  ;  C/s  a  horizontal  line 
through  C,  while  A  is  the  section  of  the  beam  at  which  the 
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deflection  (vertical  or  horizontal)  in  reference  to  C,  the 
bending  moment,  the  shearing  stress,  etc.,  are  to  be  deter- 
mined. As  shown  in  figure,  let  x  be  the  horizontal  coor- 
dinate measured  from  A,  and  y  the  vertical  one  meastired 
from  the  same  point ;  then  let  z  be  the  horizontal  distance 
from  the  same  point  to  the  point  of  application  of  any- 
external  vertical  force  P.  To  complete  the  notation,  let  D 
be  the  deflection  desired ;  M^,  the  moment  of  the  external 


Fig.  I. 

forces  about  A ;  S,  the  shear  at  A ;  P',  the  strain  (exten- 
sion or  compression)  per  unit  of  length  of  a  fibre  parallel  to 
the  neutral  siirface  and  sittiated  at  a  normal  distance  of 
unity  from  it;  /,  the  general  expression  of  the  moment  of 
inertia  of  a  normal  cross-section  of  the  beam,  taken  in 
reference  to  the  neutral  axis  of  that  section ;  E,  the  coeffi- 
cient of  elasticity  for  the  material  of  the  beam ;  and  M  the 
moment  of  the  external  forces  for  any  section,  as  B. 

Again,  let  J  be  an  indefinitely  small  portion  of  any 
normal  cross-section  of  the  beam,  and  let  y  be  an  ordinate 
normal  to  the  nentral  axis  of  the  same  section.  By  the 
•*  common  theory  "  of  flexure,  the  intensity  of  stress  at  the 
distance  y  from  the  neutral  surface  is  (yP'E),  Conse- 
quently the  stress  developed  in  the  portion  J  of  the  sec- 
tion is  EP^yj,  and  the  resisting  moment  of  that  stress 
is  EP'y^J. 

The  resisting  moment  of  the  whole  section  will  there- 
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fore  be  found  by  taking  the  sum  of  all  such  moments  for 
its  whole  area. 

Hence 

M'EP'iyU^EP'L 

Hence,  also, 

If  n  represents  an  indefinitely  short  portion  of  the 
neutral  surface,  the  strain  for  such  a  length  of  fibre  at  unit's 
distance  from  that  siuface  will  be  nP', 

If  the  beam  were  originally  straight  and  horizontal,  n 
would  be  equal  to  dx. 

P'  being  supposed  small,  the  effect  of  the  strain  nP'  at 
any  section,  B,  is  to  cause  the  end  A  of  the  chord  BA  to 
move  vertically  through  the  distance  nP'x. 

If  BK  and  BA  (taken  equal)  are  the  positions  of  the 
chords  before  and  after  flexure,  nP'x  will  be  the  vertical 
distance  between  A'  and  A, 

By  precisely  the  same  kinematical  principle  the  ex- 
pression nP'y  will  be  the  horizontal  movement  of  A  in 
reference  to  B, 

Let  InP'x  and  InP'y  represent  summations  extending 
from  A  to  C,  then  will  those  expressions  be  the  veitical  and 
horizontal  deflections  respectively  of  A  in  reference  to  C. 
It  is  evident  that  these  operations  are  perfectly  general, 
-and  that  x  and  y  may  be  taken  in  any  direction  whatever. 

The  following  general  but  strictly  approximate  equa- 
tions relating  to  the  subject  of  flextire  may  now  be  written 

5    ^IP (i) 

M,^2Pz (2) 

'-'El <3) 
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M 
InP'^In^j (4) 

D^^InP^x^l"^ (S) 

JDj,  -  JnP'y  =  2*^.        ....     (6) 

Dh  represents  horizontal  deflection. 

The  summation  SPz  must  extend  from  A  to  a  point  of 
no  bending,  or  from  A  to  a  point  at  which  the  bending 
moment  is  M/,     In  the  latter  case 

M,^IPz+M^' (7) 

M^  may  be  positive  or  negative. 


Art.  19.— The  Theorem  of  Three  Moments. 

The  object  of  this  theorem  is  the  determination  of  the 
relation  existing  between  the  bending  moments  which  are 
found  in  any  continuous  beam  at  any  three  adjacent  points 
of  support.  In  the  most  general  case  to  which  the  theorem 
applies,  the  section  of  the  beam  is  supposed  to  be  variable, 
the  points  of  support  are  not  supposed  to  be  in  the  same 
level,  and  at  any  point,  or  all  points,  of  support  there  may 
be  constraint  applied  to  the  beam  external  to  the  load 
which  it  is  to  carry ;  or,  what  is  equivalent  to  the  last  con- 
dition, the  beam  may  not  be  straight  at  any  point  of  sup- 
port before  flexure  takes  place. 

Before  establishing  the  theorem  itself,  some  •  prelimi- 
nary matters  must  receive  attention. 

If  a  beam  is  simply  supported  at  each  end,  the  reactions 
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are  found  by  dividing  the  applied  loads  according  to  the 
si^iple  principle  of  the  lever.  If,  however,  either  or  both 
ends  are  not  simply  supported,  the  reaction  in  general  is 
greater  at  one  end  and  less  at  the  other  than  would  be 
found  by  the  law  of  the  lever ;  a  portion  of  the  reaction  at 
one  end  is,  as  it  were,  transferred  to  the  other.  The  trans- 
ference can  only  be  accomplished  by  the  application  of  a 
couple  to  the  beam,  the  forces  of  the  couple  being  applied 
at  the  two  adjacent  points  of  support;  the  span,  conse- 
quently, will  be  the  lever-arm  of  the  couple.  The  existence 
of  equilibrium  requires  the  application  to  the  beam  of  an 
equal  and  opposite  couple.  It  is  only  necessary,  however, 
to  consider,  in  connection  with  the  span  AB,  the  one  shown 
in  Fig.  I.     Further,  from  what  has  immediately  preceded. 


Fig.  I. 


it  appears  that  the  force  of  this  couple  is  equal  to  the 
difference  between  the  actual  reaction  at  either  point  of 
support  and  that  found  by  the  law  of  the  lever.  The 
bending  caused  by  this  couple  may  evidently  be  of  an 
opposite  kind  to  that  existing  in  a  beam  simply  supported 
at  each  end. 

These  results  are  represented  graphically  in  Fig.  i.     A 
and  B  are  points  o?  support,  and  AB  is  the  beam ;  AR  and 
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BR'  are  the  reactions  according  to  the  law  of  the  lever; 
RF = R'F  is  the  force  of  the  applied  couple ;  consequently 

AF^AR+RF    and    BF ^BK -{R'F^RF) 

are  the  reactions  after  the  couple  is  applied.  As  is  well 
known,  lines  parallel  to  CK,  drawn  in  the  triangle  ACB, 
represent  the  bending  moments  at  the  various  sections  of 
the  beam,  when  the  reactions  are  AR  and  BR'.  Finally, 
vertical  lines  parallel  to  AG,  in  the  triangle  QHG^  will 
represent  the  bending  moments  caused  by  the  force  R'F. 

In  the  general  case  there  may  also  be  applied  to  the 
beam  two  equal  and  opposite  couples  having  axes  passing 
through  A  and  B  respectively.  The  effect  of  such  couples 
will  be  nothing  so  far  as  the  reactions  are  concerned,  but 
they  will  cause  imiform  bending  between  A  and  B.  This 
imiform  or  constant  moment  may  be  represented  by  ver- 
tical lines  drawn  parallel  to  AH  or  LN  (equal  to  each 
other)  between  the  lines  AB  and  HQ,  The  resultant 
moments  to  which  the  various  sections  of  the  beam  are 
subjected  will  then  be  represented  by  the  algebraic  sum 
of  the  three  vertical  ordinates  included  between  the  lines 
ACB  and  GQ.  Let  that  resultant  be  called  M.  This 
composition  of  the  resultant  moment  M  will  be  made 
clearer  by  reference  to  Figs.  2  and  3.  Fig.  2  shows  the 
component  moment  due  to  the  single  force  F  acting  with 
the  lever-arm  /  so  that  its  moment  increases  directly  as 
the  distance  from  B,  Fig.  3,  on  the  other  hand,  shows  the 
component  moment  due  to  the  two  equal  and  opposite 
couples  acting  at  the  ends  of  the  span.  The  resultant 
moment  M  is  the  algebraic  sum  of  the  three  component 
moments,  shown  combined  in  Fig.  i. 

Let  the  moment  GA  be  called  May  and  the  moment 

BQ^LN=HA^Mb. 


84 


FLEXURE. 


[Ch.  IIL 


Also  designate  the  moment  caused  by  the  load  P,  shown 
by  lines  parallel  to  CK  in  ACB,  by  M^.  Then  let  x  be  any 
horizontal  distance  measured  from  A  toward  B\  I  the 
horizontal  distance  AB\  and  z  the  distance  of  the  point  of 


NE 


Fig.  2. 


Fig.  3. 

application,  K,  of  the  force  P  from  A.    With  this  nota-  * 
tion  there  can  be  at  once  written 


M 


^Ma{^'-^^+Mj^  (i) 


Eq.  (i)  is  simply  the  general  form  of  eq.  (2),  Art.  18. 

It  is  to  be  noticed  that  Fig.  i  does  not  show  all  the 
moments  May  M5,  and  M^  to  be  the  same  sign,  but  for 
convenience  they  are  so  written  in  eq.  (i). 

The  fonnula  which  represents  the  theorem  of  three 
moments  can  now  be  written  without  difl&culty.  The 
method  to  be  followed  involves  the  improvements  added 
by  Prof.  H.  T.  Eddy,  and  is  the  same  as  that  given  by  him 
in  the  "American  Journal  of  Mathematics,"  Vol.  I.,  No.  !• 
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Fig.  4  shows  a  portion  of  a  continuous  beam,  including 
two  spans  and  three  points  of  support.  The  deflections 
will  be  supposed  measured  from  the  horizontal  line  NQ. 


Fig.  4. 

The  spans  are  represented  by  /«  and  /^;  the  vertical  dis- 
tances of  NQ  from  the  points  of  support  by  Cc,  c^,  and  c^\ 
the  moments  at  the  same  points  by  May  M^,  and  M^,  while 
the  letters  5  and  R  represent  shears  and  reactions  re- 
spectively. 

In  order  to  make  the  case  general,  it  will  be  supposed 
that  the  beam  is  curved  in  a  vertical  plane,  and  has  an 
elbow  at  6,  before  flexure,  and  that,  at  that  point  of  sup- 
port, the  tangent  of  its  inclination  to  a  horizontal  line, 
toward  the  span  hy  is  t,  while  f  represents  the  tangent  on 
the  other  side  of  the  same  point  of  support ;  also  let  d  and 
df  be  the  vertical  distances,  before  bending  takes  place,  of 
the  points  a  and  c,  respectively,  below  the  tangents  at  the 
point  6, 

A  portion  of  the  difference  between  Ca  and  Ch  is  due  to 
the  original  inclination,  whose  tangent  is  /,  and  the  original 
lack  of  straightness,  and  is  not  caused  by  the  bending; 
that  portion  which  is  due  to  the  bending,  however,  is» 
remembering  eq.  (5),  Art.  18, 
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Fig.  5  will  make  clear  the  component  parts  of  the  value 
of  D  in  the  preceding  equation. 

By  the  aid  of  eq.  (i)  this  eqtiation  may  be  written: 
EiCa  —  Cb-lat  —  d) 

-/[{m.(^^h-m.(^h-m.|2'].    w 

In  this  equation,  it  is  to  be  remembered,  both  x  and  z 
(involved  in  Mj)  are  measured  from  support  a  toward 


Fig.  5. 

support  b.  Now  let  a  similar  equation  be  written  for  the 
span  /^,  in  which  the  variables  x  and  z  will  be  measured 
fivDm  c  toward  6.     There  will  then  result 

-^:[{m.(^--).m.©.m.[?].  (3, 

When  the  general  sign  of  summation  is  displaced  by 
the  integral  sign,  n  becomes  the  differential  of  the  axis  of 
the  beam,  or  ds.  But  d$  may  be  represented  by  udx,  u 
being  such  a  ftmction  of  x  as  becomes  unity  if  the  axis  of 
the  beam  is  originally  straight  and  parallel  to  the  axis  of  x. 
The  eqs.  (2)  and  (3)  may  then  be  reduced  to  simpler  forms 
by  the  following  methods : 


Art.  19-]  THE  THEOREM  OF  THREE  MOMENTS.  87 

In  eq.  (2)  put 

^'tl—X\xn    I    r'*u{]i,-x)xdx     Xa  f''u(l„-x)dx 


Also 


Zjb  ~l 'UJ"  «(^-*)^^-    •    •    <5) 


Also 


In  the  same  manner 


Also 


"«^»     I  /'"w^dx    x£  r'uxdx 
^blj'ljb       I     'uJb      I    '      •    •    W 

X/   fuxdx      VaV    f       . 


And 

Again,  in  the  same  manner, 


•  .  (9) 


£^—J—-=tiaU^a2M^xJx (10) 

Using  eqs.  (4)  to  (10),  eq.  (2)  may  be  written: 

+  U^aiia  i^  M^XdX.        (l  l) 
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Proceeding  in  precisely  the  same  manner  with  the  span 
'«»  ©q.  (3)  becomes 

ft 

'  c 

+uiciu^  M^xJx.      (12) 

b 

The  qtiantities  Xa  and  x^  are  to  be  determined  by  apply- 
ing eq.  (4)  to  the  span  indicated  by  the  subscript ;  while 
tiat  iat  H,f  and  i^  are  to  be  determined  by  using  eqs.  (5)  and 
(6)  in  the  same  way.  Similar  observations  apply  to  t*«\ 
icf  Xa\  w/,  i/,  and  x/  taken  in  connection  with  eqs.  (7)^ 
(8),  and  (9). 

K  /  is  not  a  continuous  function  of  x,  the  various  inte- 
grationr  of  eqs.  (4),  (5),  (7),  and  (8)  must  give  place  to 
summation:  (!)  taken  between  the  proper  limits. 

Dividing  eqs.  (11)  and  (12)  by  /«  and  l^  respectively^ 
and  adding  the  results, 


J^r  M,xJx  +  %^  r  M,xJx 

+  HMaUjaXa  +  MtU^'t^'Xa' +  M^u/^^+M^u/i/x/)  J 


(13) 


in  which  T^t  +  f. 

Eq.  (13)  is  the  most  general  form  of  the  theorem  of 
three  moments  if  E,  the  coefficient  of  elasticity,  is  a  con- 
stant quantity.  Indeed,  that  equation  expresses,  as  it 
stands,  the  "  theorem  "  for  a  variable  coefficient  of  elas- 
ticity if  (te)  be  written  instead  oi  t;  e  representing  a  quan- 
tity determined  in  a  manner  exactly  similar  to  that  used 
in  connection  with  the  quantity  i. 
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In  the  ordinary  case  of  an  engineer's  experience  jT^o^ 
d = d'  =  o,  /  =  constant  u  =  u^  =  u^  =  e^c. ,  =  c'  =  secant  of  th^ 
inclination  for  which  t'^—f  is  the  tangent;  consequently 

From  eq.  (4) 
Prom  eq.  (7) 

The  siammation  IM^xAx  can  be  readily  made  by  refer- 
ring to  Fig.  I. 

The  moment  represented  by  CK  in  that  figtire  is 


(^1- 


consequently  the  moment  at  any  point  between  A  and  K^ 
due  to  P9  is 


^.-K¥)-%--''(¥>- 


Between  K  and  B 


J^/-(7zf)-C-ii:-Pja-^). 

Using  these  quantities  for  the  span  /,, 
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For  the  span  l^  the  subscript  a  is  to  be  changed  to  c. 
Introducing  all  these  quantities  eq.  (13)  becomes,  after 
providing  for  any  number  of  weights,  P: 


(hr  "*■  \^') "  ^-^-  "*■  '^'^^^  "*■  ^^^  "*■  ^^^^ 


+  J^P{la'-^')z+jIP{i;-Z')Z.  ^4) 


Eq.  (14),  with  c"  equal  to  imity,  is  the  form  in  which  the 
theorem  of  three  moments  is  usually  given;  with  (/  eqi^al 
to  imity  or  not,  it  applies  only  to  a  beam  which  is  straight 
before  flexure,  since 

T^t+f=o=d^d'. 

If  such  a  beam  rests  on  the  supports  a,  6,  and  c,  before 
bending  takes  place, 

I      "        I     ' 

and  the  first  member  of  «q.  (14)  becomes  zero. 

If,  in  the  general  case  to  which  eq.  (13)  applies,  the 
deflections  r^,  c^,  and  c^  belong  to  the  beam  in  a  position 
of  no  bending,  the  first  member  of  that  equation  disappears, 
since  it  is  the  sum  of  the  deflections  due  to  bending  only 
for  the  spans  l^  and  /^,  divided  by  those  spans,  and  each 
of  those  quantities  is  zero  by  the  equation  immediately 
preceding,  eq.  (2).  Also,  if  the  beam  or  truss  belonging 
to  each  span  is  straight  between  the  points  of  support 
(such  points  being  supposed  in  the  same  level  or  not),  u^  = 
uj  =u^^=  constant,  and  u^^u/  =u^^=  another  constant.  If, 
finally,  7  be  again  taken  as  constant,  x^  and  x^,  as  well  as 
SM^xAx,  will  have  the  values  foimd  above. 

Prom  these  considerations  it  at  once  follows  that  the 
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second  member  of  eq.  (14),  put  equal  to  zero,  expresses 
the  theorem  of  three  moments  for  a  beam  or  truss  straight 
between  points  of  support,  when  those  points  are  not  in 
the  same  level,  but  when  they  belong  to  a  configuration 
of  no  bending  in  the  beam.  Such  an  equation,  however, 
does  not  belong  to  a  beam  not  straight  between  points  of 
support. 

The  shear  at  either  end  of  any  span,  as  /^,  is  next 
to  be  found,  and  it  can  be  at  once  written  by  referring  to 
the  obser\''ations  made  in  connection  with  Fig.  i.  It  was 
there  seen  that  the  reaction  foimd  by  the  simple  law  of 
the  lever  is  to  be  increased  or  decreased  for  the  continuous 
beam,  by  an  amount  found  by  dividing  the  difference  of 
the  moments  at  the  extremities  of  any  span  by  the  span 
itself.  Referring,  therefore,  to  Fig.  4,  for  the  shears  5, 
there  may  at  once  be  written: 

S^^IP^, ^^^^ (IS) 


s,'  =  iPj+^^^y^^ (i 


6) 


a  a 


^      Z       M   —  Af. 

s,=jp^+^^y^ (17) 


e  'c 


s;=ip^--M^.  ....  (18) 


t  'e 


The  negative  sign  is  put  before  the  fraction 


Af-M, 


I 


a 


in  cq.  (is)  because  in  Fig.  i  the  moments  M^  and  Af^  are 
represented  opposite  in  sign  to  that  caused  by  P,  while  in 
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eq.  (i)  the  three  moments  are  given  the  same  sign,  as  has 
already  been  noticed. 

Eqs.  (is)  to  (i8)  are  so  written  as  to  make  an  upward 
reaction  positive,  and  they  may,  perhaps,  be  more  simply 
found  by  taking  moments  about  either  end  of  a  span.  For 
example,  taking  moments  about  the  right  end  of  /^, 

From  this,  eq.  (15)  at  once  results.  Again,  moments 
about  the  left  end  of  the  same  span  give 

This  equation  gives  eq.  (16),  and  the  same  process  will 
give  the  others. 

If  the  loading  over  the  different  spans  is  of  uniform 
intensity,  then,  in  general,  P^wdz,  w  being  the  intensity. 
Consequently 

IP{J}''Z')z^  /   w{P-'z')zdz^w—. 

Jo  4 

In  all  eqtiations,  therefore,  for 

\sP{l^^^z^)z 

chere  is  to  be  placed  the  term  w^-^ ;  and  for 

4 

the  term  w-^.    The  letters  a  and  c  mean,  of  course,  that 

4 

reference  is  made  to  the  spans  l^  and  /^. 
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From  Fig.  4,  there  may  at  once  be  written : 

R   =5/+S.. (19) 

R'  =S,'-^S, (20) 

R"^S:-\-S, (21) 

etc.  =etc.  +etc. 

Art.  20. — ^Reaction  tinder  Continuous  Beam  of  any  Ifumber 

of  Spans. 

The  general  value  of  the  reactions  at  the  points  of  sup- 
port under  any  continuous  beam  have  been  given  in  eqs. 
(19),  (20),  (21),  etc.,  of  the  preceding  article.  Before  those 
equations,  however,  can  be  applied  to  any  partictilar  case, 
the  values  of  the  bending  moments,  which  appear  in  the 
expressions  5,,  5/,  5^,  etc.,  for  the  shears,  must  be  deter- 
mined. In  the  appUcation  of  the  theorem  of  three  mo- 
ments, it  is  invariably  virttially  asstmied  that  the  contin- 
uous beam  before  flexure  is  straight  between  the  points 
of  support,  and  that  the  latter  belong  to  a  configuration 
of  no  bending.  The  moment  of  inertia  /  and  the  coeffi- 
cient of  elasticity  E  are  also  assumed  to  be  constant.  Thij 
is  frequently  not  strictly  true,  yet  it  will  be  assumed  v^ 
what  follows,  since  the  method  to  be  used  in  finding  the 
moments  is  entirely  independent  of  the  assumption,  and 
remains  precisely  the  same  whatever  form  for  the  theorem 
of  three  moments  may  be  chosen. 

Agreeably  to  the  assumption  made,  eq.  (14)  of  the 
preceding  article  takes  the  following  form,  which  is  almost, 
or  quite,  invariably  used  in  engineering  practice: 


I  "" 


MJ„  +  2MSa  +  K)  +  M,l  ^^j  IPH:  -  z^)z 


a 


-jlP(l,*-z*)z (i) 
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Let  Fig.   I  represent  a  continuous  beam  of  n  spans 
equal  or  unequal  in   length.     At  the   points  of   support, 


— J r^ ff T 


Fig.  I. 

o,  I,  2,  3,  4,  5,  etc.,  let  the  bending  moments  be  represented 
by  M^j,  Mj,  Mj,  Mg,  etc.  The  moment  M^  is  always  known ; 
it  is  ordinarily  zero,  and  that  will  be  considered  its  value. 

An  examination  of  Fig.  i  shows  that,  by  repeated 
applications  of  eq.  (i),  the  number  of  resulting  equations 
of  condition  will  be  one  less  than  the  number  of  spans. 
If  the  two  end  moments  are  known  (here  asstuned  to  be 
zero),  the  number  of  imknown  moments  will  also  be  one 
less  than  the  number  of  spans.  Hence  the  number  of 
equations  will  always  be  sufficient  for  the  determination 
of  the  unknown  moments. 

For  the  sake  of  brevity  let  the  following  notation  be 
adopted : 

ti,  =  -  f  JPC/.^  -  z')z  -  }  IP{1,^  -  z^)z. 

«, = -yip{i*-z*)z-yip{i^^^z*)z. 

«,=  -f  lP(/,'-«»)2-f  i'P(/4*-2»)2. 

etc.  =  etc.  —  etc. 


a,  =  2a,  +  /,); 

&.=/, 

a2=h< 

b,-2{l,  +  l,); 

<^j=^.- 

&,=/.; 

<^s  =  2a,  +  /,); 

d,=h. 

•       .       • 

d,  =  2(l,  +  h); 

•                 m                • 

pt  =  lx\       9i:  =  2(/v  +  /t+i);     Si^li+^; 
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i  denoting  any  number  of  the  series  i,  2,  3,  4,  . . .  n.     It  is 
thus  seen  that,  in  general, 

qi^2{pi'\'Si)\ 

also  that  o,=&i,  ^j=&8»  ^8==^4»  ^te.    These  relations  can  be 
used  to  simplify  the  final  result. 

By  repeated  applications  of  eq.  (i)  the  following  n 
equations  of  condition,  involving  the  notation  given  above, 
will  result: 


u,- 


UJ 


(2) 


The  moment  M^+i  will  also  be  equal  to  zero.  In  con- 
sequence of  this  last  condition  it  is  seen  that  the  coeffi- 
cients of  the  M  's  occupy  precisely  the  places  of  the  elements 
of  a  determinant  of  the  nth  degree.  Of  the  array  indicating 
the  determinant,  however,  there  exists  only  the  leading 
diagonal  and  one  diagonal  on  each  side  of  it.  The  deter- 
minant for  n  equations,  or  (n  +  i)  spans,  has,  then,  the 
value 


Z?  = 


'Op  &j,  o,  o,  o,  o, 

^2»   ^2»  ^2»  O,  O,  O,        . 

o,   6j,  c„  rf,,  o,  o,   . 

O,   O,   C4,  ^4,  Z^,  o,    . 

O,     O,     O,     rfg,  ^5,  g6» 


o,  o,  0,0,0,...  o,  p^,  g, 


•  • 


(3) 
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Also  let  Di  represent  the  value  of  the  determinant  D 
when  the  column  indicated  by  the  ith  letter  of  the  series 
a,  6,  c,  rf,  /,  etc.,  is  replaced  by  the  column  u^,  u^,  w,,  li^, 
etc.     If,  for  example,  i  =  3,  the  ith  letter  is  c.     Hence 


,  A= 


a^,  fep  tij,  o,  o,  o, 

flj,  fej,  tig,  o,    o,  o, 

o,  feg,  «8,  rfj,  o,  o, 

o,  o,   W4,  ^4,  /*,  o, 

o,  o,  U5,  (ifi,  /s,  gs. 


.0,  o,  w^,  o,  o,  o,  .  .  .0, />^,  9^, 


.     (4) 


Then,  in  general, 


Mi 


Di 


D 


(i 


Eq.  (5)  will  give  the  value  of  the  bending  moment  at 
any  point  of  support,  whatever  may  be  the  number  of  spans  • 
or  the  law  of  loading  on  any  or  all  the  spans. 

Precisely  the  same  formulae  are  to  be  used  if  M^  and  M^ 
are  not  zero,  but  have  definite  values  and  are  known.  In 
such  a  case,  however,  u^  and  u^  would  be  replaced  by 

The  same  equations  also  hold  true  whatever  form  of 
the  theorem  of  three  moments  may  be  chosen.  It  is  only 
to  be  remembered  that  the  values  of  the  quantities  a,  6,  c, 
etc.,  Wp  «3,  w„  etc.,  will  depend  upon  the  choice. 

If  all  the  moments  are  desired,  it  will  be  most  con- 
venient to  put  the  vertical  column  Wj,  w„ w,,  .  . .  ,u^  in 
place  of  the  vertical  column  a^,  a,,  o,  o,  .  .  .  o,  in  eq.  (4), 
and  then  find  the  resulting  determinant  Dy     Eq.  (5)  will 
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then  give  the  value  of  il/,,  which,  placed  in  the  first  of 
eqs.  (2),  will  enable  M^  to  be  at  once  found.  M,  will  then 
result  from  the  second  of  eqs.  (2),  M4  from  the  third,  etc. 

So  far  as  the  general  treatment  of  the  question  is  con- 
cerned, there  yet  remains  to  be  considered  the  expansion 
of  the  determinants  D  and  Di. 

The  expansion  of  the  determinant  D  is  very  simple  and 
leads  to  the  following  results: 

For  two  spans 

D=a, (6) 

For  three  spans 

D^a,h^-a^\ (7) 

For  four  spans 

D=afi^c^-a^h^c^-ajb^c^ (8) 

For  five  spans 

D  =  afi^c^d^  -  afi^c^d^  -  a^b^c^d^  -  afi^c^d^ + aj)^c^d^.      (9) 

For  six  spans 

D  =  afi^c^dj^  -  afi^c^dj^  -  aJD^c^dj^  -  afi^c^dj^  +  ajy^c^dj^ 

-a^b^c^J^  +  ajD^c^dJ^  +  ajj^c^dJ^,     ...     (10) 

By  the  observance  of  two  or  three  simple  rules,  the  de- 
terminant for  (n  +  i)  spans,  or  n  points  of  support,  may 
easily  be  written. 

A  series  of  numbers  such  as  i,  2,  3,  4,  5,  6,  etc.,  is  said 
to  be  written  in  its  natural  order.  I^t  any  permutation 
of  this  series,  2,  i,  3,  6,  5,  4,  be  written,  in  which  2  is  placed 
before  i,  6  before  5  and  4,  and  5  before  4.  In  this  permu- 
tation, therefore,  there  are  said  to  be  (i  +  2  +  i)=4  inver- 
sions. 
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Let  (^  J  represent  any  letter  of  the  series  a,  6,  c,  d,  etc., 
which  has  the  subscript  n;  also,  let  (AJ„  and  (AJ^.^  rep- 
resent the  nth  and  («—  i)th  letters  of  the  same  series  which 
have  the  subscripts  n.  In  general,  the  letter  inside  the 
parenthesis  represents  the  subscript  figure  in  the  determi- 
nant, and  that  outside,  the  place  of  the  letter  in  the  series 
a,  fe,  c,  d,  /,  etc. 

The  wth  determinant  for  (n  +  i)  spans,  or  n  points  of 
support,  will  then  be 

Now,  with  the  notation  taken,  if  the  letters  in  each  term 
of  the  determinant  are  written  in  their  natural  order,  as 
abcdfgy  etc.,  the  number  of  inversions  in  the  subscript  figures 
of  any  term  will  determine  the  sign  of  that  term,  i.e.,  if  the 
number  of  inversions  is  odd,  the  sign  is  minus,  but  if  the  num- 
ber is  even  the  sign  is  plus. 

Since  n  is  the  greatest  subscript  in  any  term,  and  since 
(JIJ^  occupies  the  most  advanced  place  in  the  series  of 
letters,  no  inversions  are  introduced  in  multiplying  jD„-i 
by  (>IJ„.  Hence  all  terms  of  D^^^  (^J«  '^Hl  have  the  same 
signs  as  the  corresponding  terms  of  D^^^, 

Similarly,  since  n  is  greater  than  (n— i),  the  product 
(''n)«-i(^»-i)f»  ii^volves  one  inversion.      Hence  all  terms  of 

will  have  signs  contrary  to  those  of  the  corresponding  terms  of 

The  number  of  terms  in  D^  will  evidently  be  the  sum 
of  the  numbers  of  terms  in  Z)„_i  and  D„-^, 

An  examination  of  the  notation  will  at  once  show  that 

UJ,=2(/,+/h+,):    (K)n-t-K\   and    (K-i\=L- 
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Hence  there  will  result 


^.  =  2J9,.,(/.  +  /,^,)-Z),.^^  . 


(11) 


The  mintis  sign  before  the  last  term  of  the  second  mem- 
ber is  on  accoiint  of  the  inversion  introduced,  as  already 
explained. 

The  general  value  of  the  determinant  Di  (shown  in 
eq.  (4)  when  i  =  3)  can  be  most  easily  expanded  by  con- 
sidering it  the  stun  of  two  determinants;  and  in  order  to 
illustrate  this  method  let  it  be  supposed  that  M^  is  desired. 
It  will  then  be  necessary  to  expand  the  determinant  D^, 
given  in  eq.  (4).  As  is  known  from  the  theory  of  deter- 
minants, Z?3  may  be  written  as  follows : 


A= 


aj,  fej,  o,  o,  o,  o,  . 

^2'  K  ^2»  o,  o,   o,  . 
o,  63,  «j,  dj,  o,  o,  . 

O,    O,    «4,  6^4,  /<,  O,    . 
O,    O,    O,    dfi,  /g,  g6>  • 


Ki 


o,  o,  o,  o,  o,  o,  o»  .  . 

•  •   •  Ph*  9n» 


a^,  6j,  ti^,  o,  o,  o, 

^2»  ^2»   0»     O,    O,    O, 

o,  63,  o,  dj,  o,  o, 

O,    O,    O,    ^4,    /4,  O, 
O,    O,    W5,  rfj,   /g,  gg, 

o,  o,  u  f  o,  0,0,.. 


KI2) 


•  p,>  ?«. , 


or 


D,^D,'+D," (13) 


Eq.  (12)  shows  at  a  glance  what  D3'  and  JD,"  represent. 

D/  is  precisely  the  same  in  form  as  D,  and  is  given  at 
once  by  the  eqs.  (6)  to  (11)  after  writing  u,,  Wj,  and  u^  for 
c,,  c„  and  ^4. 

In  general,  D/  is  found  by  simply  writing  «t_j,  w,-,  and 
fe<+^  for  (^t-i)»,  (^i)t  and  (^t+Jt  in  the  determinant  D, 

As   a   general  method,   that   of  alternate  numbers  is 
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probably  as  simple  as  any  for  the  expansion  of  the  deter- 
minant Di".     For  example 

in  which  e^  e^,  e^,  etc.,  are  the  units  of  the  alternate  num- 
bers. 

The  circumstances  of  any  particular  case  will  frequently 
either  furnish  a  more  expeditious  method  than  that  of 
alternate  numbers,  or  allow  the  expansion  of  D/'  to  be 
written  at  once  from  an  inspection  of  the  array  given  in 
eq.  (12). 

In  any  case  the  method  of  alternate  numbers  may  be 
used  as  a  check. 

Special  Method  for  Ordinary  Use. 

If  the  number  of  spans  is  large,  the  expansion  of  the 
determinant  Di  will,  at  best,  be  found  somewhat  tedious. 
Special  methods  may  be  employed  which  involve  only  the 
determinant  D,  given  in  eqs.  (6)  to  (11) ;  and  it  has  already 
been  seen  that  that  determinant  admits  of  a  very  simple 
expansion. 

Let  any  one  span  carry  any  load  whatever,  while  all 
other  spans  carry  no  load.  In  such  a  case,  P  will  be  zero 
for  every  span  but  one,  and,  in  consequence  of  the  notation 
employed,  all  but  two  quantities  in  the  series  u^,  w,,  u^,  u^, 
Ug,  etc.,  will  also  become  equal  to  zero. 

If  h  (the  ith  span)  carries  the  load,  there  will  result 

'Ui^,---'~IP{li'-z')z',     ....     (15) 

«<=-yiP(/.*-s'> (16) 
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All  Other  w's  reduce  to  zero.  Although  eqs.  (15)  and 
(16)  have  the  same  form,  they  are  not  identical  except  in 
special  cases,  since  z  is  not  measured  from  the  same  end  of 
the  span  in  both  expressions. 

Now  let  ttt_i  and  w»  take  the  place  of  those  letters  in 
that  column  of  D  formed  with  the  ith  letter  of  the  series 
a,  b,  c,  rf,  etc.,  which  have  the  subscripts  i  and  i—  i ;  Wt>i  is 
equal  to  zero.  Or  in  the  notation  already  employed,  let 
u»_i  and  Ui  take  the  place  of  {Xi^i)i  and  (^i),-,  while  zero 
takes  the  place  of  (^»+i)-».  The  resulting  determinant,  JD„ 
will  then  be  precisely  the  same  as  Z)  in  general  form.  The 
expansion  of  Di  can  then  be  at  once  made  by  simply  putting 
in  D  the  substitutions  above  indicated.  There  will  then 
result: 

M.=§" (17) 

In  order  to  find  Mt_i,  with  the  same  loading  on  the 
same  span,  Wt_i  and  Ui  must  take  the  place  of  (>li_i)i_i  and 
(^,),_i,  respectively,  while  (^»_2)i-i  becomes  equal  to  zero. 
Making  these  substitutions  in  the  determinant  D,  there 
will  result  the  determinant  Z?i_i;     Then: 

Mv_i=-^ (18) 

The  values  of  Mi  and  M»_i,  thus  obtained,  placed  in 
the  ith  and  {i—  i)th  of  the  eqs.  (2)  will  at  once  give: 

il/t_,    and     Mi+i. 

Similar  substitxitions  in  the  other  equations  will  give  all 
the  moments.  Thus  the  solution  is  complete,  for  the  span 
and  loading  taken,  with  the  use  of  the  expanded  deter- 
minant D  only. 


•  -•-  *     »  4  •    «  , 
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Each  span  may  be  treated  in  the  same  manner  and  the 
same  expansion  of  D  will  be  the  only  one  necessary. 

This  method  is  equivalent  to  splitting  the  elements  u^, 

^j»  ^8»  ^4»  ^^^-j  o^  ^^^  general  determinant  Di. 

In  order  to  determine  the  bending  moment  at  any 
point  of  support,  for  loading  which  covers  more  than  one 
span,  or  portions  of  more  than  one  span,  it  is  only  neces- 
sary to  take  the  algebraic  sum  of  the  separate  moments 
(as  above  determined) ,  at  the  point  of  support  in  question, 
foimd  for  the  loading  in  each  single  span.  The  result  will 
be  the  moment  due  to  the  combined  action  of  all  the  loading. 

It  is  thus  seen  that  the  solution  of  the  most  general 
case  is  made  to  depend  on  the  one  expansion  of  the  deter- 
minant D, 

Example, 

Let  there  be  a  continuous  beam  of  six  spans,  and  let 
any  loading  rest  upon  the  fourth ;  it  is  required  to  find  the 
expansions  of  the  determinants  Di  and  Di-i. 

The  expansion  of  D  is  given  in  eq.  (lo)  and  need  not 
be  repeated  here. 

Using  the  preceding  notation, 

^i     =«4»  (^•+i)»  =  rf6- 

In  eq.  (lo),  then,  d^  and  d^  are  to  be  displaced  by  u^ 
and  W3,  while  zero  is  to  take  the  place  of  d^.     Hence 

Di  =  afi^c^uj^  -  afi^c^uj,  -  aj^^c^uj^  -  afi^c^uj^ 

+  aj?,c^uj^,     (19) 
Again, 

(ki  -Oi-i  =^3,  (^t)t-l  =  ^4. 
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Then,  in  eq.  (10),  placing  u^  and  u^  for  c,  and  C4,  and 
placing 

there  will  result 

-  a^b^u^dj^  +  ajy^u^dj^.     (20) 

These  values  placed  in  eqs.  (17)  and  (18)  will  give  M^ 
and  Mj. 

The  lengths  of  span  may  be  any  whatever ;  if  they  are 
equal,  the  results  will  be  simplified. 

Special  Case  of  Eqtml  Spans, 

If  all  the  spans  are  of  equal  length,  each  may  be  repre- 
sented by  /.     There  will  then  result 

These  values  of  a,  6,  c,  etc.,  placed  in  eqs.  (6)  to  (10)  give: 
For  two  spans: 


For  three  spans: 


For  four  spans: 


For  five  spans: 


For  six  spans: 


D^iSl\ 


D  =  56^'. 


D  =  209/*. 


2?  =  780?. 


104  FLEXURE.  [Ch.  111. 

Others  may  be  easily  and  rapidly  written  by  the  aid  of 
eq.  (ii),  which  now  becomes: 

P.  =  4/Z?«-.-/'P«-, (22) 

If  the  determinant  for  seven  (i.e.,  n  +  i)  spans  is  desired 

-D«-i  =  78o/*    and    Z?^-,-2o9/\ 
Hence: 

Z?^=Z)e  =  3I20/*  — 209/'=29lI^. 

Similarly  for  eight  spans: 

D=4X29ii/'-78oP  =  io864r, 
For  nine  spans: 

D  =  4  X 10864/*  —  2911/*=  40545/*. 

For  ten  spans: 

« 

D  =4X40545^- 10864/' =  151316?^. 

The  values  given  in  eq.  (21)  will  correspondingly  sim- 
plify  the  expansion  of  the  determinant  !)»,  either  in  its 
general  form  as  exemplified  in  eq.  (4)  or  as  given  in  the 
special  method.  As  an  illustration,  eqs.  (19)  and  (20) 
become,  respectively: 

Di  =  2  24/X  —  6o/X» 
Di  _j  =  2  2  s/X  —  60/ X. 

These  values  then  give: 

^'"D  195/      • 

^""  i)  ""    52/    • 
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Then  by  eqs.  (2) : 


M,=Y«(4M.+M,), 


2* 


*  2 

Thus  all  the  moments  are  known  for  this  example,  i.e., 
with  six  spans  and  loading  on  the  fourth  span  only. 

Reactions. 

After  the  moments  are  foimd,  either  by  the  general  or 
special  method,  for  any  condition  of  loading,  the  reactions 
will  at  once  result  from  the  substitution  of  the  values  thus 
found  in  the  eqs.  (15)  to  (21)  of  the  preceding  article,  which 
it  is  not  necessary  to  reproduce  here. 

Art.  21. — Deflection  by  the  Common  Theory  of  Flexure. 

The  deflection  or  sag  of  a  beam  subjected  to  loading  at 
right  angles  to  its  axis  is  the  displacement  of  the  neutral 
surface  in  the  direction  of  the  loading.  Ordinarily  the 
beam  is  horizontal  and  the  loading  vertical,  so  that  the 
deflection  is  also  vertical.  The  entire  deflection  is  due  both 
to  the  lengthening  and  the  shortening  of  the  fibres  on  the 
two  sides  of  the  neutral  surface  and  to  the  action  of  the 
transverse  shear  throughout  the  beam.  The  equation 
leading  directly  to  the  former  portion  is  eq.  (7)  of  Art..  9, 
but  the  equations  of  Art.  10  must  be  used  to  determine  the 
deflection  due  to  shear. 

Let  ^0  ^  ^^^  coordinate  of  some  point  at  which  the 
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tangent  of  the  inclination  of  the  neutral  surface  to  the  axis 
of  X  is  known ;  then  from  eq.  (7)  of  Art.  9 


I 


dw     r*M 

dx 


div 

-r-  will  be  at  once  recognized  as  the  general  value  of  the 

tangent  of  the  inclination  just  mentioned,  or,  in  the  case 
of  curved  beams,  as  approximately  the  difference  between 
the  tangent,  before  and  after  flexure. 

Again,  let  x^  represent  the  coordinate  of  a  point  at  which 
the  deflection  w  is  known,  then  from  eq.  (i) : 

«'=y,.y..£/^^* (^> 

The  points  of  greatest  or  least  deflection  and  greatest 
or  least  inclination  of  neutral  surface  are  easily  fotmd  by 
the  aid  of  eqs.  (i)  and  (2). 

The  point  of  greatest  or  least  deflection  is  evidently 
foimd  by  putting 

dw 

5^=^ (3) 

d/isj 
and  solving  for  x.     Since  -7-  is  the  value  of  the  tangent  of 

the  inclination  of  the  neutral  surface,  it  follows  that  a 
point  of  greatest  or  least  deflection  is  found  where  the  beam 
is  horizontal. 

Again,  the  point  at  which  the  inclination  will  be  great- 
est or  least  is  fotmd  by  the  equation 


(s) 


d  w 
dx     -5^°°° (4) 
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But,  approximately,  -7-7  is  the  reciprocal  of  the  radius 

of  curvature ;  hence  the  greatest  inclination  will  be  found 
at  that  point  at  which  the  radius  of  curvature  becomes  infi- 
nitely great,  or,  at  that  point  at  which  the  curvature  changes 
from  positive  to  negative  or  vice  versa.  These  points  are 
called  points  of  **contra-fiexure."     Since: 

jpw 

there  is  no  bending  at  a  point  of  contra-flexure. 

The  moment  of  the  external  forces,  M,  will  always  be 
expressed  in  terms  of  x.  After  the  insertion  of  such  values, 
eqs.  (i)  and  (2)  may  at  once  be  integrated  and  (3)  and  (4) 
solved. 

The  coefficient  of  elasticity,  E,  is  always  considered  a 
constant  quantity ;  hence  it  may  always  be  taken  outside  the 
integral  signs.  In  all  ordinary  cases,  also,  /  is  constant 
throughout  the  entire  beam.  In  such  cases,  then,  there 
will  only  need  to  be  integrated  the  expressions: 

/   Mdx     and      /     /   Mdx\ 

It  is  sometimes  convenient  to  express  the  tangent  of 
inclination  of  the  neutral  surface  and  the  deflection  in 
terms  of  some  known  intensity  k^  of  fibre  stress  at  the 
distance  d  from  the  neutral  surface  and  at  a  section  of  the 
beam  where  the  known  external  bending  moment  is  M^, 
The  desired  expressions  may  readily  be  written  by  simply 
transforming  eqs.   (i)  and  (2)  to  the  proper  shape.      It 

has  been  shown  by  eq.  (10)  of  Art.  9   that  /?o="~^»  and 
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hence  that  7  =  -^^.     By  substitution  of  this  value  of  I 
first  in  eq.  (i)  and  then  in  eq.  (2),  there  will  result: 


dw 
dx 


'-Ajy'" « 


and 

«-£M?/,X^*' »> 

Eqs.  (5)  and  (6)  give  the  desired  expressions  in  which 
/  and  d  are  considered  constant  in  accordance  with  all 
ordinary  practice.  In  the  use  of  these  last  two  equations, 
it  is  supposed  that  the  conditions  of  any  given  problems 
will  enable  k^  and  M^  to  be  computed  as  known  quantities. 

The  general  form  of  the  integral  in  the  second  member 
of  eq.  (6)  is  easily  determined.  The  quantities  M^  and 
M  are  exactly  similar  expressions  with  the  same  number 
of  terms  and  of  the  same  degree.  The  effect  of  the  inte- 
gration of  M  twice  between  the  limits  indicated  is  to  raise 
the  degree  of  each  term  of  which  it  is  composed  by  two, 
so  that  the  double  integration  of  Mdx^  divided  by  M^  will 
be  a  simple  product  aPy  a  being  a  numerical  quantity 
depending  upon  the  manner  of  loading,  the  condition  of 
the  ends  of  the  beam,  or  other  attendant  circumstances  of 
the  same  general  character.  Inserting  these  results  in 
eq.  (6),  the  expression  for  the  deflection  will  become 

Eq.  (6a)  is  not  often  used,  but  there  are  some  practical 
applications  of  formulae  in  which  it  must  be  employed. 
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Deflection  Due  to  Shearing. 

That  portion  of  the  deflection  due  to  transverse  shear- 
ing may  be  determined  as  readily  as  that  due  to  the  length- 
ening and  shortening  of  the  fibres  of  the  bent  beam.  In 
determining  the  requisite  equations  it  is  necessary  to  con- 
sider only  the  intensity  of  shear  in  the  neutral  surface, 
as  it  is  the  deflection  of  that  surface  which  is  sought. 

Let  ix/  be  the  deflection  due  to  shearing  and  let  ^  repre- 
sent the  transverse  shearing  strain  for  a  unit  of  length  of 
the  beam.  The  transverse  strain  for  an  indefinitely  short 
portion  dx  of  the  neutral  surface  will  then  be  du/  ^  (f>dx. 
If  G  represents  the  coefficient  of  elasticity  for  shear,  while 
5  represents  the  intensity  of  shear,  eq.  (3)  of  Art.  2  shows 

that  (f>  =  7^'     There  may  then  be  written : 

dvi/  ^  (f>dx  =  z^  dx (7) 

By  using  the  value  ot  s  given  in  eq.  (7)  of  Art.  10, 

du/ -~fr^X (8) 

The  general  expressions  for  the  shearing  deflection 
will,  therefore,  take  the  form: 


u/ 


d^  r 


The  integration  required  in  eq.  (9)  can  be  made  with 
ease  in  any  given  case,  as  it  is  necessary  only  to  express 
the  value  of  the  total  transverse  shear  5  in  terms  of  x. 
The  application  of  that  equation  to  special  cases  will  be 


no 
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made  in  a  later  article.     Obviously  the  total  deflection  in 
any  bent  beam  will  be  the  stun : 

w+u/: (lo) 


Art.  22. — ^The  Neutral  Curve  for  Special  Cases. 

The  curved  intersection  of  the  neutral  surface  with  a 
vertical  plane  passing  through  the  axis  of  a  loaded,  and 
originally  straight,  beam  may  be  called  the  **  neutral 
curve.*'  The  neutral  curve  is  the  locus  of  the  extremities 
of  the  ordinates  w  of  Art.  21 ;  it  therefore  gives  the  deflec- 
tion at  any  point  of  the  beam  due  to  the  direct  stresses  of 
tension  and  compression  in  it,  but  not  due  to  the  effect  of 
transverse  shear,  which  will  be  treated  in  a  subsequent 
article. 

The  method  of  finding  the  neutral  curve  for  any  par- 
ticular case  of  beam  or  loading  can  be  well  illustrated  by 
the  operations  in  the  following  three  cases: 


Case  /. 

This  case  is  shown  in  the  accompanying  figure,  which 
represents  a  cantilever  carrying  a  uniform  load  with  a 

I 
I 


=dB 


W 


Fig.  I. 


single  weight  W  at  its  free  end.     As  ustial,  the  intensity 
of  the  tmiform  loading  will  be  represented  by  p. 
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Measuring  x  and  w  from  B,  as  shown,  the  general  value 
of  the  bending  moment  is 


Integrating  between  x  and  /,  remembering  that : 


dw 
dx  "" 


ioT  x^h 


E/^.2:(..-,.)+|(..-n.   .  .  .  © 


Hence 


hm-'^Hi-.-^')]  ■  ■  ■  © 


w      ...  . 

\3 


The  greatest  deflection,  w^,  occurs  for  x^l.    Hence 


I  (WJ*     pl*\ 


This  value  of  w^  is  the  deflection  of  B  below  A.  The 
general  value  of  ze;  in  eq.  (3)  is  the  vertical  distance  (de- 
flection) of  B  below  the  point  Ideated  by  x ;  as  an  ordinate 
it  is  measured  upward  from  B  as  the  origin  of  coordinates. 

The  greatest  moment,  M^,  exists  at  A,  and  its  value  is: 


M,^Wl  +  ^ (5) 
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These  equations  are  made  applicable  to  a  cantilever 
with  a  uniform  load  by  simply  making  W  =o.  They  then 
become 

'^-^'dx--, (« 


w 


Mi -'''') <«> 


pi* 
Mj=  — (lo) 

mm 


Again,  for  a  cantilever  with  a  single  weight  only  at  its 
free  end,  /?  is  to  be  made  equal  to  zero  in  the  first  set  of 
eqiiations.    Those  equations  then  become : 

M=EI^-,''Wx, (ii) 

dw     W 

wi* 

M,=Wl (is) 
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"3 


The  general  expressions  for  the  shear  and  the  intensity 
of  loading  are : 

S''El:r:i=W  +  px,     ....     (i6) 


dx 


(17) 


Case  IL 

This  case,  shown  in  the  figure,  is  that  of  a  non -continu- 
ous beam,  supported  at  each  end,  and  carrying  both  a 


'^4'. 


% 


-fl^-^ 


B 


wk 

Fig.  2 


uniform  load  (whose  intensity  is  p)  and  a  single  weight  W 
at  its  middle  point.  The  reaction  R,  at  either  end,  will 
then  be 


The  general  value  of  the  moment  will  then  be 

M^Elf^^Rx-^.    .     .    . 

The  origin  of  x  and  w  is  taken  at  A. 
Remembering  that 

dw  .  I 

:r-«=o    for    ^— — , 
dx  2 


® 
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and  integrating  between  the  limits  x  and  -, 
Again  integrating 


w 


I   {R(x^    xV\     pfx^    xl*\)    '  ,^^ 


The  greatest  deflection  Wj  occurs  at  the  centre  of  the 
span,  for  which 


2 


Hence 


'»— ^/|^+i^4 ^"> 


The  greatest  moment,  also,  is  foimd  by  putting 


2 


It  has  the  value 


•-ii^*^ (") 


M 

4 


These  formulae  are  made  applicable  to  a  non-continuous 
beam  carrying  a  tmiform  load  only,  by  putting  W^  o. 
They  then  become 

M^EI^=^(.l-x) (23) 
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W'=j^{2xH-x*-l'x) (25) 

"^>~     384£/~     8'48£7'  •     •     •     •     ^^o; 

Pi* 
M,=% (27) 

The  formtdae  for  a  beam  of  the  same  kind  carrying  a 
single  weight  at  the  centre  are  obtained  by  putting  p  =  o 
in  the  first  set  of  eqiiations.  Those  for  the  greatest  deflec- 
tion and  greatest  moment,  only,  however,  will  be  given. 
They  are 


Wl 
M,  =  ^' (29) 


The  general  values  of  the  shear  and  intensity  of  loading 
are 

S^^-T-^R-px (30) 


dx 

dm 

dx^ 


=  -/> (31) 


Case  in. 

The  general  treatment  of  continuous  beams  requires  the 
tise  of  the  theorem  of  three  moments.  The  particular  case 
to  be  treated  is  shown  in  Fig.  3.     The  beam  covers  the 
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three  spans,  DA,  AB,  and  J5C,  and  is  continuotis  over  the 
two  points  of  support,  A  and  B. 


IjQtDA^l^ 
'*    AB=l 


'*    BC^l 


Let  /j  =  nl^  =  w'/j. 


Let  the  intensity  of  the  uniform  load  on  ^45  be  repre- 
sented by  p  and  let  the  two  single  forces  P  and  P'  only,  act 


Fig.  3. 

in  the  spans  DA  and  BC  respectively.  Also  let  the  two 
distances 

DE  =  2^1  =  a/j    and     CF  =  a'/. 

be  given.  It  is  required  to  find  the  magnitudes  of  the  forces 
P  and  P',  if  the  beam  is  horizontal  at  A  and  B, 

Since  the  beam  is  horizontal  at  A  and  B,  the  bending 
moments  over  those  two  points  of  support  will  be  equal 
to  each  other,  for  the  load  on  AB  \s  both  uniform  and 
symmetrical.  Let  this  bending  moment,  common  to  A 
and  By  be  represented  by  M^.  As  the  ends  of  the  beam 
simply  rest  at  D  and  C,  the  moments  at  those  two  points 
reduce  to  zero. 

Because  the  four  points  D,  A,  B,  and  C  are  in  the  same 
level,  the  first  member  of  eq.  (14)  of  Art.  19  becomes  equal 
to  zero. 

If  that  equation  be  applied  to  the  three  points  Z?,  A, 
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and  B,  the  conditions  of  the  present  problem  produce  the 
following  results: 

M^=o,     M.^M^-^M^, 
and 

*c  4 

Hence  the  equation  itself  will  become 

M,{2l,  +  3l,)+Y(h'-z,')z^  +  pf^o.     .    .     (32) 

^1  4 

.♦.    Reaction  at  Z?=/?,=P-'-^  +  ^*.  .     .    (34) 

As  the  origin  of  0,  is  at  D,  re  will  be  measured  from  the 
same  point. 

Separate  expressions  for  moments  must  be  obtained  for 
the  two  portions,  DE  and  EA  of  /^  because  the  law  of 
loading  in  that  span  is  not  continuous. 

Taking  moments  about  any  point  of  EA 

Remembering  that 

dw 
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for  X  =  /j,  and  integrating  between  the  limits  x  and  l^ 

fill)      /?  P 

EI-^=^-^(x--l,')--ix*-l,')+Pz,(x-l,).  .     (3 

Again,  remembering  that  w=o  for  x^l^^  and  integrat- 
ing between  the  limits  x  and  /p 

£/w=-^(  — -/>  +  — ^)— ( />  +  — ^) 


2    \3  *  3     /         2^3 


+p..(^-/,.+^).  e 


Taking  moments  about  any  point  in  DE 

EI^'^R.x; (38) 

Making  «-«,  in  eqs.  (36)  and  (39),  then  subtracting 

/.    El^=^(x'-h')-jiz,»-l^)+Pz,iz,-l,).    (40) 

Remembering  that  w=o  for  x=o,  and  integrating  be- 
tween the  limits  x  and  o, 

EIw  =^(--l,*x)  -^(z,'-l,*)x+Pz,iz,-l,)x.     (41) 

2    n3  '  2 

Making  :r  =z^  in  eqs.  (37)  and  (41),  then  subtracting 

^^~{l^'-^^')+^(l^-^^')-0.     .      .      (42) 
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Putting  the  value  of  M,  from  eq.  (33)  in  eq.  (34),  then 
inserting  the  value  of  i?^  thus  obtained,  in  eq.  (42),  after 
making  z^  ^^al^, 

L  2  +  3«  ^^2  ^  ^J     4(2 +  3n)' 

••  ^""baCi-a^)     6a(i-a')-     "     '     '     ^"^^J 

This  is  the  desired  value  of  P,  which  will  cause  the 
beam  to  be  horizontal  over  the  two  points  of  support  A 
and  B  when  the  span  AB  carries  a  uniform  load  of  the 
intensity  p. 

By  the  aid  of  eq.  (43),  eq.  (33)  now  gives 

'        ^*    12(2 +3w)  12  12  ^^^' 

It  is  to  be  noticed  that  M,  is  entirely  independent  of 
/j  or  /,.     Eq.  (43)  also  gives 


Hence 


6a(i_--a^ 


Jlf,--:^(i-a>)a (46)     ^ 


Thus  any  of  the  preceding  equations  may  be  expressed 
in  terms  of  p  or  P. 
R^  also  becomes 

^*    6a(i+a)      12* ^47J 

or 

i2,-P(i-oXi-io(i+a)] (48) 
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It  is  clear  that  there  cannot  be  a  point  of  no  bending  in 
DE.  Hence  the  point  of  contra-flexure  must  lie  between 
E  and  A,  Fig.  3.  In  order  to  locate  this  point,  according 
to  the  principles  already  established,  the  second  member 
of  eq.  (35)  must  be  put  equal  to  zero.  Doing  so  and  solving 
for  X, 

^"^pZ^R^i (49) 

Since  P  is  always  greater  than  7?^  there  will  always  be 
a  point  of  contra-flexure. 

All  these  equations  will  be  made  applicable  to  the  span 
BC  by  simply  writing  a'  for  a,  /,  for  /^  and  n'  for  n. 

As  an  example,  let 

a=J    and    w  =  i. 
Eqs.  (43),  (44),  and  (47)  then  give 

P  =iM 

^^^         12  16' 

after  writing, 

In  general,  the  span  l^  is  called  "  a  beam  fixed  at  one 
end,  simply  supported  at  the  other  and  loaded  at  any  point 
with  the  single  weight,  P." 

Let;  it,  again,  be  required  to  -find  an  intensity,  "  /?',"  of  a 
uniform  load,  resting  on  the  span  /j,  which  will  cause  the 
bisarh  to  be  horizontal  at  the  points  A  and  B. 
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Since  the  load  is  continuous,  only  one  set  of  equations 
will  be  required  for  the  span.  The  equation  of  moments 
will  be 

Integrating  between  the  limits  x  and  /j, 
Integrating  between  the  limits  x  and  o, 

H-l'(y-'A)-^(7-v4  .   .   (S) 

But,  also,  i«;=o,  when  x=^l^.     Hence 

i?.^=^';    •••  -R. =!/>'/» (S3) 

This  equation  gives  the  value  i?,  when  p'  is  known. 
Making  «=/,  in  eq.  (50),  and  using  the  value  of  R^  from 

eq.  (53). 

M,  =  />V(i-i)  =  -^' (54) 

Adapting  eq.  (32)  to  the  present  case,  ,  > 

A/,(2/,  +  3/,)  +  KA*  +  H')=o; 

*  4(2 +3»)  ^^^^ 

Equating  these  two  values  of  M„ 

/>'=*^' (56) 
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Thus  is  foiind  the  desired  value  of  p'.  In  this  case  the 
span  /^  is  called  **a  beam  fixed  at  one  end,  simply  sup- 
ported at  the  other  and  imiformly  loaded." 

The  points  of  contra -flexure  are  found  by  putting  the 
second  member  of  eq.  (50)  equal  to  zero  and  solving  for 
X,  after  introducing  the  value  of  R^  from  eq.  (53).     Hence 

or 

x=o    and    ^=J/,. 

Between  the  simply  supported  end  and  point  of  contra- 
flexure  the  beam  is  evidently  convex  downward,  and  convex 
upward  in  the  other  portion  of  the  spans  /^  and  /,,  whether 
the  load  is  single  or  continuous.  Moments  of  different 
signs  will  then  be  foimd  in  these  two  portions,  and  there 
will  be  a  maximum  for  each  sign.  The  location  of  the 
sections  in  which  these  greatest  moments  act  may  be  made 
in  the  ordinary  manner  by  the  use  of  the  differential  cal- 
culus; but  the  negative  maximum  is  evidently  M„  given 
by  eqs.  (44)  and  (55).  On  the  other  hand,  the  positive 
maximum  is  clearly  fotind  at  the  point  of  application  of 
P  in  the  case  of  a  single  load,  and  at  the  point 

in  the  case  of  a  continuous  load.  These  conclusions  will  at 
once  be  evident  if  it  be  remembered  that  the  portion  of  the 
beam  between  the  supported  end  and  point  of  contra- 
flexure  is,  in  reality,  a  beam  simply  supported  at  each  end. 
These  moments  will  have  the  values 

M,^Pl,{i-a)a-t, ^(^2+3n)  ^'     •     ^57) 

M/^ThpV (58) 
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In  case  of  a  single  load  if  P  is  given,  and  not  p,  eq.  (45) 
shows 

M,  =P/i(i  -a)a[i  -  ia(i  +a)]. 

The  points  of  greatest  deflection  are  found  by  putting 
the  second  members  of  eqs.  (36),  (40),  and  (51)  each  equal 
to  zero,  and  then  solving  for  x.  They  are  not  points  of 
great  importance,  and  the  solutions  will  not  be  made. 

The  following  are  the  general  values  of  the  shears  for  a 
single  load  on  l^ : 

InAE,    S^E1-^^^R^-P\      [from eq.  (35)]. 

d^ii) 
In  ED    5,=£:7^,  =i?,;  [from  eq.  (38)]. 

The  shear  in  i,  for  the  tinif orm  load  p'  is 

S'--EI-T-i^R^''p'x\  [from eq.  (50)]. 


dx' 


Also 


Intensity  of  load  ^EI  -j-j  =  — //, 


As  has  already  been  observed,  all  the  equations  relating 
to  the  span  l^  may  be  made  applicable  to  the  span  l^  by 
changing  a  to  a'  and  nton\ 

The  span  /,  remains  to  be  considered. 

Since  the  bending  moments  at  A  and  B  are  equal  to 
each  other,  and  since  the  loading  is  uniformly  continuous, 
half  of  it  (the  load  pl^)  will  be  supported  at  A  and  the  other 
half  at  B.  In  other  words,  the  vertical  shear  at  an  in- 
definitely short  distance  to  the  right  of  A^  also  to  the  left 
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2 


of  B,  will  be  equal  to  -  \     Let  x  be  measured  to  the  right 
and  from  A.     The  bending  moment  at  any  section  x  will  be 


dx^  ^2  2 

or 


2 


Integrating  between  the  limits  x  and  o, 
Again,  integrating  between  the  same  limits, 


EI.-«f-^±{'^.-^).      .    .    .    © 


Since 


dw 
dx 


for  x^l^,  eq.  (6o)  wii  give  M^  independently  of  preceding 
equations.     Following'  this  method,  therefore, 


*  12 


This  is  the  same  value  which  has  already  been  obtained. 
Introducing  the  value  of  M,, 

^^d^w     pf,         ,     /»\ 

dw_pn^'    £!     ^.M  ,,  . 
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The  points  of  contra-flexure  are  fotmd  by  putting  the 

second  member  of  eq.  (^)  equal  to  zero.     Hence 

-  I 

/  ^ 

,     /l  fl  ?\  (0.789^2- 

■••     ^-H"^^^4-6)-|„.,„;..       , 

The  moment  at  the  centre  of  the  span  is  found  by 
putting 

h 
2 

in  eq.  (6^): 

'  24 


This  is  the  greatest  positive  moment 
The  general  value  of  the  shear  is 


and  the  intensity  of  load 


-p^.-')-- 


The  span  l^  is  generally  called  **  a  beam  fixed  at  both 
ends  and  uniformly  loaded/* 

It  is  sometimes  convenient  to  consider  a  single  load  at 
the  centre  of  the  span  l^y  while  the  beam  remains  horizontal 
at  A  and  B\  in  other  words,  to  consider  **  a  beam  fixed  at 
each  end  and  supporting  a  weight  at  the  centre.*' 

Let  W  represent  this  weight;  then  a  half  of  it  will  be 
the  shear  at  an  indefinitely  short  distance  to  the  right  of 
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A  and  left  of  B.    As  before,  let  x  be  measured  from  A, 
and  positive  to  the  right.     The  moment  at  any  point  will  be 

d^w  Wx 

Integrating  between  x  and  o, 

dw              Wx^ 
El^^Mjc-^ (66) 


dx 


If  x^-,  then  will 

2 


hence 


dw 


The  general  value  of  the  moment  then  becomes 

If  x^-  in  this  equation,  the  bending  moment  at  the 
centre  (where  W  is  applied)  has  the  value 

Centre  moment  =  — ^ . 

Hence  the  bending  moments  at  the  centre  and  ends  are  each 
equal  to  the  product  of  the  load  by  one  eighth  the  span,  but 
have  opposite  signs, 

A  second  integration  between  x  and  o  gives 


I  (WU 


f-"^) m 


Hence  the  deflection  at  the  centre  has  the  value 

Wl^ 
Centre  deflection  =        l^r. 
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By  placing  iW  =o,  the  points  of  contra-flexure  are  found 
at  the  distance  from  each  end, 

*     4' 
Addendum  to  Art*  22. 

The  formiilaB  of  this  article  ftimish  the  solutions  of  many 
practical  questions  of  maxima  deflections  and  moments. 
The  latter  for  several  ordinary  cases  are  given  in  the  follow- 
ing tabulation: 

P  is  the  weight  in  poimds  at  end  of  beam  or  centre  of  span. 

p  is  the  load  in  pounds  per  lin,  ft.  of  beam. 


II 


III 


IV 


VI 


VII 


Beam. 


vin 


*p  ptrumU 


'permM 


Maximum 
Moment. 


P/atA 


ipP^A 


iPl  at  centre 


ipP  at  centre 


t 


Plat  A 
PI  at  centre 


AfUmgth, 


—ipP  at  A 

+  ThP^^til 

-JP/ati4 
JP/  at  centre 


'^pP  at  A 
^pP  at  centre 


Maximum 
Deflection. 


PI* 

576^  at  A 

216^*  at  A 
EI 


PI* 
3^pT  at  centre 

pi* 
22.5^  at  centre 

'^EI  fromB 


9.35 


^^_*  at  0.42 15/ 


EI  from  B 


P/« 
0"=7-  at  centre 
^EI 


PP 
4.5I2  at  centre 


Point  of 
Contrarflexure. 


A/  from  B 
Reaction  at  B 


«-P 


T¥ 


il  from  B 
Reaction  at  B 

^ipl 

il  from  each  end 


0.211/ from  each 
end 
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/  IS  the  length  of  beam  or  of  span  in  feet. 

E  is  the  coefficient  of  elasticity  in  pounds  per  sq.  inch. 

/  is  the  moment  of  inertia  of  the  normal  section  of  the 
beam  with  all  dimensions  of  section  in  inches. 

The  **  Max.  Moments"  will  be  in  foot  pounds,  and  the 
**  Max.  Deflections  '*  will  be  in  inches. 

In  the  use  of  eq.  (2),  Art.  62,  in  its  many  practical 
applications,  it  is  best  to  have  the  moment  M  in  inch- 
pounds,  which  will  result  from  simply  multiplying  the 
**  Max.  Moments'*  of  the  preceding  table  by  12. 

Case  I  results  from  eqs.  (14)  and  (15);  Case  II  from 
eqs.  (9)  and  (10);  Case  III  from  eqs.  (28)  and  (29); 
Case  IV  from  eqs.  (26)  and  (27).  In  Case  V  the  reaction 
is  found  by  putting  a  =  J  in  eq.  (48);  the  point  of  **  Max. 
Deflection*'  is  found  by  placing  0,  =  1/  in  eq.  (40),  and  the 

resulting  value  of    ,-  equal  to  zero  and  solving  for  x^  which 

latter  value  in  eq.  (41)  will  give  **  Max.  Deflection." 
Case  VI  results  from  treating  eqs.  (53),  (51),  and  (52)  in 
precisely  the  same  manner.  Case  VII  results  directly 
from  the  formulae  on  page  126.  Case  VIII  results  directly 
from  the  equations  on  pages  124  and  125. 

The  preceding  cases  are  those  which  commonly  occur 
with  constant  values  of  E  and  /.  Other  cases,  such  as  a 
single  load  at  any  point,  or  partial  uniform  load  over  any 
part  of  span,  are  to  be  treated  by  the  same  general  prin- 
ciples. 

Art.  23. — Deflection  Due  to  Shearing  in  Special  Cases. 

The  deflection  due  to  transverse  shearing  only  in  all 
the  ordinary  cases  of  loaded  beams  can  readily  be  com- 
puted by  aid  of  the  general  eq.  (9)  of  Art.  21.  If  d  is 
the   distance   of    the   most   remote   fibre    from   the   neu- 
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tral  axis  of  any  normal  section  whose  moment  of  inertia 
about  the  same  axis  is  /,  and  if  G  and  5  are  the  coefficient 
of  elasticity  and  total  transverse  shear  respectively,  the 
deflection,  ze/,  sought  is 


d^    r 


(i) 


The  limits  of  the  integration  must  be  indicated  for 
each  particular  case. 


Fig.  I. 

In  Fig.  I  let  the  cantilever,  whose  length  is  /,  carry  the 
single  load  P  at  its  end,  and  the  uniform  load  p  per 
linear  unit.  The  shear  at  any  section  distant  x  from  A  is 
S^P  \-px.  The  substitution  of  this  value  of  S  in  eq.  (i) 
will  give 

If  the  tmif orm  load  only  acts,  P  =  o ;  and  if  P  only  acts, 
p^o. 

Fig.  2  shows  the  case  of  a  simple  beam  supported  at 
each  end,  carrying  a  uniform  load  p  per  linear  unit  and 
the  single  load  P  at  the  centre  of  the  span.  The  reaction 
i?  =  i(P+/>/),  and  the  shear  S=R—px.  Hence  eq.  (i) 
gives  the  general  value  of  the  deflection 

d^     /*'.^         .  .        d^   {x.^       ,.     px' 

2 


^-^fJ^^-p-^'-'^\-.^p^p'>-^-f\- 


(3) 
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And  for  the  centre  ot  the  span: 


Fig.  2. 


The  values  of  the  deflection  vf  may  be  sjnilarly  written 
for  other  cases.  The  following  table  gives  the  results  for 
the  cases  indicated,  which  are  those  commonly  required. 


n 


m 


IV 


Beam. 


n/lemgth. 


End  Shear. 


VI 

VII 
VIII 


iP 


ipi 


AP 


AP 


ipi 


iP 


ipi 


Shear  5. 


p* 


iP 


PW-X) 


^p 


•hp 


p(il-x) 


ip 


Kii-«) 


Section  for 
Deflection  ur'. 


from  end 


it 


a 


•447^ 


■Sl 


.4215/ 


.5/ 


.5/ 


<l 


«< 


«« 


<f 


f  « 


<« 


«l 


«« 


Deflection  w*. 


2IG 

4IG 

iPPl 
SIG 

16/G 

<PPl 
14.32/G 

d^Pl 
12.8/G 

.0347^^/* 
IG 

(PPl 
bIG 

d'pP 
16/G 
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The  end  shears  in  this  table  are  the  reactions  taken 
from  the  table  of  the  preceding  article,  the  "Beams*'  in 
the  two  tables  being  the  same. 

The  total  deflection  for  any  particular  beam  is  to  be 
fotmd  by  adding  the  **  Max.  Deflection*'  from  the  table 
of  the  preceding  article  to  the  u/  fotmd  in  the  above  table. 

In  the  notation  of  the  preceding  article,  if  w^  is  the 
deflection  due  to  the  lengthening  and  shortening  of  the 
fibres  the  total  deflection  in  any  case  will  be 

w^^w^+ii/ (4) 

These  formulae  for  shearing  deflection,  like  all  the 
formtilae  relating  to  the  distribution  of  transverse  shearing 
in  a  bent  beam,  are  more  accurately  applicable  to  rectan* 
gular  or  circular  sections  than  to  others. 

Art.  24. — ^The  Flexure  of  Long  Columns. 

A  "  long  column"  is  a  piece  of  material  whose  length 
is  a  number  of  times  its  breadth  or  width,  and  which  is 
subjected  to  a  compressive  force  exerted  in  the  direction  of 
its  length.  Such  a  piece  of  material  will  not  be  strained 
or  compressed  directly  back  into  itself,  but  will  yield 
laterally  as  a  whole,  thus  causing  flexure.  If  the  length 
of  a  long  column  is  many  times  the  width  or  breadth,  the 
failure  in  consequence  of  flexure  will  take  place  while  the 
pure  compression  is  very  small. 

As  with  beams,  so  with  columns,  the  ends  may  be 
"fixed,"  so  that  the  end  surfaces  do  not  change  their 
position  however  great  the  compression  or  flexure.  Such 
a  column  is  frequently,  perhaps  usually,  said  to  have 
fixed  ends.  If  the  ends  of  the  column  are  free  to  turn 
in  any  direction,  being  simply  supported,  as. flexure  takes 
place,  the  column  is  said  to  have  "rotmd"  ends.     It  is 
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clear  that  if  the  column  has  freedom  in  one  or  several 
directions  only,  it  will  be  a  "  round''  end  column  in  that 
one  direction,  or  those  several  directions,  only.  It  is 
also  evident  that  a  column  may  have  one  end  round  and 
one  end  flat  or  fixed. 

In  Fig.  I  let  there  be  represented  a  column  with  flat  ends, 
vertical  and  originally  straight.  After  external  pressure  is 
imposed  at  A,  the  column  will  take  a  shape  similar 
to  that  represented.  Consequently  the  load  P,  at 
A,  will  act  with  a  lever-arm  at  any  section  equal 
to  the  deflection  of  that  section  from  its  original 
position.  Let  y  be  the  general  value  of  that  de- 
flection, and  at  B  let  y^^j.  Let  x  be  measured 
from  i4,  as  an  origin,  along  the  original  axis  of 
the  column.  In  accordance  with  principles  already 
established,  the  condition  of  fixedness  at  each  of 
the  ends  A  and  C  is  secured  by  the  application  of 
a  negative  moment,  —M,  It  is  known  from  the 
general  condition  of  the  column  that  the  curve 
of  its  axis  will  be  convex  toward  the  axis  of  x  at 
^'^'  **  and  near  A,  while  it  will  be  concave  at  and  near 
B  (the  middle  point  of  the  column).  Hence,  since  y  is 
positive  toward  the  left,  and  since  the  ordinate  and  its 
second  derivative  must  have  the  same  sign  when  the 
curve  is  convex  toward  the  axis  of  the  abscissae,  the  general 
equation  of  moments  must  be  written  as  follows : 

EI^^^M^Py. (I) 

Multiplying  by  2dy, 

EI     \^  a     =  2Mdy  —  P2ydy; 

'-'  El(f£)'  =  2My^Py'  +  (c=o);  .     •     .     (2) 
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c  =0,  becaiise  the  coliimn  has  flat  ends,  and 


wheny— o.    Also 


dy 


dy 
dx" 


when  y  — y^ ; 


«:^i 


•   •     •*■'■*■  ••••••••        \o' 


Eq.  (2)  now  becomes 


EI        dy 

p-  —F==^dx\ 
IT    s/y^—y^ 


\1E 


„  versin-i-^.      ....     (4) 


n  y  -y,. 


(5) 


In  this  equation  /  is  the  length  of  the  coltimn.  From 
eq.  Cs)  there  may  be  deduced 

P-^'. (6) 

It  is  to  be  observed  that  P  is  wholly  independent  of  the 
deflection,  i.e.,  it  remains  the  same,  whatever  may  be  the 
amount  of  deflection,  after  the  column  begins  to  bend. 
Consequently,  if  the  elasticity  of  the  material  were  perfect, 
the  weight  P  would  hold  the  column  in  any  position  in 
which  it  might  be  placed,  after  bending  begins. 
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Eq.  (6)  forms  the  basis  of  *'Hodgkmson's  Formula" 
for  the  resistance  of  long  columns,  of  which  more  will  be 
given  hereafter.     It  was  first  established  by  Euler. 

Some  very  important  results  follow  from  the  considera- 
tion of  Fig.  I  in  connection  with  the  preceding  equations. 

The  bending  moment  at  the  centre,  JS,  of  the  column 
is  obtained  by  placing  y  ^j/j  in  eq.  (i) ;  its  value  is,  con- 
sequently, 

M'^-M+Py^^M.  .....     (7) 

Hence  thd  bending  at  the  centre  of  the  column  is  exactly 
the  same  {but  of  opposite  sign)  as  that  at  either  end.  Between 
A  and  B,  then,  there  must  be  a  point  of  contra-flexure. 

Putting  the  second  member  of  eq.  (i)  equal  to  zero, 
and  introducing  the  value  of  M  irom  eq.  (3), 

y  =7- 

Introducing  this  value  of  y  in  eq.  (4),  and  .bearing  in 
mindeq.  (5), 

The  points  of  contra-flexure,  then,  are  at  H  and  Z?, 
\l  and  \l  from  A, 

Hence  the  middle  half  of  the  column  (HD)  is  actually  a 
column  with  round  ends^  and  it  is  equal  in  resistance  to  a 
fixed-end  column  of  double  its  length. 

/ 
Hence  writing  /'  for  -  and  putting  2/'  for  I  in  eq.  (6), 

p^ (,) 

Eq.  (9)  gives  the  value  of  P  for  a  round-end  coltamn. 
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Again,  either  the  upper  three  quarters  {AD)  or  the 
lower  three  quarters  {CH)  of  the  column  is  very  nearly 
equivalent  to  a  column  with  one  end  flat  and  one  end  round, 
and  its  resistance  is  equal  to  that  of  a  fixed-end  column 

whose  length  is  -  its  own.     Putting,  therefore, 


and  introducing 


i^-\l 


i^h 


in  eq.  (6), 


3* 


P«2.25-p- (10) 


The  last  case  is  not  quite  accurate,  because  the  ends  of 
the  coltimns  HC  and  AD  are  not  exactly  in  a  vertical  line. 

In  reality,  the  column  under  compression  may  be  com- 
posed of  any  number  of  such  parts  as  HD,  with  the  por- 
tions HA  and  CD  at  the  ends,  thus  taking  a  serpentine 
shape,  so  far  as  pure  equilibrium  is  concerned.  In  such 
a  condition  the  column  would  be  subjected  to  considerably 
less  bending  than  in  that  shown  in  the  figure.  In  ordinary 
experience,  however,  the  serpentine  shape  is  impossible, 
because  the  slightest  jar  or  tremor  would  cause  the  column 
to  take  the  shape  shown  in  Fig.  i.  Hence  the  latter  case 
only  has  been  considered. 

If  T  is  the  radius  of  gyration  and  5  the  area  of  normal 
section  of  the  column,  eqs.  (6)  and  (9)  will  take  the  forms 

P     47:^Er'  P  __n'Er* 

S"   P  S   ~r'' 

Eq.  (10)  will,  of  course,  take  a  corresponding  form. 
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P 

These  equations  evidently  become  inapplicable  when  -^ 
approaches  C,  the  ultimate  compressive  resistance  of  the 
material  in  short  blocks.  The  corresponding  values  of  (-) 
at  the  limit  are 


/  \E  ^     I         \E 

-=2;r^^     and     ^-^^^       •     ..   . 


(II) 


for  fixed  and  round  ends  respectively ;  other  conditions  of 
ends  will  be  included  between  those  two. 
If  for  structural  steel 

£=30,000,000    and    C  =  60,000, 

the  above  values  become  140  and  70,  nearly. 

Euler's  formula,  therefore,  is  strictly  applicable  only  to 
structural  steel  columns,  with  eaas  nxed  or  rounded,  for 
which  l-^r  exceeds  140  and  70,  respectively. 

If  for  cast  iron 

£  =  14,000,000    and    C  =  100,000, 

eqs.  (11)  give 

/  / 

-  =  74    and     -  =  3  7 »  nearly. 

f  T 

Euler's  formula  evidently  becomes  inapplicable  con- 
siderably above  the  limits  indicated,  since  columns  in  which 

/ 

-  has  those  values  will  not  nearly  sustain  the  intensity  C, 

The  analytical  basis  of  "Gordon's  Formula"  for  the 
resistance  of  long  columns  is  so  closely  associated  with  the 
empirical  that  both  will  be  treated  together  hereafter. 
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Art.  35. — Graphical  Determiiiation  of  the  Resistaniw  of  a  Beam. 

The  graphical  method  is  well  adapted  to  the  treatment 
of  beams  whose  normal  sections  are  limited  either  wholly 
or  in  part  by  irregular  curves.  In  Fig.  i  is  represented 
the  normal  section  of  such  a  beam,  the  centre  of  gravity 
of  the  section  being  situated  at  C.  The  lines  HL,  AB, 
and  DF  are  parallel.  As  is  known  by  the  common  theory 
of  flexure,  the  neutral  axis  will  pass  through  C. 

Let  aa  be  any  line  on  either  side  of  AB,  then  draw  the 
lines  aa'  normal  to  AB,  having  made  MN  and  HL  equidis- 
tant from  AB.  From  the  points  a'  thus  deteimined  draw 
straight  lines  to  C.  These  last  lines  will  include  intercepts, 
bb,  on  the  original  lines  aa.  Let  every  linear  element 
parallel  to  AB,  on  each  side  of  C,  be  similarly  treated.     All 


the  intercepts  found  in  this  manner  will  compose  the  shaded 
figure. 

This    operation  in   reality,  and    only,  determines  an 
amoimt  of  stress  with  a  uniform  intensity  identical  with 
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that  developed  in  the  layer  of  fibres  farthest  from  the 
neutral  axis,  and  equal  to  the  total  bending  stress  existing 
in  the  section ;  this  latter  stress,  of  course,  having  a  varia- 
ble intensity.  HL  represents  the  layer  of  fibres  farthest 
from  the  neutral  surface,  consequently  MN  was  taken  at 
the  same  distance  from  AB,  Any  other  distance  might 
have  been  taken,  but  the  intensity  of  the  uniform  stress 
would  then  have  had  a  value  equal  to  that  which  exists 
at  that  distance  from  the  neutral  axis.  Again,  a  different 
intensity  might  have  been  chosen  for  the  stress  on  each 
side  of  AB.  It  is  most  convenient,  however,  to  use  the 
greatest  intensity  in  the  section  for  the  stress  on  both  sides 
of  the  neutral  axis ;  this  intensity,  which  is  the  modulus  of 
rupture  by  bending,  will  be  represented,  as  heretofore,  by  K. 

Let  c  and  c'  be  the  centres  of  gravity  of  the  two  shaded 
figures.  These  centres  can  readily  and  accurately  be  found 
by  cutting  the  figures  out  of  stiff  manilla  paper  and  then 
balancing  on  a  knifcredge.  Let  5  represent  the  area  of  the 
shaded  surface  below  AB,  and  s'  the  area  of  that  above  AB. 

Because  this  is  a  case  of  pure  bending,  the  stresses  of 
tension  must  be  equal  to  those  of  compression.     Hence 

Ks=Ks\     or    5=5' (i) 

The  moment  of  the  compression  stresses  about  AB 
will  be  - 

KsXc'C. 

The  moment  of  the  tensile  stresses  about  the  same  line 
will  be 

KsXcC. 

Consequently  the  resisting  moment  of  the  whole  section 
will  be 

M^Ks(c'C+cC)^KsXcc' (2) 
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Thus  the  total  resisting  moment  is  completely  deter- 
mined. In  some  cases  of  irregular  section  the  method 
becomes  absolutely  necessary. 

It  is  to  be  observed  that  the  centre  of  gravity,  c  or  c', 
is  at  the  same  normal  distance  from  AB  as  the  centre  of 
the  actual  stress  on  the  same  side  oi  AB  with  c  or  c'. 

Art.  26.— The  Common  Theory  of  Flexure  with  Unequal  Values 

of  Coefficients  of  Elasticity. 

In  all  cases  it  has  hitherto  been  assumed  that  the  coeffi- 
cient  of  elasticity  for  tension  is  equal  to  the  same  quantity 
for  compression.  In  reality  this  is  exactly  true  for  pos- 
sibly no  material  whatever,  though  the  error,  fortunately, 
is  not  serious  for  the  greater  portion  of  the  materials  used 
by  the  engineer.  By  the  aid  of  the  assumptions  used  in 
the  common  theory  of  flexure,  formulae  involving  this 
difference  of  coefficients  may  be  deduced.  As  these  are 
of  little  real  value,  however,  a  few  general  results  only  will 
be  obtained. 

Let  E  represent  the  coefficient  of  elasticity  for  tension. 

Let  E'  represent  the  coefficient  of  elasticity  for  com- 
pression. 

As  has  before  been  assumed,  the  normal  sections  of  the 
beam,  which  are  plane  before  flexure,  will  be  taken  as  plane 
and  normal  to  the  neutral  surface  after  flexure.  Also,  as 
before  (Art.  18),  let  u  represent  the  rate  of  strain  (strain 
for  unit  of  length  of  fibre)  at  unit's  distance  from  the  neu- 
tral surface ;  let  the  variable  width  of  the  section  be  repre- 
sented by  6,  while  y  represents  the  variable  normal  distance 
of  the  element  hdy  from  the'  neutral  axis  of  the  section.  The 
element  of  the  tensile  stress  in  the  section  will  be 

Euy .  hdy. 
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The  elementary  moment  of  the  same  will  be 

Euy^bdy, 

In  precisely  the  same  manner,  the  elementary  compres- 
sive moment  will  be 

E'uy'^bdy, 

Consequently  the  total  resisting  moment  will  have  the 
value 

M  -  iXEf'^^bdy +E'  J^  y^bd^ 

-—  /      y^bdy+-T  /     y^bdy.     .     .     .     (i> 

• 

The  ordinates  y  and  y^  are  those  belonging  to  the  ex- 
treme fibres  of  the  section,  while  K  and  K'  represent  stress- 
intensities  in  those  fibres.  The  general  value  of  y  is  also 
ajffected  with  the  negative  sign  on  the  compression  side  of 
the  beam. 

It  has  been  shown  in  Art.  9  that 

also,  in  the  case  of  straight  beams,  that 

I     dhi) 
'p^'dx^' 

w  being  the  deflection  and  x  the  abscissa  meastired  along 
the  axis  of  the  beam.  For  the  sake  of  brevity  let  the  quan- 
tity in  the  brackets  in  the  second  member  of  eq.  (i)  be 
represented  by  EJ,  in  which,  consequently,  £'  will  be  dis- 
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placed  by  nE,  n  being  the  ratio  between  E  and  £'.     Eq.  (i) 
may  then  take  the  form 

^-^J-dx^ (^> 

or 

M     dhv 


EJ    dx' ^^^ 

If  M  and  /  are  expressed  in  terms  of  x,  w  may  at  once 
be  found.  If,  as  is  usual,  the  section  is  uniform,  then  will 
J  be  constant  and  M,  only,  will  be  a  function  of  x. 

If  the  section  is  rectangular,  6  will  be  constant  and  J 
will  take  the  following  value: 

3            3 
.-.  J=-(y,'  +  ny') (4) 

Because  the  internal  tensile  stress  in  any  section  must 
equal  the  internal  compressive  stress  in  the  same  section 

Eu  I    bydy^E'u  I  bydy.  ....     (5) 

• 

Eq.  (5)  will  enable  the  neutral  axis  of  any  section  to  be 
located.  If  the  section  is  symmetrical,  the  neutral  axis 
will  evidently  be  situated  on  that  side  of  the  centre  of  grav- 
ity of  the  section  on  which  is  found  the  greatest  coefficient 
of  elasticity. 
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If  the  approximate  conditions  on  which  are  based  the 
formulae  found  in  Arts.  9  and  10  are  asstimed,  some  inter- 
esting and  important  results  may  be  very  easily  obtained. 
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The  eqs.  (13),  (14),  and  (15)  of  Art.  2,  App.  I,  lead  to 
the  ellipsoid  of  stress,  and  hence  to  all  of  its  special 
cases  and  consequences.  The  equation  representing  the 
ellipsoid  of  stress  might  first  be  found,  and  then  the  special 
form  relating  to  the  case  considered.  It  will  be  more  sim- 
ple and  direct,  however,  to  use  those  equations  immediately. 

If,  as  in  Art.  9,  beams  carrying  loads  at  right  angles  to 
their  axes  be  assumed,  in  which 

^qs.  (13),  (14),  and  (15)  of  Art.  2,  App.  I,  reduce  to 

iVj  cos  p  +  T^  cos  r—P  cos  n, 
T^cosp  ^Pcosp, 

But  since  all  stress  is  assumed  to  be  fotmd  in  planes 
parallel  to  ZX 


cos  r  —  siap    and    cos  p—sm  n. 


Hence 


iVj  cos /?  +  r,  sin />  =  P  cos  ;r,      .     .     .     .     (i) 
7,  cos/?  =Psin?r,       ....     (2) 

in  which  P  is  the  intensity  of  the  resultant  stress  on  any 
plane  at  any  point ;  p  the  angle  which  the  normal  to  that 
plane  makes  with  the  axis  of  X  (the  axis  of  the  beam),  and 
TT  the  angle  which  the  direction  of  P  makes  with  the  same 

axis. 

Let  it  first  be  required  to  find  the  plane,  at  any  point,  on 
which  the  normal  or  direct  stress  is  the  greatest. 

It  is  known  from  the  theory  of  internal  stress  that  this 
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greatest  normal  stress  will  be  the  resultant  and,  hence, 
a  principal  stress.     Hence  the  relation  7r  =  /?,  or 

iV,  +  r,tan/>=P (3) 

r,  -Ptan/? (4) 

If  F  is  the  weight  carried  by  the  beam  at  its  end,  /  the 
moment  of  inertia  of  the  beam's  cross-section,  and  d  its 
half  depth,  or  greatest  value  of  2,  it  has  been  shown  in 
Art.  10  that 

N.^^z     and     T.—^d'-z') (5) 

Inserting  the  value  of  P  from  eq.  (4)  in  eq.  (3) 

r, -  r,  tan'  P^^x  ^^  P\ 

/.  tan'/>+ 7^  tati/?=i. 

Solving  this  quadratic  equation  and  then  inserting  the 
values  of  T,  and  N^  from  eq.  (5) 


xz        V{d^-z^y  +  xh' 
^rip^-j^^,± ^J3^5 .      .     .     (6) 

This  value  of  tan  p  put  in  eq.  (3)  or  eq.  (4)  will  give 
the  greatest  value  of  the  direct  or  normal  stress  (also  result- 
ant) at  any  point  in  the  beam. 

At  the  exterior  surface  d^z;  hence 

tan/>=o    or     —00. 

Since  for  this  point  T,  =0,  the  first  value  gives,  by  eq. 
(3),  P=N^.  The  second  value,  by  eq.  (4),  gives  P=o. 
These  results  might  have  been  anticipated. 
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At  ike  neutral  surface  z^o\  hence 

tan  p=  ±1  =tan  ± 45®. 

Hence  at  the  neutral  surface  there  are  two  planes  on  which 
the  stress  is  wholly  normal,  and  these  planes  make  angles  of 
45°  with  the  neutral  surface,  or  90°  with  each  other  (i.e.,  they 
are  principal  planes). 

Since  N^=o  at  the  neutral  surface,  either  of  the  eqs. 
(3)  or  (4)  gives 

P-±T,=  ±-^ (7) 

Hence  each  of  these  nortnal  or  principal  stresses  equals  in 
intensity  that  of  the  transverse  or  longitudinal  shear  at  the 
neutral  surface;  also,  one  of  these  principal  stresses  is  a  tension 
and  the  other  a  compression, 

'  ^l\xz±\/{d^-z^y  +  x^z^ 

is  the  equation  of  the  locus  of  the  point  of  constant  greatest 
normal  intensity  of  stress,  if  P  be  taken  constant  and  equal 
to  any  possible  value. 

Let  it  next  be  required  to  find  the  plane  of  greatest  shear 
at  any  point  in  the  beam  and  the  value  of  that  shear. 

The  shear  on  any  plane  will  be 

Psm{n-p)=T (8) 

Multiplying  eq.  (i)  by  (-sin  p)  and  eq.  (2)  by  cos  /?, 
then  adding 

—  iVj  cos  />  sin  /> -h  T^icos^p -  sin^p)  =  P(sin^  cos  p 

—  cos  TT  sin  p)  =P  sin  {n  —  p)  =T; 

N 
/.     r  = ^  sin  2p  +  Tj  cos  2p,     .     .     .     (9) 
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It  is  now  required  to  find  what  value  of  p  will  make  the 
general  value  of  T  (given  by  eq.  (9))  a  maximum.     Hence 

-"TT-  =  —  A/^cos  2p  —  2T^  sm  2/>=o. 

N.  xz 

.*.    cos  2p=  ± TrTlTTri     ^ 


^     .     .      (10) 


Eqs.  (10)  give  the  value  of  p  which  is  to  be  placed  in 
eq.  (9),  in  order  to  obtain  the  greatest  value  of  T  at  any 
point  of  the  beam. 

From  eq.  (9) 

7  =  7,  cos  2p\ ^tan  2/?+i  \  ; 

/.  r-±JvG^V^:^(5H^^      .     .    .     (11) 

At  the  exterior  surfaces  of  the  beam 

z-^±d. 


Hence 


Fxd         N 


For  this  case  also  cos  2/>  =0,    or    />  =45®. 

Hence  at  the  exterior  surfaces  of  the  beam  the  planes  of 
greatest  shear  make  angles  of  45^  with  the  axis  of  the  beam, 
and  the  intensity  of  the  shear  is  half  that  of  the  direct  stress 
at  the  same  place. 

At  the  neutral  surface  0=0.     Hence 

Fd^     ^ 
T^±—^^T^    and    cos2^=±i. 

Hence  2/?=o  or  180®,  or  p^o  or  90®;  i.e.,   the  planes 
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of  greatest  shear  are  the  transverse  and  longitudinal  planes, 
and  the  greatest  shear  itself  is,  consequently,  the  trans- 
verse or  longitudinal  shear. 

If  T  is  given  any  possible  value  and  considered  con- 
stant, eq.  (ii)  will  give  the  locus  of  the  point  of  constant 
greatest  shear. 

The  result  expressed  in  eq.  (7)  is  of  great  value  in 
determining  the  thickness  of  the  web  of  flanged  beams,  as 
will  be  seen  hereafter. 

Problems  for  Chapter  III. 

Problem  i. — A  beam  simply  supported  at  each  end 
carries  a  load  of  850  pounds  per  linear  foot  over  a  span  of 
26  feet.  Find  the  bending  moment  and  transverse  shears 
at  the  end  and  centre  of  span  and  at  2  points  3  feet  and  1 1 
feet  6  inches  respectively  from  the  end. 

Ans.  Moment  at  end  is  o;    at  3  feet,  29,325  ft.-lbs. ; 

at   II. 5  feet,   70,868.75  ft.-lbs.;    at  centre,   71,825 

ft.-lbs.     Shear  at  end   is   11,050  lbs.;    at   3   feet, 

8500  lbs.;  at  II. 5  feet,  1275  lbs. 

•^         Problem  2. — ^A  beam  or  girder  having  a  span  length  of 

41  feet  carries  a  uniform  load  of  1200  pounds  per  linear  foot 

and  a  single  weight  of  1800  potmds  at  the  centre.     Find 

the  bending  moments  and  the  shears  due  to  the  imiform 

load  and  the  single  load  separately  at  the  ends  and  at  the 

centre  and  at  points  6  and  14  feet  from  the  end. 

Problem  3. — In  Problem  2  find  the  single  weight  which 
placed  at  the  centre  of  the  span  will  produce  the  same 
centre  bending  moment  as  the  uniform  load. 

Ans,  24,600  pounds. 
1/    Again,  find  two  weights  placed  6  feet  apart,  i.e.,  one 
3  feet  either  way  from  the  centre,  which  will  produce  the 
same  centre  bending  moment  as  the  uniform  load. 

Ans,  Each  of  the  two  weights  is  14,406  poimds. 
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'^^'rroblem  4. — A  beam  or  girder  with  a  span  length  of 
31  feet  carries  a  uniform  load  of  300  pounds  per  linear  foot 
in  addition  to  five  loads,  the  first  weighing  7000  pounds 
at  a  distance  of  3  feet  from  the  end ;  the  second  weighing 
10,000  pounds  7  feet  from  the  end;  the  third  weighing 
11,000  pounds  14  feet  from  the  end;  the  fourth  weighing 
17,000  potmds  21  feet  from  the  end,  and  the  fifth  weighing 
6400  poimds  27  feet  from  the  end. 

Construct  the  shear  and  moment  diagrams  for  this  case. 
Fig.  2  of  Art.  15  and  Fig.  2  of  Art.  12. 

Problem  5. — Find  a  uniform  load  for  the  same  beam 
considered  in  Problem  4  which  will  have  a  centre  bending 
moment  equal  to  the  greatest  bending  moment  of  that 
problem;  also  another  uniform  load  whose  end  shear 
shall  equal  the  greatest  of  the  two  end  shears  of  Prob- 
lem 4.  Such  uniform  loads  are  called  **  equivalent  uniform 
loads." 

Problem  6. — In  Problem  2  the  moment  of  inertia  / 
is  3570  (the  unit  being  the  inch),  while  £  =  30,000,000, 
the  beam  being  of  steel.  Find  the  tangent  of  inclination 
of  the  neutral  surface  at  the  end  and  at  10  feet  from  the 
end.  Also  find  the  deflection  at  the  centre  of  span  and 
at  10  feet  from  the  end.  Use  eqs.  (19),  (20),  and  (21) 
of  Art.  22. 

Partial  Ans,  Tangent  10  feet  from  end  is  .00344. 
The  deflection  at  the  same  point  is  .53  inch. 

Problem  7. — In  Problem  6  let  it  be  required  to  ascer- 
tain how  much  additional  deflection  is  produced  by  the 
transverse  shear  at  the  centre  of  the  span  and  at  10  feet 
from  the  end.  Let  the  coefficient  of  elasticity  for  shear 
(G)  be  taken  at  12,000,000  pounds,  while  /  =  357o  and 
d  =  i4  inches. 

Ans,  Deflection  at  10  feet  is  .0054  inch,  and  at  the 
centre  of  span  .0075  inch. 
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Problem  8. — Find  the  loads  by  Euler's  formula  which 
can  be  carried  by  a  steel  solid  circular  column  3  inches  in 
diameter  and  20  feet  long  with  fixed  ends  if  £  =  30,000,000 
pounds;  and  by  a  cast-iron  coltimn  of  the  same  diameter 
with  one  end  roimd  and  one  end  fixed,  but  13  feet  long, 
if  £  =  14,000,000  poimds. 


■^  ' 


CHAPTER  IV. 

RESILIENCE. 

Art.  28. — General  Considerations. 

The  term  resilience  is  applied  to  the  quantity  of  work 
reqtiired  to  be  expended  in  order  to  produce  a  given  state 
of  strain  in  a  body.  If  a  piece  of  material  is  subjected 
to  tension,  that  state  of  strain  will  be  simply  the  stretching 
of  the  piece  or  the  amount  of  compression,  if  the  piece  is 
subjected  to  compressive  stress.  In  precisely  the  same 
manner  the  resilience  of  a  bent  beam  is  the  amount  of  work 
performed  upon  it  by  its  load  in  producing  deflection. 
There  may  also  be  the  resilience  of  shearing  or  of  torsion. 

In  the  ordinary  use  of  the  expression,  resilience  refers 
to  the  amount  of  work  expended  within  the  elastic  limit, 
whether  of  torsion,  compression,  or  tension,  but  it  may 
properly  be  extended  in  its  meaning  to  include  the  total 
amoimt  of  work  required  to  rupture  the  material  under 
any  one  of  the  preceding  conditions  of  sttess.  Elastic 
resilience  may  easily  be  computed  by  means  of  exact 
formulae,  but  if  the  total  work  required  to  cause  rupture 
in  any  case  is  desired,  a  graphical  record  of  the  total  strains 
produced  between  the  elastic  limit  and  failure  must  be 
obtained  by  actual  tests.  In  these  articles  the  formulae 
for  elastic  resilience  only  will  be  given;  in  other  subse- 
quent articles  the  method  of  computing  the  total  resilience 
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of  failure  will  be  illustrated  by  computations  from  actual 
strain  records. 


Art.  29. — ^The  Elastic  Resilience  of  Tension  and  Compression 

and  of  Flexure. 

Let  it  be  supposed  that  a  piece  of  material  whose  length 

is  L  and  the  area  of  whose  cross-section  is  A  is  either 

stretched  or  compressed  by  the  weight  or  load  W  applied 

so  as  to  increase  gradually  from  zero  to  its  full  value.     If 

E  is  the  coefficient  of  elasticity,  the  elastic  change  of  length 

WL 
will  be  -7-^.     The  average  force  acting  will  be  ^W,  hence 

the  work  performed  in  producing  the  strain  will  be 

Resilience  =  —irT^ (i) 

2AE  ^  ' 

W 
If  -J-,  the  intensity  of  stress  in  the  metal,  be  represented 

by  t,  eq.  (i)  may  be  written 

Resilience  =^At^-^ (2) 


Again,  eq.  (2)  may  take  the  following  form: 

Resilience  =  \AE-^J^=\AEl^L.     ...     (3) 

In  eq.  (3)  the  quantity  ^*=ga  is  obviously  the  square 

of  the  strain  (stretch  or  compression)  per  unit  of  length. 
If  a  bar  of  material  i  inch  in  length  and  i  square  inch 
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in  cross-section  be  considered,  A  =  i  and  L  =  i  must  be 
inserted  in  the  preceding  equations,  and  there  will  result 

Unit  resilience  =^j^.=^El^ (4) 

t^ 

The  quantity  ~  =£/*  is  called  the  "Modulus  of  Resil- 
ience." The  expression  is  ordinarily  employed  when  t 
is  the  greatest  intensity  of  stress  allowed  in  the  bar. 

The  preceding  equations  are  applicable  whether  the 
bar  or  piece  of  material  is  in  tension  or  compression,  the 
coefficient  of  elasticity  E  being  used  for  either  stress,  while 
/  represents  the  intensity  of  either  tension  or  compression, 
as  the  case  may  be. 

Inasmuch  as  the  values  of  t  and  E  are  usually  taken 
in  reference  to  the  square  inch  as  the  unit  of  area,  it  is 
generally  convenient  to  take  L  in  inches,  although  any 
other  tmit  of  length  may  be  taken  when  multiplied  by  the 
proper  numerical  coefficient. 

The  Resilience  of  Bending  or  Flexure. 

It  has  already  been  shown,  in  considering  the  common 
theory  of  flexure,  as  applied  to  the  flexure  or  bending  of 
beams,  that  the  intensities  of  the  stresses  of  tension  and 
compression  vary  from  point  to  point  throughout  the 
entire  beam.  In  determining  the  elastic  resilience  of 
flexure,  therefore,  it  is  necessary  to  find  the  work  per- 
formed in  producing  the  var)dng  strains  corresponding 
to  the  stresses  in  the  interior  of  the  beam.  The  resilience 
due  to  the  direct  stresses  of  tension  and  compression  will 
first  be  considered  and  then  that  due  to  the  shearing 
stresses. 
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In  order  to  obtain  the  expression  for  the  work  per- 
formed by  the  direct  stresses  of  tension  and  compression 
in  a  beam  bent  by  loads  acting  at  right  angles  to  its  axis, 
a  differential  of  the  length,  dL,  is  to  be  considered  at  any 
normal  section  in  which  the  bending  moment  is  A/,  the 
total  length  of  span  or  beam  being  L.  Let  /  be  the  moment 
of  inertia  of  the  normal  section,  A,  about  its  neutral  axis, 
and  let  k  be  the  intensity  of  stress  (usually  the  stress  per 
square  inch)  at  any  point  distant  d  from  the  axis  about 
which  /  is  taken.  The  elastic  change  produced  in  the 
indefinitely  short  length  dL  when  the  intensity  k  exists 

section,  the  average  force  or  stress,  either  of  tension  or 
compression,  acting  through  the  small  elastic  change  of 
length  just  given,  can  be  written  by  the  aid  of  a  familiar 
equation  of  flexure  as 

-k.dA=^—j.dA (s) 

Hence  the  work  performed  in  any  normal  section  of  the 
member,  for  which  M  remains  unchanged,  will  be,  since 

fk.dA.d=M, 

/M                       M^ 
j^^d.dA.dL^^jdL (6) 

■ 

The  work  performed  throughout  the  entire  piece  will  then 
be 


f^J^' 


(7) 


The  integration   indicated  in  eq.   (7)  is  readily  made 
in  all  ordinary  cases  by  substituting  the  value  of  the  bend- 
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ing  moment  M  in  terms  of  the  variable  horizontal  ordinate 
or  abscissa  x  and  the  load,  it  being  remembered  that  dL 
is  precisely  the  same  as  dx.  If,  for  example,  the  beam 
is  non-continuous,  simply  supported  at  each  end  and 
carries  uniformly  distributed  load  p  per  unit  of  length 

P 
throughout  the  whole  span,  M==-{Lx—x^).     By  the  in- 

sertion  of  this  value  of  ilf  in  eq.  (7),  there  will  result 

Resilience^^J^''£^iL-xydx  =  -^^=^j,     (8) 

W  representing  pL,  the  entire  load  on  the  beam. 

This  equation  gives  the  value  of  the  total  work  per- 
formed by  the  direct  stresses  of  tension  and  compression 
in  the  interior  of  a  simple  beam  uniformly  loaded  and 
supported  at  each  end,  under  the  assumption  that  the 
moment  of  inertia  /  of  the  cross-section  is  constant  through- 
out the  entire  span. 

If  a  single  load  W  rests  at  the  centre  of  the  span,  the 

W 
reaction  at  each  end  being  — ,  the  value  of  the  bending 

W 
moment  at  any  point  will  be  — x.     By  inserting  this  value 

of  M  in  eq.  (7),  there  will  result 

Resilience  =—r^. 2  I     — x*ax=^   .r-r-    •     •     (9) 

2EI    Jo      4  ()6EI  ^ 

Similarly  equations  of  the  elastic  resilience  of  the  direct 
stress  of  tension  and  compression  in  beams  loaded  in  any 
manner  whatever  may  easily  be  written.  In  some  cases 
Hke  the  last  the  deflection  at  the  point  of  application  of  a 
single  load  may  easily  be  determined.     Let  that  deflec- 
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tion  be  represented  by  w;  when  a  single  load  W  rests  at 
the  centre  of  the  span  the  work  performed  by  this  load  in 
producing  the  deflection  is  ^Ww.  Hence  that  amount  of 
work  must  be  equal  to  the  resilience  given  by  eq.  (9) ,  and 


WL 


8 


«'=78E/ (") 


The  Resilience  Due  to  the  Vertical  or  Transverse  Shearing 

Stresses  in  a  Bent  Beam. 

The  work  performed  by  the  vertical  shearing*  stresses 
in  a  bent  beam  of  any  shape  of  cross-section  may  readily 
be  found.  Let  5  be  the  total  transverse  shear  in  a  normal 
section,  /  being  the  moment  of  inertia  of  the  latter  about 
its  neutral  axis,  b  the  width  or  breadth  (constant  or  variable) 
of  the  section,  <}>  the  unit  shearing  strain  defined  in  Art.  2, 
d  and  d^  the  distances  of  the  extreme  fibres  from  the  neu- 
tral axis,  and  G  the  coefficient  of  elasticity  for  shearing. 
By  eq.  (6)  of  Art.  10  the  intensity  s  of  the  shear  at  any 
point  in  the  section  at  the  distance  z  from  the  neutral  axis 
will  be 

5=^j{d'-Z') (Xl) 

Again,  by  eq.  (3)  of  Art.  2, 

^=J=J7('^'-^')-   •    •    •    •    •    (") 

The  amount  of  shearing  stress  on  the  indefinitely  small 
portion  of  the  section  b.dz  will  be  sb.dz,  and  its  path  in 
performing  the  work  will  be  <f>dx,  x  being  the  horizontal 
ordinate  of  the  section  of  the  beam  from  any  convenient 
origin,  as  the  end  or  the  centre  of  the  span,  i.e.,  in  this  case 
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the  end  of  the  span.     The  differential  work  performed  in 
the  section  will  be,  by  the  aid  of  eqs.  (11)  and  (12), 

i(sbdz).(<f>dx)-^-^(d'^zrdzdx.      .     .     (13) 

In  this  equation  it  is  easy  to  express  the  breadth  b  of 
the  section  in  terms  of  0,  whatever  may  be  its  shape,  by 
the  aid  of  the  equation  of  the  perimeter  of  the  section. 
In  all  the  ordinary  and  important  cases  of  engineering 
practice  involving  this  resilience  of  shearing  the  shape  of 
the  section  is  rectangular  for  which  b  is  constant,  and  it 
will  be  so  regarded  in  the  following  equations.  Remem- 
bering that  X  and  z  are  independent  variables,  and  that 
the  first  integration  will  be  made  in  reference  to  z,  that 
integration  will  give 

^fs'dxf_y-zrdz=^^^fs^dx.    (x4) 

As  the  section  is  taken  to  be  rectangular  in  outline,  with 

h  bh* 

the  breadth  &  and  depth  /j,  d=d^=-  and  /  = — .     Eq.  (14) 

will  then  become 

Resilience  =--j-rp  I  S^dx (15) 

The  total  transverse  shear  5  will  have  varying  values 
depending  upon  the  amount  of  loading  on  the  beam  and 
its  distribution,  i.e.,  in  general  it  will  vary  with  x,  and 
when  not  constant  it  must  be  expressed  in  terms  of  that 
variable  before  the  remaining  integration  can  be  made. 

If  a  single  weight  W  rests  on  the  beam  at  the  distance 
of  V  from  one  end  where  the  reaction  is  R\  and  at  the 
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distance  /^  from  the  other  end  where  the  reaction  is  /?p 
the  shear  S  will  be  constant  for  each  of  the  segments  into 
which  the  point  of  loading  divides  the  span;  in  one  of 
those  segments  S  =  i?',  and  in  the  other  S  =  R^.  The  com- 
plete integration  of  eq.  (15)  will  be,  therefore, 

Resilience  — ^(R'H' +R,H,). 

If  there  be  substituted  in  the  parentheses  of  the  second 
member  of  the    preceding   equation  the  values  R' ^Wj 

V 
and  i?i  =  Wjj  there  will  result 

3     //' 
Resilience ^—frr^^ -^W^ (16) 

/ 
If  the  weight  W  rest  at  the  centre  of  the  span  Z^  =  /'  =  - 


and 


Resilience  ^-j^WH.      .     •     .     .     (17) 

2oGbh 


Eq.  (17)  affords  a  simple  method  of  finding  the  deflec- 
tion Wi  of  the  point  of  loading  due  to  the  transverse  shear. 
As  the  weight  W  is  supposed  to  be  gradually  applied  the 
expended  work  ^Ww^  must  be  equal  to  the  shearing  re- 
silience given  in  eq.  (17).     Hence 

^     Wl 

--ife-fts (^«) 

When  a  non-continuous  beam  simply  supported  at  each 
end  carries  a  uniform  load  over  the  entire  span,  it  has  been 
shown  in  Art.  17,  eq.  (7),  that  the  transverse  shear  at  any 
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section  is  equal  to  the  load  between  the  centre  of  span  and 
that  section.  If,  therefore,  the  origin  of  Jt  be  taken  at 
the  centre  of  span  and  if  p  represents  the  load  per  unit  of 
length  of  the  beam,  S^px.  By  substituting  this  value  of 
5  in  eq.  (15),  and  remembering  that  twice  the  integral 
must  be  taken  for  the  whole  beam, 

Resilience  =  —p=^rT .  2  /    p^x^dx  ^^  -  \^, ,  = — — - .   fio) 

SGbh    Jo  ^  2oGbh    2oGbh    ^^^ 

The  shearing  resilience,  therefore,  in  a  non-continuous 
beam  carrying  a  uniform  load  is  only  one  third  as  much 
as  that  due  to  the  same  load  concentrated  at  the  centre  of 
the  span. 

If,  as  is  usual,  G  is  expressed  in  pounds  per  square  inch 
the  tanit  for  /,  6,  and  h  will  be  the  linear  inch. 

Other  modes  of  loading  than  those  taken  can  be  treated 
in  precisely  the  same  general  m.anner. 

As  the  intensity  of  the  longitudinal  shear  at  any  point 
of  a  beam  is  the  same  as  that  of  the  transverse  shear, 
the  total  work  of  the  longitudinal  shear  throughout 
the  beam  is  the  same  as  the  work  of  the  transverse 
shear.  The  total  work  of  the  shearing  stresses  in  a  beam 
is  therefore  twice  that  given  in  the  preceding  equations. 

The  Total  Resilience  Due  to  Both  Direct  and  Shearing 

Stresses. 

The  general  expression  for  the  total  resilience  of  a  bent 
beam  due  to  both  shearing  and  direct  stresses  will  be  the 
sum  of  the  second  members  of  eqs.  (7)  and  (13),  expressed 
by  the  following  equation: 

Total  resilience  ^^  I  -wA^-^  J  J  TpQid^-^^^ydzdx. 
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Or,  by  eqs.  (7)  and  (15),  since  dL^dx^ 

Total  resilience  =  /  —pjd^  +  'Tlt  I  ^^^^-    •     (20) 

By  the  aid  of  eqs.  (8)  and  (19)  the  total  resilience  for 
a  simple  non-continuous  beam  may  be  as  follows: 
If  the  uniform  load  pi  =  W, 

Total  resilience  =  W'(j^^  +  :^^.       .     (21) 

For  the  same  beam  carrying  a  single  load  W  at  the  centre, 
by  eqs.  (9)  and  (17) 

Total  resilience  =  W»(^^j  +  -^^.     .    .     (22) 

As  has  been  explained,  the  last  two  equations  are  appli- 
cable to  beams  with  rectangular  sections  only. 

In  a  similar  manner  the  total  deflection  of  a  beam 
supported  at  each  end  and  loaded  both  with  a  single  weight 
W  at  the  centre  of  the  span  and  with  a  uniform  load  will 
be  foimd  by  the  sum  of  the  two  expressions  given  in  eqs. 
(10)  and  (18): 


Art.  30. — Resilience  of  Torsion. 

The  work  expended  in  producing  elastic  strains  of 
torsion  constitutes  the  resilience  of  torsion  and  is  a  special 
case  of  shearing  resilience.  The  twisting  moment  which 
produces  the  angle  of   torsion  a  is  given  by  eq.   (i6)  of 
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Art.  8  and  is  M=GaIp,  When  the  piece  twisted  has  the 
length  /  the  total  angle  of  torsion  is  al  and  the  differential 
amount  of  work  performed  by  the  moment  M  in  producing 
the  indefinitely  small  twist  d{al)  =l.da  is  Ml. da.     Hence 

//*•»  a  * 

Mlda=GlIp  I     a.da=^GlIp-^ .  .     (i) 

If  P  and  ^  are  the  force  and  lever-arm  of  the  twisting 
couple,  eq,  (18)  of  Art.  8  shows  that 

Pe 


"^'^GIp' 


Substituting  this  value  of  a^  in  eq.  (i), 


P^eH 
Resilience  ^ —7:^ (2) 


2GIp'  • 


Ttr^ 


If  the  normal  section  of  the  piece  is  circular  Ip  — — • 
Hence,  for  a  shaft  with  circular  section, 

P-eH 
Resilience  =  -7"^ (3) 

If  the  section  of  the  shaft  is  a  square,  ^/»  =t,  b  being 
the  side  of  the  square.     Hence,  for  a  square  section, 

Kestlience  =    a-l4 (4) 

In  some  cases  shafts  are  subjected  to  combined  torsion 
and  bending.  In  such  cases,  if  it  is  desired  to  compute 
the  total  elastic  resilience  it  is  only  necessary  to  take  the 
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sum  of  the  two  resiliences,  each  found  as  if  existing  in- 
dependently of  the  other. 

The  resilience  of  torsion  beyond  the  elastic  limit  or 
between  the  elastic  limit  and  the  ultimate  resistance  must 
be  determined,  as  in  all  cases  of  distortion  beyond  the 
elastic  limit,  from  an  actual  strain  record,  as  given  by 
the  testing  machine  when  the  piece  is  strained  up  to  any 
given  degree  of  permanent  stretch  or  to  rupture. 

Art.  31. — Suddenly  Applied  Loads. 

A  load  is  considered  suddenly  applied  when  its  full 
amount  acts  instantly  upon  any  piece  of  material  loaded 
by  it.  In  the  preceding  articles  relating  to  resilience  the 
loads  are  treated  as  being  gradually  increased  from  zero 
to  their  full  values.  In  such  cases  the  amount  of  external 
loading  at  any  instant  is  supposed  to  be  equal  only  to  the 
internal  stress  or  stresses  opposing  it,  so  that  the  work 
performed  is  equivalent  to  one  half  the  total  load  multi- 
plied by  the  total  resulting  strain.  When  the  loads  are 
suddenly  applied,  on  the  other  hand,  the  internal  stresses 
produced  are  exactly  equal  to  the  external  forces  only 
when  the  strains  corresponding  to  the  latter  are  reached, 
and  the  work  performed  up  to  that  point  is  just  double 
the  work  expended  when  the  loads  are  gradually  applied. 
It  follows  from  this  last  consideration  that  the  strains 
produced  by  the  suddenly  applied  loads  will  be  double 
those  found  under  gradual  application.  Inasmuch  as 
the  elastic  strains  are  proportional  to  the  corresponding 
stresses,  it  further  follows  that  the  stresses  produced  by 
suddenly  applied  loads  will  be  double  in  intensity  those 
which  are  produced  by  the  same  loads  gradually  applied. 

The  work  expended  by  a  suddenly  applied  load  up  to 
the   point   of  strain   corresponding  to  its  amount   being 
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double  the  work  performed  by  the  internal  stresses,  the 
total  stress  induced  in  the  material  at  the  limit  of  the  final 
strain  produced  by  such  a  load  will  be  double  the  amount 
of  the  latter.  The  internal  stresses  in  the  piece  will,  there- 
fore, cause  it  to  recover  from  its  strained  condition  and 
vibrations  will  result,  the  treatment  of  which  constitutes 
an  important  branch  of  the  theory  of  elasticity  in  solid 
bodies.  Some  general  features  of  that  treatment  will  be 
given  in  Art.  12,  App.  I,  but  as  they  are  seldom  used  in 
engineering  practice  they  will  not  be  considered  here. 
It  is  only  important  at  this  point  to  note  carefully 
the  distinction  between  the  effects  of  a  given  load  grad- 
ually applied  and  suddenly  applied,  the  strains  and 
stresses  in  the  latter  condition  being  double  those  in 
the  former. 

Again,  it  is  also  important  to  distinguish  between 
loads  suddenly  applied,  and  shocks,  as  they  are  called  in 
engineering  practice.  A  shock  is  produced  when  the 
load  falls  freely  before  acting  upon  a  piece  of  material 
sustaining  it.  The  cause  of  shock,  therefore,  is  a  suddenly 
applied  load  with  the  effect  of  a  free  fall  of  the  latter  super- 
imposed. These  matters  must  be  carefully  taken  into 
account  and  allowed  for  in  such  structures  as  bridges 
carrying  rapidly  moving  trains,  and  those  allowances  are 
incorporated  in  the  provisions  of  specifications  covering 
bridge  construction. 

Problems  for  Chapter  IV. 

Problem  i. — ^A  6-inch  by  1.75-inch  steel  eye-bar  48  feet 
long  is  subjected,  to  a  stress  of  117,500  pounds.  If  that 
load  is  gradually  applied  what  is  the  work  performed  in 
the  total  length  of  the  bar,  if  £  =  30,000,000  pounds?  Also 
what  is  the  tmit  resilience  f 


l62  RESILIENCE.  [Ch.  IV. 

^  =  — '- =  11,190.     L  =48X12  =576  inches.     Eq.   (2) 

of  Art.  29  then  gives 

Resilience  =work  performed  = — '-^—— — — ^^ 

^  2  X  30,000,000 

=  12,621  in.-lbs. 
Eq.  (4)  of  Art.  29  gives 

Unit  resilience  = —- — — =  2.09  in.-lbs. 

2X30,000,000  ^ 

Problem  2. — A  cast-iron  column  18  feet  long  having 
an  area  of  cross-section  of  40.8  sq.  in.  carries  a  load  of 
245,000  pounds.  If  the  coefficient  of  elasticity  E  is  14,- 
000,000  poimds,  how  much  work  is  performed  in  com- 
pressing the  column  if  the  load  is  gradually  applied. 

Problem  3. — ^A  30-pound  lo-inch  rolled  steel  I  beam 
carries  a  imiform  load  of  1000  poimds  per  linear  foot  in 
addition  to  its  own  weight  with  a  span  of  16  feet.  What 
will  be  the  resilience  or  work  performed  in  the  material 
of  the  beam  under  the  gradual  application  of  that  total 
load  of  1030  pounds  per  linear  foot,  the  moment  of  inertia 
/  of  the  beam  being  134.2  and  £  =  30,000,000  potmds? 
Eq.  (8)  of  Art.  29  is  to  be  used,  in  which  L  is  192  inches. 
Incidentally,  what  will  be  the  greatest  intensity  of  stress, 
fe,  in  the  extreme  fibres? 

Ans.  Resilience  =  1987  in.-lbs;  k  =  15,000  lbs.  per  square 
inch. 

Problem  4. — In  Problem  3  if  the  thickness  of  the  web 
of  the  lo-inch  rolled  beam  is  .5  inch,  find  the  resilience  of 
the  vertical  or  transverse  shearing  stresses  in  the  beam, 
the  coefficient  of  shearing  elasticity,  C,  being  taken  at 
12,000,000  pounds.  The  remaining  data  are  ^  =  192  inches; 
fe  =  io  inches;  6=0.5  inch,  and  W  =  16,480  pounds,  and 
they  are  to  be  used  in  eq.  (19)  of  Art.  29. 
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Problem  5. — In  Problems  6  and  7  at  the  end  of  Chapter 
II  find  the  work  performed  in  twisting  the  two  steel  shafts, 
i.e.,  the  resilience  for  25  feet  length  in  the  one  case  and  13 
feet  in  the  other.     Use  equations  of  Art.  30. 

Problem  6. — In  Problem  3  suppose  the  load  suddenly 
applied,  what  will  be  the  resulting  resilience  and  greatest 
intensity  of  extreme  fibre  stress? 


CHAPTER  V. 

COMBINED  STRESS  CONDITIONS. 

Art.  32. — Combined  Bending  and  Torsion. 

Probably  the  most  important  case  of  combined  bend- 
ing or  flexure  and  torsion  is  that  of  the  ordinary  crank- 
shaft represented  in  Fig.  i. 

The  centre  of  the  thrust  of  a  connecting-rod  is  at  i4, 
on  the  crank-pin  journal  against  which  the  connectmg-rod 
bears.  The  centre  of  the  shaft-bearing  is  at  B.  If  the 
thrust  at  A  is  represented  by  P,  then  the  actual  resultant 
moment  about  the  centre  of  the  bearing  B  will  be  PxAB. 
The  problem  is  to  determine  the  maximum  stresses  de- 
veloped by  this  resultant,  moment  in  the  section  of  the 
shaft  at  B,  Two  methods  may  be  employed  in  both  of 
which  the  resultant  moment  of  P  multiplied  by  the  lever 
arm  AB  is  resolved  into  its  two  components,  one  of  which 
is  the  ordinary  bending  moment  represented  by  M  =P X CB^ 
and  the  other  is  the  twisting  moment  M'  =PxAC.  The 
latter  produces  torsion  in  the  journal  at  B  and  the  former 
produces  pure  flexure  or  bending  at  the  same  section. 

Let  CB  be  represented  by  /  while  e  represents  AC, 
The  moment  of  pure  bending  at  B  will  be 

M=Pl (i) 

164 
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The  twisting  moment  producing  pure  torsion  will  be 

M'=Pe.    : (2) 

If  d  represents  the  distance  of  the  most  remote  fibre 
in  the  section  B  from  the  neutral  axis  of  the  latter,  and  if 


Fio.  I, 


k  is  the  greatest  intensity  of  bending  stress  at  the  dis- 
tance d  from  the  neutral  axis,  while  /  is  the  moment  of 
inertia  of  the  normal  section  of  the  shaft  at  B  about  the 
same  neutral  axis,  the  following  will  be  the, value  ot  k: 


y_Md__Pld 
^^  I  "  I  ' 


(3) 


Again,  if  T  is  the  greatest  intensity  of  torsional  shear 
in  the  normal  section  of  the  shaft  at  B,  at  the  greatest 
distance  r,  in  the  perimeter,  from  the  centre  of  gravity  or 
the  centroid  of  the  same  section,  the  value  of  the  maximum 
intensity  T  will  be 

M'r    Per 

(4) 


7  = 


h  "li 


In  eq.  (4)  Ip  is  the  polar  moment  of  inertia  of  the  nor- 
mal section  at  B. 
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First  Method. 

In  this  method  k  is  only  necessary  to  consider  the 
intensities  k  given  by  eq.  (3)  and  T  given  by  eq.  (4),  the 
greatest  allowed  working  stresses  of  direct  tension  and  of 
shearing  respectively,  k  would^have  the  value  of  the 
greatest  tensile  working  stress  of  the  material  of  the  shaft 
for  the  reason  that  if  tested  to  failure  the  shaft  would 
yield  first  on  the  tension  side. 

It  being  understood,  therefore,  that  k  and  T  represent 
the  greatest  allowed  working  intensities  of  stress,  usually 
expressed  in  pounds  per  square  inch,  eq.  (3)  will  give 

d"  k^  k ^s) 

Under  the  same  conditions  eq.  (4)  will  give 


p      -  ^^  (6) 


For  the  circular  section 


7=^     and    7,-^ (7) 


For  a  square  section 


—    and    Iff^T 
12  ^6 


7=77    and    Ip^'z* W 


6*  being  the  side  of  the  square.     In  eq.  (5)  for  a  circular 

section  d=r  and  for  a  square  section  d  =  --^.     In  eq.  (6), 

V  2 

r=r  for  the  circular  section,  but  for  the  square  section 
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r  =  — ^.     Making  those  substitutions  in  eqs.  (5)  and  (6)  for 

V  2 

the  circular  section,  there  will  result,  D  being  the  diameter 
of  the  shaft, 


Forbendmg.  ...r=—  =\'~r  ""^-^^XT" 

T7     ^      •  D      zllPe      ^^zlPe 

For  torsion r =—  "^A  ~Y^  *"  .86-^-^ 


(9) 


In  the  practical  use  of  eqs.  (9)  that  one  of  the  two 
values  of  r  shotdd  be  taken  which  is  the  greatest.  This 
will  insure  that  both  the  direct  stress  of  tension  and  the 
shearing  stress  shall  not  exceed  the  prescribed  values  of 
k  and  r. 

The  substitution  of  the  values  of  I  and  Ip  for  the  square 
section  in  eqs.  (5)  and  (6)  will  give,  remembering  that  d 
and  r  are  each  one  half  the  diagonal  of  the  square. 


For  bending ...  6  =  \ — t —  =  2.04-^-r- 


For  torsion 6  =  i. 62-^-^7 


-    .     (10) 


In  eq.  (10),  also,  the  greatest  value  of  h  given  by  the 
application  of  the  two  formulae  is  to  be  taken,  so  that,  as 
in  the  case  of  the  circular  section,  neither  of  the  two  in- 
tensities k  and  T  shall  exceed  the  values  prescribed  for 
them. 

This  method  involves  only  the  consideration  of  the 
simple  formulae  of  the  common  theories  of  flexure  and 
torsion. 
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Second  Method. 

The  second  method  of  treatment  of  this  case  of  the 
crank-shaft  consists  in  determining  the  greatest  intensity 
of  the  direct  stress  of  tension  in  the  section  B  of  the  shaft 
at  the  journal-bearing.  This  resultant  maximum  intensity 
is  produced  by  the  combination  of  the  same  component 
moments,  M  =Pl  and  M'  =Pe,  as  in  the  preceding  method. 
With  the  sections  of  shafting  always  employed  the  maxi- 
mum intensity  of  bending  stress  k  and  the  maximum 
intensity  of  torsional  shear  T  exist  at  the  same  point  and 
on  the  same  plane,  i.e.,  the  plane  of  normal  section  of  the 
shaft.  The  existence  of  the  shear  T  on  the  normal  section 
at  the  distance  r  from  its  centre  of  gravity  carries  with  it 
the  same  intensity  of  shear  at  the  satne  point  on  a  longi- 
tudinal plane  passing  through  the  axis  of  the  shafting. 
At  the  point  considered,  therefore,  on  two  indefinitely 
small  planes  at  right  angles  to  each  other,  one  nonnal  to 
the  axis  of  the  shaft  and  the  other  parallel  to  it,  there  exist 
the  direct  intensity  of  tension  k  on  the  first,  and  the 
intensity  of  shear  T  on  the  second.  The  problem  is  to 
determine  at  the  same  point  the  greatest  intensity  of 
the  direct  stress  of  tension  on  any  plane  whatever,  and 
the  angle  /?  between  the  direction  of  that  stress  and  the 
axis  of  the  shaft.  Reference  may  best  be  made  to  the 
general  formulae  of  internal  stresses  in  a  solid  body  for  its 
solution,  and  those  are  eqs.  (3)  and  (4)  of  Art.  27.  Those 
equations  are  adapted  to  this  case  by  making  N^  =  k, 
T^  =  Tj  tan  /?=tan  /?,  and  P  =  t,  the  latter  quantity  being 
the  greatest  intensity  of  tension  desired.  These  substi- 
tutions give  the  following  two  equations : 

k  +  Tt8inp^t (11) 

r=/tan/? (12) 
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By  the  elimination  of  tan  ^  between  eqs.  (11)  and  (12) 

*+y«^ (13) 

The  solution  of  eq.  (13)  gives 


>. ..  * 


<-\4-  +  r'n- (■*> 

Eq.  (14)  gives  the  expression  for  the  greatest  intensity 
of  direct  tension  in  the  shaft  in  terms  of  the  known  stresses 
k  and  r. 

By  the  eliminatidn  of  T  between  eqs.  (11)  and  (12) 

^(i-tan*^)=ife; 
also  by  eq.  (12), 

2  tanpr=— . 

Dividing  this  last  equation  by  the  one  which  pre- 
cedes it, 

tan  2/3=^. (15) 

By  eq.  (15)  the  position  of  the  plane  or  section  of  the 
shaft  on  which  the  maximtim  intensity  t  exists  may  at 
once  be  foimd.  Inasmuch  as  /?  is  the  angle  between  the 
direction  of  the  stress  t  and  the  axis  of  the  shaft,  the  angle 
between  the  plane  on  which  t  acts  and  the  axis  of  the  shaft 
will  be  90''+/?. 

Under  this  method  of  treatment  it  would  be  necessary 
to  design  the  shaft  so  that  t  should  not  exceed  the  greatest 
prescribed  tensile  working  stress  for  the  material  employed. 
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The  greatest  intensity  of  compressive  stress  in  the  shaft 
would  be  foiind  by  giving  the  negative  sign  to  the  radical 
in  the  second  member  of  eq.  (14). 

The  preceding  formtilae  have  been  established  in  a 
manner  to  make  them  applicable  to  any  form  of  shaft 
section  or  any  values  of  k  and  T.  It  is  Only  necessary  to 
insert  in  those  formulae  any  intensities  of  those  stresses 
that  may  exist.     If,  for  example,  it  were  considered  desir- 

P 
able  to  add  the  shear  — •  due  to  the  thrust  P  to  the  tor- 

P 
sional  shear  it  would  only  be  necessary  to  take  T  +  — ^ 

for  T  wherever  the  latter  quantity  occurs. 

If  a  shaft  is  circular  in  section,  as  is  almost  universally 
the  case,  so  that  Ip  =  2/,  and  if  the  shearing  effect  of  P  in 
the  section  at  B,  Fig.  i,  be  omitted,  useful  and  extremely 
simple  relations  may  be  deduced.  In  that  case  D  =  2r, 
being  the  diameter  of  the  shaft,  and  j  the  angle  ABC 
of  Fig.  I,  M  as  before  being  the  resultant  moment,  or 
M=PxAB: 

rM  cos  j         ,     _     rMsin;  ,  ^. 

fe= J and     7= j— ^.       .     .     (16) 

By  the  substitution  of  these  values  in  eq.  (14), 

^  =  ^(i+cos7)=^^3-(i+cos/).     .     .     (17) 

i)  =  i.72\y(i+cos;) (18) 


Hence 


Eq.  (17)  gives,  by  the  aid  of  the  first  of  eqs.  (16), 

rM  k 

t^—j(i+cosi)-=-(secj  +  i).  .     .     .     (19) 
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The  second  of  eqs.  (16)  gives,   after  substituting  the 


r       16 
value  of  — r  = 


2/     7rD»' 


r- 


S.iMsin/ 


(20) 


The  substitution  of  the  values  of  T  and  k  from  eqs.  (16) 
in  eq.  (15)  gives 

2T 
tan  2/?«-r-=tan/;    .'.  /?=iy.     .     .     .     (21) 


This  last  set  of  results  relating  to  circular  shafts  will, 
in  all  ordinary  cases,  supply  everything  required  for  the 
operations  of  design  or  of  investigations  regarding  con- 
ditions of  stress  in  existing  shafts. 

Eqs.  (16),  first  of  (17),  (19),  and  (21)  apply  as  they 
stand  to  square  shafts. 

The  first  method  involves  simpler  considerations  than 
the  second,  not  only  analytically,  but  also  in  respect  to 
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Fig.  2. 


empirical  quantities  required  to  be  used.  The  test  pieces 
from  which  the  ultimate  resistance  of  the  material  is  de- 
termined are  always  taken  parallel  to  the  axis  of  the  shaft, 
but  the  greatest  intensity  of  stress  t  found  in  the  second 
method  has  a  direction  inclined  to  that  axis  by  the  angle  j9. 
In  general,  therefore,  it  will  probably  be  found  more 
practicable  to  use  the  first  method  rather  than  the  second. 
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In  the  case  of  the  double  crank-shaft  shown  in  Fig.  2^ 
it  is  only  necessary  to  treat  each  half  precisely  as  if  it  were 
the  single  crank-arm  in  Fig.  i. 


Art.  33. — Combined  Bending  and  Direct  Stress. 

There  are  a  considerable  number  of  practical  problems 
of  combined  flexure  and  direct  stress  of  sufficient  impor- 
tance to  merit  careful  examination,  and  among  them  is  the 
flexure  of  long  columns  treated  in  Art.  24.  In  this  place 
the  particular  cases  to  be  considered  are  those  in  which  the 
bending  is  produced  by  a  uniform  load  at  right  angles  to 
the  axis  of  the  member,  or  by  eccentricity  of  longitudinal 
loading,  the  direct  stress  (or  external  force)  being  applied 
in  a  direction  parallel  to  the  same  axis.  Lower  chord 
eye-bars  and  other  horizontal  or  inclined  chord  members 
of  pin  bridges  belong  to  this  class. 

Let  M^  represent  the  bending  moment  in  the  member 

at  that  section  where  the  deflection  is  greatest,  produced 

by  loading  at  right  angles  to  the  member's  axis  or  by 

eccentricity  in  the  application  of  the  longitudinal  loading; 

let  u/  represent  the  greatest  deflection  resulting  from  the 

total  bending  moment  and  direct  stress ;  also,  let  P  be  the 

total  direct  stress  acting  upon  the  member  whose  length 

is  /,  while  k  represents  the  greatest  intensity  of  stress  due 

to  bending  alone  and  at  the  distance  d  of  the  most  remote 

fibre  from  the  neutral  axis  of  the  section  at  which  the 

deflection  li/  is  foimd.     Finally,  let  A  be  the  area  of  cross- 

section  of  the  member  which,  together  with  the  moment  of 

inertia  /,  is  supposed  to  be  constant  throughout  the  entire 

P 
length;    and  let  9=~t,  the  intensity  of  uniform  stress  in- 

the  member  due  to  the  direct  stress  or  force  P. 
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The  resultant  maximtim  bending  moment  in  the  mem- 
ber will  then  be 

M=Af,±Pt«/ (i) 

If  P  is  tension  it  will  tend  to  pull  the  member  straight, 
thus  producing  a  moment  opposite  to  M^.  In  the  second 
member  of  eq.  (i),  therefore,  the  negative  sign  is  to  be  used 
for  a  member  in  tension  and  the  positive  sign  for  a  member 
in  compression. 

The  greatest  resultant  intensity  of  stress,  ^,  in  the 
member  will  then  take  the  value 

^     P    Md      il       Md\ 

'-a+-i-a[p+1^) (^) 

The  quantity  r  is  the  radius  of  gyration,  so  that  I^Ar^. 
When  the  intensity  t  is  prescribed,  the  required  area 
of  section  i4  is 

--K^^^^ <3, 

These  equations  are  perfectly  general  and  may  be 
applied  to  all  cases  of  combined  bending  and  direct  stress. 

Kn.  34. — ^The  Eye-bar  Subjected  to  Bending  by  Its  Own  Weight 

or  Other  Vertical  Loading. 

Let  Fig.  I  represent  a  lower  chord  eye-bar  of  a  pin- 
connected  bridge  with  the  length  /  and  carrying  the  total 
tension  P.  The  depth  of  the  bar  is  h  and  the  thickness  6, 
so  that  the  area  of  the  normal  section  is  bh.  The  bar  acts 
as  a  beam  carrying  its  own  weight  as  a  uniform  load  over 
the  span  /.  That  load  deflects  the  bar  as  a  beam  while  the 
direct  stress  of  tension  (P)  decreases  that  deflection  by 
tending  to  pull  the  bar  straight.     The  problem  is  to  deter- 
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mine  the  greatest  stress  in  the  bar  and  incidentally  its  centre 
deflection. 

There  are  several  methods  of  procedure.  The  first  and 
simplest  method  is  approximate  in  its  results,  although 
sufficiently  close  for  some  purposes.     It  consists  in  treating 


IT" 

h 


Fio.  I. 

the  bending  and  direct  stresses  as  existing  independently, 
so  that  results  are  obtained  by  simply  adding  the  bending 
to  the  direct  intensities.  This  method  will  be  treated 
first. 

The  more  exact  method  consists  in  recognizing  the  bend- 
ing momient  as  the  resultant  of  those  due  to  the  transverse 
load  acting  on  the  bar  as  a  simply  supported  beam,  and  to 
the  direct  stress  P  acting  with  the  greatest  deflection  as 
its  lever-arm. 

M        Approximate  Method, 

Although  reference  will  be  made  to  Fig.  i,  the  formulae 
as  written  will  be  equally  applicable  to  compression  mem- 
bers in  which  P  would  be  the  total  force  of  compression. 

If  the  total  weight  of  the  bar  or  compression  member 
is  W,  and  if  /  is  the  moment  of  inertia  of  its  cross-section 
about  the  neutral  axis,  while  k  is  the  greatest  intensity  of 
bending  stress  at  the  distance  d  from  the  same  axis,  the 
theory  of  flexure  gives 


»~  8  ""d'  •• 


m 

8/  ' 


(I) 
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If  the  area  of  cross-section  is  represented  by  A,  while 
the  radius  of  gjrration  is  r,  I=Ar^,  Again,  the  quantity 
I-^d  is  called  the  ''section  modulus,"  and  tabulated 
values  of  it  for  rolled  sections  may  be  found  in  hand-books. 
Let  tn  be  that  modulus,  then  eq.  (i)  may  take  the  form 

Wld     Wl 
^^SAr^~&m ^^^ 

The  intensity  of  direct  tension  is 

9=x (3) 

Obviously  k  will  be  tension  on  the  lower  side  of  the  bar 
or  other  member  and  compression  on  the  upper  side.  The 
greatest  intensity  of  stress  in  the  piece  will  be  the  sum  of 
q  and  fe.  Eqs.  (2)  and  (3)  will,  therefore,  give  the  value 
of  that  greatest  intensity,  /,  of  stress  as  follows : 

t^q  +  k=l-(p  +  ^ (4) 

When  the  greatest  value  of  t  is  prescribed,  the  required 
area  of  section,  A,  can  be  at  once  written  from  eq,  (4) 


A 


-K-+^ 's) 


In  the  case  of   an  eye-bar  with  the  cross-section  6/t, 

d=-  and  -J  ""T-     Hence 
2  r^     h 


and 

bh 


'-B(^+f)      <« 
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If  the  bar  carries  any  other  iiniform  load  than  its  own, 
it  is  only  necessary  to  make  W  represent  the  total  uniform 
load,  including  the  weight  of  the  bar  itself. 

Finally  the  direct  force  P  may  act  with  the  eccentricity  e. 

In  this  case  the  moment  Pe  produces  tmiform  bending 

throughout  the  length  of  the  bar,  and  it  is  only  needful  to 

/Wl         \  Wl 

write    {'-Q-±Pe\   for  -q-   in  the  preceding  formulae,  the 

double  sign  showing  that  Pe  may  act  either  with  or  against 
the  moment  of  the  uniform  load. 

The  formulae  of  this  article  are  not  sufficiently  exact 
for  the  usual  cases  of  engineering  practice. 


Art.  35. — The  Approximate  Method  Ordinarily  Employed. 

The  method  commonly  employed  in  practical  work  for 
the  treatment  of  compoimd  bending  and  direct  stress  is 
a  much  closer  approximation  than  the  preceding  method, 
although  not  exact.  Its  chief  feature  is  the  introduction 
of  the  bending  moment  produced  by  the  direct  or  longi- 
tudinal force  multiplied  by  the  actual  maximum  deflection. 
In  the  same  manner  the  moment  due  to  the  eccentricity 
of  the  line  of  action  of  that  force  is  introduced  wherever 
necessary. 

Eq.  (6a)  of  Art.  21  gives  the  following  expression  for 
the  deflection  u/  due  to  pure  bending  and  in  terms  of  the 
greatest  intensity  of  bending  stress  k,  a  being  a  constant 
depending,  among  other  things,  upon  the  distribution  of 
loading : 

■ 
If  the  deflection  as  given  in  eq.  (i)  be  placed  equal  to 

each  of  the  two  parts  of  the  deflection  given  in  eq.  (21) 
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of  Art.  22,  it  will  be  found  for  a  beam  simply  supported 
at  each  end  and  loaded  imiformly,  that  a  =  j*^,  and  for 
the  same  beam  loaded  by  a  single  weight  only  at  the  centre 
of  the  span,  a  =  ^.  The  cases  which  occur  in  practice 
conform  nearly  to  that  of  a  load  tinifonnly  distributed 
over  the  length  /.  Hence  for  such  a  beam  there  is  ordi- 
narily tak<*n 

^=I^EJ (^> 

The  moment  produced  by  the  direct  force  or  stress  P 
acting  with  the  lever  arm  ix/  will  have  the  opposite  sign 
to  that  of  Mj  (the  moment  due  to  transverse  loading  or 
to  eccentricity),  if  the  member  is  in  tension,  but  if  the 
member  is  in  compression  those  two  moments  will  have 
the  same  sign.  The  resultant  equation  of  moments  may, 
therefore,  be  written 

A/=^=M,±PTe/ (3) 

As  stated,  the  plus  sign  is  to  be  used  for  a  compression 
member  and  the  negative  sign  for  a  tension  member. 

If  the  value  of  a/,  given  by  eq.  (2),  be  substituted  in 
eq.  (3),  the  following  value  of  k  will  result: 

^^       Pl^'  •     • (4) 

In  eq.  (4)  the  plus  sign  is  to  be  used  for  tension  mem- 
bers and  the  minus  sign  for  compression  members.  This 
equation  is  general  and  adapted  to  all  forms  of  cross- 
section  imder  the  conditions  virtually  assimied.  Although 
not  explicitly  stated,  it  is  essentially  assumed  that  the  ends 


lyS  COMBINED  STRESS  CONDITIONS.  [Ch.  V. 

of  the  member  remain  absolutely  fixed  in  distance  apart. 
This  is  frequently  not  the  case,  especially  in  the  lower 
chord  eye-bar  of  a  pin-connected  bridge  subjected  to  direct 
tension  and  to  bending  due  to  its  own  weight,  the  bar 
usually  being  horizontal. 

If  the  ends  of  the  beam  or  member,  tmiformly  loaded, 
are  fixed,  a  ^-jV*  when  k  is  the  greatest  intensity  of  bending 
stress  at  the  mid-point  of  the  member,  or  ^  if  fe  is  the 
intensity  of  the  bending  stress  at  the  fixed  ends.  One  of 
those  values  (usually  ^)  is  to  be  substituted  therefore 
for  iV  in  the  formulae  which  follow  when  the  fixed-end 
condition  exists. 

The  resultant  maximum  intensity  of  stress  t  in  the 
member  will  obviously  be 

t-^k  +  q .     (5) 

in  which  equation  q  is  the  uniform  intensity  P  -^  A. 

Eq.  (4)  will  be  immediately  applicable  to  any  particu- 
lar case  by  substituting  in  it  the  values  of  /  and  Mj  for 
that  special  case. 

If  the  case  of  the  lower  chord  eye-bar  mentioned  in  a 

preceding  paragraph  be  considered,  the  total  weight  of  the 

bar  being  W,  while  b  and  h  represent  its  thickness  and 

bh^  Wl 

depth   respectively,    /= — •   and    Mj=-g-.     These   values 

substituted  in  eq.  (5)  will  give  the  desired  value  of  the 
resultant  intensity,  as  follows: 

^=■^+4.,    8Pr ^' 

3        sEh* 

Eq.  (6)  gives  the  value  of  the  maximum  intensity  of 
tension  in  the  extreme  lower  fibres  of  the  ejre-bar  when 
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subjected  to  the  total  direct  tension  P  and  to  the  bending 
due  to  its  own  weight. 

The  greatest  intensity  of  bending  stress  in  the  bar  is 

« 

evidently  the  second  term  of  the  second  member  of  eq.  (6), 

and  it  has  the  following  value  if  the  weight  of  the  bar  per 

W 
unit  of  length  is  -y-  =g,  or  if  the  weight  of  a  cubic  unit  of 

the  metal  is  i: 

SgE 
u_      8  b  jthE 

It  is  frequently  important  to  observe  what  depth  of 
bar  with  a  constant  area  of  cross-section,  subjected  to  a 
prescribed  working  stress,  will  give  the  maximum  bending 
stress  due  to  its  own  weight  when  the  length  is  fixed. 
That  depth  can  readily  be  determined  by  taking  the  first 
derivative  of  k,  as  given  by  eq.  (7),  with  h  as  the  variable. 

will  at  once  result 

'-^^'- w 

The  value  of  h  resulting  from  an  application  of  eq.  (8) 
gives  the  depth  of  bar  which,  with  a  given  value  of  /,  will 
under  the  conditions  of  the  case  yield  the  greatest  in- 
tensity of  bending  stress  k]  it  indicates,  therefore,  a  limit 
of  depth  to  be  avoided  as  far  as  practicable. 

Steel  is  the  usual  structural  material  for  eye-bars  for 
which  E  may  be  taken  at  29,000,000.  For  this  value  of 
E,  h  will  become,  by  eq.  (8), 

h^ VjT 

4900    ^ 


i8o 
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P  .  .  . 

In  this  equation  ^=-7-  is  the  intensity  of  uniform  stress 

in  the  bar,  or  the  * '  working  stress.  *  * 

By  placing  the  value  of  /t,  as  given  by  eq.  (8),  in  the 
value  of  fe,  eq.  (7),  there  will  result  the  maximtim  possible 
bending  stress  in  a  bar  of  given  length  /  and  given  area  of 
cross-section  A : 


k^^iVE 


(9) 


If  £  =  29,000,000  and  i  =  .286  lb.  per  cubic  inch  for 
steel,  eq.  (9)  will  take  the  value,  for  the  corresponding 
values  of  h  in  the  equation  preceding  eq.  (9), 


fe  = 


510/ 


Vq 


(10) 


The  following  table  shows  at  a  glance  the  greatest 
possible  fibre  stresses  in  eye-bars  of  different  lengths  and 
depths  when  the  working  tensile  stresses  in  potinds  per 
square  inch  are  those  given  in  the  extreme  left-hand  coltimn 
of  the  table : 


Length  of  Bye-bats  in  Feet. 

Working 

■ 

Tensile 

Stresses 
in 

IS 

ao 

as 

30 

35 

40 

Pounds 

per 
Square 

• 

• 

• 

J 

.c 

J 

A 

J 

• 

.c 

1- 

• 

A 

• 

Inch. 

as 

Ins. 

I 

Ins. 

4>> 

a 

£i3 

** 
% 

Sis 

ll 

Ik* 

Ou 

Ins. 

tu 

Q 
Ins. 

b 

Q 

^ 

Q 

h 

Lbs.  p. 
Sq.  In. 

Lbs.  p 
Sq.  In. 

Lbe.  p. 
Sq.  In 

Lbs.  p. 
Sq.  In. 

Ins. 

Lbs.  p. 
Sq.  In. 

Ins. 

Lbs.  p. 
Sq.  In. 

8,000 

3.3 

X030 

4-4 

X370 

5-5 

1710 

6.6 

ao5o 

I'l 

3400 

8.8 

3740 

X  0.000 

3.7 

pao 

4.9 

laao 

6.1 

IS30 

7.3 

1840 

8.6 

3x40 

9.8 

2450 

xa.ooo 

4.0 

840 

5.4 

ixao 

6.7 

X400 

8.0 

1680 

9.4 

X960 

X0.7 

3340 

X  4,000 

4-3 

780 

5.8 

1030 

1.1 

xapo 

».7 

15SO 

XO.I 

1810 

II. 6 

3070 

16,000 

4.6 

730 

6. a 

Q70 

7.7 

laio 

9-3 

1450 

X0.8 

x6oo 

ia.4 

1940 

In  using  the  preceding  formulae  it  is  to  be  remembered 
that  the  ordinary  unit  of  length,  as  well  as  the  unit  of 
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cross-section,  is  the  linear  inch,  and  that  the  weight  i  of  a 
cubic  unit  will  then  be  the  weight  of  a  cubic  inch.  This 
investigation  will  yield  results  sufficiently  accurate  for  all 
the  usual  cases  of  engineering  practice,  although  it  does 
not  provide  for  the  straightening  effect  of  the  pull  P, 
except  as  producing  a  bending  moment  opposite  to  that 
of  the  uniformly  distributed  load  W. 

Allowance  for  any  other  distributed  loading  than  the 
weight  of  the  bar  itself,  and  for  any  eccentricity  of  the  line 
of  action  of  P  that  may  exist,  are  made  precisely  as  ex- 
plained in  the  two  paragraphs  following  eq.  (7)  of  Art.  34. 

Art.  36. — Exact  Method  of  Treating   Combined   Bending  and 

Direct  Stress. 

In  this  method  of  finding  the  results  of  direct  stress 
combined  with  bending  it  is  necessary  to  determine  an 
expression  for  the  centre  deflection  of  the  bar,  or  com- 
pression member,  considered  as  simply  supported  at  6ach 
end.  As  the  line  of  action  of  the  direct  stress  P  is  sup- 
posed to  coincide  with  the  original  centre  line  or  axis  of 
the  bar,  if  g  is  the  weight  per  linear  tmit  of  the  latter,  the 
bending  moment  M^  in  the  second  member  of  eq.  (i). 
Art.  33,  becomes 

As  this  case  is  one  in  which  P  is  tension  the  general 
eq.  (i)  of  Art.  33  will  take  the  following  form  by  the  aid 
of  eq.  (7)  of  Art.  9: 

w 

In  this  eqtiation  g=-j-  is  the  weight  per  linear  inch. 
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or  other  iinit,  of  the  bar  or  member  producing  a  bending 
moment  opposite  to  that  induced  by  the  direct  stress  P 
acting  with  the  lever-arm  u/.  The  integration  indicated  in 
eq.  (i)  may  be  completed,  but  as  it  is  not  a  simple  integra- 
tion it  will  not  be  made  here.  As  the  greatest  bending 
stress  is  found  at  the  centre  of  span  the  centre  deflection 
only  is  needed  and  a  different  procedure  may  be  followed. 
Let  w^  represent  the  centre  deflection  of  the  member 
considered,  a  beam  simply  supported  at  each  end  and 
carrying  its  own  weight  only,  or  any  other  total  weight  W 
uniformly  distributed.  It  is  necessary  to  use  the  expres- 
sion for  the  work  performed,  or  resilience  of  the  beam  in 
being  deflected  at  the  centre  by  the  amount  w^.  Eq.  (8) 
of  Art.  29  gives  that  resilience  as 

Resilience  = ^^ (2) 

240EI  ^  ' 

In  producing  the  centre  deflection  w^  the  centre  of  gravity 
of  the  weight  W  will  descend  through  the  distance  w^  found 
by  placing  Ww^  equal  to  the  resilience  given  in  eq.  (2). 
Hence 

^o=i^^/ (3) 

Also,  since  by  eq.  (26)  of  Art.  22  w^  =  o^aEV 

^'=^;    •••  «^o=A«/i (4) 

Hence  the  resilience  becomes 

Resilience  ^W^Wj^ (5) 
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If  the  value  of  W  in  terms  of  w^  be  taken  from  eq.  (26) 
of  Art.  22  and  substituted  in  eq.  (5), 

Resilience  =- jv-w,'^ (6) 

125/'      *  ^  ' 

Hence  the  resilience  of  a  bent  beam  varies  as  the  square 
of  the  centre  deflection. 

If  the  actual  centre  deflection  of  the  bar  or  member 
considered  be  «/,  the  resilience  of  the  beam  when  deflected 
to  that  extent  will  be 

Resilience  ^{^y^^ (7) 

The  curvature  of  the  bar  or  member  being  slight,  the 
lengths  (equal  to  each  other)  of  the  neutral  surface  with 
the  deflections  te/  and  w^  will  be,  if  /'  and  l^  are  the  corre- 
sponding lengths  of  span  or  horizontal  projections  of  the 
neutral  surface, 

Hence 

The  difference  V —  l^  represents  the  movement  toward 
or  from  each  other  of  the  two  ends  of  the  bar  or  member 
under  the  action  of  the  direct  stress  or  force  P. 

In  the  case  of  the  eye-bar,  the  pull  of  the  force  P  re- 
moves a  part  of  the  deflection  w^,  and  in  so  doing  performs 
work  in  aiding  to  lift  the  weight  W  of  the  bar,  the  remainder 
of  the  work  of  lifting  W  being  performed  by  the  elastic 
efforts  of  the  bar  to  straighten  itself  from  the  deflection 
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w^  to  «/,  the  latter  portion  of  the  work  being  represented 

by    the    quantity    7;^  ( i 2 )  •     Hence  the   following 

equation  of  work  may  be  written, 

P  8/u; '-i£/'\       WH^  I      z£/^\     „,8,  ,,      ,     , 

The  conditions  under  which  the  work  represented  by 
eq.  (10)  is  performed  are  such  that  either  {w^  —  vJ)  or 
(Ti/j+ie/)  may  be  written  in  the  second  member.  The 
resulting  numerical  value  of  w'  will  be  the  same  in  both 
cases  but  affected  by  diflferent  signs.  As  the  equation  is 
written  the  numerical  value  of  w'  will  be  negative. 

In  eq.  (10)  there  is  taken  /'  =1^=1,  the  length  of  paneU 
which  may  be  done  with  essential  accuracy. 

Dividing  both  sides  of  eq.  (10)  by  {w\  —  w')  and  solving 
for  li/, 

w 

^= — 6-#rT-    •  •  •  •  ("> 

25    P     tt/j 

The  deflection  w^=^   ^  FT  ^PP^^^ing   in   eq.  (11)  is  a 

known  quantity. 

After  u/  is  determined,  the  resultant  bending  moment 
at  the  centre  of  the  bar  will  be 

Wl 
M'  =  ^ — Pie/ (12) 

If  the  area  of  cross-section  of  the  bar  is  A,  the  maxi- 
mum intensity  of  stress  i  in  it  will  be,  by  eq.  (2)  of  Art.  33^ 
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Or  if  the  maximiam  value  of  t  is  specified 


-7(^-^0 


(14) 


h 
If  the  section  is  rectangular,  so  that  A  =  fe/t  and  d=—, 

I  /„     6M'\ 
and 

When  the  depth  of  the  bar  is  small  in  comparison  with 
the  length  /,  it  may  happen  that  the  resultant  or  final  de- 
flection tt/  will  be  such  as  to  make  the  bending  moment 
Af  equal  to  zero.     Or 

Wl  Wl 

Af' =-g-  -Pm/-o;    /.  M^=g-p.     .     .     (17) 

When  te/  found  by  eq.  (17)  is  less  than  «/  given  by 
eq.  (11),  eq.  (17)  is  to  be  employed.  This  result  shows 
that  the  bar  will  be  subject  to  no  bending,  but  that  it  will 
hang  like  a  flexible  cable.  The  conditions  thus  developed 
are  those  which  indicate  when  a  horizontal  or  inclined  bar 
stressed  in  tension  ceases  to  act  partially  as  a  beam  and 
becomes  ptirely  or  wholly  a  tie. 

These  formulae  are  perfectly  general  for  all  cases  of 
bars  or  members  in  tension,  even  for  such  small  sections 
as  wire.  Their  application  to  individual  cases  will  show 
that  excessive  intensities  will  not  exist  where  simple  ten- 
sion members  are  held  under  stress  in  a  nearly  horizontal 
position. 
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Art*  37. — Combined  Bending  and  Direct  Stress  in  Compression 

Members. 

If  the  ordinary  approximate  method  of  Art.  35  be  em- 
ployed, eq..  (4)  of  that  article  is  immediately  applicable, 
using  the  minus  sign  in  the  denominator,  P  being  the  total 
direct  stress  of  compression  and  A/j  the  bending  moment 
due  to  the  uniform  transverse  load  and  to  eccentricity  of 
the  line  of  action  of  P,  if  there  be  any.  The  greatest  in- 
tensity of  bending  stress  as  represented  by  that  formula 
would  then  be 

k--^^ (.) 

loE 

In  this  equation,  d  is  the  distance  from  the  neutrai  axis 
of  the  section  to  the  extreme  fibre  in  which  the  intensity  k 
exists. 

If  e  be  the  eccentricity  of  the  line  of  action  of  P,  and  if 
W  be  the  weight  of  the  compression  member  whose  length 
is  /, 

Wl 
M,^~±Pe (2) 

When  the  moment  of  P  produces  bending  of  the  same 
sign  with  the  transverse  load  W,  the  plus  sign  is  to  be  used 
in  eq.  (2),  and  the  minus  sign  when  those  moments  are 
opposite.  If  the  line  of  action  of  P  coincides  with  the 
axis  of  the  member,  the  moment  Pe  disappears  from  eq.  (2). 
Again,  if  the  member  is  vertical,  so  that  there  is  no  trans- 
verse bending  due  to  the  load  W,  when  the  line  of  action 
of  P  has  the  eccentricity  e, 

M.^Pe (3) 
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This  latter  case  exists  very  frequently  in  the  columns 
of  buildings. 

Eq.  (1)  is  thus  seen  to  represent  the  greatest  intensity 
of  bending  stress  with  ilf,  taken  from  either  eq.  (2)  or 
eq.  (3)  for  the  cases  of  transverse  loading,  no.  transverse 
loading,  eccentric  longitudinal  loading,  or  any  conlbina- 
tion  of  those  cases. 

The  resultant  intensity  of  stress,  i.e.,  the  greatest 
intensity  of  compressive  stress  in  the  entire  compression 
member,  will  be 

^^  JHE ^^^ 

loE 

As  A  is  the  area  of  cross-section,  /=i4r^  r  being  the 
radius  of  gyration  of  the  cross-section  of  the  compression 

P 
member.     If  ^^-j  ,  eq.  (4)  will  take  the  form 

Ar^ p  Ar^ c- 

loE  lot. 

In  the  use  of  this  equation,  the  intensity  q  must  ob- 
viously never  exceed  the  working  value  given  by  the  coltimn 
formula  employed.  Indeed,  if  there  is  suitable  eccentricity 
q  may  be  much  less  than  that  working  long  column  value. 

In  practical  operation  the  principal  use  of  eq.  (5) 
may  be  the  determination  of  the  area  of  cross-section  A 
with  some  prescribed  value  of  t.  It  is  usually  feasible  to 
assign  general  outside  dimensions  of  the  proposed  column 
section  and  that  will  enable  a  close  approximate  value  of 
r  to  be  assigned.     If,  at  the  same  time,  an  approximate 
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value  of  q  may  also  be  taken,  the  resolution  of  the  first  and 
third  members  of  eq.  (s)  will  at  once  give 

• 

If,  on  the  other  hand,  such  an  assignment  of  q  may  not 
be  made,  it  will  be  necessary  to  solve  the  first  and  second 
members  of  eq.  (5),  as  a  quadratic  equation,  for  A.  Bring- 
ing both  terms  of  the  second  member  of  eq.  (5)  over  a 
common  denominator  and  solving  the  resulting  equation 
of  the  second  degree  in  the  usual  manner,  the  following 
general  value  of  A  will  be  found : 


'  \i(  P  l\P    M,d \ ' P_l^ 

NAioSr'     t'^  tr'  I      loEtr*-     ^7) 


±\^- 


Hence 

-,- 1  (nearly). 


If,  again,  rf=-  and  ^  =  .35/^, 

2 


73=^  (nearly). 


The  preceding  values  of  the  radius  of  gjrration  r  repre- 
sented in  terms  of  the  depth  h  of  the  compression  member 
are  closely  approximate  for  practical  design  work. 

Eqs.  (6)  and  (7)  will  give  the  desired  area  of  section  of 
the  compression  member  carrying  both  direct  stress  and 
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bending  produced  by  transverse  loading  under  the  asstimp- 
tions  of  the  method  ordinarily  employed.  Those  formulae 
are  sufficiently  accurate  for  their  purposes,  but  it  may  be 
desirable  to  use  the  more  exact  formulae  given  in  the  next 
section. 

Exact  Method  for  Combined  Compression  and  Bending. 

The  exact  procedure  for  combined  compression  and 
bending  is  identical  with  that. used  in  Art.  36,  the  formulae 
determined  there  simply  being  adapted  to  a  compressive 
longitudinal  force  instead  of  a  force  of  tension.  It  is  to  be 
observed,  as  in  the  case  of  the  tension  member,  that  the 
compression  member  may  be  horizontal  or  inclined,  so  as 
to  be  subjected  to  bending  either  from  its  own  weight  or 
from  some  other  form  of  loading  in  addition  to  that  weight. 
The  member  may  also  be  subjected  to  imiform  bending 
throughout  its  length  by  the  eccentric  application  of  the 
longitudinal  force  P  concurrently  with  the  preceding  cross 
bending,  or,  as  in.  the  case  of  a  vertical  column  carrying 
•eccentric  loading,  by  that  force  P  alone. 

It  is  essential  to  recognize  in  this  connection  that  while 
the  columns  may  occasionally  be  in  the  pin-end  condi- 
tion, usually  their  ends  are  essentially  in  a  condition  of 
at  least  partial  fixedness,  although  the  degree  of  fixed- 
ness is  indeterminate.  It  will  conduce  to  simplicity  of 
treatment  if  the  transverse  bending,  either  from  distributed 
loading  or  by  the  eccentricity  of  application  of  the  column 
load,  be  treated  as  if  the  ends  of  columns  are  hinged.  It 
has  been  shown  "in  Art.  22  that  the  centre  deflection  of  a 
beam  of  given  length  and  cross-section  with  ends  simply 
supported  and  with  the  loading  uniformly  distributed  is 
five  times  as  great  as  when  the  ends  of  the  same  beam 
^re  fixed.     In  the  following  analysis,  therefore,  the  bend- 
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ing  from  both  the  sources  named  may  be  considered  as 
produced  in  a  column  with  hinged  ends  by  a  total  uni- 
fonnly  distributed  load  H',  sufficient  in  amotmt  to  cause 
one  fifth  of  the  actual  bending  moment  acting  on  the  col- 
tunn  with  ends  fixed.  In  this  manner  the  fixed  or  con- 
strained end  condition  of  the  actual  coltunn  is  provided 
for,  while  the  simplicity  of  the  hinged  end  computations 
is  retained.  The  bending  moment  produced  by  P,  acting 
with  the  lever-arm  of  the  greatest  deflection,  will  concur 
with  the  bending  moment  produced  by  the  own  weight 
of  the  member  or  other  vertical  uniform  loading,  instead 
of  being  opposed  to  it,  as  was  the  case  with  the  tension 
member  of  Art.  36.  The  work  performed,  therefore,  by 
P  and  the  tmiform  loading  W  vnll  be  equal  to  the  resilience 
or  elastic  work  performed  in  the  member  in  changing  the 
deflection  from  w^  to  tt/,  it  being  remembered,  in  this  case, 
that  li/  may  be  less  than  w\.  Under  these  conditions, 
then,  eq.  (10)  of  Art.  36,  expressing  the  work. done  on  the 
beam  in  changing  the  deflection  from  the  w^  to  u/  will 
become  the  following,  the  second  member  representing  the 
resilience  or  the  work  done  by  the  elastic  stresses  through- 
out its  volume : 

3t(— r")+-r5^w-.o=^^-i).  (8) 

Dividing  both  members  of  this  equation  by  (ii/  —  w^), 
then  solving  for  «/,  the  following  value  of  the  latter  will 
immediately  result: 

Aim;* ^^^ 

25  P   w, 
in  which 

SWI*  .    . 
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Having  found  the  deflection  te/,  the  general  equation 
for  the  resultant  maximum  bending  moment,  eq.  (i)  of 
Art.  33,  will  take  the  following  form,  in  which  the  coeffi- 
cient c  is  introduced  to  provide  for  fixedness  of  ends  in 
the  manner  shown  in  Prob.  4,  at  the  end  of  this  chapter. 
If  the  ends  are  hinged,  corresponding  to  the  end  condition 
of  a  beam  simply  supported,  ^  =  i,  but  if  the  ends  are  fixed, 
c  may  be  taken  as  .5 : 

M^c(^±P(e±'a/)\ (10) 

In  this  equation  care  must  be  exercised  in  using  the 
double  signs,  observing  that  both  plus  signs  are  to  be  taken 
together  as  are  both  minus  signs;  also,  that  the  eccen- 
tricity ^  in  a  vertical  column  is  taken  in  a  direction  opposite 
to  the  deflection  ze/,  in  which  case  ^  is  to  be  considered 
positive  and  the  lever-arm  of  P  is  (e  +  u/).  In  the  upper 
chord  of  bridges  e  may  be  given  such  value  that 

Wl 
M-=-g--P(e-te/)  =0  (nearly).  .     .     .     (11) 

■ 

In  the  case  of  vertical  colimms,  like  those  in  buildings, 

Wl 
ordinarily  the  term  -g-  disappears,  leaving  the  bending 

moment  in  the  column: 

M^Pie+w") C12) 

In  the  great  majority  of  cases  ze/  is  so  small  in  com- 
parison with  e  as  to  make  it  negligible,  so  that 

M^Pe (13) 

These  various  values  of  the  bending  moment  M  cover 
all  that  usually  occur  in  practical  operations. 
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If,  in  accordance  with  the  preceding  notation,  i  is  the 
maximum  resultant  intensity  of  stress  in  the  member, 
there  will  result 


^    P    Md     i/„    McA  ,     , 

'=j+-7-=;i^^+7rj (14) 


A 


Evidently  the  uniform  intensity  of  compressive ''stress 

P 
V  must  not  exceed  the  intensity  of  working  stress  given 

by  St  suitable  long  colimin  formula.  When  the  greatest 
working  intensity  t  is  prescribed,  the  desired  area  of  cross- 
section  of  the  completion  member  will  be 


A  = 


The  closely  approximate  values  of  -5  given  immedi- 
ately following  eq.  (7)  may  be  used  in  a  precisely  similar 
manner  in  eq.  (15),  so  as  to  simplify  the  practical  use  of 
that  equation. 

Problems  for  Chapter  V. 

Problem  i. — ^A  steel  eye-bar  8  ins.  by  ij  ins.  in  section 
and  32  feet  long  sustains,  in  a  horizontal  position,  a  tensile 
stress  of  144.000  pounds,  i.e.,  1 2,000  pounds  per  square  inch. 
Find  the  greatest  bending  tensile  intensity  of  stress  and 
the  resultant  intensity  of  tensile  stress  at  its  centre  sec- 
tion by  the  ordinary  approximate  method  of  Art.  35,  and 
by  the  exact  method  of  Art.  36.  In  this  problem,  £  = 
30,000,000;    /  =  32Xi2=384   ins.;    P  =  144,000   and    W  = 

J        Ai      r     1-5X8x8x8     ^ 
40.8X32  =  1306  pounds.     Also/= =64. 


Art.  37.]  PROBLEMS  FOR  CHAPTER  V,  I93 

By  eq.  (6)  of  Art.  35  the  resultant  intensity  of  tensile 
stress  required  is 

/=  1 2,000 -I — T— ='12,000 +  1860  =  13,860  lbs.  per  sq.  in, 

104-17.7  o»  1-       -1 

Tlie  centre  deflection  ze;,,  due  to  own  weight  only,  used 
in  the  exact  method,  is  w^^.s  inch.  Hence,  by  eq.  (11) 
of  Art.  36,  the  centre  defi3ction  under  tensile  stress  is 

te/'== — .'    ^    ==.19  inch. 
I +  1.67        ^ 

The  resultant  intensity  of  tensile  stress  at  the  centre 
section  of  the  eye-bar,  is  therefore, 

.  6X3^^1328  ,        _  -  „ 

/  =  12,000  H — ^  wQwQ  =i2,oco'f  2208  =  14,208  lbs.  per  sq.  la. 

i'5  X  0X0 

The  approximate  method,  therefore,  gives  an  intensity 
2208  —  1860  =  348  pounds  per  sq.  in.  too  small. 

Problem  2. — A  horizontal  square  2  in.  by  2  in.  steel 
bar  30  ft.  long  is  subjected  to  a  tensile  stress  of  48,000 
poimds,  i.e.,  12,000  poimds  per  square  inch.  Find  the 
same  quantities  as  in  Prob.  i.  £  =  30,000,000;  /=36o 
inches;  own  weight,  PF  =  4o8  pounds,  and  P  =  48,000 
pounds. 

By  eq.  (6)  of  Art.  35 

^  =  12,000  +  835  =  12,835  lbs.  per  sq.  in. 

In  the  exact  method  the  centre  deflection  due  to  own 
weight  is 

T£;j=6.2  inches. 

Eq.  (11)  of  Art.  36  gives 

yi/ ^S'SS  inches. 
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On  the  other  hand,  the  criterion,  eq.  (17)  of  Art.  36, 
gives 

408X360  . 

^  =  Qw   Q =  . 3825  inch. 

8  X  48,000       *^     ^^ 

The  bar,  therefore,  will  be  subject  to  no  bending  and 
its  stress  will  be  simply  that  of  tension,  the  centre  deflection 
being  .3825  inch.  If  the  deflection  were  sufficient  to  give 
the  bar  sensible  inclination,  it  would  be  necessary  to  mul- 
tiply the  horizontal  force  P  =48,000  by  the  secant  of  that 
inclination  to  obtain  the  actual  tensile  stress  in  the  bar. 

The  results  given  by  the  ordinary  approximate  method 
are  thus  seen  to  be  quite  erroneous. 

Problem  3. — ^A  1.5- inch  roxmd  steel  bar  48  ft.  long,  carry- 
ing a  tensile  stress  of  10,000  pounds  per  square  inch,  is 
inclined  at  an  angle  of  51°  to  the  horizontal.  Will  it  be 
subjected  to  any  bending,  and  what  will  be  its  centre  de- 
flection at  right  angles  to  its  axis  if  a  =  5 1°?  The  component 
of  the  bar's  weight  producing  the  deflection  named  is 
PFcosa,  in  which  1^=288  pounds  is  the  bar's  weight; 
W  cos  a  =224  pounds;  /  =  48  ft.  =576  ins.  By  the  usual 
formula,  w^=  74  ins.  Eq.  (11)  of  Art.  36  then  gives  «/ 
=  72  ins. ;  but  eq.  (17)  of  Art.  36  gives 

,     224X576  .     . 

8X17,700 

Hence  this  latter  deflection  is  the  true  value  and  the 
bar  is  subjected  to  no  bending  in  its  stressed  condition. 

Problem  4. — A  steel  column  18  ft.  long  sustains  a  load 
of  240,000  poimds  and  carries  a  transverse  load  (i.e.,  per- 
pendicular to  its  axis)  of  300  pounds  per  linear  foot,  the 
latter  total  being  5400  pounds.  The  column  has  a  section 
like  that  shown  as** top  chord  latticed,*'  Page476, Art. 59, 
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and  it  is  composed  of  two  15-in.  by  ^-in.  web  plates,  two 
3-in.  by  3-in.  7-lb.  angles,  two  3-in.  by  4-in.  14-lb.  angles, 
and  one  i8-in.  by  T*e-in.  top  plate.  The  sectional  area  is  35 
sq.  ins.  The  moment  of  inertia  /  is  1255,  and  the  radius  of 
gyration  r  is  6.  The  loading  is  applied  to  the  latticed 
side  of  the  column,  so  that  the  eccentricity  of  application 
is  8.5  inches.  It  is  required  to  find  the  deflection  at  the 
centre  of  the  column  length,  the  bending  moment  and 
greatest  intensity  of  stress  at  the  same  section.  Also, 
if  the  area  of  section  were  not  given,  find  that  area  if  the 
greatest  allowed  intensity  of  compression  is  12,000  pounds 
per  square  inch.  The  details  of  the  colimm  at  top  and 
bottom  are  first  to  be  assumed  such  as  to  make  those  ends 
essentially  fixed  and  then  hinged. 

If  the  ends  of  the  column  were  hinged,  the  centre  bend- 
ing moment  woxild  be 

5400  X  216 
M  = ^ h  240,000  X  8 . 5  =  2, 185,800  in.-lbs. 

As  the  ends  of  the  column  are  first  to  be  taken  as  fixed, 
and  as  the  deflection  in  that  condition  will  be  but  one  fifth 
of  that  existing  with  ends  hinged,  it  will  be  necessary  to 
take  one  fifth  of  the  preceding  bending  moment  and  place 
it  equal  to  the  expression  for  the  centre  bending  moment 
produced  by  a  imiformly  distributed  load  acting  on  a 
column  supposed  to  be  with  hinged  ends.  If  W  represents 
that  tmiformly  distributed  load, 

Wl 

"~o"  =  437 1 1 60  in.-lbs. 

Hence 

W  =  16,200  poimds. 

By  eq.  (9a)  of  Art.  37,  £  being  30,000,000  and  /  =  216  ins., 

«^i=o565in. 
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Remembering  that  P  =  240,000,  eq.  (9)  then  gives 

«/  =  .  00093  ^• 

These  deflections  are  so  small  in  comparison  with 
^  =  8.5  inches,  that  they  will  have  no  sensible  effect  upon 
the  result  and  they  may  be  neglected. 

In  consequence  of  the  elastic  motions  of  the  members 
of  a  steel  structure  it  is  difficult  to  estimate  accurately  the 
effect  of  such  degree  of  fixedness  of  the  ends  of  a  column 
as  may  be  attained  in  an  actual  structure,  but  it  is  probable 
that  the  resulting  bending  moment  at  the  centre  of  the 
column  due  to  eccentricity  and  lateral  loading  is  not  less 
than  one  half  that  existing  with  hinged  ends,  and  that 
ratio  will  be  employed.  In  eq.  (10)  of  Art.  37,  therefore, 
c  =  .5,  and  the  bending  moment  will  be 


M 


1/5400X216  „    \  .     ^, 

=-l-        ^         +240,000X0.51  =1,092,900  m.-lbs. 


Hence  by  eq.  (14)  of  the  same  Article  the  greatest  inten- 
sity of  compression  will  be 

_  240,000     1,092,900  X{d  =  8.5) 

35  5^255 

=  6857  +  7402  =  14,259  lbs.  per  sq.  in. 

This  computation  shows  the  serious  effect  of  eccentric 
application  of  loading. 

If  the  greatest  allowed  intensity  of  compression  is 
12,000  pounds  per  square  inch,  eq.  (15)  of  Art.  37  shows 
that  the  area  of  cross  section  required  is 

.           I     /                ,  1,092,900X8.5^ 
^^n;^V''^°»^''''^ 36^ ;=4i.3sq.ms. 
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The  moment  of  inertia  /  will  now  become  1481  instead 
of  1255. 

These  results  may  be  compared  with  those  of  the  ordi- 
nary approximate  method  by  finding  the  greatest  intensity 
of  compression,  ^,  by  eq.  (4)  of  Art.  37,  as  follows,  after 
displacing  iV  by  i%  on  account  of  the  fixed  end  condition : 

240,000    ,   1,092,900X8.5       ^o„,^^^^ 

^ — ir:7"+~-i^ri7r" =5811 +7570 

=  12,135  lbs.  per  sq.  in. 
There  is,  therefore,  no  material  discrepancy. 

Results  corresponding  to  the  preceding,  but  under  the 
supposition  that  the  ends  of  the  column  are  hinged,  may 
readily  be  found  as  follows: 

Wl 

^  =  2,185,800;     /.  PF  =  8i,ooo  potinds. 

« 

Hence 

w^  =  .2825  in. 
and 

«;'=  .0047  in. 

While  these  deflections  are  five  times  as  large  as  before, 
vJ  is  still  too  small  to  affect  sensibly  the  results  and  it  will 
be  neglected.  The  bending  moment  at  the  centre  of  the 
column  will  then  be 

_.     5400X216 

M  = g +  240,000  X 8.5  =2,185,800  in.-lbs. 

and  the  greatest  intensity  of  compression 

240,000     2,185,800X8.5 

35  125s 

=6857  +  14,800  =  21,657  lbs.  persq.  in. 
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If  the  greatest  allowed  intensity  of  compression  is 
12,000  pounds  per  square  inch,  the  area  of  cross-section 
becomes 

A         ^      I  .  2,i85,8ooX8.5\ 

A  = (  240,000 H 7 I  =63  sq.  ms. 

I2,000\  36  / 

The  moment  of  inertia  /  will  now  become  2259  instead 
of  1255. 

Comparing  these  results  with  those  of  the  ordinary 
approximate  method  by  finding  the  greatest  intensity  of 
compression,  t,  by  eq.  (4)  of  Art.  37, 

^     240,000      2,185.800X8.5 

^= — 7 1 =  12,170  lbs.  per  sq.  m. 

63  2259-37  ^       ^ 

This  result  is  a  close  agreement  with  the  other. 

Problem  5. — The  pin  of  a  crank-shaft  like  that  shown 
in  Fig.  I  of  Art.  32  sustains  a  maximum  thrust,  P,  of 
32,000  pounds,  the  length  of  crank,  e,  being  20  inches, 
and  the  axial  distance,  /,  between  the  centre  of  the  thrust 
and  shaft  bearings  being  18  inches.  Find  the  diameter 
of  the  steel  shaft  at  the  bearing  B  if  the  greatest  allowed 
bending  tension,  k,  is  10,000  lbs.  per  sq.  in.  and  the  greatest 
allowed  torsional  shear,  T,  is  7000  lbs.  per  sq.  in. 

In  using  the  formulae  of  Art.  32  the  data  will  be  as 
follows : 

^  =  20  ins.;  /  =  i8  ins. ;  i4S  =  26.9  ins.;  tany=fj  =  i.iii 
y  =  48°;    cos  y  =  .669;    sin   J  =.743;    P  =32,000  lbs. 
k  =  10,000  lbs.  per  sq.  in. ;    T  =  7000  lbs.  per  sq.  in. 
bending  moment  Af  =  576,000  in. -lbs. ;   twisting  mo- 
ment M'  =640,000  in. -lbs. 

The  first  method  of  Art.  32  gives  for  bending,  by  using 
the  first  of  eqs.  (9), 


i)-2.i6\/-^^'°°°'''^ 


10,000 


=  8.34  ins. 
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and  for  torsion,  by  the  second  of  eqs.  (9), 


Z)  =  i.72^ 


32,000X20 

-=7.75  ins. 


7000 

The  bending  requirement  being  the  larger  the  diameter 
would  be  taken  not  less  than  8.34  inches  or  8.5  inches. 

The  employment  of  the  second  method  leads  to  the 
following  results.  The  direction  of  the  resultant  t  will 
be  inclined  to  the  axis  of  the  shaft ;  hence  it  will  be  made 
a  little  less  than  9000  pounds,  i.e.,  8500  pounds  per 
sqxiare  inch ;  the  resultant  moment  M  will  be 

M  =  32,000X26.9  =860,800  in.-lbs. 

Eq.  (18)  of  Art.  32  then  gives 


Z)  =  i.72^ 


860,800,        ^^  , 
3         (i +  .669)  =9.51  ms. 


^ 


Remembering  that  sec  7  =  1.494,  eq.   (19)  of  Art.  3 
gives  the  following  value  of  the  greatest  bending  tension 
or  compression  in  the  section  B : 

2X8500 
R  = — ; — - —  =6800  lbs.  per  sq.  m. 
I +  1.494  ^       ^ 

The  second  method,  therefore,  requires  a  larger  diame- 
ter of  shaft  with  reduced  intensities  of  bending  and  tor- 
sional stresses. 
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CHAPTER  VI. 
TENSION. 

Art.  38. — General  Observations.— Limit  of  Elasticity. 

Hitherto  certain  conditions  aflFecting  the  nature  of 
elastic  bodies  and  the  mode  of  applying  external  forces 
to  them,  have  been  assumed  as  the  basis  of  mathematical 
operations,  and  from  these  last  have  been  deduced  the 
formulae  to  be  adapted  to  the  use  of  the  engineer.  These 
conditions  are  never  realized  in  nature,  but  they  are 
approached  so  closely  that,  by  the  introduction  of  empiri- 
cal quantities,  the  formulae  give  results  of  sufficient  accu- 
racy for  all  engineering  purposes;  at  any  rate,  they  are 
the  only  ones  available  in  the  study  of  the  resistance  of 
materials. 

In  determining  the  quantity  called  the  **  coefficient  of 
elasticity,"  it  is  supposed  that  the  body  is  perfectly  elastic, 
i.e.,  that  it  will  return  to  its  original  form  and  volume 
when  relieved  of  the  action  of  external  forces,  also  that 
'  this  **  coefficient''  is  constant.  There  is  reason  to  be- 
lieve that  no  body  known  to  the  engineer  is  either  perfectly 
elastic  or  possesses  a  perfectly  constant  coefficient  of 
elasticity.  Yet  within  certain  not  well  defined  limits,  the 
deviations  from  these  assumptions  are  not  sufficiently 
great  to  vitiate  their  great  practical  usefulness. 

The  "  not  well  defined'*  limit  for  any  one  given  material 
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is  called  its  "limit  of  elasticity, "  or  " elastic  lunit. "  The 
•* limit  of  elasticity,"  then,  may  be  defined  as  that  degree 
of  stress  within  which  the  coefficient  of  elasticity  is  essentially 
constant  and  equal  to  the  stress  divided  by  the  strain. 

In  some  materials,  like  many  grades  of  wrought  iron 
and  steel,  the  limit  of  elasticity  approximates,  to  a  greater 
or  less  degree,  to  the  condition  of  a  well-defined  point.  If 
a  piece  of  such  a  material  is  subjected  to  stress  in  a  testing 
machine,  at  the  elastic  limit,  the  amount  of  strain  caused 
by  a  given  increment  of  stress  will  be  observed  to  in- 
crease rapidly.  This  increase  may  be  uniform  for  a 
considerable  range  of  stress,  but  it  finally  becomes  irreg- 
ular, after  which  failure  takes  place. 

In  other  materials,  there  seems  to  be  no  simple  relation 
between  stress  and  strain  for  any  condition  of  stress  what- 
ever. For  such  a  material  it  obviously  is  impossible  to 
assign  either  any  definite  elastic  limit  or  coefficient  of 
elasticity. 

Between  these  limits  all  grades  of  material  are  found. 

It  should  be  stated  that  some  authorities  have  given 
arbitrary  definitions  of  the  elastic  limit,  and  that  these 
definitions  have  been  much  used.  Wertheim  and  others 
have  considered  the  elastic  limit  to  be  that  force  which 
produces  a  permanent  elongation  of  0.00005  of  the 
length  of  a  bar.  Again,  Styffe  defines,  as  the  limit  of 
elasticity,  a  much  more  complicated  quantity.  He  con- 
siders the  external  load  to  be  gradually  increased  by  in- 
crements, which  may  be  constant,  and  that  each  load,  thus 
attained,  is  allowed  to  act  during  a  number  of  minutes 
given  by  taking  100  times  the  quotient  of  the  increment 
divided  by  the  load.  Then  the  **  limit  of  elasticity"  is 
"  that  load  by  which,  when  it  has  been  operating  by  suc- 
cessive small  increments  as  above  described,  there  is  pro- 
duced an   increase   in   the   permanent   elongation   which 
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bears  a  ratio  to  the  length  of  the  bar  equal  to  o.oi  (or 
approximates  most  nearly  to  o.oi)  of  the  ratio  which  the 
increment  of  weight  bears  to  the  total  load.".  (Iron 
and  Steel,  p.  30.) 

The  most  natural  value,  however,  seems  to  be  that 
stress  which  exists  at  the  point  where  the  ratio  between 
stress  and  strain  ceases  to  be  essentially  constant,  though 
the  assignment  of  the  precise  point  be  difficult  in  many 
cases  and  impossible  in  some ;  and  in  that  sense  it  is  here 
used,  though  seldom  in  ordinary  testing. 

Again,  in  the  common  theory  of  flexure,  modes  of 
application  of  external  forces  and  a  constitution  of  mate- 
rial are  assumed,  which  are  never  realized ;  yet  the  result- 
ing formulae  are  of  inestimable  value  to  the  engineer. 

Finally,  it  will  be  shown  in  the  first  section  of  Art.  41 
that  it  is  in  general  impossible  to  produce  a  imiform  in- 
tensity of  stress  in  a  normal  cross-section  of  a  body  sub- 
jected to  pure  tension,  and,  consequently,  that  the  ulti- 
mate resistance,  as  experimentally  determined,  is  a  mean 
intensity  which  may  be,  and  usually  is,  considerably  less 
than  the  maximum  sustained  by  the  test  piece. 

In  the  ordinary  testing  of  materials,  as  done  in  the 
practice  of  civil  engineering,  the  elastic  limit,  i.e.,  the  limit 
of  constant  ratio  of  stress  over  strain,  is  rarely  ever  deter- 
mined. The  point  usually  termed  the  elastic  limit  is 
commonly  found  by  observing  the  intensity  of  stress  at 
which  the  material  of  the  test-specimen  ''breaks  down," 
as  indicated  by  the  failure  of  the  lever  arm  of  the  testing 
machine  to  remain  horizontal  as  the  stress  in  the  speci- 
men is  increased.  This  point  is  actually  the  "stretch 
limit."  It  is  the  point  at  which  the  strain  for  a  given 
increment  of  stress  suddenly  and  greatly  increases,  even 
for  a  small  increment  of  stress.  The  intensity  of  stress, 
called  the  stress  limit,  is  sensibly  higher  than  the  elastic 
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limit,  although  not  greatly  so.  The  diflFerence  between  the 
two  values  changes  much  in  different  materials,  and, 
indeed,  has  not  a  constant  value  even  for  the  same  mate- 
rial. Approximately  the  stretch  limit  may  be  from  2000 
to  3000  poimds  per  square  inch  higher  than  the  elastic 
limit  for  the  ordinary  grades  of  structural  steel,  and  possi- 
bly less  than  that  for  wrought  iron.  In  materials  like 
ordinary  grades  of  cast  iron,  where  the  relations  between 
stress  and  strain  are  erratic,  it  is  obviously  impossible  to 
determine  any  well-defined  difference  between  the  elastic 
limit  and  the  stretch  limit. 

These  general  observations  are  to  be  carefully  borne 
in  mind  in  connection  with  all  that  follows. 

Art.  39. — Ultimate  Resistance. 

After  a  piece  of  material,  subjected  to  stress,  has  passed 
its  elastic  limit,  the  strains  increase  until  failure  takes 
place.  If  the  piece  is  subjected  to  tensile  stress,  there 
will  be  some  degree  of  strain,  either  at  the  instant  of  rup- 
ture or  somewhat  before,  accompanied  by  an  intensity  of 
stress  greater  than  that  existing  in  the  piece  in  any  other 
condition.  This  greatest  intensity  of  internal  resistance 
is  called  the  **  Ultimate  Resistance.'* 

In  very  ductile  materials  this  point  of  greatest  resistance 
is  found  considerably  before  rupture;  the  strains  beyond 
it  increasing  very  rapidly  while  the  resistance  decreases 
tmtil  separation  takes  place. 

These  phenomena  are  very  marked  in  ductile  mate- 
rials like  wrought  iron  and  structural  steel,  particularly 
in  the  latter.  In  such  cases  if  the  application  of  stress  to 
the  test  piece  is  carefully  controlled  a  considerable  stretch- 
ing of  the  piece  may  be  produced  beyond  the  point  of 
ultimate  resistance  without  actually  separating  the  metal, 
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the  load  per  square  inch  of  original  section  of  the  piece 
decreasing  rapidly.  It  is  not  difficult  to  obtain  such  re- 
stilts  with  soft  or  mild  steel. 

The  xiltimate  resistances  of  different  materials  used  in 
engineering  constructions  can  only  be  determined  by 
actual  tests,  and  they  have  been  the  objects  of  many  ex- 
periments. 

It  has  been  observed  in  these  experiments  that  many 
influences  affect  the  ultimate  resistance  of  any  given 
material,  such  as  mode  of  manufacture,  condition  (an- 
nealed or  imannealed,  etc.),  size  of  normal  cross-section, 
form  of  normal  cross-section,  relative  dimensions  of  test 
piece,  shape  of  test  piece,  etc.  In  making  new  experiments 
or  drawing  deductions  from  those  already  made,  these  and 
similar  circumstances  should  all  be  carefully  considered. 

Art.  40. — Ductility. — Permanent  Set. 

One  of  the  most  important  and  valuable  characteristics 
of  any  solid  material  is  its  **  ductility,'*  or  that  property 
by  which  it  is  enabled  to  change  its  form,  beyond  the  limit 
of  elasticity,  before  failure  takes  place.  It  is  measured 
by  the  permanent  **  set,''  or  stretch,  in  the  case  of  a  tensile 
stress,  which  the  test  piece  possesses  after  fracture;  also, 
by  the  decrease  of  cross-section  which  the  piece  suffers  at 
the  place  of  fracture. 

In  general  terms,  i.e.,  for  any  degree  of  strain  at  which 
it  occurs,  *'  permanent  set"  is  the  strain  which  remains  in 
the  piece  when  the  external  forces  cease  their  action.  It 
will  be  seen  hereafter  that  in  many  cases,  and  perhaps  all, 
permanent  set  decreases  during  a  period  of  time  imme- 
diately subsequent  to  the  removal  of  stress.  Indeed,  in 
some  cases  of  small  strains  it  is  observed  to  disappear 
entirely. 
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Some  experimenters,  with  the  aid  of  very  delicate 
measuring  apparatus,  have  observed  permanent  set  even 
within  what  is  ordinarily  termed  the  limit  of  elasticity, 
and  have  been  led  to  believe  that  a  very  small  permanent 
set  exists  with  any  degree  of  stress  whatever.  In  such 
cases,  however,  it  is  probable  that  the  greater  part  or  all 
oi  the  permanent  set  disappears  after  the  lapse  of  a  few 
houts. 

Art.  41. — ^Wrought  Iron. — Coefficient  of  Elasticity. 

At  the  present  time  wrought  iron  as  a  structural  mate- 
rial has  been  completely  displaced  by  the  various  grades 
of  soft  and  mild  structural  steel,  although  the  former  metal 
is  still  used  in  small  quantities  for  some  special  purposes. 
At  the  same  time,  many  structures  are  still  standing  which 
were  built  either  wholly  or  partially  of  wrought  iron. 
Again,  there  are  many  characteristics  of  ductility  possessed 
by  wrought  iron  similar  in  their  nature  to  those  found  in 
structural  steel,  although  less  in  amount  and  less  satis- 
factory in  their  action  as  qualities  of  a  structural  mate- 
rial. A  study  of  many  of  the  physical  features  of  wrought 
iron,  therefore,  will  be  equally  applicable  to  all  ductile 
materials,  and  particularly  to  soft  and  mild  structural 
steel.  For  these  reasons  wrought  iron  is  here  considered 
at  greater  length  than  its  displacement  by  structural  steel 
would  seem  at  first  sight  to  justify.  The  determination 
of  the  elastic  limit,  the  stretch  limit,  the  ultimate  resistance, 
final  stretch,  final  contraction,  and  other  necessary  data 
in  connection  with  wrought  iron,  illustrates  accurately 
and  completely  corresponding  procedures  in  connection 
with  all  ductile  material,  so  that  the  greater  portion  of  the 
consideration  of  the  qualities  of  wrought  iron  bears  directly 
upon  corresponding  studies  in  connection  with  structural 
steel  and  other  similar  materials. 
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Before  considering  the  experimental  results  which  are 
to  follow,  it  will  be  interesting  as  well  as  important  to 
examine  some  of  the  circtimstances  which  attend  the  ex- 
perimental determination  of  the  coefficient  of  elasticity. 

If  the  tensile  stress  is  uniformly  distributed  over  each  end 
of  a  test  piece,  it  will  not  be  so  distributed  over  any  other 
normal  section.  Since  lateral  contraction  takes  place, 
the  exterior  molecules  of  the  piece  must  move  towards  the 
centre;  but  if  this  motion  exists,  the  molecules  in  the 
vicinity  of  the  centre  must  be  drawn  farther  apart,  or 
suffer  greater  strains,  than  those  near  the  surface. 

Hence  the  stress  will  no  longer  be  tmiformly  distributed, 
but  the  greatest  intensity  will  exist  at  the  centre  and  the 
least  at  the  surface  of  the  piece.  These  effects  will  evi- 
dently increase,  for  a  given  form  of  cross-section,  with  its 
area.  But  the  stretch,  or  strain,  from  which  the  coeffi- 
cient of  elasticity  is  computed,  is  measured  on  the  surface 
of  the  piece,  and  corresponds,  as  has  just  been  shown,  to 
an  intensity  of  stress  less  than  the  mean,  while  the  latter 
is  actually  used  in  the  computation.  In  the  notation  of 
eq.  (i),  Art.  2,  p  is  too  great  and  /  too  small;  hence  E  will 
be  too  large. 

As  these  effects  increase  with  the  area  of  the  cross- 
section,  while  other  things  are  the  same,  larger  bars  should 
give  greater  coefficients  of  elasticity  than  smaller  ones. 

These  effects  will  evidently  be  intensified,  also,  if  the 
external  force  is  applied  with  its  greatest  intensity  near, 
or  at,  the  centre  of  the  bar,  as  is  the  case  in  testing  eye-bars. 

Again,  on  the  other  hand,  if  the  ends  of  the  test  piece 
are  gripped  on  the  surface,  or  skin,  as  is  usually  the  case 
with  small  pieces,  these  effects  will  be  very  much  modified, 
and  possibly  entirely  counteracted,  so  that  the  greatest 
intensity  will  exist  at  the  surface.  In  the  latter  case,  the 
resulting  coefficient  would  be  too  small. 
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Between  these  extreme  cases,  all  grades  will  be  found. 

From  these  considerations,  it  is  clear  that  the  manner 
of  gripping  the  test  piece,  length,  character,  and  area  of 
cross-section  all  affect  the  value  of  the  coefficient  of  elas- 
ticity, and  should  be  given  in  connection  with  the  latter. 

These  conclusions  apply  to  any  other  material,  as  well 
as  to  wrought  iron. 

Table  I  gives  the  results  of  some  experiments  made  by 
the  Phoenix  Iron  Co.^  ot  Phoenix ville,  Penn.,  on  some  flats 
and  roimds  of  the  dimensions  shown  in  the  column  headed 
'•Size/' 

Table  I. 


No.  of  Ban. 

Size. 

Length. 

Stretch. 

P- 

E. 

Inches. 

Ft.      In. 

Inches. 

Pounds. 

Pounds. 

12 

4  Xi} 

35       0 

0.2692 

20,000 

31,203,000 

9 

4  XiA 

27       6 

0.2033 

32,464,700 

24 

3iXii 

35       0 

0.2500 

33,600,000 

24 

3iXii 

35       0 

0.2617 

32,098,000 

23 

3  X   J 

35       0 

0.2587 

32,470,000 

24 

3  X  i 

35       0 

0.2633 

31,902,000 

24 

2  Xi 

24       9j 

0.1948 

30,544,000 

36 

2}0 

XI         9 

0  0953 

29,380,000 

68 

2I0 

II      II 

0.0998 

28,056,000 

120 

2|0 

II       9 

0.0947 

29,567,000 

48 

2^0 

II       9 

0.0955 

29,319,000 

72 

2fo 

II       9 

0.0940 

29,787,000 

48 

2J0 

11       9 

0.1008 

f  f 

^l^lllJll 

The  column  **/?*'  is  the  intensity  per  square  inch  which 
caused  the  stretches  shown  in  the  colimin  headed  * '  Stretch. '  * 
From  eq.  (i)  of  Art.  2 

P 


E  = 


V 


(I) 


In  this  case,  for  any  individual  bar, 


/  = 


stretch 
length ' 
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remembering  that  the  stretch  and  length  mtist  be  reduced 
to  the  same  imit. 

Let  the  above  formtilae  be  applied  to  the  twenty-four 
bars  3Xi  inches X (35  ft.  =420  ins.)  long: 

^     20,000X420  ^        , 

h  = 2 =31,002,000  pounds, 

0.2633  o    ^y      y  r 

The  other  values  are  found  in  precisely  the  same  way. 
The  quantities  in  the  column  E  are  the  averages  of  the 
number  of  experiments  given  in  the  extreme  left-hand 
column.  The  fact  that  the  results  are  the  averages  of  a 
great  number  of  experiments  gives  the  table  peculiar  value. 
This  table  is  taken  from  *  *  Useful  Information  for  Archi- 
tects and  Engineers,'*  published  by  the  Phoenix  Iron  Co. 
The  following  reference  to  the  table  is  taken  from  the  same 
source:  **The  annexed  table  gives  the  results  attained  in 
testing,  with  the  proof  load  of  20,000  pounds  per  square  inch, 
a  nimiber  of  bars  for  the  International  Bridge  over  the 
Niagara  River,  near  Buffalo,  N.  Y.  The  recovery  of  each 
bar,  after  the  removal  of  the  load,  was  perfect,  no  perma- 
nent set  occiuring  at  less  than  25,000  pounds.  It  will  be 
observed  that  the  stretch  per  foot  of  the  flat  bars  is  less 
than  that  of  the  rounds,  giving  them  higher  moduli  of 
elasticity.'*     It  is  interesting  and  important  to  observe 

this  last  point. 

It  is  to  be  observed,  finally,  that  these  coefficients  of 
elasticity  are  determined  for  one  intensity  of  stress  only, 
i.e.,  20,000  pounds  per  square  inch.  It  is  probable  that 
values  a  little  different  might  be  given  by  other  intensities. 

Table  II  contains  coefficients  of  elasticity  for  tension  in 
pounds  per  square  inch,  computed  from  data  given  in 
' '  Report  of  Tests  of  Metals"  for  1881,  made  on  the  govern- 
ment testing  machine  at  Watertown,  Mass.     These  results, 
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like  those  in  the  preceding  table,  derive  additional  interest 
and  importance  from  the  fact  that  they  belong  to  full-size 
bars  and  such  as  are  ordinarily  used  in  engineering  prac- 
tice. 

Table  II. 


Number. 

Size  of  Bar. 
Inches. 

Gauged 

Lengths. 

Inches. 

Stretch  in 

Gauged  Length. 

Inches. 

E  Pounds  in 
per  Sq.  In. 

S     I 

3.03X1.01 

80 

.029 

27,586,240 

S       2 

3. 03X1. 01 

80 

.0279 

28,673,760 

S     3 

3. 03X1. 01 

80 

.0272 

29,411,760 

S      4 

3.03X1.01 

80 

.0238 

33,613,440 

I>     5 

3. 03X1. 01 

80 

.0281 

28,469,760 

D     6 

3. 03X1. 01 

80 

.0215 

37,209,300 

I>     7 

3. 03X1. 01 

80 

.0273 

29,304.000 

D     8 

3. 03X1. 01 

80 

.0260 

30,769,200 

S     9 

5.05X1.28 

80 

.0275 

29,090,880 

S    10 

5.04X1.27 

80 

.029 

27,586,240 

S   II 

5.03X1.27 

80 

.0278 

28,776,960 

D  12 

5.02X1.26 

80 

.026 

30,769,200 

D  13 

5.03X1.26 

80 

.0256 

31,250,000 

D  14 

5.03X1.26 

80 

.0277 

28,88o,«6o 

S    15 

3. 05X1. 01 

80 

.028 

28,571,430 

S   16 

3. 05X1. 01 

80 

.0284 

28,168,960 

S    17 

3.05X1.00 

80 

.0279 

28,673,760 

D  18 

3.05X1.00 

80 

.0285 

28,070,160 

D  19 

3.05X1.00 

80 

.032 

25,000,000 

D  20 

3.05X1.02 

80 

.0315 

25,396,800 

S   21 

5.08X1.26 

80 

.025 

32,000,000 

S   22 

5.08X1.26 

80 

.028 

28,571,430 

S    23 

5.09X1.26 

80 

.0256 

31,250,000 

D  24 

5.05X1.25 

80 

.026 

30,769,200 

D  25  . 

5.06X1.26 

80 

.0272 

29,411,760 

D  26 

5.06X1.25 

80 

.027 

29,629,600 

Those  bars  whose  numbers  are  preceded  by  an  **S" 
are  of  single  rolled  material,  while  those  preceded  by  a 
•*D"  are  double  rolled. 

The  values  of  **£, "  the  coefficient  of  elasticity,  were 
computed  by  eq.  (i),  /  representing  the  stretch  in  80  inches 
divided  by  80.  The  stretch  in  every  case  was  measured 
at  a  stress  of  10,000  poimds  per  square  inch,  which  is  the 
limit  quite  generally  specified  as  a  maximtim  in  railway 
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bridges  of  ordinary  length.  It  is  seen  that  the  values  thus 
determined  are  not  on  the  whole  very  different  from  those 
shown  in  Table  I  for  double  this  intensity  of  stress. 

Bar  No.  9  was  slightly  warped  and  No.  25  not  origi- 
nally straight,  but  the  coefficients  do  not  seem  to  be  appre- 
ciably affected. 

A  comparison  between  the  results  for  single  and  double 
rolled  iron  shows  that  there  is  no  appreciable  difference 
between  them  either  in  imiformity  or  magnitude.  In  the 
aggregate,  the  values  run  from  25,000,000  to  37,209,300 
poimds,  giving  a  variation  of  fifty  per  cent,  of  the  lowest 
amotmt.  The  latter  value  is  too  high  and  is  doubtless  due 
to  some  error  in  observation.  The  same  observation  can 
be  applied  to  all  values  averaging  about  29,000,000. 

Double  rolling,  which  materially  increased  the  cost  of 
the  metal,  is  thus  seen  to  give  it  no  elastic  advantage. 

Table  III  gives  the  results  of  the  experiments  of  Mr. 
Eaton  Hodgkinson  on  the  tensile  elasticity  and  pennancnt 
set  of  two  wrought-iron  bars.  The  coefficients  of  elasticity 
E  have  been  computed  from  the  data  contained  in  the  first 
three  columns  as  given  by  Mr.  B.  B.  Stoney  in  his  '  *  Theory 
of  Strains  in  Girders  and  Similar  Structures. ' '  The  follow- 
ing is  the  notation  used : 

p=  poimds  per  square  inch; 
L/=  total  elongation,  or  strain,  for  the  bar; 
* ' Sets '  *  =permanent  set ; 

E  =  coefficient  of  tensile  elasticity ^pxL-^Ll. 

These  experiments  show  some  very  interesting  results. 

In  the  first  place  permanent  sets  were  observed  with 
the  low  intensities  of  stress  of  8003  and  3786  pounds,  and 
it  becomes  a  question  whether  permanent  sets  would  not 
have  been  observed  with  lower  intensities  and  more  deli- 


Art.  41.]  IVROUGHT  IRON.— COEFFICIENT  OF  EL/tSTICITY.        211 

Table  III. 

TENSILE  EXPERIMENTS  ON  TWO  ANNEALED  "  BEST"  WROUGHT- 
IRON   BARS  TEN   FEET  LONG  AND   ONE  INCH  SQUARE. 


Bar  No.  z. 


a. 668 

5.335 

8.003 

10,670 

13.338 
16,005 

18,673 
a  1, 340 
34.008 
26,676 

39.343 
aa.oix 


34.678 
37,346 
Repeated 

40.013 


Repeated 
and  left  on 


43 


u. 


681 


Repeated 


Inches 
.00986 
.oaa27 
. 03407 
.04556 
.05705 
.06854 
.07993 

.09193 
.10485 
.12163 
.15458 
.36744 
.38271 
in  5  minutes 

.5148 
1.095 

1.1949 
X.220 
in  5  minutes 

X.41X 
after  i  hour 

1.434 
after  2  hotirs 

1.433 
after  3  hours 

1.434 
after  4  hours 

1.436 
after  5  hours 


1.437 
ber  6h 


after 


otus 


1.443 
after  7  hours 

1.443 
after  8  hours 


1.443 
after  9  hours 

^1.443^ 
after  lohrs. 

2.148 
in  5  mmutes 

2.3^9 
in  5  minutes 


Sets. 


Inches. 


. 000305 
. 000407 
. 000509 
.000610 
.000813 
.00x525 
. 003966 
. 009966 
.03x424 

.13566 


. 36864 
I .01695 
I .02966 
1.093 


1.983 


E. 


32.457,000 
28,198,000 
28,180.000 
28. 1  ox  ,000 
28.056,000 
28,020,000 
38,033,000 
37,855.000 
37,475,000 
36,308.000 
22.782,000 
x4.36i,ooo 


8,083,000 
4.077,000 


Bar  No.  2. 


3,924.000 


2,384.000 


1,262 

3,534 
3,786 

5.047 
6,309 
7,571 
8.833 
10,095 

11,357 
13,619 
13,880 
15,143 
16,404 
17,666 
18,928 
20,190 
31,453 
33,713 
33,795 
35,337 
26,499 
27,761 
39,023 
30,285 
30.385 


30,385 

30,285 

Repeated 


31.546 

Repeated 

33,808 
Repeated 


L/. 


Inches. 
.00520 
.0x150 
.0x690 
.02240 
.02772 
.03298 
.03790 
. 04300 
. 04854 
.05370 
.05950 
. 06480 
. 06980 
.07530 
.08x70 
.08740 
.09310 
.09920 
.X0570 
.11250 
. 1 2040 
. 1 2880 
.14500 
.1991 
.  2007 
after  5  min. 

.  2018 
after  10  min. 

.2045 
after  x  5  min 

.2080 
after  20  min 

.  2096 
after  i  hour 

.2366 
after  17  hrs. 

.  242 

after  5  min. 

.2449 
after  5  min. 

.5506 

.7024. 
after  s  min. 

. 70966 
after  10  min 


Sets. 


Inches. 


.00050 
. 00060 
.00050 
.00045 
.00050 
.00050 


.00070 


,00130 


.00270 


,0120 


.0736 

.0774 
.0796 
.08x4 
.1083 
.1083 

.11X1 

.4141 
.5635 

.6558 


E. 


39,125,000 
36.347,000 
36,851,000 
26.990,000 
37,313,000 
27.551,000 
27.953.000 
38,198,000 
28,077.000 
38.199,000 
37,984.000 
38.041,000 
28,186,000 
28,153,000 
27,794.000 
27,734.000 
37.644,000 
37,474.000 
37,313.000 
36.019,000 
36.430,000 
35.873,000 
23.986.000 
18,344.000 
x8,030,ooo 


15,617,000 


7.132.000 
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Table  III. — Continued. 


Bar  No.  x. 

Bar  No.  2. 

P- 

LI. 

Sets.              E. 

p. 

LI. 

Sets.           E. 

Repeated 

Inches. 
2.38^ 
in  xonun. 

2.428 
after  46  hrs. 

a.  580 
after  5  min. 

2.60s 
after  i  hour 

2.606 
after  2  hours 

2.606 
after  19  hrs. 

2.975  . 
after  5  nun. 

3.019 
after  x  hoxir 

3.029 
after  11  hrs. 

4.195. 
m  xomin. 

4.226 

4.227 
m  7  hours 

4.227 
m  X  2  hours 

Broke 

Inches. 

2.2X2 
2.237 
2.377 

a,  109, 000 

• 
X, 936, 000 

1,448,000 

Repeated 

34.070 

34.070 

34.070 
Repeated 

35332 

Repeated 

<  4 

36,594 

37.856 

Inches. 
1 .0x4 
after  1 5  min. 

X . 346  . 
after  x  mm. 

1 .400 
after  2  min. 

1.600 

X.65 
after  i  min. 

1.786 
after  x  hour 

2.04 
after  s  min. 

2.X8 

after  5  min. 
2.254 

2.54    . 
after  6  mm. 

2.894 

Inches. 
.866 

3.839.000 

45.348 
Repeated 

Z.44 

•  • 

X.628 

1.874 
2.01 

2.08 

«• 

48,0x6 

Repeated 
<  4 

2.403 
2.733 

3.941 

2,078,000 

1,743.000 
X. 571,000 

50,684 

Repeated 
<  < 

•  • 

53,351 

cate  apparatus,  at  least  for  a  short  time  after  the  material 
is  subjected  to  stress. 

In  both  bars  the  largest  value  of  E  is  fotmd  for  the 
smallest  intensity  of  stress.  In  bar  No.  i  the  values  of  E 
decrease,  with  one  exception,  regularly  from  the  greatest. 
In  bar  No.  2,  however,  greater  irregularity  is  observed; 
there  are  two  maxima,  one  for  the  intensity  1262  pounds, 
and  the  other  for  about  12,000,  with  nearly  regular  gra- 
dations from  these  values. 

Considering  the  whole  range  in  both  bars,  E  may  be 
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considered  nearly  constant  xintil  an  intensity  of  about 
i6,ooo  pounds  per  square  inch  is  reached  in  each  case;  it 
then  begins  to  fall  off  very  rapidly.  26,000  pounds  per 
square  inch,  then,  may  be  considered  about  the  limit  of 
elasticity  for  both  bars. 

It  is  very  important  to  observe  the  increase  of  strain 
with  the  lapse  of  time  after  the  limit  of  elasticity  has  been 
considerably  passed. 

Values  of  the  coefficient  of  elasticity,  therefore,  mean 
little  after  that  limit  is  exceeded. 

The  results  of  the  experiments  on  bar  No.  i  are  shown 
graphically  in  Fig.    i.     The  values  of  **p''  are  laid  off 
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Fig.  I. 


vertically  through  0  to  a  scale  of  20,000  poimds  to  the  inch ; 
the  tensile  strains  are  the  horizontal  coordinates  of  the  curve 
laid  down  at  full  size.     The  essentially  straight  portion  of 
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the  curve  between  0  and  a  is  within  what  is  ordinarily 
known  as  the  *  *  elastic  limit. ' ' 

The  equation  for  this  portion  of  the  line  is 

E  being  assumed  constant  if  Oa  is  considered  straight. 

The  point  a  is  at  a  vertical  distance  above  O  indicating 
about  26,000  potmds  per  square  inch,  i.e.,  about  the  elastic 
limit.  Above  this  point  the  curvature  of  the  line  is  very 
sharp,  indicating  a  rapid  fall  in  the  value  of  E  and  a  rapid 
rise  in  the  values  of  the  strains  /  or  LI.  For  **/>"  =27,000 
(nearly)  the  table  shows  £  =  23,000,000  (nearly)  and  LI 
=  0.12  inch;  while  for  **/>*' =37,000,  £=4,100,000  and 
L/=- 1.095  inches  (nearly).  These  phenomena  are  always 
characteristic  of  the  limit  of  elasticity. 

Above  the  point  b  the  curvature  is  slight,  indicating 
(what  the  table  shows)  a  comparatively  slow  change  in 
the  values  of  £. 

The  table  shows  that  bar  No.  2  would  exhibit  a  curve 
of  precisely  the  same  character  but  with  a  more  rapid 
decrease  to  £  above  the  elastic  limit.  The  tests  of  this  bar 
were  not  carried  to  failure  on  accoimt  of  the  breaking  of 
one  of  the  holding  details. 

Within  the  elastic  limit  the  mean  values  of  £  may  be 
taken  about  as  follows: 

For  bar  No.  i , 

£  =  28,000,000  pounds. 

For  bar  No.  2, 

£  =  27,000,000  pounds. 

« 

Reviewing  the  preceding  values,  therefore,  it  would 
appear  that  the  coefficient  of  tensile  elasticity  for  good 
wrought  iron  may  be  ordinarily  taken    to    lie    between 
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25,000,000  to  30,000,000  pounds  per  square  inch,  with 
extreme  values  arising  from  variation  of  mode  of  manu- 
facture, chemical  constitution,  size  of  bar,  etc.,  lying  some 
distance  either  side  of  those  limits. 

Since  £^=f>  if  /^  =  i»  ^"""f"  ^^^  ^  ^^^  elongation  or 
tensile  strain  for  each  imit  of  stress;  hence,  the  coefficient 
of  elasticity  is  the  reciprocal  of  the  strain  for  a  unit  of  stress. 
For  an  intensity  of  stress  of  20,000  pounds,  for  example, 

then, 

,   20,000        20,000 
/=» to 


25,000,000     30,000,000 

to 


1250  1500' 

or  a  bar  of  wrought  iron  will  be  stretched  rsVrth  to  rArTrth 
of  its  length. 

Ductility  and  Resilience. 

Curves  showing  the  intensities  of  stresses  and  the 
strains  corresponding  to  them,  like  that  of  Fig.  i,  exhibit 
with  much  completeness  the  physical  characteristics  of  the 
specimens  under  test.  In  that  figure,  for  instance,  the 
straight  portion  oa  of  the  strain  curve  belongs  to  the  purely 
elastic  behavior  of  the  metal,  and  the  point  a  indicates 
the  elastic  limit  at  26,000  pounds  per  square  inch.  The 
point  e  indicates  the  stretch  limit  at  about  29,000  poimds 
per  square  inch.  Between  a  and  e  there  is  no  constant 
proportionality  between  constant  increments  of  stress  and 
the  corresponding  increments  of  strain,  but  there  is  not  a 
perceptibly  great  increase  of  strain  for  a  given  small  in- 
crement of  stress  until  the  stretch  limit  e  is  passed.  As 
the  intensity  of  stress  increases  beyond  e,  however,  the 
material  is  said  to  break  down;  in  other  words,  constant 
and  comparatively  great  increases  of  strain  take  place  for 
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a  given  small  increment  of  stress,  and  that  condition  may 
in  some  cases  hold  until  the  test  specimen  parts  in  failure. 
In  other  cases,  like  that  shown  in  Fig.  i,  the  latter  part  of 
the  strain  curve,  such  as  be  approaches  more  nearly  a 
straight  line  not  greatly  inclined  to  a  horizontal.  This 
indicates,  as  shown  in  the  figure,  that  although  the  load  on 
the  test-piece  is  not  much  increased,  the  piece  itself  is 
stretching  rapidly.  The  highest  point  c  of  the  curve  in- 
dicates the  ultimate  resistance.  In  the  present  instance 
the  test-piece  parted  at  the  ultimate  resistance,  but  in  such 
highly  ductile  materials  as  structural  steel  there  would 
be  a  continuation  of  the  strain  curve,  as  shown  by  the 
broken  portion  of  which  is  inclined  downward  at  a  rapid 
rate,  showing  that  although  the  metal  is  not  actually 
parted  the  load  which  it  carries  is  rapidly  decreasing. 

The  work  performed  in  rupturing  the  test-piece  can 
also  be  readily  computed  from  Fig.  i.  The  actual  strain 
shown  by  the  horizontal  coordinate  of  any  point  of  the 
cufve  is  the  entire  path  of  the  force  or  load  carried  by  the 
test  specimen  up  to  the  degree  of  stress  indicated  by  the 
vertical  ordinate  of  the  ctirve.  In  other  words,  the  amount 
of  work  performed  on  the  specimen  up  to  the  point  b  is 
indicated  in  inch-pounds  by  the  area  of  the  figure  oebg, 
just  as  the  entire  work  performed  in  rupturing  the  speci- 
men is  shown  by  the  area  of  the  complete  figure  oebch. 
The  strain  at  the  elastic  limit  of  26,000  pounds  per  square 
inch  is  .11744  inch.  The  average  force  acting  upon  the 
specimen  up  to  the  elastic  limit  would  be  one  half  of  26,000 
poxmds,  or  13,000  potmds,  as  the  cross-sectional  area  of 
the  test  specimen  is  one  square  inch.  The  elastic  resilience 
or  work  performed  upon  the  specimen  up  to  the  elastic 
limit  is,  therefore, 

26,000  z:    •      -.  J 

.1.1744X =1527.6  mch-pounds. 
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Inasmuch  as  the  test  specimen  was  120  inches  long,  the 
elastic  resilience  of  the  bar  would  be  12.73  inch-pounds 
per  cubic  inch  of  its  volume.  Similarly,  the  area  of  the 
rectangular  figure  oebch  is  4.97  square  inches,  and  as  the 
scale  of  force  is  20,000  pounds  per  linear  inch,  that  figure 
represents    4.97X20,000    poxmds  =  99,360    inch-pounds    of 

work;  or  — -     -  =828  inch-poimds  of  work  per  cubic  inch 

of  volume  of  the  test  specimen.  If  this  test-bar,  therefore, 
were  to  be  broken  by  a  falling  weight  of  100  poimds,  that 
weight  would  be  required  to  fall  through  a  height  of 

99»36o  .  .     - 

-^^r^ —  =993.6  inches. 
100 

It  is  clear  from  the  figure  that  if  the  metal  possessed 
little  ductility  so  that  its  strain  curve  extended  no  further 
than  the  point  6,  the  work  required  to  be  expended  in 
breaking  it  would  be  very  small  compared  with  that  needed 
for  rupturing  the  actual  wrought-iron  piece.  The  effect 
of  a  falling  weight  may  represent  a  shock  or  blow,  or  be 
taken  as  the  equivalent  of  what  is  usually  called  a  suddenly 
applied  load.  These  considerations  show  why  a  ductile 
material  requiring  so  much  more  work  to  be  performed 
to  break  it  is  much  better  adapted  to  sustain  shock  than 
a  non-ductile  or  brittle  material.  The  latter  class  of 
materials  can  be  strained  so  little  before  failure  that  little 
work  is  required  to  be  expended  to  break  them. 

Computations  of  resilience  or  work  to  be  expended  in 
straining  a  material  either  up  to  the  elastic  limit  or  even 
up  to  the  point  of  failure  are  very  rarely  made  in  civil 
engineering  practice,  although  the  value  of  a  metal  possess- 
ing high  values  of  resilience  is  always  recognized.  Such 
strain  curves  as  those  shown  in  Fig.  i  disclose  completely 
the  ductile  properties  and  resilience  of  any  metal  to  which 
they  belong. 
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Ultimate  Resistance  and  Elastic  Limit 

It  has  been  found  by  experiment  that  bars  of  wrought 
iron  which  are  apparently  precisely  alike  in  every  respect, 
except  in  area  of  normal  section,  do  not  give  the  same  ulti- 
mate tensile  resistance  per  square  inch.  Other  things  being 
the  same,  bars  of  the  smallest  cross-section  give  the  greatest 
intensity  of  ultimate  tensile  resistance. 

Aside  from  the  absence  of  uniform  distribution  of 
stress  in  the  interior  of  the  bar,  as  was  shown  in  the  section 
*  *  coefficient  of  elasticity, ' '  and  the  intensified  effects  of  the 
processes  of  production  on  pieces  with  comparatively 
small  cross-sections,  this  result  is  to  be  expected  from  the 
circumstances  which  attend  fracture.  When  a  piece  of 
material  is  subjected  to  tension  to  the  point  of  rupture,  not 
only  a  tensile  strain  of  essentially  uniform  character,  from 
end  to  end,  takes  place,  but  also  a  very  considerable  local 
transverse  strain  or  contraction  at  the  place  of  fracture. 
Xhis  latter  manifests  itself  only  shortly  before  rupture  as 
a  short  **neck**  in  the  piece.  A  given  percentage  of 
**  local'*  contraction  in  the  case  of  a  large  section  involves 
a  much  larger  absolute  lateral  movement  of  the  molecules 
than  in  the  case  of  a  small  section,  and  it  is  evident  that 
this  absolute  lateral  movement  will  exert  a  much  more 
potent  influence  toward  severing  the  molecules  sufficiently 
for  rupture  than  the  percentage  of  contraction.  Hence  the 
degree  of  local  and  lateral  movement  required  by  rupture 
will  be  reached  with  a  less  mean  intensity  of  stress  in  the 
cases  of  large  sections  than  in  those  of  small  ones.  This 
is  equivalent  to  a  greater  intensity  of  ultimate  resistance 
for  the  small  sections,  and,  as  has  been  indicated,  this  con- 
clusion is  verified  by  experiment. 

The  same  considerations  result  in  the  additional  con- 
elusion  that,  other  things  being  equal,  the  smaller  sections 
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will  give  the  greater  -final  contraction,  and  a  greater  in- 
tensity of  ultimate  resistance  with  greater  final  contraction 
involves  a  greater  final  stretch  for  the  same  length  of  piece. 

These  last  two  conclusions  will  also  be  found  to  be 
.  hereafter  verified  by  experiment. 

Again,  it  is  found  independently  of  the  effects  of  the 
processes  of  production,  as  might  be  anticipated,  that  the 
length  in  terms  of  the  lateral  dimensions  of  the  test  piece, 
within  certain  limits,  affects  very  perceptibly  the  ultimate 
resistance. 

If  a  specimen  of  the  shape  shown  in  Fig.  2  be  broken  by  a 
tensile  stress,  it  will,  of  course,  fail  in  the  reduced  section 
MN,     Before    failure    takes    place,  the    reduced  portion 


Fig.  2. 

will  be  considerably  elongated  and  the  normal  section 
correspondingly  reduced  in  consequence  of  the  shearing 
strains  in  the  oblique  planes  shown  by  the  dotted  lines. 
(See  Arts.  3  and  4.)  When  the  reduced  portion  in  the 
vicinity  of  MN  is  very  short  in  comparison  with  its  lateral 
dimensions,  it  includes  the  whole  of  very  few  of  these  oblique 
planes,  if  any  at  all;  consequently  very  little  movement 
of  these  oblique  layers  over  each  other  can  take  place ;  in 
other  words,  little  or  no  reduction  of  section  can  take  place 
before  rupture.  In  this  latter  case,  then,  a  greater  area 
of  metal  section  will  offer  its  resistance  to  the  external 
tensile  force,  at  the  instant  of  failure,  than  in  the  former, 
and  a  correspondingly  greater  intensity  of  ultimate  re- 
sistance will  be  found.  Thus  the  shape  and  dimensions 
of  the  test  piece  will  considerably  influence  the  ultimate 
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resistance  and  strains,  as  will  soon  be  shown  by  experi- 
mental results. 

All  the  preceding  conclusions,  though  given  in  con- 
nection with  wrought  iron,  are  independent  of  the  nature 
of  the  material,  and  apply  equally  to  steel  and  cast  iron. 

Since  the  reduction  of  area  of  the  fractured  section  and 
the  elongation  of  the  bar  are  true  measures  of  the  ductility 
of  the  iron,  these  are  or  should  be  always  measured  w4th 
care. 

Table  IV  exhibits  in  a  very  plain  manner  the  decrease 
of  ultimate  tensile  resistance  with  the  increase  of  sectional 
area  of  roimd  bars ;  it  is  taken  from  the  *  *  Report  of  the 
Committees  of  the  U.  S.  Board  appointed  to  Test  Iron, 
Steel,  and  other  Metals,'*  etc.,  by  Commander  L.  A. 
Beardslee,  U.S.N. 

This  decrease  is  probably  partly  due  to  the  effect  pro- 
duced upon  the  iron  by  the  rolls  as  it  passes  through  them, 
the  bars  of  smaller  sections  being  more  *  *  drawn '  *  and  at  a 
lower  temperature  in  consequence  of  the  less  mass  cooling 
*  more  quickly. 

The  notation  of  the  table  is  the  following: 

*  *  Dia. ' '  =  diameter  of  the  roimd  bar  in  inches ; 
**r.''      =  ultimate  tensile  resistance; 
*'E.  L/'  =  elastic  limit. 

It  will  be  observed  that  the  ultimate  resistance  per 
square  inch  varies  between  widely  separated  limits,  in  spme 
cases,  for  the  same  diameter  of  bar.  This  is  due  to  the 
fact  that  the  different  bars,  even  of  the  same  diameter, 
were  from  a  number  of  different  mills,  and  consequently 
involved  different  treatment  in  manufacture,  chemical 
constitution,  etc.  A  general  view  of  the  table,  however, 
shows  in  a  marked  and  satisfactory  manner  the  decrease 
of  T  with  the  increase  of  the  diameter  or  area  of  normal 
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section.  The  last  fourteen  bars  of  the  table  are  of  the 
same  mantifacture  and  show  a  decrease  in  T  as  nearly 
uniform  as  could  be  expected. 

Table  IV. 

ULTIMATE  RESISTANCE  AND  ELASTIC  LIMIT  IN  POUNDS  PER 
SQUARE   INCH   OF   ORIGINAL   NORMAL   SECTION. 


Dia. 

T. 

E.L. 

Dia. 

T. 

E.L. 

Dia. 

T. 

E.L. 

i 

50.885 

\t 

53.016 

35.379 

ill 

50.969 

30,814 

\ 

54.090 

40.980 

•  ■ 

51,296 

31,992 

•  • 

50.307 

29,767 

62,700 

A  i 

50,594 

34,940 

4^|^>53 

( • 

59.000 

I* 

57,052 

38.417 

\\ 

55.»03 

31,031 

•  « 

57.700 

4  t 

56,50s 

32.496 

t  < 

53.100 

32.074 

i  • 

4 1 

55.400 

39.126 

•  • 

55.131 

33.771 

A  A 
4  A 

53,875 

35,641 

5»,»7S 

54.540 

m    £ 

53,505 

32,312 

f 

55.450 

A  1 

55.415 

32.869 

4    • 

51.459 

27.816 

*• 

Sa.oso 

— — 

•  4 

54.354 

34,617 

4  4 

50,363 

t 

57.660 

A  A 
AA 

54.544 

33.027 

•  • 
A  4 

51,039 

49.744 

33.067 
35.615 

51.540 

35.933 

53»512 

50,630 

33.931 

A  A 

52,819 

34.840 

A  A 

48.670 

23.250 

61.717 



A  A 

52.736 

34.901 

3.0 

60,313 

31,441 

57.363 

37.4«S 

A  A 

52,700 

35.880 

1  4 

53,914 

31.198 

57,807 

39.230 

A  A 

52.155 

27,708 

49,164 

56,790 

36,88s 

A  A 

51,994 

32.054 

9  w 

51.684 

33.104 

5i,92« 

31,300 

A  4 

5«,456 

34,591 

m  m 

53,137 

33.461 

53,819 

33.267 

A  4 

51.047 

%  % 

53,011 

34.703 

51.400 

34.600 

\t 

56.344 

35,889 

4  A 

51,146 

38.567 

i^ 

60.458 

37.344 

57.402 

35,701 

A  A 

50,000 

36.184 

57.470 

31.900 

1  ft 

56,227 

33,207 

9  ■ 

50,171 

28,983 

57.498 

41.3IX 

1  • 

54.334 

33.163 

A  4 

47.813 

35,864 

55.927 

37.350 

•  4 

53.339 

33.540 

4  4 

48,249 

31.413 

54644 

34.695 

*  * 

53.614 

30,664 

4  4 

46,151 

36.0S0 

53.900 

26,787 

« 1 

53,675 

33.745 

2^ 

51.559 

53,035 

34.410 

i  t 
it 

53,314 

39,364 

3i 

4  • 

49,433 
50,481 

tf  V       'S  4  ^ 

?.* 

52,367 
59.461 

33,019 
36.501 

«i 

53,401 

34.01 3 
33.318 

51.205 

51,225 

57.897 

33,469 

(• 

50.970 

33,635 

A  A 

48.382 

30.459 

55.782 

35.596 

».W 

56,595 

38.310 

^^ 

51,666 

56,334 

33.931 

1  t 

54.114 

',\ 

51,530 

55.253 

34.784 

4  A 

57.789 

34.160 

4  • 

49.290 

33,163 

53.893 

32,712 

i.t 

57.874 

A  A 

48.898 

53.347 

32.520 

4  4 

54.410 

31.354 

A  A 

46.866 

28,241 

'■i 

53.752 

A  A 

53.846 

36.573 

*.* 

48.475 

28.933 

52.970 

32,075 

A  A 

55.018 

34.383 

4  1 

47.428 

29.941 

53.033 

A  A 

53.264 

4  4 

47.344 

29.758 

50.040 

30,730 

A  A 

53,154 

35,333 

2* 

46.446 

26.333 

\} 

58.926 

37.548 

4  A 

51.509 

39.404 

3.0 

47,761 

36,400 

58.031 

32.152 

A  A 

50.39  s 

36,354 

It 

4T,oi4 

34.591 

54.949 

31,030 

A  A 

50,547 

35.954 

47.000 

34.961 

54.377 

33.622 

A  A 

49,816 

31.214 

3* 

46.667 

33.636 

53,733 

34,606 

A  A 

50,139 

33,271 

4.0 

46,322 

23,430 

53.557 

33.650 

53,537 

34.469 

't» 

56,577 

1 

In  the  words  of  the  Report,  as  given  by  Wm.  Kent,  C.E., 
in  the  abridgment,  *  *  The  elastic  limit  as  given  is  not  from 
perfectly  accurate  data ;  it  is  simply  the  amount  of  stress 
which  produced  the  first  perceptible  change  of  form, 
divided  by  the  bar's  area." 
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RECTANGULAR  BARS. 
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Kind  of  Iron. 

Size  of 

Stress  in  Lbs. 
per  Sq.  In. 

Per  Cent,  of 

No. 

Bar. 

Pinal 

Elastic 
Limit. 

Ultimate. 

Elongation 

in  80 

Inches. 

Final  Con- 
traction. 

Inches. 

I 

Single  Refined 

3Xi 

29,000 

52,470 

18.0 

31.0 

2 

Double      ' ' 

3Xi 

31,000 

53,550 

16.0 

27.7 

3 

Single 

5Xii 

27,330 

50.410 

16.6 

24.1 

4 

Double      *• 

5Xii 

27,170 

50,920 

19.0 

25.7 

5 

Single 

3Xi 

28,330 

48,700 

131 

27.1 

6 

Double      " 

3Xi 

29,170 

51,370 

22.2 

35.6 

7 

Single        '• 

5Xii 

24,830 

49,240 

16.0 

18. 1 

8 

Double      ** 

5Xii 

27,170 

51,010 

19.7 

29.5 

Table  V  shows  the  results  of  some  tests  in  the  U.  S. 
Govt,  machine  during  1881,  at  Watertown,  Mass.  Nos.  i 
and  2  are  means  of  four  tests;  the  others  are  means  of 
three.  Nos.  i,  2,  3,  and  4  are  for  bars  from  the  Elmira  Iron 
and  Steel  Rolling  Mill  Co. ;  Nos.  5,  6,  7,  and  8  are  from  the 
Passaic  Rolling  Mill  Co.  As  a  rule  the  large  bars  give  the 
least  elastic  limit  and  ultimate  resistance. 

It  is  also  important  to  observe  that  the  double  refined 
iron,  with  two  exceptions,  gives  the  highest  results  of  all 
kinds. 

It  appears  from  an  examination  of  the  tables  that 
although  there  are  irregularities  the  elastic  limit  may  be 
taken  for  all  practical  purposes  as  half  the  ultimate  resist- 
ance. 

The  ultimate  resistance,  it  is  to  be  particularly  observed, 
is  given  in  poimds  per  square  inch  of  original  sectional  area. 
On  accoimt  of  the  reduction  of  the  fractured  section  the 
ultimate  resistance  should  be  specifically  referred  either 
to  its  own  section  (to  be  noticed  hereafter)  or  to  the  original 
section.     The  customary  reference  is  to  the  latter,  though 
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it  is  frequently  interesting  to  make  an  accompanying 
reference  to  the  former. 

The  committee  also  mside  some  valuable  experimental 
investigations  with  the  object  of  ascertaining  the  influence 
of  the  relative  dimensions  of  the  test-piece,  already  re- 
marked upon  in  connection  with  Fig.  2.  Eighteen  speci- 
mens were  prepared,  of  which  Figs.  3  and  4  represent 
types. 

Fig.  3  represents  a  specimen  whose  middle  portion  is 
turned  down  to  a  tmiform  diameter.     Seventeen  of  the 


Fig.  3. 


Fig.  4. 


specimens  were  of  this  kind,  with  lengths  of  cylindrical 
portions  varying  from  \  inch  to  10  inches.  Fig.  4  repre- 
sents the  eighteenth  specimen,  with  simply  a  groove  in  the 
centre,  in  which,  at  ab,  the  fracture  took  place.  In  this 
latter  specimen  the  reduction  of  area  at  the  section  of 
failure  must  necessarily  be  much  less  than  in  those  like 
Fig.  3 ;  hence  the  ultimate  resistance  will  be  correspondingly 
greater. 

Table  VI  is  taken  from  the  Report  already  cited,  and 
contains  the  results  of  the  experiments  on  the  eighteen 
specimens  prepared  in  the  manner  indicated  above. 


324 


TENSION. 


[Ch.  VL 


Zr  =5 original  length  in  inches; 
I  =per  cent  of  elongation ; 
a  -per  cent  of  contraction  of  fractured  area; 
t^  =  stress  in  pounds  per  square  inch  at  first  stretch; 
r=  ultimate  tensile  resistance  in  poimds  per  square  inch 
of  original  section. 

Table  VL 


No. 

L. 

/. 

a. 

t. 

T. 

Remarks. 

I 

lO 

23.1 

38.2 

29,678 

54,888 

Slight  seam. 

2 

9i 

24.3 

36.5 

28,011 

55,288 

3 

9 

21.5 

31.1 

29.345 

55,355 

4 

Si 

22.0 

31-2 

29,345 

55,622 

5 

7i 

25.0 

39-9 

30,840 

54,890 

Slight  seam. 

6 

7 

25.8 

38.6 

30,412 

55,488 

7 

6J 

22. 1 

40.0 

28,562 

51,800 

Bad  seam. 

8 

6 

22.3 

34-7 

30,600 

55,418 

9 

5i 

25.4 

39-3 

29,475 

55,333 

lO 

5 

21 .2 

32.2 

29,278 

55.887 

Slight  seam. 

II 

4 

25.7 

37.4 

29,705 

55,532 

12 

34 

26.7 

36.6 

31,817 

55,482 

13 

3 

27.0 

38.3 

31,123 

56,190 

14 

2 

27.0 

36.2 

33,428 

56.428 

Seamy. 

15 

i4 

26.0 

34  0 

42,249 

57,096 

<  t 

i6 

I 

37.0 

34.3 

34,288 

58,933 

17 

i 

300 

37-9 

57,565 

59,388 

Seamy. 

i8 

Groove 

•    •  •   • 

20.6 

45.442 

71,300 

The  diameters  at  the  section  of  failure  were  nearly 
uniform  and  originally  about  0.97  inch. 

The  values  of  /,  a,  and  T  are  as  nearly  uniform  as  could 
be  expected  until  the  length  decreases  to  about  4  diameters 
(2  inches). 

For  the  grooved  specimen  t  and  T  are  very  large  and 
a  very  small. 

Other  experiments  on  a  still  softer  iron  were,  made  with 
the  same  general  results. 

**In  conclusion,"  states  the  committee,  "our  results 
lead  us  to  the  decision  that,  in  testing  iron,  no  test  piece 
should  be  less  than  one  half  inch  in  diameter,  as  inaccuracy 
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is  more  probable  with  a  small  than  with  a  large  piece,  and 
the  errors  are  more  increased  by  reduction  to  the  square 
inch ;  that  the  length  should  not  be  less  than  four  times  the 
diameter  in  any  case;  and  that,  with  soft,  ductile  metal 
five  or  six  diameters  would  be  preferable.** 

It  has  long  been  the  impression  that  there  exists  a 
considerable  difference  between  the  ultimate  tensile  re- 
sistance of  the  **skin*'  of  a  bar  of  iron  and  that  of  the 
portion  of  the  bar  underneath  the  skin.  The  U.  S.  Com- 
mittees, therefore,  broke  a  number  of  bars  first  with  the 
skin  on,  or  *  *  in  the  rough,  * '  and  then  with  the  skin  turned 
off.  In  a  large  majority  of  the  cases  the  rough  bars  gave 
the  highest  ultimate  resistance  per  square  inch  by  a  small 
amount,  while  in  a  few  cases  the  results  were  of  the  oppo- 
site character.  On  the  whole,  however,  **the  accumulated 
evidence  indicates  that  the  strength  of  the  skin  of  the  bar 
is  greater  in  proportion  .to  its  area  than  that  of  the  rest  of 
the  bar." 

All  the  tests,  of  which  the  results  have  hitherto  been 
given,  were  made  on  roimd  bars  or  on  specimens  turned 
from  them.  Results  of  tests  on  other  iron  will  now  be 
detailed,  and  it  will  be  convenient  to  use  the  following  and 
customary  symbols  for  the  vaHous  kinds  of  ** shape'* 
irons : 

L ,  for  angle  irons ; 
J, ,  for  tee  irons ; 

C .  for  channel  bars ; 
I ,  for  eye  beams ; 

D,  for  rectangular  bars  or  ** flats**; 
O I  for  rounds ; 

+ ,  for  star  sections ; 

in  short,  any  shape  iron  or  steel  is  represented  by  a  skelo- 
ton  of  its  section. 
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Table  VII  contains  the  results  of  tests  of  a  wide  range 
of  full-sized  eye-bars  as  ordinarily  manufactured  for  bridge- 
building  purposes.     Some  were  made  and  tested  in  1887. 

Table  VII. 


Section. 
Inches. 

Length. 
Inches. 

E.L. 

r. 

Cont. 

Strain. 

Remarks 

(. 

4  XI 

237 

27,500 

51,000 

0.25 

0.143    "Strain"  for  17 

ft. 

(a) 

4  XI 

66 

25,318 

48.070 

0.24 

0.117          * 

*'      4 

ft. 

(a) 

3  X     i 

230 

32,590 

51,870 

0.365 

0.216         * 

"    16 

ft.l 

3iXi: 

173 

30,360 

49,040 

0.326 

0.208         * 

*'    13 

ft.  1 

'(6) 

4  Xii 

251 

33,000 

50,350 

0.336 

0.208         * 

"    18 

ft. 

5  Xii 

251 

28,010 

47,440 

0.17 

0.175 

'*    18 

ft., 

5  Xii 

370 

26,500 

51,200 

0.16 

O.ll               ' 

•          "    29 

ft. 

(0) 

6  X2^ 

304 

26,750 

49,000 

0.2II 

0 . 1 29         * 

"    23 

ft. 

(c) 

6  X2^ 

304 

26,000 

48,000 

0.124         * 

"    23 

ft. 

(<0 

8  Xii 

300 

24,200 

41,280 

0.097 

0.061          ' 

"    23. 

3  ft. 

W 

8  XiJ 

300 

24,030 

41,860 

0.099 

0.056          ' 

"    23. 

3  ft. 

(/) 

E.  L.  =  elastic  limit  in  poimds  per  sq.  in. 

T  =  ultimate  resistance  in  poimds  per  sq.  in.  of  original 
section. 

Cont.  =  ultimate  imit  contraction  or  reduction  of  original 
area. 

Strain = ultimate  tmit  stretch  in  length  given  under 
"  Remarks." 

All  bars  except  e  and  /  were  rolled  and  manufactured 
by  the  Phoenix  Iron  Co.  The  bars  a  were  of  single-rolled 
iron,  while  all  the  others  were  of  double-rolled  material. 
The  bars  e  and  /  were  made  by  the  Central  Bridge  Co.  of 
Buffalo,  N.  Y.,  and  were  tested  at  the  U.  S.  Arsenal,  Water- 
town,  Mass.,  as  sample  bars  selected  from  those  used  in 
the  Niagara  Cantilever  bridge;  and  the  results  are  taken 
from  the  paper  on  that  structure  by  Mr.  C.  C.  Schneider, 
Ch.  Engr.,  presented  to  the  Am.  Soc.  of  C.  E.,  March  4, 
1885. 

Bars  a  were  tested  at  the  works  of  the  Phoenix  Iron  Co. ; 
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bars  b  at  the  works  of  the  Keystone  Bridge  Co.,  and  bars  c 
and  d  at  the  works  of  the  Union  Bridge  Co.,  at  Athens,  Pa. 

The  bar  d  broke  through  the  eye,  for  the  reason  that 
about  i  inch  in  thickness  of  material  was  planed  off  the  face 
of  the  head  in  order  to  get  it  into  the  testing  machine. 

The  expressions  ** single  rolled'*  and  ** double  rolled*' 
as  applied  to  the  production  of  wrought  iron  had  consider- 
able significance  during  the  first  portion  of  the  period  in 
which  wrought  iron  was  used  for  structtaral  purposes.  It 
means  that  the  iron  was  twice  rolled  from  the  muck  bar. 
The  muck  bar  was  the  product  of  rolling  the  white-hot 
spongy  mass  of  iron  produced  by  the  puddling  furnace. 
These  muck  bars  were  frequently  from  12  to  14  feet  long 
and  about  4  or  5  inches  by  i  inch  in  cross-section.  They 
were  cut  into  lengths  of  perhaps  4  or  5  feet  and  piled 
together  so  as  to  make  approximately  a  rectangular  volume 
of  dimensions  depending  upon  the  bar  it  was  desired  to 
produce.  This  pile  made  from  muck  bars  was  heated  in  a 
suitable  furnace  to  a  welding  temperature  and  then  passed 
through  rolls  imtil  it  was  sufficiently  reduced  in  cross- 
section  and  correspondingly  lengthened  so  as  to  produce 
the  finished  bar.  This  bar  was  called  ** single  rolled," 
i.e.,  it  was  once  rolled  from  the  muck  bar.  When  it  was 
desired  to  improve  the  quality  of  the  iron  these  single-rolled 
bars  were  cut  into  pieces  from  3  to  5  or  6  feet  long  and 
piled  as  were  the  portions  of  the  original  muck  bars  The 
size  of  the  pile  depended  upon  the  size  of  bar  which  it  was 
desired  to  produce.  This  pile  was  again  raised  to  a  wielding 
temperature  in  a  heating  furnace  and  then  put  through  a 
second  series  of  rolls,  thus  producing  the  double-rolled  bar; 
that  is,  twice  rolled  from  the  original  muck  bar.  At  first 
this  double  rolling  sensibly  improved  the  quality  of  the 
iron,  but  as  the  processes  for  producing  wrought  iron  were 
also  improved  the  advantage  of  double  rolling  for  all  struc- 
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tural  purposes  practically  disappeared  and  specifications 
calling  for  it  were  ultimately  omitted. 

Considered  as  a  comparison  between  single-  and  double- 
rolled  bars,  the  table  possesses  much  interest.  The  first 
three  of  the  bars  b  show  imusually  high  elastic  limits, 
which  may  have  been  the  result  of  .the  approximate 
methods  tised  in  the  observation.  On  the  whole,  however, 
the  elastic  limits  of  the  single-rolled  bars  are  not  essentially 
different  from  those  determined  for  the  double-rolled  ma- 
terial. 

With  the  exception  of  the  last  two  ultimate  resistances, 
which  are  very  low,  even  for  large  bars,  that  column  shows 
much  more  nearly  uniform  results  for  the  two  grades  of 
bars  than  found  among  the  elastic  limits,  and  the  values 
for  the  single  rolled  metal  are  fully  eqtial  to  the  best  of 
the  double  rolled.  As  was  to  be  expected,  the  smaller 
bars  gave  results  appreciably  in  excess  of  those  belonging 
to  the  latrger  ones. 

The  percentages  of  contraction  for  the  single  rolled  bars 
are  seen  to  be  on  the  whole  somewhat  smaller  than  those 
belonging  to  the  others,  although  the  advantage  is  not 
maintained  by  the  latter  throughout  the  entire  table. 
The  last  preceding  observation  holds,  but  less  markedly, 
in  the  coltimn  of  ultimate  stretch  or  **  strains.  *'  While 
the  decision  of  such  questions  should  be  made  only  on  a 
far  greater  number  of  tests  than  given  in  the  table,  it  is 
proper  to  say  that  the  latter  shows  precisely  what  is  found 
in  extended  experience,  i.e.,  that  double  rolled  iron,  as 
produced  by  the  most  reputable  iron  companies,  possessed 
only  a  possible  small  and  unimportant  advantage  in  duc- 
tility and  uniformity,  but  with  less 'welding  properties. 
Its  cost  was  from  twenty  to  twenty-five  per  cent,  over  that 
of  single  rolled  iron ;  which  was  out  of  all  proportion  to  the 
very  small  advantage  gained. 
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No  class  of  materials  used  by  engineers  possesses  more 
widely  varying  characteristics  of  a  phjrsical  nature  than 
plates  used  in  bridge  construction.  The  very  wide  plates 
forming  the  webs  of  large  plate  girders  gave  a  high  elastic 
limit,  comparatively  low  ultimate  resistance,  final  stretch 
and  contraction ;  these  were  always  sheared  plates.  Narrow 
plates,  either  rolled  in  grooves  or  universal  mill,  approxi- 
mate more  nearly  in  character  to  bars  in  all  respects  of 
elastic  and  ultimate  resistances  and  final  stretch  and 
elongation. 

Table  VIII. 

BRIDGE  PLATE  SPECIMENS. 


Test  Specimen. 

Lbs.  per  Sq.  '. 

[n.  Orig.  Sec. 

Per  Cent,  of  Final 

Original  Plate, 
inches. 

Section. 

Length. 

Elastic 

Ultimate 

Contrac- 

Stretch in 

Inches. 

Inches. 

Limit. 

Resistance. 

tion. 

8  Inches. 

8Xi 

1X0.30 

8 

31,900 

47,700 

22r.4 

19.8 

8Xi 

1X0.3 

8 

36,000 

52,800 

23.4 

175 

loXi 

1X0.26 

8 

35,110 

52,670 

20.6 

16.3 

loXi 

1X0.26 

8 

34,600 

51,540 

21.9 

16. » 

loXA 

1X0.32 

8 

37,000 

53,700 

27.2 

19.1 

loXA 

1X0.45 

8 

32,810 

51,670 

30.8 

26.3 

ioXtV 

1X0.45 

8 

32,960 

52,250 

28.3 

21.8 

loXj 

1X0.50 

8 

27,160 

49,500 

25.96 

21.0 

loXA 

1X0.57 

8 

27,400 

49,220 

29.67 

23.0 

I2Xf 

1X0.40 

8 

30,230 

50,380 

20.91 

15.0 

I2XJ 

1X0.63 

8 

34,700 

51,200 

22.5 

18.2 

i4Xi 

1X0.39 

8 

33,850 

50,390 

28.9 

19.8 

HXi 

1X0.39 

8 

34,870 

54,100 

44.1 

23.0 

2oXtV 

1X0.45 

8 

36,860 

53,930 

18.9 

13.3 

20X  j'ji 

1X0.45 

8 

36,580 

53,720 

25.6 

20.8 

24XA 

1X0.31 

8 

30,290 

46,900 

18.6 

11. 0 

24XtV 

1X0.31 

8 

28,100 

46,920 

18. 1 

15.0 

27X1 

1X0.39 

8 

39,470 

52,370 

28.2 

18.0 

3oXt»t 

1X0.32 

8 

33,330 

49,210 

15.2 

12.5 

30XA 

1X0.31 

8 

34,290 

49,680 

15.1 

11  5 

69X1 

1X0.40 

8 

35,800 

49,870 

25.6 

11.9 

72Xi 

1X0.39 

8 

44.380 

53,060 

14.5 

7.0 

72Xi 

1X0.35 

8 

44,030 

55,960 

23.0 

9.8 

In  consequence  of  the  mode  of  production  of  wrought 
iron  the  spongy  character  of  the  mass  of  iron  with  its  in- 


230  TENSION.  [Ch.  VI. 

eluded  slag  produced  in  the  puddling  furnace  caused  the 
finished  wrought-iron  product,  as  drawn  out  between  the 
rolls,  to  be  fibrous,  the  fibres  obviously  extending  in  the 
direction  of  rolling.  In  the  use  of  wrought-iron  plates, 
therefore,  it  was  necessary  in  order  to  secure  the  greatest 
ultimate  resistance  to  stress  them  along  the  fibres  and  not 
across  the  latter.  This  was  frequently  if  not  usually 
specified,  as  it  was  an  important  feature  in  the  employ- 
ment of  wrought-iron  plates.  The  data  given  in  Table 
VIII,  therefore,  belong  to  the  tests  of  plate  specimens 
which  were  loaded  in  the  direction  of  the  fibres.  In  fact, 
practically  all  specimens  of  plates  were  tested  along  the 
fibres,  although  tests  would  occasionally  be  made  across 
the  fibres  in  case  it  was  expected  to  use  the  plates  in  that 
way,  so  as  to  ascertain  the  diminished  ultimate  resistance 
relatively  to  the  results  obtained  by  loading  parallel  to  the 
fibres.  It  is  not  necessary  to  reproduce  tests  made  of 
wrought-iron  plates  across  the  fibres,  but  the  ultimate 
re  sistance  found  in  that  way  was  frequently  not  more  than 
90  per  cent,  of  that  determined  along  the  fibres  and  some- 
times less.  In  considering  the  ultimate  resistance  of 
wrought-iron  plates,  therefore,  it  is  always  necessary  to 
specify  clearly  whether  resistance  along  the  fibres  or  across 
the  fibres  is  intended.  The  mode  of  loading  iron  plates 
was  practically  always  in  the  direction  of  the  fibres,  i.e., 
in  the  direction  of  rolling. 

Table  VIII  gives  results  for  bridge  plates  throughout  a 
great  range  of  width.  All  the  specimens  were  of  the  same 
thickness  as  the  original  plates;  hence  two  sides  were  as 
they  came  from  the  rolls  and  two  were  machine  finished. 
Although  these  results  are  somewhat  irregular,  the  lowest 
ultimate  resistances  and  relatively  highest  elastic  limits 
are  foimd  with  the  greatest  widths,  with  the  exception  of 
the  7  2 -inch  plates.     It  is  altogether  probable  that  both  the 
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high  elastic  limit  and  ultimate  resistance  for  those  were 
produced  by  the  addition  of  steel  to  the  piles  from  which 
the  plates  were  rolled.  This  practice  had  obtained  some 
footing  in  order  to  meet  the  extreme  requirements  of  some 
very  exacting  specifications  based  upon  insufficient  knowl- 
edge regarding  the  actual  capacities  of  plate  iron  in  great 
widths. 

Table  IX. 

ANGLE  IRON  SPECIMENS. 


Test  Specimen. 

Lbs.  per  Sq.  In.  Orig.  Sec. 

Per  Cent. 

of  Pinal 

Size   of 

Original   Angle. 

Inches. 

Section. 

Length. 

Elastic 

Ultimate 

Contrac- 

Stretch in 

Inches. 

Inches. 

Limit. 

Resistance. 

tion. 

8  Inches. 

Pounds. 

6  X4  —71 

1X0.7 

8 

26,800 

49,420 

25.6 

24.5 

6  X4  —46 

1X0.46 

8 

28,570 

49.460 

24.6 

20.0 

6  X4  —46 

1X0.46 

8 

28,850 

49,340 

27.3 

21.3 

6  X3i^36 

1X0.38 

8 

29,890 

47,090 

195 

II. 8 

6  X3i-36 

1X0.38 

8 

30,520 

48,420 

18.2 

13.0 

5  X3  —25 

1X0.34 

8 

29,200 

46,900 

22.7 

14.4 

5X3  —25 

1X0.34 

8 

29,370 

47,770 

20.7 

15.6 

4X3  —34 

1X0.49 

8 

28,250 

48,860 

26.8 

22.8 

4  X3  —34 

1X0.47 

8 

29,780 

49,360 

25.1 

17.8 

4  X3  —34 

1X0.49 

8 

34,440 

52.900 

18.5 

18.8 

4  X3  —34 

1X0.49 

8 

31,680 

50,620 

31.9 

21.3 

3iX3       23 

1X0.38 

8 

26,960 

45.790 

26.8' 

13.75 

3iX3       23 

1X0.38 

8 

28,600 

49,080 

28.1 

23.0 

3  X3       17 

1X0.30 

8 

30,660 

51,000 

34.3 

22.3 

3  X3  —21 

1X0.38 

8 

30,260 

51,050 

30.8 

23.1 

3  X3  —21 

1X0.37 

8 

29,030 

48,920 

29.0 

26.0 

3  X3  —28 

1X0.46 

8 

31,080 

51,300 

35-4 

27.3 

3  X3  —18 

1X0.34 

8 

32,220 

50,300 

30.1 

20.8 

3  X3  —18 

1X0.33 

8 

33,230 

52,430 

36.3 

22.8 

3  X2i— 17 

1X0.33 

8 

33,030 

51,350 

27.6 

23.0 

3  X2i— 17 

1X0.33 

8 

32,320 

51,360 

34-7 

23.3 

3  X2J— 18 

1X0.35 

8 

29,760 

50,280 

32.1 

21.8 

3  X2j— 18 

1X0.35 

8 

30,430 

50,140 

29.5 

19.3 

Table  IX  gives  the  results  of  tests  of  specimens  cut  from 
all  sizes  of  angles  used  in  ordinary  bridge  work.  These 
angles  were  all  produced  by  the  Phoenix  Iron  Company,  and 
the  tests  were  made  at  the  works  of  that  company  in  1887. 
The  results  are  most  excellent,  as  well  as  being  typical  for 


23*  TENSION,  [Ch.  VI. 

the  shapes  tested.  Although  the  results  at  one  or  two 
points  are  a  little  irregular,  on  the  whole  the  elastic  and 
ultimate  resistances,  as  well  as  the  final  contraction  and 
elongation,  increase  with  considerable  unifonnity  from 
the  heaviest  sections  to  the  lightest,  showing  clearly  the 
improved  qtialities  in  the  smaller  angle  bars.  The  table 
demonstrates  in  a  very  marked  manner  the  varying  charac- 
teristics which  always  accompany  varying  dimensions  of 
bars  of  the  same  kind,  even  when  produced  of  uniform 
material  in  the  original  piles. 

Effect  of  Annealing. 

The  operation  of  annealing  is  performed  by  first  heat- 
ing wrought  iron  or  other  metal  in  such  a  way  as  not  to 
change  its  chemical  condition  by  any  external  influences, 
or,  in  other  words,  by  heating  in  a  non-oxidizing  furnace 
or  other  similar  appliance  to  a  cherry-red  color  and  then 
gradually  cooling  it,  usually  in  air  and  sometimes  covered 
with  ashes  or  sand.  The  purpose  of  the  operation  is  to 
soften  the  material  just  enough  to  permit  the  molecules  to 
flow  a  little  and  so  eliminate  internal  stresses  in  the  mate- 
rial and  without  sensible  distortion  or  change  of  shape  or 
dimensions  of  the  piece.  The  effect  of  annealing  is  slowly  to 
soften  the  wrought  iron,  thus  increasing  its  ductility  but 
decreasing  its  ultimate  resistance.  In  the  case  of  wrotlght- 
iron  bars  used  for  structural  purposes  annealing  would  not 
usually  decrease  the  ultimate  resistance  more  than  perhaps 
5  to  8  per  cent.,  but  in  the  case  of  wrought-iron  wire  or 
other  cold-drawn  metal  in  which  the  ultimate  resistance 
would  be  abnormally  high  it  might  be  reduced  more  than 
one  third  and  sometimes  one  half  its  original  value. 

A  committee  of  the  Franklin  Institute  in  Philadelphia 
appointed    to    investigate    certain    physical    qualities    of 
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metals  in  1837  found  that  the  ultimate  tensile  resistance 
of  a  wrought-iron  wire  .156  inch  in  diameter  was  89,162 
poimds  per  square  inch  in  its  nattiral  state,  but  that  it  fell 
to  48,144  pounds  per  square  inch  and  50,889  poimds  per 
square  inch  after  the  process  of  annealing.  These  results 
have  frequently  been  confirmed  as  to  their  general  charac- 
ter by  many  investigations  since  that  early  date. 

In  practically  all  cases  where  the  metal  has  been  made 
hard  and  stiff  by  cold  drawing  or  other  treatment  it  will 
be  softened  and  made  ductile  by  the  process  of  anneal- 
ing, but  its  ultimate  resistance  will  also  be  reduced.  The 
effects  of  annealing  are  much  more  marked  as  a  whole  in 
steel  than  in  wrought  iron.  The  annealing  temperatiu'e 
is  ustially  1000  to  1200  degrees  Fahr. 

The  Effect  of  Hardening  on  the  Tensile  Resistance  of 

Iron  and  Steel. 

The  hardening  of  iron  and  steel  is  a  process  having  in 
general  the  opposite  results  to  those  produced  by  anneal- 
ing; it  usually  raises  the  ultimate  resistance  and  the  elastic 
limit,  but  decreases,  sometimes  greatly,  the  ductility  of 
the  metal.  Hardening  is  produced  by  raising  to  a  high 
temperature  as  in  annealing  and  then  suddenly  decreasing 
the  temperature  by  quenching  in  water,  oil,  or  other  liquid 
or  semi-liquid.  If  the  quenching  is  done  in  water  the 
general  result  is  considerable  hardening  with  the  corre- 
sponding increase  in  ultimate  resistance,  frequently  of 
erratic  value  in  consequence  of  the  production  of  irregular 
internal  stresses.  These  results,  like  those  of  annealing, 
are  much  more  marked  in  steel  than  in  wrought  iron. 

If  the  quenching  of  steel  at  a  high  temperature  is 
arrested  at  some  point  intermediate  between  that  of  ordi- 
nary air  and  the  temperature  to  which  the  metal  was  raised. 
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variotis  degrees  of  temperirig  are  reached.  There  are 
many  degrees  or  grades  of  temper  depending  upon  the 
manipulation  of  the  operation  of  quenching  and  its  arrest 
at  various  temperatures.  These  degrees  of  temper  are 
indicated  by  the  colors  of  the  oxidized  coatings  formed 
on  the  metal.  In  some  of  the  useful  grades  of  tempering 
the  metal  is  much  more  hardened  and  toughened  than  in 
others.  If  the  metal  is  steel  and  quenched  in  oil,  a  very 
useful  degree  of  hardening  is  produced  accompanied  by 
remarkable  toughness,  so  that  hardening  in  oil  is  a  process 
of  much  value  for  certain  purposes.  A  great  variety  of 
degrees  of  hardening  and  tempering  may  be  produced  by 
the  choice  of  liquid  or  semi-liquid  and  the  character  of 
the  manipulation  accompanying  the  quenching  or  partial 
quenching.  As  a  rule  these  operations  all  increase  ulti- 
mate resistance  and  elastic  limit,  but  decrease  the  ductility. 

Variation  of  Ultimate  Resistance  with  Increase  of 

Temperature. 

The  decrease  of  ultimate  resistance  with  the  increase 
of  temperature  is  a  matter  of  considerable  importance  in 
connection  with  the  use  of  structural  steel  or  other  mate- 
rials in  some  cases,  as  in  the  fire-boxes  of  boilers  or  portions 
of  buildings  where  high  temperatures  are  sometimes  liable 
to  exist.  Many  investigations  have  been  made  from  time 
to  time,  therefore,  to  ascertain  if  possible  the  relation 
between  high  temperatures  and  ultimate  resistances  of 
wrought  iron  and  steel;  the  former  metal  only  will  be 
considered  in  this  section.  As  wrought  iron  has  been  com- 
pletely displaced  both  for  boiler  purposes  and  structural 
members  in  building  frames,  it  will  only  be  necessary  to 
state  general  results  in  connection  wnth  this  metal. 
^     In  some  of  the  older  investigations  the  ultimate  resist- 
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ance  of  wrought  iron  was  foiind  to  increase  with  the  tem- 
perature up  to  about  200°  Fahr.,  while  in  other  cases  the 
ultimate  resistance  remained  essentially  unchanged  until 
the  temperature  of  over  5  70°  Fahr.  was  reached.  This  was 
the  case  in  the  investigations  of  the  old  committee  of  the 
Franklin  Institute,  to  which  reference  has  already  been 
made.  Above  a  temperature  of  570°  Fahr.  that  committee 
found  the  decrease  in  ultimate  resistance  below  the  greatest 
to  vary  approximately  as  the  2.6  power  of  {Temp.  —80°). 

Table  X. 


Temperature. 

Fibrous  Iron. 

Fine-grained  Iron. 

Bessemer  Steel. 

Cent. 

Fahr. 

d" 

32^ 

100 

100 

100 

100 

212 

100 

100 

100 

200 

392 

95 

100 

100 

300 

572 

90 

97 

94 

500 

932 

38 

44 

34 

700 

1292 

16 

23 

18 

900 

1652 

6 

12 

9 

1000 

1832 

4 

7 

7 

In  the  London  Engineering  of  July  30,  188a,  is  given 
a  synopsis  of  some  German  experiments  by  Herr  KoU- 
mann,  which  is  reproduced  in  the  table.  The  resistance 
of  the  materials  at  zero  degrees  Cent,  or  32  degrees  Fahr. 
is  taken  as  100  and  that  at  other  temperatures  is  the  proper 
proportional  part  of  that  number.  It  will  be  noticed  that 
these  German  tests  show  a  much  earlier  decrease  of  re- 
sistance than  some  others. 

In  his  ** Useful  Information  for  Engineers,*'  Second 
Series,  Sir  William  Fairbaim  gives  the  results  of  numerous 
tests  of  specimens  of  plate  and  rivet  iron  at  different  tem- 
peratures, showing  that  there  was  no  sensible  decrease  in 
ultimate  resistance  up  to  a  temperature  of  about  400°  Fahr., 
but  that  a  decrease  of  about  20  per  cent,  in  ultimate  re- 
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sistance  takes  place  at  a  *  *  scarcely-red  * '  heat  and  a  decrease 
of  about  one  third  the  original  ultimate  at  a  *' dull-red" 
heat. 

It  is  quite  probable  if  not  certain  that  the  effect  of 
temperature  will  depend  a  little  upon  the  chemical  con- 
stitution of  the  metal,  so  that  the  results  of  these  investi- 
gations naturally  show  some  irregularities.  It  may  be 
accepted  conclusively,  however,  that  there  is  no  essential 
decrease  in  the  ultimate  tensile  resistance  of  wrought  iron 
below  about  500°  Fahr.,  but  that  at  about  1000°  Fahr. 
the  metal  may  lose  more  than  one  half  of  its  ultimate 
resistance. 

Effect  of  Low  Temperature, 

When  wrought  iron  was  used  largely  and  for  some  time 
entirely  for  railroad  rails,  the  effect  of  low  temperature 
upon  its  ultimate  resistance  or  upon  its  capacity  to  resist 
shock  was  a  matter  of  much  importance  which  the  ques- 
tion has  now  lost,  since  wrought  iron  has  been  displaced 
by  steel  for  railroad  rails  for  a  considerable  period  of  years. 
At  the  same  time  there  are  some  features  of  this  question 
which  are  common  both  to  wrought  iron  and  to  steel,  and 
for  that  reason  it  may  be  well  to  set  forth  some  of  the  earlier 
conclusions  as  to  the  effect  of  low  temperature  on  wrought, 
iron.  This  matter  derived  its  importance  from  the  break- 
age of  wrought-iron  railroad  rails  in  the  winters  of  com- 
paratively high  latitudes.  It  was,  therefore,  studied  in 
such  localities  as  Norway  and  Sweden  and  by  the  State 
Railroad  Commission  of  Massachusetts.  An  early  Swedish 
authority  of  prominence,  Knut  Styffe  (**Iron  and  Steel**), 
reached  the  following  conclusions  as  the  result  of  his  ex- 
periments : 

1.  **That  the  absolute  strength  of  iron  and  steel  is  not. 
diminished  by  cold,  but  that  even  at  the  lowest 
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temperature  which  ever  occurs  in  Sweden  it  is  at 
least  as  great  as  at  the  ordinary  temperature  (about 
60°  Fahr.).  .  .  . 

3.  **That  neither  in  steel  nor  in  iron  is  the  extensibility 

less  in  severe  cold  than  at  the  ordinary  tempera- 
ture. .  .  . 

4.  *  *  That  the  limit  of  elasticity  in  both  steel  and  iron  lies 

higher  in  severe  cold.  ..." 

He  concluded  from  his  experiments  that  the  common 
impression  of  increased  weakness  and  brittleness  with  a 
low  degree  of  temperature  is  entirely  erroneous.  His  tests, 
however,  were  wholly  with  tension  gradually  applied,  and 
could  support  no  conclusion  in  regard  to  other  conditions. 

Christer  P.  Sandberg,  also  a  prominent  authority  on 
iron  and  steel,  who  translated  Styffe's  works,  reached 
directly  opposite  conclusions,  as  follows: 

1 .  *  *  That  for  such  iron  as  is  usually  employed  for  rails  in 

the  three  principal  rail-making  countries  (Wales, 
Prance,  and  Belgium),  the  breaking  strain,  as  tested 
by  sudden  blows  or  shocks,  is  considerably  influenced 
by  cold,  such  iron  exhibiting  at  10°  Fahr.  only  one 
third  to  one  fourth  of  the  strength  which  it  possesses 
at  84°  Fahr. 

2.  **That  the  ductility  and  flexibility  of  such  iron  is  also 

much  aflFected  by  cold,  rails  broken  at  10®  Fahr. 
showing  on  an  average  a  permanent  deflection  of 
less  than  one  inch,  whilst  the  other  halves  of  the 
same  rails,  broken  at  84®  Fahr.,  showed  a  set  of 
more  than  four  inches  before  fracture. 

3.  **That  at  summer  heat  the  strength  of  the  Aberdare 

rails  was  20  per  cent,  greater  than  that  of  the  Creusot 
rails ;  but  that  in  winter  the  latter  were  30  per  cent 
stronger  than  the  former. '  * 
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All  these  experiments  were  made  previous  to  1869,  and 
with  iron  rails. 

The  State  Railroad  Commission  of  Massachusetts 
reported  in  1874  that  in  their  opinion  neither  iron  nor  steel 
attained  any  greater  degree  of  brittleness  or  became  any 
more  ** unreliable  for  mechanical  purposes**  at  low  tem- 
peratures than  at  ordinary.  They  did  not  observe  as  a 
*  *  rule  that  the  most  breakages ' '  occurred  *  *  on  the  coldest 
days.* '  They  further  state  that  *  *  the  introduction  of  steel 
in  the  place  of  iron  rails  has  caused  an  almost  complete 
cessation  of  the  breaking  of  rails.* ' 

It  would  appear  from  the  preceding  investigations  and 
observations  that  the  subject  was  hopelessly  involved  in 
confusion,  but  this  is  largely  if  not  entirely  due  to  the  fact 
that  the  effect  of  certain  chemical  impurities  in  both  iron 
and  steel  were  not  recognized.  It  is  practically  certain 
that  where  the  older  investigators  fotind  no  prejudicial 
results  at  low  temperatures,  the  percentage  of  phosphorus 
was  low,  and  that  it  was  high  where  low  temperature  was 
found  to  affect  the  metal  prejudicially.  It  was  a  well- 
known  fact  established  by  many  experiments  that  the 
brittleness  of  wrought  iron  which  carried  a  comparatively 
high  percentage  of  phosphorus  was  much  increased  by 
chilling,  as  in  a  freezing  mixture,  and  it  is  also  practically 
certain  that  phosphorus  has  the  same  effect  upon  steel 
and  cast  iron.  The  decreased  breakage  of  steel  rails  in 
cold  weather  is  doubtless  largely  due  to  the  improved 
processes  under  which  they  are  manufactured  with  com- 
paratively low  percentages  of  phosphorus. 

Modem  experiences  all  go  to  show  that  at  such  low 
temperatures  as  those  foimd  even  in  the  highest  latitudes 
where  railroads  are  built  neither  iron  nor  steel  will  suffer 
sensibly  decreased  ultimate  resistance,  ductility,  or  capac- 
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ity  to  resist  'i^:ock  with  the  comparatively  low  percentages 
of  prejudicial  elements  now  foimd  in  those  metals. 


Iron  Wire. 

Iron  wire,  like  steel  wire,  is  a  product  manufactured  by 
the  process  of  cold  drawing.  The  small  rods  from  which 
the  wire  is  made  are  drawn  through  steel  dies  at  ordinary 
temperatures,  the  hole  in  each  die  being  a  little  smaller  than 
the  preceding.  This  operation,  like  all  other  similar  proc- 
esses of  cold  working,  temporarily  raises  the  temperature 
of  the  metal  to  some  extent,  but  not  enough  to  have  any 
sensible  effect  upon  the  physical  qualities  of  the  finished 
product.  It  is  evident  from  what  has  been  said  that  iron 
wire  should  have  an  ultimate  resistance  much  higher  than 
that  of  wrought  iron  in  bars. 

Mr.  John  A.  Roebling,  who  built  the  old  railroad  sus- 
pension bridge  across  the  Niagara  gorge  in  1852-53,  used 
English  iron  wire  for  the  cables.  This  wire  was  about 
.145  inch  in  diameter  and  gave  an  ultimate  tensile  resistance 
of  about  98,500  pounds. 

In  the  United  States  Report,  *  *  Tests  of  Metals  and  Other 
Materials,"  for  1897  will  be  found  tests  of  wrought-iron 
round  rods  .8  inch  in  diameter  giving  an  ultimate  resist- 
ance of  50,000  pounds  per  square  inch,  and  the  tests  of  iron 
wire  .01  inch  in  diameter  having  an  ultimate  resistance 
of  110,000  pounds  per  square  inch.  In  the  same  report 
will  be  found  the  tests  of  galvanized  iron  wire  .2  inch  in 
diameter  giving  ultimate  resistances  of  65,280,  65,060,  and 
64,710  pounds  per  square  inch  of  original  section.  As  a 
rule  wrought-iron  wire  having  diameters  lying  between 
about  .2  and  .1  inch  will  have  ultimate  resistances  running 
from  about  70,000  to  90,000  poimds  per  square  inch.  As 
is  usual  in  such  material,  while  the  ultimate  resistance  is 
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high  the  ductility  will  in  general  be  low  and'  shown  by  a 
comparatively  small  amount  of  final  stretch. 

Table  XL 


Ultimate  Tensile  Resistance  in  Poun(].s 

Original  Diameter 
in  Inches. 

per  Square  Inch  of 

Contraction  of 
Original  Area 

of  Section. 

Original  Area. 

Fractured  Area. 

O.I22 

94,871 

179,032 

0.47 

0.123 

87,395 

162,500 

0.462 

0.124 

89,256 

145,946 

0.388 

0.125 

88,618 

137,974 

0.358 

0.122 

92,308 

1 68  J  50 

0.453 

O..I24 

91,735 

156,338 

0.413 

0.124 

90,082 

170,313 

0.471 

0.122 

92,308 

168,750 

0.453 

0.124 

91,735 

173,437 

0.471 

0.124 

86,776 

164,063 

0.471 

0.125 

87,805 

156,522 

0.439 

0.124 

86,776 

152,174 

0.43 

Table  XI  is  a  condensed  form  of  one  given  in  the  *  *  Trans- 
actions of  the  Am.  Soc.  Civ.  Engrs.,**  Vol.  Ill,  p.  212,  and 
contains  an  accoimt  of  the  tests  made  by  Prof.  R.  H. 
Thurston  on  some  wires  that  had  been  in  use  32  years  in 
the  cables  of  the  Fairmount  Suspension  Bridge  at  Phila- 
delphia. It  is  both  interesting  and  important  to  observe 
that  the  long  service  cannot  have  appreciably  injured 
cither  the  ductility  or  ultimate  resistance  of  the  wire. 

Table  XII  contains  the  records  of  tests  on  other  wire 
at  the   same   time  (1875)  by  Prof.  Thurston.     The  small 

Table  XII. 


Original  Diameter. 

Diameter  After  Fracture. 

Ultimate  Resistance  in  Pounds  per 
Square  Inch  of  Original  Area. 

0.134 
0.1205 

0.08 

0.071 

0.0535 

0.029 

0.133 
0.1185 

0.0795 
0.068 

0.0532 

0.029 

92,890 
84.442 

94,299 

90,-^84 

105,871 

113,546 
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reduction  of  diameter  at  fracture  shows  the  iron  to  have 
been  not  very  ductile.     It  will  also  be  noticed  that  the 
smaller  diameters  give  much  the  highest  resistances. 
Reviewing  the  values  given,  it  appears 

1.  That  wire  is  the  strongest  form  in  which  iron  can  be  used 

to  resist  tensile  stress. 

2.  That,  as  a  rule,  the  ultimate  tensile  resistance  increases 

as  the  diameter  of  the  wire  decreases. 

Tensile  Resistance  of  Shape  Iron, 

• 

The  phenomena  exhibited  in  the  breaking  by  tensile 
stress  of  wrought-iron  shapes  naturally  depended  much  on 
the  character  of  the  piles  from  which  they  were  rolled.  The 
webs  of  channels  and  I  beams  were  sometimes  rolled  from 
old  rails  and  other  scrap  of  less  excellent  quality  than  the 
metal  of  which  the  flanges  were  made.  In  such  instances 
the  metal  of  the  flanges  would  evidently  give  higher  ulti- 
mate resistance  than  that  of  the  webb.  As  a  rule,  however, 
when  the  production  of  wrought-iron  shapes  was  at  its 
best  the  ultimate  tensile  resistance  of  such  shapes  as  chan- 
nels, I  beams,  and  angles  was  but  little  if  any  less  than  that 
of  square  or  flat  and  rotmd  bars,  and  it  could  usually  be 
taken  at  44,000  to  48,000  pounds  per  square  inch,  while 
that  of  bars  ranged  from  45,000  to  50,000  pounds  per 
square  inch,  the  ductility  of  the  latter  pieces  being  a  little 
greater  than  that  of  the  former. 

Fracture  of  Wrought  Iron. 

The  characteristic  fracture  of  wrought  iron  broken  in 
tension,  either  directly  or  transversely,  is  rather  coarsely 
fibrous,  not  infrequently  exhibiting  a  few  bright  granular 
spots  which,  in  rare  cases,  may  possibly  be  crystalline. 
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This  characteristic  (fibrous)  fracture  is  always  produced 
by  the  steady  application  of  an  external  force,  under  the 
influence  of  which  the  piece  is  draw  out  in  jagged  points 
at  the  place  of  failure. 

The  best  of  fibrous  wrought  iron,  however,  will  exhibit  a 
granular  fracture  if  broken  suddenly.  In  making  tests, 
therefore,  it  is  of  the  greatest  importance  to  observe  and 
direct  the  mode  of  application  of  the  external  forces  pro- 
ducing fracture. 

When  some  grades  of  iron  in  bars  are  broken  trans- 
versely by  shocks  (such  as  are  produced  by  falling  weights), 
a  phenomenon  known  as  ** barking"  is  produced.  A  skin 
of  metal  from  a  sixteenth  to  an  eighth  of  an  inch  in  thick- 
ness, on  the  tension  side  of  the  bent  piece,  tears  apart  and 
separates  from  the  core  of  the  bar.  At  the  place  of  fracture 
and  on  each  side  of  it  this  skin  or  **bark''  remains  essen- 
tially straight.  This  kind  of  fracture  shows .  remarkably 
well  the  fibrous  character  of  wrought  iron ;  it  is  simply  the 
separation  of  the  fibres  near  the  outside  of  the  bar  from 
those  within. 

Crystallization  of  Wrought  Iron, 

The  subject  of  crystallization  of  wrought  iron  is  one 
about  which  there  is  much  dispute.  In  *' Strength  of 
Wrought  Iron  and  Chain  Cables,  * '  by  Beardslee,  as  abridged 
by  Kent,  p.  36,  the  following  is  given  as  the  opinion  or 
view  of  the  United  States  Testing  Commission :  *  *  The 
question  as  to  whether  crystallization  can  be  produced  in 
iron  by  stress,  or  by  repetition  of  stress  with  alternations 
of  rest,  or  by  vibration,  has  been  much  discussed,  and  very 
opposite  view;s  are  entertained  by  experts. 

**We  have  met  with  but  one  unmistakable  instance  of 
crystallization  which  was  probably  produced  by  alterna- 
tions of  severe  stress,  sudden  strains,  recoils,  and  rest. ' ' 
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The  committee  then  state  the  case  of  a  connecting-rod, 
careftdly  made  of  the  best  quality  of  wrought-iron  scrap, 
which  had  been  used  in  a  testing  machine  for  forty  years, 
in  the  Navy  Yard  at  Washington.  It  was  five  inches  in 
diameter,  but  one  day  while  in  use  it  suddenly  broke  under 
a  stress  (total)  of  less  than  200,000  pounds.  * '  The  surface 
of  the  fractured  ends  showed  well-defined  crystallization, 
the  facets  being  large  and  bright  as  mica. ' ' 

The  data  at  hand  at  present  are  not  sufficient  for  a 
decision  of  the  question,  but  it  may  be  confidently  stated 
that  in  many  cases  granulation  has  been  mistaken  for 
crystallization. 

There  seems  to  be  little  doubt  that  in  some,  or  possibly 
many,  cases  the  metal  in  wrought-iron  railroad  axles  has 
been  crystallized  in  use  by  rapid  rotation  imder  stresses, 
probably  far  above  the  elastic  limit,  induced  by  shocks 
restdting  from  unevenness  of  tracks  or  other  causes.  In 
such  cases  the  metal  would  be  subject  to  comparatively 
rapid  alternations  of  stresses  of  high  intensity.  It  is 
probable  even  in  such  cases  that  granulation  has  frequently 
been  mistaken  for  crystallization. 

Elevation  of  Ultimate  Resistance  and  Elastic  Limit, 

It  was  first  observed  by  Prof.  *R.  H.  Thurston  and  Com- 
mander L.  A.  Beardslee,  U.S.N.,  independently,  in  this 
cotmtry,  that  if  wrought  iron  be  subjected  to  a  stress 
beyond  its  elastic  hmit,  but  not  beyond  its  ultimate  re- 
sistance, and  then  allowed  to  **rest'*  for  a  definite  interval 
of  time,  a  considerable  increase  of  elastic  limit  and  ultimate 
resistance  may  be  experienced.  In  other  words,  the  appli- 
cation of  stress  and  subsequent  **rest"  increases  the  re- 
sistance of  wrought  iron. 

This  *  *  rest ' '  may  be  an  entire  release  from  stress  or  a 
simple  holding  the  test  piece  at  a  given  intensity. 
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Prof.  Thurston's  investigations  were  on  torsion,  while 
those  of  the  United  States  Commission  were  on  tension, 
and  will  be  given  here. 

The  Commission  prepared  twelve  specimens  and  sub- 
jected them  to  an  intensity  of  stress  equal  to  the  ultimate 
resistance  of  the  material  without  breaking  the  specimens. 
These  were  then  allowed  to  rest,  entirely  free  from  stress, 
from  twenty-four  to  thirty  hours,  after  which  period  they 
were  again  stressed  tintil  broken. 

The  gain  in  ultimate  resistance  by  the  rest  was  foimd 
to  vary  from  4.4  to  17  per  cent. 

These  tests,  remark  the  committee,  seem  to  indicate 
that  the  tough  fibrous  irons  gained  the  most,  while  those 
which  broke  with  a  steel-like  fracture  gained  the  least. 

Before  the  rest,  the  stress  which  produced  the  first 
permanent  elongation  was  about  65  per  cent,  of  the  ulti- 
mate resistance,  but  after  the  rest  the  two  were  nearly 
identical. 

The  committee  then  took  forty-two  other  specimens 
and  subjected  them  to  precisely  the  same  operations, 
except  that  the  rest  periods  varied  from  one  minute  to  six 
months. 

The  gains  were  as  follows: 

In  less  than  i  hour i .  i  per  cent.,  mean  of   5  tests. 

In  less  than  8  and  over  i  hour 3.8  per  cent.,  mean  of   8  tests. 

In  3  days 16.2  per  cent.,  mean  of  10  tests. 

In  8  days 17.8  per  cent.,  mean  of    2  tests 

Between  8  and  43  days 15.3  per  cent.,  mean  of   5  tests. 

In  6  months 17 .9  per  cent.,  mean  of  12  tests. 

After  seven  other  experiments  involving  a  rest  of 
twenty-four  hours,  with  an  average  gain  of  15.4  per  cent., 
the  committee  concluded  * '  that  at  the  end  of  one  day  the 
result  is,  with  very  ductile  irons,  practically  accomplished. ' ' 

The  manifestation  of  this  phenomenon  in  different 
grades  of  iron  was  then  investigated. 
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"Thirteen  pieces  were  prepared,  five  of  which  were  of 
soft  charcoal  bloom  boiler  iron,  five  of  coarse  contract 
chain  iron,  and  three  of  a  fine-grained  bar  of  .  .  .  very  pure 
iron  with  high  tenacity.*' 

After  testing  these  specimens  subsequent  to  an  eighteen 
hours'  rest,  the  committee  state  (Kent's  abridgment): 

**  These  experiments  confirmed  the  opinion  already 
formed,  and  indicate  that  a  bridge,  cable,  or  other  struc- 
ture composed  of  iron  of  either  of  the  latter  two  varieties 
will  receive  comparatively  slight  benefit  from  the  opera- 
tion of  this  law;  while  ductile  fibrous  metal  .  .  .  gains 
...  to  a  great  extent  by  the  effect  of  strains  already  with- 
stood. *'  The  gain  in  these  specimens  varied  from  about 
3  per  cent,  (for  the  coarse  iron)  to  about  18  per  cent,  (for 
the  soft  iron). 

Again,  two  sets  of  specimens  were  prepared:  one  from 
the  two  portions  of  fractured  bars  after  having  been  pulled 
asunder,  the  other  from  the  bars  in  their  normal  condition. 
After  a  rest  of  several  days  the  first  set  showed  a  gain  over 
the  second  in  ultimate  resistance  varying  from  about  8  to 
39  per  cent.,  the  higher  values  belonging  to  the  more 
ductile  irons. 

Bauschinger's  Experiments  on  the  Change  of  Elastic  Limit 

and  Coefficient  of  Elasticity. 

In  * '  Der  Civilingenieur, ' '  Heft  5,  for  1881,  are  contained 
the  results  of  the  experiments  of  Prof.  Bauschinger,  of 
Munich.  The  observations  in  these  experiments  were  made 
by  the  aid  of  a  piece  of  apparatus  which  gave  the  elon- 
gations (all  experiments  were  tensile)  in  ten-millionths  of 
a  metre,  or  approximately  in  TTTrVw  of  an  inch.  An  ex- 
traordinarily high  degree  of  accuracy  was  therefore  at- 
tained. 

Prof.    Bauschinger 's  elastic  limit  was  strictly  a  pro- 
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portionality  limit  between  stresses  and  strains.  He  also 
observed  what  may  be  called  the  *' stretch-limit  * '  (Ger. 
Streckgrenze),  at  which  point  the  stretching  or  elongation 
suddenly  increases  and  continues  to  increase  for  more 
than  a  minute  after  the  application  of  the  stress.  In 
ordinary  experimenting  this  point  has  probably  frequently 
been  considered  the  elastic  limit. 

The  test  pieces  were  subjected  to  loads  which  gradually 
increased  from  zero  by  an  increment  a  little  less  than  3000 
pounds  per  square  inch,  each  load  having  been  allowed  to 
act  one  minute  before  adding  the  succeeding  increment. 
At  intervals  of  the  loading,  separated  by  about  11,500  or 
12,000  potmds  per  square  inch,  each  piece  was  entirely 
tmloaded  and  allowed  to  remain  so  for  fifteen  or  twenty 
minutes.  After  the  **  stretch-limit '  *  was  found  the  piece 
was  subjected  to  a  final  load  somewhat  greater  than  the 
*  stretch-limit  * '  and  then  entirely  imloaded. 

In  some  cases  the  piece  was  immediately  put  through 
the  same  process  of  testing  either  once  or  a  number  of 
times,  and  the  results  of  such  tests  will  be  found  in  the 
columns  of  the  following  tables,  indicated  by  the  contrac- 
tion **/my 

In  the  remaining  cases  intervals  of  time,  shown  at  the 
tops  of  the  columns,  were  allowed  to  elapse  between  any 
one  test  and  the  succeeding  one. 

The  tables,  Nos.  i  to  7,  inclusive,  give  the  results  of  the 
experiments  on  seven  specimens  of  a  grade  of  iron  called 
*  *  Schweisseisen  * '  (weld  iron).  These  specimens  were  a 
very  little  less  than  i  inch  (25  millimetres)  in  diameter. 
Nos.  I  and  2  were  about  32  inches  long  and  the  others 

about  16  inches  long. 

Tables  Nos.  8  to  13,  inclusive,  give  the  results  obtained 
with  Krupp  's  *  *  Flusseisen. ' '  These  specimens  were  about 
I  inch  in  diameter  and  16  inches  long. 
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The  tables  have  been  condensed  from  those  given  by 
Bauschinger  and  reduced  to  English  measures. 
The  following  is  the  notation : 

E.  L.  =  elastic  limit  in  poimds  per  square  inch. 
S.-L.  =  stretch  limit  in  pounds  per  square  inch. 

F.  L.  =»  final  load  in  pounds  per  square  inch. 

E.       =  coefficient  of  elasticity  in  pounds  per  sq.  in. 


WELD  IRON. 


No.  X. 

In  Ori^nal 
Condition. 

Im'y. 

Im'y. 

Im'y. 

E.  L. 

S.-L. 

F.L. 

E. 

20,110 

27,300 

31,600 

39,293,000 

14,370 

31,600 

40,200 

27,928,000 

14,900 

41,700 

47,700 

27,672,000 

15,500 
49,500 

27,544,000 

WELD  IRON. 


No.  3. 

In  Original 
Condition. 

After  19  Hrs. 

After  27  Hrs. 

After  34  Hrs. 

E.L. 

S.-L. 

F.L. 

E. 

20,110 

28,700 

31,600 

29,037,000 

28,970 

34,750 

40,540 

28,923,000 

35,500 

44,300 

47,300 

28,198,000 

39,100 
45,100 

28,241,000 

WELD  IRON. 


No.  3. 


E.L. 

S.-L. 

F.L. 

E. 


In  Original 
Condition. 


23,164 
29,000 

31,900 
29,208,000 


After  SI  Hrs. 


28,440 

34,750 

40,540 

28,397,000 


After  41  Hrs. 


39,080 

45,090 

48,100 

28,483,000 


After  45  Hrs. 


45,580 


28, 1 70,000 
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No.  4. 

In  Original 
Condition. 

After  80  Hrs. 

After  68  Hrs. 

After  64  Hrs. 

E.L. 

S.-L. 

F.L. 

E. 

22,890 
30,050 

31,470 
29,293,000 

31,900 

34,750 

40,540 

28,810,000 

35,340 

44,170 

47,110 

28,227,000 

43.800 

28,696,000 

WELD  IRON. 


No.  5. 

In  OriKJnal 
Condition. 

Im'y. 

After  63  Hw. 

Im'y. 

E.L. 

vS.-L. 

F.L. 

E. 

21,070 
30,670 

34,61 1 
29,293,000 

14,720 

35,320 

42,700 

28,312,000 

42,090 

48,110 

51,110 

28,056,000 

15,260 
51,860 

26,705,000 

WELD  IRON. 


No.  6. 

In  Original 
Condition. 

After  48.S  Hrs. 

After  44.5  Hrs. 

After  49  Hrs. 

E.L. 

S.-L. 

F.L. 

E. 

27,730 
32,120 

35,040 
29,720,000 

26,720 

37,110 

43,040 

28,639,000 

33,350 

45,480 

51,550 

28,483,000 

24,940 

28,881,000 

WELD  IRON. 


No.  7. 

In  Oriurinal 
Condition, 

After  47  Hrs. 

After  50.5  Hrs. 

After  43.5  Hrs. 

E.L. 

S.-L. 

F.L. 

E. 

20,110 
30,160 

34,470 
28,668,000 

26,720 

38,590 

43,040 

28,611,000 

27,170 

45,290 

51,320 

28,568,000 

18,540 

29,592,000 
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MELTED  WROUGHT  IRON. 


No.  8. 

In  Original 
Condition. 

.      Im'y. 

Im'y. 

Im'y. 

E.L. 

S.-L. 

F.L. 

E. 

35,340 

36,750 

45,230 

31,256,000 

46,910 
52,770 

8,990 

53,890 

59,880 

31,483,000 

9,230 
58,490 

30,488,000 

MELTED  WROUGHT  IRON. 


No.  9. 

In  Onfi[inal 
Condition. 

Im'y. 

Im'y. 

Im'y. 

E.L. 

S.-L. 

F.L. 

E. 

37,870 

42,080 

44,880 

32,379,000 

5,770 
46,140 
51,920 
31,796,000 

14,720 

53,000 

58,880 

29,947,000 

15,160 
60,630 

28,213,000 

MELTED  WROUGHT  IRON. 


No.  xo. 

In  Original 
Condition. 

After  3  Hrs. 

After  IS  Hrs. 

After  7  Hrs. 

E.L. 

S.-L. 

F.L. 

E. 

33,790 

36,600 

42,230 

31,881,000 

11,490 

43,090 

51,704 
31,953,000 

17,730 
53,210 

59,130 
31,895,000 

15,260 
61,020 

32.393.000 

MELTED  WROUGHT  IRON. 


No.  IX. 

In  Original 
Condition. 

After  a. 5  Hrs. 

After  15.5  Hrs. 

After  5.5  Hrs. 

E.L. 

S.-L. 

F.L. 

E. 

33,930 
39,570 

42,404 
32,536,000 

11,590 

43,442 

52,130 

32,237,000 

11,774 
53,000 

58,880 

32,222,000 

12,070 
60,380 

31,085,000 

2SO 
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No.  la. 

In  Original 
Condition. 

After  SI  Hrs. 

After  47  Hrs. 

After  46  Hrs. 

E.L. 

S.-L. 

F.L. 

E. 

36,900 

39,731 
42,630 

32.479,000 

43,800 

49,640 

52,560 

31,754,000 

39,820 

55,940 

58,880 

31,696,000 

40,950 
60,630 

31,568,000 

MELTED  WROUGHT  IRON. 


No. 13. 

In  Original 
Condition. 

After 
43  s  Hrs. 

After 
54  Hrs. 

After 
445  Hrs. 

After 
45  S  Hrs. 

After 
10  Days. 

E.L. 

S.-L. 

F.L. 

E. 

35,340 

36,745 

42,400 

32,165,000 

38,930 
47,600 

51,920 
31,298,000 

41.740 

56,640 

59,630 

31,454,000 

42,720 

61.560 

31,853,000 

31,440,000 

32,364,000 

During  the  progress  of  the  various  tests,  the  bars  Nos.  6, 
7,  9,  II,  and  12  were  subjected  to  shocks  in  addition  to  the 
static  tests.  These  shocks  were  produced  by  striking  the 
test  piece  on  its  end  by  a  hammer.  It  does  not  appear 
that  these  blows  of  the  hammer  perceptibly  influenced  the 
results. 

The  ultimate  resistance  of  the  weld  iron  was  fotind  to 
vary  from  55,300  to  58,870  pounds  per  square  inch.  That 
of  the  melted  wrought  iron  was  about  65,000  pounds  per 
square  inch. 

Although  there  are  some  irregularities,  the  following 
general  conclusions  may  be  drawn  from  the  tables : 

By  '  *  immediate  *  *  testing  the  elastic  limit  of  weld  iron 
is  very  much  decreased. 

With  a  rest  (entirely  free  from  load)  between  the  tests, 
the  elastic  limit  of  weld  iron  is  very  much  increased. 

The  greatest  proportional  gain,  except  in  the  case  of 
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previous  immediate  testing,  seems  to  be  acquired  after  a 
rest  no  greater  than  twenty  hours. 

Bar  No.  6  is  seen  to  give  anomalous  results. 

In  all  cases  of  the  weld  iron  the  stretch  limit  is  consider- 
ably raised  by  repeated  testing. 

In  no  case  is  the  coefficient  of  elasticity,  after  once  test- 
ing, equal  to  its  original  value ;  as  a  rule,  a  steady  decrease 
is  seen  to  take  place  by  repeated  testing,  but  there  are 
some  exceptions. 

The  elastic  limit  of  *  *  Flusseisen, '  *  after  repeated  test- 
ing, is  found  to  be  much  less  than  its  original  value  until 
the  length  of  rest  becomes  about  fifty  hours. 

The  stretch-limit  of  the  same  metal  is  invariably  raised 
by  repeated  testing,  either  with  or  without  '  *  rests.  *  * 

In  nearly  all  the  cases  of  Nos.  8  to  13  the  coefficient  of 
elasticity  is  foimd  to  be  slightly  decreased  by  repeated 
testing. 

For  a  very  clear  and  detailed  accoimt  of  these  experi- 
ments reference  must  be  made  to  the  * '  Civilingenieur. ' ' 

Resistance  of  Iron  to  Suddenly  Applied  Stress, 

The  effect  of  suddenly  applied  tensile  stress  to  a  test 
piece  of  wrought  iron  or  other  ductile  material  has  been 
more  or  less  obscured  by  the  attendant  conditions  whose 
influence  on  the  results  are  not  easily  recognizable.  It  is 
extremely  difficult  to  make  a  sudden  application  of  loading 
without  comparatively  rapid  movement  of  heavy  parts 
of  the  testing  machine  whose  accumulated  energy  is  usually 
expended  in  stretching  the  test  piece.  The  true  influence 
of  sudden  loading  can  only  be  observed  where  such  accumu- 
lated energy  is  absent,  and  that  is  rarely  if  ever  the  case. 
Some  of  the  early  investigators,  like  Kirkaldy  (**  Experi- 
ments on  Wrought   Iron  and  Steel''),   found  that  with 
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suddenly  applied  loading  the  ultimate  resistance  was 
apparently  considerably  decreased,  as  well  as  the  ductility 
of  the  piece  tested.  Kirkaldy*s  results  show  an  apparent 
decrease  of  ultimate  resistance  of  about  i8  per  cent,  as  an 
average  and  nearly  20  per  cent,  decrease  in  the  final  stretch. 
As  a  matter  of  fact,  the  accumulated  energy  in  the  weights 
on  the  scale  beam  of  his  machine  probably  fully  compen- 
sated for  the  less  amotmt  of  static  load  when  suddenly 
applied. 

The  movements  of  the  molecules  exhibited  in  the  fimaJ 
contraction  and  final  stretch  of  a  test  specimen  undoubtedly 
require  time,  and  when  a  sufficient  time  is  not  afforded, 
doubtless  there  will  be  less  deformation,  but  it  may  be 
and  is  a  serious  question  whether  in  the  case  of  wrought 
iron  and  steel  that  effect  becomes  sensible  within  the  rates 
of  application  of  loading  ordinarily  available.  These 
effects  will  vary  with  different  classes  of  material.  The 
investigations  of  Bauschinger,  Fischer,  Martens,  and  others 
show  that  they  may  have  considerable  value  in  connection 
with  such  metals  as  zinc  and  tin.  On  the  other  hand,  it 
is  probably  safe  to  state  that  there  are  no  investigations 
whose  results  are  available  at  the  present  time  which  are 
sufficient  to  prove  that  sudden  applications  of  test  loads  to 
iron  and  steel  will  sensibly  affect  the  ultimate  resistance, 
although  it  is  possible  that  the  final  stretch  and  final  con- 
traction may  be  somewhat  affected. 

These  observations  must  not  be  taken  to  mean  that  the 
conditions  under  which  tests  are  made  need  not  be  care- 
fully prescribed  and  controlled  if  the  results  are  to  be 
either  intelligently  interpreted  or  compared.  In  order  to 
attain  either  of  those  ends  it  is  necessary  that  the  condi- 
tions of  testing  be  completely  controlled  or  made  as  nearly 
identical  as  possible. 

In  the  consideration  of  such  matters  as  those  of  sud- 
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denly  applied  loading  or  making  tests  by  shock  or  impact, 
it  is  imperative  that  precautions  be  taken- to  apply  the 
loading  in  such  a  manner  as  to  make  the  distribution  of 
stress  tmiform  throughout  the  section  of  the  test  piece. 
The  contradictory  or  inconsistent  results  which  have  in 
many  cases  been  found  in  experimental  work  connected 
with  suddenly  applied  loads  are  undoubtedly  largely  due 
to  the  confusing  attendant  conditions  of  the  tests  which 
have  been  either  disregarded  or  unobserved. 

Reduction  of  Resistance  Between  the  Ultimate  and 

Breaking  Point, 

It  has  already  been  observed  that  the  ultimate  tensile 
resistance  of  wrought  iron  is  the  greatest  tensile  resistance 
which  it  offers  to  being  pulled  asunder,  and  that  a  test 
specimen  finally  parts  at  much  less  than  the  ultimate  re- 
sistance. This  is  due  to  the  ductility  of  the  iron,  which 
allows  it  to  **pull  out*'  or  stretch,  thus  decreasing  the 
cross-section  as  well  as  the  actual  resisting  capacity  of 
the  metal. 

The  ultimate  resistance,  therefore,  is  not  exerted  on  the 
■final  section  of  fracture,  but  on  a  section  somewhat  greater; 
referring  it  (the  ultimate  resistance)  to  the  section  of  frac- 
ture, then,  may  mean  little  or  nothing. 

The  United  States  Commission  made  six  tests,  for  the 
purpose  of  determining  this  reduction,  on  some  specimens 
•which  had  previously  been  stressed  with  a  subsequent  rest. 
The  highest,  lowest,  and  mean  losses  were  as  follows : 

Highest 14.5  per  cent. 

Mean 13.8  per  cent. 

Lowest 12.9  per  cent. 

It  was  observed  from  a  number  of  specimens,  by  the 
same  Commission,  that  the  reduction  of  area  at  the  instant 
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of  idtimate  resistance  (or  greatest  resistance)  was  about 
one  half,  and  the  elongation  or  strain  a  little  over  three 
quarters,  of  the  corresponding  quantities  at  the  instant  of 
fracture,  supposing  failure  to  be  produced  by  a  steady 
strain. 

Some  further  observations  seemed  to  show  that  if  failure 
were  produced  by  shock,  the  final  contraction  would  be 
nearly  the  same  as  at  the  instant  of  greatest  resistance  in 
the  case  of  a  steady  failure. 

Ktrkaldy's  Conclusions. 

The  following  conclusions  were  deduced  by  Mr.  Kirkaldy 
from  the  results  of  his  experiments.  As  will  be  seen,  they 
belong  both  to  wrought  iron  and  steel  in  tension,  and  are 
taken  from  his  *  *  Experiments  on  Wrought  Iron  and  Steel,  * ' 
1861. 

1.  The  breaking  strain  does  not  indicate  the  quality,  as  hitherto  assumed. 

2.  A  high  breaking  strain  may  be  due  to  the  iron  being  of  superior  quality, 
dense,  fine,  and  moderately  soft,  or  simply  to  its  being  very  hard  and  un- 
yielding. 

3.  A  low  breaking  strain  may  be  due  to  looseness  and  coarseness  in  the 
texture,  or  to  extreme  softness,  although  very  close  and  fine  in  quality. 

4.  The  contraction  of  area  at  fracture,  previously  overlooked,  forms  an 
essential  element  in  estimating  the  quality  of  specimens. 

5.  The  respective  merits  of  various  specimens  can  be  correctly  ascertained 
by  comparing  the  breaking  strain  jointly  with  the  contraction  of  area. 

6.  Inferior  qualities  show  a  much  greater  variation  in  the  breaking  strain 
than  superior. 

7.  Greater  differences  exist  between  small  and  large  bars  in  coarse  than 
in  fine  varieties. 

8.  The  prevailing  opinion  of  a  rough  bar  being  stronger  than  a  turned  one 
is  erroneous, 

9.  Rolled  bars  are  slightly  hardened  by  being  forged  down. 

10.  The  breaking  strain  and  contraction  of  area  of  iron  plates  are  greater 
in  the  direction  in  which  they  are  rolled  than  in  a  transverse  direction. 

11.  A  very  slight  difference  exists  between  specimens  from  the  centre  and 
specimens  from  the  outside  of  crank  shafts. 

12.  The  breaking  strain  and  contraction  of  area  are  greater  in  those 
specimens  cut  lengthways  out  of  crank  shafts  than  in  those  cut  crossways. 
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13.  The  breaking  strain  of  steel,  when  taken  alone,  gives  no  clue  to  the 
real  quahties  of  various  kinds  of  that  metal. 

14.  The  contraction  of  area  at  fracture  of  specimens  of  steel  must  be 
ascertained  as  well  as  in  those  of  iron. 

15.  The  breaking  strain,  jointly  with  the  contraction  of  area,  affords  the 
means  of  comparing  the  peculiarities  in  various  lots  of  specimens. 

16.  Some  descriptions  of  steel  are  fotmd  to  be  very  hard,  and,  consequently, 
suitable  for  some  purposes;  whilst  others  are  extremely  soft  and  equally 
suitable  for  other  uses. 

17.  The  breaking  strain  and  contraction  of  area  of  {ntddled  steel  plates,  as 
in  iron  plates,  are  greater  in  the  direction  in  which  they  are  rolled ;  whereas 
in  cast  steel  they  are  less. 

18.  Iron,  when  fractured  suddenly,  presents  invariably  a  crystalline 
appearance;  when  fractured  slowly,  its  appearance  is  invariably  fibrous. 

19.  The  appearance  may  be  changed  from  fibrous  to  crystalline  by  merely 
altering  the  shape  of  specimen  so  as  to  render  it  more  liable  to  snap. 

20.  The  appearance  may  be  changed  by  varying  the  treatment  so  as  to 
render  the  iron  harder  and  more  liable  to  snap. 

21.  The  appearance  may  be  changed  by  applying  the  strain  so  suddenly 
as  to  render  the  specimen  more  liable  to  snap  from  having  less  time  to  stretch. 

22.  Iron  is  less  liable  to  snap  the  more  it  is  worked  and  rolled. 

23.  The  *'skin"  or  outer  part  of  the  iron  is  somewhat  harder  than  the 
inner  part,  as  shown  by  appearance  of  fracture  in  rough  and  turned  bars. 

24.  The  mixed  character  of  the  scrap  iron  used  in  large  forgings  is  proved 
by  the  singularly  varied  appearance  of  the  fracttues  of  specimens  cut  out  of 
crank  shafts. 

25.  The  textiu-e  of  various  kinds  of  wrought  iron  is  beautifully  developed 
by  immersion  in  dilute  hydrochloric  acid,  which,  acting  on  the  surrounding 
impurities,  exposes  the  metallic  portion  alone  for  examination. 

26.  In  the  fibrous  fractures  the  threads  are  drawn  out  and  are  viewed 
externally,  whilst  in  the  crystalline  fractures  the  threads  are  snapped  across 
in  dusters  and  are  viewed  internally  or  sectionally.  In  the  latter  cases  the 
fracture  of  the  specimen  is  always  at  right  angles  to  the  length ;  in  the  former 
it  is  more  or  less  irregular. 

27.  Steel  invariably  presents,  when  fractured  slowly,  a  silky  fibrous 
appearance ;  when  fractured  suddenly  the  appearance  is  invariably  granular, 
in  which  case  also  the  fracture  is  always  at  right  angles  to  the  length ;  when 
the  fracture  is  fibrous  the  angle  diverges  always  more  or  less  from  90**. 

28.  The  granular  appearance  presented  by  steel  suddenly  fractured  is 
nearly  free  of  lustre  and  unlike  the  brilliant  crystalline  appearance  of  iron 
suddenly  fractured;  the  two  combined  in  the  same  specimen  are  shown 
in  iron  bolts  partly  converted  into  steel. 

29.  Steel  which  previously  broke  with  a  siUcy  fibrous  appearance  is 
changed  into  granular  by  being  hardened. 
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30.  The  little  additional  time  required  in  testing  those  specimens  whose 
fate  of  elongation  was  noted  had  no  injurious  effect  in  lessening  the  amount 
of  breaking  strain,  as  imagined  by  some. 

31.  The  rate  of  elongation  varies  not  only  extremely  in  different  qualities 
but  also  to  a  considerable  extent  in  specimens  of  the  same  brand. 

32.  The  specimens  were  generally  found  to  stretch  equally  throughout 
their  length  until  close  upon  rupture,  when  they  more  or  less  suddenly  drew 
out,  usually  at  one  part  only,  sometimes  at  two,  and,  in  a  few  exceptional 
cases,  at  three  different  places. 

33.  The  ratio  of  ultimate  elongation  may  be  greater  in  short  than  in  long 
bars  in  some  descriptions  of  iron,  whilst  in  others  the  ratio  is  not  affected  by 
difference  in  the  length. 

34.  The  lateral  dimensions  of  specimens  form  an  important  element  in 
comparing  either  the  rate  of  or  the  ultimate  elongation,  a  circumstance 
which  has  been  hitherto  overlooked. 

35.  Steel  is  reduced  in  strength  by  being  hardened  in  water,  while  the 
strength  is  vastly  increased  by  being  hardened  in  oil. 

36.  The  higher  steel  is  heated  (without,  of  course,  running  the  risk  of 
being  burned)  the  greater  is  the  increase  of  strength  by  being  plunged  into 
oil. 

37.  In  a  highly  converted  or  hard  steel  the  increase  in  strength  and  in 
hardness  is  greater  than  in  a  less  converted  or  soft  steel. 

38.  Heated  steel  by  being  plunged  into  oil  instead  of  water  is  not  only 
considerably  hardened  but  toughened  by  the  treatment. 

39.  Steel  plates  hardened  in  oil  and  joined  together  with  rivets  are 
fully  equal  in  strength  to  an  unjointed  soft  plate,  or  the  loss  of  strength  by 
riveting  is  more  than  counterbalanced  by  the  increase  in  strength  by  hardening 
in  oil. 

40.  Steel  rivets  fully  larger  in  diameter  than  those  used  in  riveting  iron 
plates  of  the  same  thickness  being  found  to  be  greatly  too  small  for  riveting 
steel  plates,  the  probability  is  suggested  that  the  proper  proportion  for  iron 
rivets  is  not,  as  generally  assumed,  a  diameter  equal  to  the  thickness  of  the 
two  plates  to  be  joined. 

41.  The  shearing  strain  of  steel  rivets  is  found  to  be  about  a  fourth  less 
than  the  tensile  strain. 

42.  Iron  bolts,  case-hardened,  bore  a  less  breaking  strain  than  when  wholly 
iron,  owing  to  the  superior  tenacity  of  the  small  proportion  of  steel  being  more 
than  counterbalanced  by  the  greater  ductility  of  the  remaining  portion  of  iron. 

43.  Iron  highly  heated  and  suddenly  cooled  in  water  is  hardened,  and  the 
breaking  strain,  when  gradually  applied,  increased,  but  at  the  same  time  it  is 
rendered  more  liable  to  snap. 

44.  Iron,  like  steel,  is  softened,  and  the  breaktnfif  strain  reduced,  by  being 
heated  and  allowed  to  cool  slowly 

45.  Iron  subject  to  the  cold-rolling  process  has  its  breaking  strain  greatly 
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increased  by  being  made  extremely  hard,  and  not  by  being  "consotidated" 
as  previously  supposed. 

46.  Specimens  cut  out  of  crank-shafts  are  improved  by  additional  hammer* 
ing. 

47.  The  galvanizing  or  tinning  of  iron  plates  produces  no  sensible  effects  on 
plates  of  the  thickness  experimented  on.  The  result,  however,  may  be 
different  should  the  plates  be  extremely  thin. 

48.  The  breaking  strain  is  materially  affected  by  the  shape  of  the  specimen. 
Thus  the  amount  borne  was  much  less  when  the  diameter  was  uniform  for 
some  inches  of  the  length  than  when  confined  to  a  small  portion — a  peculiarity 
previously  unascertained  and  not  even  suspected. 

49.  It  is  necessary  to  know  correctly  the  exact  conditions  under  which  any 
tests  are  made  before  we  can  equitably  compare  results  obtained  from  different 
quarters. 

50.  The  startling  discrepancy  between  experiments  made  at  the  Royal 
Arsenal  and  by  the  writer  is  due  to  the  difference  in  the  shape  of  the  respec- 
tive specimens,  and  not  to  the  difference  in  the  two  testing  machines. 

51.  In  screwed  bolts  the  breaking  strain  is  found  to  be  greater  when  old 
dies  are  used  in  their  formation  than  when  the  dies  are  new,  owing  to  the  iron 
becoming  harder  by  the  greater  pressure  required  in  forming  the  screw  thread 
when  the  dies  are  old  and  blunt  than  when  new  and  sharp. 

52.  The  strength  of  screw-bolts  is  found  to  be  in  proportion  to  their 
relative  areas,  there  being  only  a  slight  difference  in  favor  of  the  smaller 
compared  with  the  larger  sizes,  instead  of  the  very  material  difference  pre- 
viously imagined. 

53.  Screwed  bolts  are  not  necessarily  injured,  although  strained  nearly  to 
their  breaking  point. 

54.  A  great  variation  exists  in  the  strength  of  iron  bars  which  have  been 
cut  and  welded;  whilst  some  bear  almost  as  much  as  the  uncut  bar,  the 
strength  of  others  is  reduced  fully  a  third. 

55.  The  welding  of  steel  bars,  owing  to  their  being  so  easily  burned  by 
slightly  overheating,  is  a  difficult  and  uncertain  operation. 

56.  Iron  is  injured  by  being  brought  to  a  white  or  welding  heat,  if  not  at 
the  same  time  hammered  or  rolled. 

57.  The  breaking  strain  is  considerably  less  when  the  strain  is  applied 
suddenly  instead  of  gradually,  though  some  have  imagined  that  the  reverse  is 
the  case. 

58.  The  contraction  of  area  is  also  less  when  the  strain  is  suddenly  applied. 

59.  The  breaking  strain  is  reduced  when  the  iron  is  frozen ;  with  the  strain 
gradually  applied,  the  difference  between  a  frozen  and  unfrozen  bolt  is  less- 
ened, as  the  iron  is  warmed  by  the  drawing  out  of  the  specimen. 

60.  The  amount  of  heat  developed  is  considerable  when  the  specimen  is 
suddenly  stretched,  as  shown  in  the  formation  of  vapor  from  the  melting  of 
the  layer  of  ice  on  one  of  the  specimens,  and  also  by  the  surface  of  otheiv 
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assuming  tints  of  various  shades  of  blue  and  orange,  not  only  in  steel,  but 
also,  although  in  a  less  marked  degree,  in  iron. 

61.  The  specific  gravity  is  found  generally  to  indicate  pretty  correctly  the 
quality  of  specimens. 

62.  The  density  of  iron  is  decreased  by  the  process  of  wire  drawing,  and  by 
the  similar  process  of  cold  rolling,  instead  of  increased,  as  previously  imagined. 

63.  The  density  in  some  descriptions  of  iron  is  also  decreased  by  additional 
hot-rolling  in  the  ordinary  way;  in  others  the  density  is  very  slightly  in- 
creased. 

64.  The  density  of  iron  is  decreased  by  being  drawn  out  under  a  tensile 
strain,  instead  of  increased,  as  believed  by  some. 

65.  The  most  highly  converted  steel  does  not,  as  some  may  suppose, 
possess  the  greatest  density. 

66.  In  cast  steel  the  density  is  much  greater  than  in  puddled  steel,  which 
is  even  less  than  in  some  of  the  superior  descriptions  of  wrought  iron. 

Ultimate  Resistance  and  Working  Stresses  for 

Wrought  Iron. 

The  ultimate  resistance  of  wrought  iron  in  such  bars 
as  were  commonly  used  for  structural  purposes  was  gen- 
erally taken  from  45,000  to  50,000  pounds  per  square  inch, 
the  smaller  value  for  large  bars  and  the  larger  for  small 
sections.  The  working  stresses  ranged  from  12,500  down 
to  8000  pounds  per  square  inch,  the  former  value  for 
highway  bridges  and  the  latter  for  the  net  sections  of  the 
tension  flanges  of  stringers  and  floor  beams  in  railroad 
bridges.  The  usual  value  for  the  main  tension  members 
of  railroad  bridges  was  10,000  pounds  per  square  inch. 


Art.  42. — Cast  Iron. 

Coefficient  of  Elasticity  and  Elastic  Limit. 

Cast  iron  is  a  material  of  much  less  value  to  the  engi- 
neer than  wrought  iron  or  steel,  and  consequently  has  been 
a  subject  of  much  less  experimental  investigation.  Its 
quality  depends  upon  the  character  of  the  one  from  which 
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the  pig  iron  is  made,  the  mixtures  of  different  qualities  of 
pig  or  of  pig  and  scrap  or  other  metal  which  is  introduced 
into  the  melting  furnace  to  produce  the  final  casting,  upon 
the  manner  of  cooling  the  casting,  and  upon  various 
other  influences,  including  chemical  composition,  condi- 
tion of  the  elements  entering  the  cast  product,  and  manip- 
ulation in  the  fotmdry.  As  it  is  a  result  of  fusion  without 
subsequent  working,  such  as  forging  or  rolling,  it  is  a  metal 
of  exceedingly  irregular  texture.  Bubbles  of  gases  not 
escaping  from  the  molten  mass  will  leave  voids  or  *' blow- 
holes" in  the  final  product  and  the  carbon  exists  both  in 
the  graphitic  and  combined  condition,  but  in  varying  pro- 
portions. The  mode  of  production  and  the  practically 
tinavoidable  irregularities  in  cooling  induce  both  variable 
conditions  of  crystallization  and  internal  stresses  that  are 
sometimes  high  enough  even  to  create  a  rupture  of  the 
completed  casting.  For  all  these  and  other  reasons  the 
physical  characteristics,  both  elastic  and  otherwise,  are 
exceedingly  variable.  There  are  some  grades  of  cast  iron, 
like  those  used  for  car  wheels  and  ordnance  purposes, 
which  give  a  high  ultimate  resistance  and  comparatively 
high  coefficients  of  elasticity  and  which  exhibit  an  approxi- 
mation at  least  to  what  may  be  termed  an  elastic  limit, 
although  the  latter  point  is  never  well  defined  as  it  is  in 
wrought  iron  and  steel.  The  ordinary  soft  grade  castings 
used  in  engineering  practice  for  water  pipes,  machine 
frames,  and  other  similar  purposes  disclose  in  testing  such 
erratic  properties  that  they  cannot  be  said  to  have  either 
a  well-defined  coefficient  of  elasticity  or  any  real  elastic 
limit  whatever.  The  irregular  elastic  behavior  of  cast 
iron  under  stress  is  shown  by  the  strain  diagrams  in  Fig.  i, 
in  which  the  vertical  ordinates  are  intensities  of  stress, 
while  the  horizontal  ordinates  or  abscissae  are  the  strains 
or  elongations  per  linear  inch.     The  amounts  written  at 
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the  extreme  upper  ends  of  the  curves  indicate  the  loads  or 
stresses  per  square  inch  at  which  the  test  specimens  failed. 
The  two  curves  Of  and  Oe  were  constructed  from  data 
given  on  pages  597  and  605  of  the  **  U.  S.  Report  of  Tests 
of  Metals  and  Other  Materials"  for  1899.     These  two  cast- 
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iron  test  specimens  were  of  metal  of  superior  or  special 
grades,  proposed  to  be  used  for  ordnance  purposes,  as  is 
indicated  by  the  high  ultimate  resistances,  22,300  and 
35,280  pounds  per  square  inch. 

The  two  curves  On  and  Oq  are  taken  frorn  a  paper  on 
'Xast  Iron,"  by  Prof.  J.  B.  Johnson,  in  the  "  Trans.  Am. 
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Soc.  C.  E."  for  February,  1890.  The  specimen  to  which 
the  curve  On  belonged  failed  at  22,300  pounds  per  square 
inch,  while  the  metal  represented  by  Oq  failed  at  16,000 
pounds  per  square  inch. 

There  is  seen  to  be  the  greatest  diversity  in  the  incli- 
nation and  general  character  of  the  four  strain  curves. 
The  curve  Oe  has  a  fairly  straight  portion  /ta,  the  point  a 
representing  an  intensity  of  stress  of  7000  pounds,  while 
the  point  h  represents  an  intensity  of  2000  pounds  per 
square  inch.  The  cross-sectional  area  of  this  test  speci- 
men was  I  square  inch.  The  difference  in  strains  at  the 
two  points  a  and  h,  or  for  a  range  in  intensity  of  5000  pounds, 
was  .0003  inch.  Hence  the  coefficient  of  elasticity  for 
these  data  would  be 

^      5000       ^  ^^  , 

h  = =  16,667,000  potmds. 

In  the  same  manner  the  increase  of  strain  per  linear 
(nch  of  test  specimen  resulting  from  increasing  the  stress 
of  2000  potmds  per  square  inch  at  k  to  8000  pounds  per 
square  inch  at  b  was  .00032.  Hence  with  these  data  the 
coefficient  of  elasticity  would  be 

y-,      6000         _ 
"  .00032  ^  ^8' 7  50,000  pounds. 

The  strain  curve  On  is  an  extraordinary  one  for  cast  iron, 
as  it  is  straight  for  nearly  its  entire  length.  For  the  in- 
tensity of  stress  of  16,200  pounds  the  strain  or  stretch  is 
seen  to  be  .002  inch;  hence  the  coefficient  of  elasticity 
would  be 

--,     16,200 
^    00^    =0,100,000  pounds. 

The  metal  represented  by  the  strain  curve  Oq  cannot  be 
said  to  have  any  coefficient  of  elasticity  at  all,  as  no  part  of 
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the  curve  is  straight.  These  instances  selected  from  a 
large  number  of  tests  are  representative  of  what  may  be 
expected  in  elastic  behavior  of  cast  iron.  As  a  rule,  the 
grades  possessing  the  higher  ultimate  resistances  exhibit 
a  more  nearly  normal  elastic  character  and  possess  what 
may  be  termed  not  very  well-defined  coefficients  of  elas- 
ticity running  from  about  14,000,000  to  perhaps  18,000,000 
pounds  per  square  inch,  while  the  usual  grades  or  quanti- 
ties employed  in  engineering  castings  may  have  no  coeffi- 
cient of  elasticity  at  all  or  as  low  as  8,000,000  or  10,000,000 
poimds  per  square  inch.  In  view  of  all  experimental  data 
available  at  the  present  time  it  is  probably  about  as  near 
correct  as  practicable  to  take  the  tensile  coefficient  of  cast 
iron  for  ordinary  engineering  purposes,  as 

£  =  1 2,000,000     to     14,000,000  pounds, 

or  one  half  that  of  wi'ought  iron.  For  the  special  grades 
of  stronger  cast  iron,  such  as  are  used  for  ordnance  and 
car-wheel  purposes,  a  coefficient  or  modulus  of  16,000,000 
pounds  to  18,000,000  pounds  per  square  inch  may  be  used. 
As  is  usually  the  case  in  cast  iron,  the  elastic  limits  of 
the  curves  in  Fig.  i  are  so  ill-defined  that  they  cannot  be 
placed  with  certainty  even  on  the  curves  Of  and  Oe,  or 
scarcely  on  On,  and  not  at  all  on  curve  Oq.  If  the  points 
are  approximately  located  on  the  first  three  of  these  curves 
they  may  perhaps  be  placed  at  b  (8000  poimds  per  square 
inch),  at  a  (7000  pounds  per  square  inch),  and  at  m  (19,000 
pounds  per  square  inch).  In  none  of  these  cases,  however, 
can  the  metal  be  said  to  have  either  a  well-defined  limit  of 
elasticity  or  a  true  yield  point,  and  that  observation  is  in 
general  true  of  all  cast  iron. 
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Resilience^  or  Work  Performed  in  Straining  Cast  Iron, 

As  the  scale  of  the  original  of  Fig.  i  was  8000  pounds 
to  each  inch  of  vertical  ordinate  and  .001  inch  to  each  inch 
or  horizontal  ordinate  or  abscissa,  and  as  the  strains  shown 
in  Fig.  I  belong  to  a  test  piece  i  inch  square  in  section  and 
I  inch  long,  each  square  inch  of  area  on  the  original  dia- 
gram between  any  one  of  the  strain  ctirves  and  the  axis 
of  abscissae  drawn  through  O  will  represent  8000 X. 001  =8 
inch-pounds  of  work  performed  in  stretching  that  test 
piece.  The  strain  at  the  point  b  on  the  curve  Of  is  .00036 
inch,  as  shown  in  the  figure,  while  the  mean  intensity  of 
stress  in  producing  that  strain  is  4400  pomids.  Hence  if 
b  represents  the  elastic  limit  the  resilience  or  work  per- 
formed in  stretching  the  metal  up  to  the  elastic  limit  of 
8000  pounds  per  square  inch  is 

4400  X  .00036  =  1.58  inch'pounds  per  cubic  inch. 

Similarly,  if  a  is  the  elastic  limit  in  the  strain  curve  Oc, 
the  total  strain  for  each  inch  in  length  of  the  test  specimen 
is  .00038  inch  and  the  mean  intensity  of  stress  is  3750 
pounds,  all  as  shown  in  Fig.  i.  Hence  the  resilience  or 
work  performed  was 

3 7 50 X. 00038  =  1.43  inch-pounds  per  cubic  inch. 

A  similar  computation  may  be  made  for  the  straight  por- 
tion of  the  strain  curve  On,  but  the  preceding  operations 
sufficiently  illustrate  the  procedure. 

The  total  work  performed  in  breaking  each  specimen 
may  readily  be  foimd  in  precisely  the  same  manner.  In 
the  case  of  the  curve  Of  the  strains  or  elongations  of  the 
specimen  were  actually  observed  only  up  to  the  point  rf, 
although  failure  actually  took  place  at  /  or  at  the  intensity, 
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35,280  pounds  per  sqiiare  inch.  The  part  df  of  the  curve 
is  drawn  approximately  as  a  continiiation  of  the  observed 
curve  and  therefore  is  shown  as  a  broken  line.  The  area 
included  between  the  curve  Of  and  the  horizontal  ordinate 
Os,  i.e.  the  area  of  the  figure  Ofs,  is  11.97  square  inches. 
Hence  the  work  performed  in  rupturing  the  test  piece  was 

11.97  X 8000 X. 001  =9S«76  inch-pounds  per  cubic  inch. 

Again,  in  the  case  of  the  strain  curve  Oe  the  area  of  the 
figure  Oet  is  4.69  square  inches.  The  total  work  expended, 
therefore,  in  rupturing  the  specimen  was 

4 .  69  X  8000  X  .  cxji  =  37. 5  inch-pounds  per  cubic  inch. 

In  the  latter  case  the  short  portion  ce  of  the  strain  curve  is 
drawn  approximately,  as  the  strain  observations  ceased 
at  c.  It  is  to  be  remembered,  as  is  indicated  in  each  of 
these  cases,  that  when  the  data  apply  to  each  linear  inch 
of  test  piece  and  each  square  inch  of  sectional  area,  the 
work  computed  will  be  for  i  cubic  inch  of  material.  It 
is  only  necessary  to  midtiply  by  the  number  of  cubic  inches 
in  the  test  piece  in  order  to  obtain  the  work  performed  in 
the  entire  piece. 

Ultimate  Resistance. 

The  ultimate  tensile  resistance  of  cast  iron  is  an  ex- 
ceedingly variable  quantity;  it  may  range  from  not  more 
than  8000  or  10,000  poimds  in  castings  of  indifferent  quality 
to  values  of  nearly  50,000  poimds  per  square  inch  in  such 
special  grades  of  metal  as  those  which  have  been  used  for 
car  wheels  and  ordnance.  Cast  iron  has  passed  com- 
pletely out  of  use  for  the  manufacture  of  heavy  guns,  but 
there  are  other  ordnance  purposes  for  which  it  is  still 
used.  The  castings  usually  employed  by  civil  engineers 
are  generally  of  soft-grade  iron;   they  are   such  as  water 
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pipes,  frames,  beds  of  machines,  and  other  similar  purposes 
which  do  not  reqtdre  special  grades  produced  by  special 
mixttires  of  raw  material  or  special  processes  of  manu- 
facttue.  The  idtimate  resistances  will,  therefore,  be  con- 
siderably less  than  those  belonging  to  ordnance  and  car- 
wheel  irons,  or  for  specially  strong  grades  of  metal.  As 
with  all  material,  the  character  of  cast  iron  affects  to  a 
great  extent  its  resistance,  i.e.,  whether  it  is  fine  or  coarse 
grained,  as  does  also  the  character  of  the  ore  from  which 
it  is  produced. 

Three  specimens  turned  down  to  a  diameter  of  about 
.625  inch  taken  from  iron  used  in  the  Boston  water  pipes 
and  broken  at  the  Warren  Foundry,  Phillipsburg,  New 
Jersey,  gave  the  following  ultimate  resistances  in  pounds 
per  square  inch: 

18,300,  iS»47o,  i3»o7o. 

Although  these  tests  were  made  nearly  twenty  years 
ago,  they  represent  fairly  the  ultimate  resistance  of  cast- 
ings ordinarily  used  at  the  present  time  in  civil  engineering 
practice. 

It  has  sometimes  been  urged  that  the  outer  portions  or 
**skin'*  of  castings  possesses  a  higher  degree  of  ultimate 
resistance  than  the  interior  of  the  same  casting,  but  this  is 
not  confirmed  by  the  results  of  actual  tests.  It  is  not 
improbable  that  the  impression  may  have  been  gained 
from  the  tests  of  pieces  in  which  internal  strains  have  been 
created  by  irregular  or  other  injudicious  cooling  of  the 
casting.  While  there  are  many  irregularities  exhibited 
by  cast  iron,  it  is  probable,  if  not  practically,  certain 
that  when  other  things  are  equal  the  exterior  metal 
of  a  casting  has  about  the  same  ultimate  resistance  as 
the  interior  portions.  This  point  has  been  investigated 
with  care  by  Prof.  J.  B.  Johnson,  the  results  of  whose  tests 
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are  given  in  a  paper  on  *  *  Cast  Iron ' '  in  the  '  *  Transactions 
of  the  American  Society  of  Civil  Engineers''  for  February, 
1890,  in  which  he  says  that  the  ultimate  resistances  of  five 
cast-iron  test  specimens  turned  down  to  J  inch  in  diameter 
gave  ultimate  resistances  running  from  14,545  pounds  to 
24,597  poimds  per  square  inch,  with  a  mean  of  21,100 
poimds,  while  the  ultimate  resistances  of  test  specimens, 
as  cast,  ran  irom  12,470  poimds  to  20,387  potmds  per 
square  inch  with  a  mean  of  16,660  pounds  per  square  inch. 
These  tests  seem  to  indicate  that  the  interior  portion  of 
the  metal  was  stronger  than  the  skin,  but  that  conclusion 
probably  would  be  discredited.  It  is  more  probable  that 
the  difference  is  due  to  cooling  strains  in  the  original  spec- 
imens, which  were  relieved  by  turning  off  the  outside  or 
skin  of  the  material. 

In  the  same  paper  by  Prof.  Johnson  he  concludes,  from 
his  tests  of  cast  iron  used  in  the  yicinity  of  St.  Louis,  that 
the  ultimate  resistance  of  cast  iron  of  ordinary  castings 
may  be  taken  at  20,000  to  25,000  potinds  per  square  inch. 
While  such  values  may  readily  be  obtained  by  special 
mixtures,  they  are  too  high  for  the  castings  commonly 
employed  by  civil  engineers. 

Mr.  George  A.  Just,  C.E.,  in  the  discussion  of  the  paper 
of  Prof.  Johnson,  to  which  reference  is  made  in  the  pre- 
ceding paragraph,  cites  a  number  of  tensile  tests  of  castings 
made  for  the  Jackson  Architectural  Iron  Works  of  New 
York  City.  The  metal  of  these  test  specimens  was  such 
as  is  ordinarily  used  in  cast-iron  coltmms  or  other  castings 
requiring  a  similar  grade  of  metal.  The  test  specimens 
were  i  inch  square,  and  the  maximtmi,  mean,  and  mini- 
mum ultimate  resistance  in  potinds  per  square  inch  of  six 
test  pieces  were  as  follows: 

18,981,  i7»o8i,  iS»693- 
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These  values  are  fair  and  reasonable  for  the  general  run 
of  castings  employed  in  engineering  practice. 

A  good  grade  of  cast  iron  tested  by  Mr.  Jtist  in  four 
samples  averaging  an  ultimate  tensile  resistance  of  17,160 
pounds  per  square  inch  exhibited  the  following  partial 
chemical  analysis: 

Phosphorus 733 

Silicon * 1 .  646 

Sulphur 017 

Manganese .  227 

Another,  Southern  iron,  untested  gave 

Phosphorus 672 

Silicon 4 .  080 

Sulphur 025 

Manganese. 239 

Combined  carbon 271 

Graphitic  carbon 3 .  164 

Iron 91 .  549 

The  '  *  Report  of  the  Tests  of  Metals  and  Other  Mate- 
rials'*  at  the  United  States  Arsenal,  Watertown,  Mass., 
for  1900,  contains  a  mass  of  tensile  tests  of  pig  irons  and 
ordnance  castings  of  a  great  variety  of  grades  and  quali- 
ties, from  which  the  following  tabular  statement  of  greatest 
and  least  values  have  been  taken.  There  are  also  given 
the  results  of  two  tests  of  gear  teeth  taken  from  the  same 
source. 

TENSILE  TESTS  OF  CAST  IRON. 


Iron. 

Ultimate  Resistance.     Lbs.  per  Sq.  In. 

Greatest. 

Least. 

p« 

Ordnance 

Castings  . 
Oar  teeth. 

31,890  Fine  granular,  gray. 

33.500  "     '■ .   " 

12,200  Fine  or  medium  granu- 
lar, gray. 

■ 

1 1,820  Coarse  granular,  dark  gray. 

14,900       "           ••          "      " 
12,080  Fine    or  meditun    granu- 
lar, gray. 
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As  a  recapitulation  there  may  be  written: 
For  ordinary  castings : 

/  12,000,000  lbs.  per  sq.  in. 
Coefficient  of  elasticity  I  to 

(  14,000,000  lbs.  per  sq.  in. 

Ultimate  tensile  resistance,  15,000  to  18,000  lbs.  per  sq.  in. 
For  specially  excellent  grades: 

116,000,000  lbs.  per  sq.  in. 
to 
18,000,000  lbs.  per  sq.  in. 

Ultimate  tensile  resistance,  20,000  to  35,000  lbs.  per.  sq.  in. 

Tensile  working  resistances  in  pounds  per  square  inch 
may  be  taken  as  follows : 

For  water  pipes  and  other  similar  purposes : 

3000  to  3500  lbs.  per  sq.  in. 
With  higher  grades  of  cast  iron  for  special  purposes: 

4000  to  7000  lbs.  per  sq.  in. 

Effects  of  Re-melting  and  Continued  Fusion. 

The  preceding  physical  qualities  of  cast  iron  are  sup- 
posed to  belong  to  the  metal  as  actually  used  in  castings, 
which  ordinarily  means  *  *  second-fusion  *  *  metal.  In  other 
words,  the  crude  pigs  are  first-fusion  iron,  formed  from 
the  molten  metal  as  it  flows  from  the  blast-furnace.  These 
pigs  are  ordinarily  melted  in  a  cupola  furnace  and  run  into 
suitable  moulds.  If  the  iron  were  twice  re-melted  before 
being  used  to  make  the  finished  castings,  it  would  be 
considered  third-fusion  metal.  The  effect  of  this  repeated 
fusion  is  an  improvement  in  quality.  As  far  as  experience 
indicates  it  appears  that  the  softer  grades  of  iron  can  be 
re-melted  a  greater  number  of  times  to  advantage  than 
the   harder  or  higher   grades.     Evidently  re-melting  in- 
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volves  a  material  additional  cost,  and  hence  it  is  seldom 
employed.  Indeed,  there  have  been  cases  in  which  the 
metal  has  been  run  from  the  blast-fumace  directly  into 
moulds  for  the  finished  castings.  Such  castings  must  be 
of  inferior  quality  and  they  are  seldom  or  never  produced 
other  than  in  a  clandestine  manner.  It  cannot  be  defi- 
nitely  stated  how  many  re-meltings  will  continue  to  im- 
prove a  given  quality  of  cast  iron. 

Continued  fusion,  like  repeated  re-melting,  has  the 
general  result  of  increasing  tensile  resistance.  In  some 
cases  this  improvement  has  been  observed  to  continue 
up  to  three  and  three  fourths  hours  in  fusion,  but  there  is 
not  sufficient  information  available  to  predict  the  entire 
period  during  which  improvement  would  continue  and  at 
the  end  of  which  no  further  improvement  could  be  ex- 
pected. Fusion  continued  for  three  and  three  fourths 
hours  has  been  shown  in  one  instance  to  increase  the  ulti- 
mate resistance  from  17,840  pounds  to  25,770  pounds  per 
square  inch. 


Effect  of  Repetition  of  Stress, 

When  Captain  Rodman,  U.S.A.,  was  investigating  the 
qualities  of  cast  iron  suitable  for  ordnance,  he  subjected 
a  number  of  test  specimens  of  different  grades  of  cast  iron 
to  repeated  stresses  with  the  following  results : 

specimen. 

Ao  broke  at    2301st  repetition  of   22,000  pounds  per  square  inch. 

(< 

<c 
(< 

t€ 
«« 

The  tests  for  ultimate  resistance  of  the  same  grade  of 
iron  tmder  a  single  application  of  breaking  load  gave  the 


Ao 

282d 

'  *    26,000       '  * 

Bo 

252d 

*  *    20,000       *  * 

Bo 

150th 

* '    20,000       '  * 

Co 

651st 

"    22,500       " 

Co 

457th 

"    23,500 

Do 

I72d 

**    21,600       ** 
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following  results,  which  show  considerable  fatigue  by  the 
repetition  of  applied  loading  substantially  below  the  .ulti- 
mate resistance: 


Specimen. 

Density. 

Ult.  Ext. 

Ult.  Resist. 

Ao 
Bo 
Co 
Do 

7.267 
7.178 

7.255 
7.221 

.00303 
.00291 
.00287 
.00424 

30,117 
23.617 
28,220 
25,627 

On  pages  166  and  167  of  his  ** Reports**  he  also  gives 
some  very  interesting  results  of  intermittent  repetitions  of 
stresses.  He  subjected  a  cylinder  of  cast  iron  1.382  inches 
in  diameter  and  35  inches  long  to  intermittent  repetitions 
of  15,000*  pounds  per  square  inch  (about  three  quarters  of 
its  ultimate  resistance)  as  follows:  250  repetitions,  then  a 
rest  of  40  hours;  next,  375  additional  repetitions,  then  a 
rest  of  30  days;  next,  155  additional  repetitions,  then 
a  rest  of  29  days;  next,  1020  additional  repetitions, 
then  a  rest  of  26  days;  finally  156  additional  repetitions, 
followed  by  breakage  at  the  1956th  repetition.  In  every 
case  **rest*'  signifies  entire  freedom  from  load.  Captain 
Rodman's  table  gives  a  detailed  account  of  these  experi- 
ments. He  remarks  upon  them  as  follows:  **The  most 
interesting  point  ...  is  the  fact  that  at  every  interval 
of  rest  of  any  considerable  time  the  permanent  set  and 
the  extension  due  to  the  last  previous  application  of  the 
force  diminished.  And  in  some  instances  it  required 
some  fifty  repetitions  to  bring  up  the  extension  and  set  to 
the  same  points  where  they  had  been  at  the  beginning  of 
the  period  of  rest,  thus  indicating  clearly  that  the  speci- 
men was  partially  restored  by  the  interval  of  rest  from 
the  injury  which  it  had  received,  and  that  it  endured  a 
greater  number  of  repetitions,  owing  to  the  intervals  of 
rest,  than  it  would  have  done  had  the  repetitions  succeeded 
epch  other  continuously  and  at  short  intervals  of  time." 
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These  experiments  show  the  '^fatigue'*  of  cast  iron  and 
the  increase  of  the  ratio  of  stress  over  strain  produced  by 
**rest" — so  far  as  tensile  stress  is  concerned. 

An  examination  of  the  tables  also  shows  that  in  any 
series  of  repetitions,  between  any  two  consecutive  rests, 
both  the  extension  and  set  were  constantly  increasing,  con- 
sequently that  the  ratio  of  stress  over  strata  was  constantly 
decreasing. 

It  is  interesting  to  observe  that,  in  experimenting  upon 
cast-iron  cannon.  Major  Wade  (* 'Reports,"  pages  77  and 
78)  foimd  that  water  was  forced  through  the  '* pores*'  of 
the  metal  of  one  cannon  at  a  pressure  of  7000  pounds  per 
square  inch,  and  through  those  of  another  with  thicker 
metal  (thickness  equal  to  radius  of  bore)  at  a  pressure  of 
9000  potmds  per  square  inch. 

Effect  of  High  Temperatures. 

The  effect  of  high  temperatures  upon  the  resisting 
capacity  of  cast  iron  is  not  in  general  different  from  that 
found  in  connection  with  steel  and  wrought  iron.  Little 
if  any  softening  is  observed  until  a  temperature  of  500°  F. 
is  approached,  but  beyond  that  limit  it  is  liable  to  begin 
to  lose  capacity  of  resistance  to  a  material  extent,  if  not 
rapidly.  Some  experimental  data  on  this  point  will  be 
foimd  in  Table  XIV,  Art.  44. 

Art.  43. — Steel. 

Coefficient  of  Elasticity. 

The  great  number  of  varieties  and  grades  of  steel 
renders  possible  the  existence  of  a  correspondingly  great 
number  of  physical  quantities  and  coefiScients  used  in  its 
consideration  in  connection  with  the  *  *  Resistance  of  Mate- 
rials." 
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That  class  of  steel  •  generally  to  be  considered  here 
is  included  under  the  term  ** Structural  Steel,"  which 
may  be  divided  into  low,  medium,  and  high  steel.  These 
three  grades  of  structural  steel  are  mainly  based  upon  the 
amounts  of  carbon  which  they  contain.  While  each  class 
shades  insensibly  into  another  without  well-defined  limits, 
it  may  be  approximately  stated  at  least  that  low  or  soft 
steel  will  have  carbon  ranging  from  about  .i  to  .2  per  cent., 
and  that  the  carbon  in  medium  steel  will  run  from  about 
.2  to  .3  per  cent.,  while  high  steel  will  show  about  .3  to  .45 
per  cent,  of  carbon.  The  ultimate  resistance  of  low  steel 
may  run  from  52,000  to  60,000  poimds  per  square  inch, 
mediimi  steel  from  60,000  to  68,000  pounds  per  square 
inch,  and  high  steel  from  68,000  to  about  76,000  pounds 
per  square  inch,  or  possibly  higher.  Experimental  inves- 
tigations have  shown  that  the  coefficient  of  elasticity  is 
essentially  the  same  for  all  grades  of  steel  used  in  construc- 
tion. This  observation  holds  true  also  for  nickel  steel, 
which  has  within  the  past  few  years  come  into  use  for 
special  structural  purposes.  A  considerable  number  of 
tests  of  nickel-steel  specimens,  in  some  cases  containing 
3.375  per  cent,  of  nickel  with  .3  per  cent,  of  carbon  and  .73 
per  cent,  of  manganese,  given  in  the  U.  S.  Report  of  Tests 
of  Metals  for  1898  and  1899,  show  that  the  coefficient  of 
elasticity  for  this  metal  may  be  taken  at  values  ranging 
from  28,700,000  pounds  to  30,385,000  pounds  per  square 
inch.  In  other  words,  the  coefficient  of  elasticity  of  this 
nickel  steel  may  be  taken  between  the  usual  limits  for 
ordinary  structural  steel  of  28,000,000  and  30,000,000 
poimds  per  square   inch. 

In  Table  I  are  contained  the  coefficients  of  elasticity  of 
the  hardened  and  tempered  steel  wire  (see  Table  XII), 
supplied  by  the  different  makers  named,  in  response  to  the 
call  for  bids  for  the  steel  cable  wire  for  the  New  York  and 
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Brooklyn  suspension  bridge.     (Washington  A.  Roebling's 
''Report/'  January  i,  1877.) 

In  the  same  ** Report/'  page  72,  the  specifications 
state :  *  *  The  elastic  limit  must  be  no  less  than  tSV  of  the 
breaking  strength.  ...  Within  this  limit  of  elasticity  it 
must  stretch  at  a  imiform  rate  corresponding  to  a  modulus 
of  elasticity  of  not  less  than  27,000,000  nor  exceeding 
29,000,000. " 

Table  I. 


Producer. 


J.LlovdHaigh 

Cleveland  Rolting  Mills 

Washbume  &  Moen 

Sulzbacher,  Hymen,  Wolfif  &  Co. 
J  no.  A  Roebling'sSonsCo. . . . 
Carey  &  Moen 


Coefficients  of  Elasticity. 


Greatest  E, 


29,817,067 
30,142,026 

29,757,300 
30,389.946 
30,231,929 
31,261,041 


Least  £. 


28,815,797 

28,917,715 
28,887,006 
29.103,238 
28,788,619 
29,418,025 


Number 

of 
Teste. 


12 
6 
6 
6 

13 

12 


Table  I  gives  the  greatest  and  least  results  of  these 
tests,  in  pounds  per  square  inch,  in  the  columns  headed 
"  £, "  together  with  the  number  of  tests  of  the  product  of 
each  maker.  All  the  wire  was  No.  8  Birmingham  gauge; 
i.e.,  0.165  inch  in  diameter. 

It  is  not  evident  from  the  "Report"  whether  these 
values  were  obtained  for  some  particular  intensity  of  stress 
or  whether  they  are  mean  values  for  the  entire  range  below 
the  elastic  limit. 

Table  II  gives  a  condensed  statement  of  the  results 
of  a  very  elaborate  investigation  in  the  "constants"  of 
steel  by  Prof.  P.  C.  Ricketts  at  the  mechanical  laboratory 
of  the  Rensselaer  Polytechnic  Institute  during  the  year 
1886.  The  paper  containing  the  detailed  account  of  this 
series  of  important  tests  was  given  to  the  Am.  Soc.  of 
C.  E.  in   February,  1887.      Although  this  table  contains 
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•  Ooen  hearth  Irom  Steelton,  Pa. 


t  From  Troy.  N.Y. 
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Table  II. — Continued, 


SHEAR. 

CO 

MPRBSSION. 

PounHft  ner 

Sauare  Inch- 

Double 

Shear 

Ultimate 

per  Square  Inch. 

W^  ^^1    vlHlViW    ^^              ^^  9^^m  ■ 

Pounds ] 

Single 

Shear. 

Double 

Shear. 

Over 
Single 

Shear 

Ultimate). 

Elastic 

Coefficient  of 

Elastic 

Ultimate 

Elastic 

Ultimate 

Limit. 

Elasticity. 

Limit. 

Resist. 

Limit. 

Resist. 

39.000 

39,897,000 

39,500 

37,113,000 

39,600 

45.440 

43,600 

46,460 

1.033 

39,000 

38,444,000    • 

41.XOO 

39,110,000 

41,100 

39,035,000 

34.600 

45,260 

38,300 

47.450 

1.048 

41.000 

39,045,000 

40,aoo 

30,045.000 

40,300 

38,853,000 

31.500 

46,020 

33.800 

47,590 

X-034 

40,400 

39,4x1,000 

41,600 

30,193,000 

41,600 

39,303,000 

31,700 

46,910 

33.500 

48,390 

1.032 

41,600 

39,316,000 

38,600 

99.013,000 

38,600 

29,963,000 

31,100 

44,780 

34,000 

46,590 

1 .040 

38,600 

39,478,000 

38.300 

39.090,000 

38,300 

39,807,000 

35,900 

44,600 

38,500 

47,350 

1 .062 

38.300 

38,961,000 

4X.700 

39,630,000 

41.700 

38,941,000 

33,800 

46.440 

39.400 

48,890 

I  053 

41 .700 

39,696,000 

39,900 

89.437. 000 

40,000 

30,009,000 

33.700 

45,190 

35.700 

47,210 

X.045 

40,000 

38,730,000 

39.SOO 

39.005,000 

39,700 

39,740.000 

39.900 

29,963.000 

40,000 

31,433.000 

40.000 

39,783,000 

35.800 

46,100 

40,700 

47,210 

X.024 

39.700 

29,391,000 

41,800 

38,567,000 

41.700 

39,144,000 

30,500 

49.210 

38.600 

5 1 ,000 

1.036 

41,700 

38,747.000 

41,100 

28,503.000 

41.400 

39.531.000 

34,400 

51,470 

39.500 

51,470 

1. 000 

4i,aoo 

38,730,000 

42,600 

39,163,000 

42.400 

39,210,000 

37,000 

49,740 

40,300 

50,940 

x.024 

41.900 

38.635,000 

44,400 

28,070,000 

44.800 

28.729.000 

45,000 

29,025,000 

44, TOO 

29,281,000 

44.300 

39,830,000 

36,600 

5 1 ,000 

40,800 

51,510 

l.OIO 

44,aoo 

39.334.000 

41,100 

38.812,000 

41.400 

39.342.000 

36,700 

51,280 

43.800 

52,550 

1.025 

41,000 

38,666,000 

41 .400 

38,860.000 

41,600 

29,241 .000 

4i.5oe 

53.260 

46,000 

53,390 

1 .003 

41.800 

39,802.000 

S5,»oo 

29.162,000 

54.400 

29.4^4.000 

52.500 

70,190 

54.400 

20.281,000 

59,500 

38.602,000 

59.aoo 

38,981,000 

51.900 

67,760 

59,500 

39,381,000 
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other  values  than  those  immediately  desired,  the  opportu- 
nity of  directly  comparing  different  physical  constants  from 
the  same  quality  of  steel  is  a  sufficient  reason  for  inserting 
the  entire  table  at  this  place.  All  the  test  pieces  were 
tiniformly  about  three  quarters  of  an  inch  in  diameter, 
and  the  stretch  was  in  all  cases  measiu"ed  on  eight  inches. 
The  elongations  given  are  per  cents  of  the  original  length 
of  eight  inches. 

The  reductions  of  area  are  the  per  cents  of  original 
sections  of  the  test  pieces  which  indicate  the  differences 
between  the  original  and  fractured  areas. 

As  indicated,  the  first  half  of  the  table  belongs  to  speci- 
mens of  open-hearth  rivet  steel  from  Steelton,  Pa.,  while 
the  second  half  contains  results  drawn  from  tests  on  a  com- 
paratively wide  range  of  metal  from  the  Bessemer  process 
of  the  Troy  Steel  and  Iron  Co.,  of  Troy,  N.  Y.  The  open- 
hearth  rivet  steel  is  all  seen  to  contain  only  .09  per  cent, 
of  carbon,  while  the  Bessemer  metal  had  carbon  varjnng 
from  0.1 1  per  cent,  to  0.39  per  cent.,  with  a  wide  gap 
between  0.17  and  0.36  per  cent. 

The  specimens  ij,  ij,  and  i,  were  cut  from  the  two  ends 
and  centre  of  bar  i,  and  those  subjected  to  tension  were 
located  adjacent  to  specimens  of  the  same  name  subjected 
to  compression.  Similar  observations  apply  to  other  sets 
of  specimens  affected  by  the  same  figure  or  same  letter. 
Hence  there  is  shown  in  this  table  the  relation  of  different 
physical  quantities  belonging  to  as  nearly  identically  the 
same  material  as  the  possibilities  of  the  case  admit. 

The  coefficients  of  tensile  elasticity  exhibit  unusual 
uniformity.  Those  for  the  open-hearth  steel  show  no 
variation  with  the  small  variation  in  carbon.  Although 
the  tensile  coefficients  for  the  Bessemer  steel  are  slightly 
lower  for  the  lowest  per  cents  of  carbon  than  for  the  highest, 
yet  some  of  the  lowest  coefficients  are  foimd  for  the  highest 
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carbons,  and  it  is  diffictilt  to  determine  any  essential  varia- 
tion with  varying  proportions  of  that  element. 

While  the  average  of  the  tensile  coefficients  is  a  very 
little  more  for  the  open  hearth  than  for  the  Bessemer  steel, 
there  is  really  no  sensible  difference  between  them.  The 
average  tensile  coefficient  may  be  taken  at  30,000,000 
poimds  per  square  inch. 

Too  much  importance  should  not  be  attached  to  the 
percentage  of  carbon  alone  in  these  specimens,  as  the 
presence  of  other  elements  not  given,  such  as  manganese, 
phosphorus,  etc.,  exert  marked  influences  on  the  physical 
characteristics  of  steel. 

The  *  *  Report  of  the  Naval  Advisory  Board,  * '  prepared 
by  Asst.  Naval  Constructor  R.  Gatewood,  U.S.N.,  con- 
tains on  pages  71  to  75  a  large  number  of  tensile  tests. 

The  least  coefficient  of  tensile  elasticity  given  by  Lieut. 
Gatewood  is  24,360,000  pounds  per  square  inch,  while  the 
greatest  value  is  30,890,000  potmds  per  square  inch  and 
the  mean  27,720,000  poimds.  These  values  belong  to  42 
tests  of  accepted  material  and  were  distributed  about 
continuously  over  the  range  covered  by  the  limiting  values. 
The  carbon  varied  from  o.ii  per  cent,  to  0.24  per  cent., 
and  these  extreme  values  belonged  to  about  average 
values  of  the  coefficient  of  elasticity. 

Table  III  contains  a  most  valuable  set  of  results  ob- 
tained from  the  tests  of  full-size  steel  bars  for  the  Blair 
Crossing  bridge  by  Geo.  S.  Morison,  chief  engineer,  and  it 
is  taken  from  his  report  on  that  structure. 

*  *  E.  L. "  is  the  elastic  limit. 

*  *  Ult. '  *  is  the  ultimate  tensile  resistance. 

*  *  E. "  is  the  coefficient  of  elasticity  in  pounds  per  square 
inch. 

"  C.  * '  is  carbon  and  '  *  Mn. '  *  manganese. 

The    bars   were    broken    in   the    government    testing 
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machine  at  Watertown,  Mass.,  but  the  chemical  analyses 
were  made  at  the  Pittsbui^  testing  laboratory. 

The  coefficients  of  elasticity  are  seen  to  vary  from 
28,089,000  to  30,627,000  and  thus  sensibly  coincide  with 
the  coefficients  for  test  specimens  toimd  by  Prof.  Ricketts 
and  Lieut.  Gatewood,  with  much  lower  percentages  of 
carbon.  The  phosphorus  was  determined  for  these  bars, 
although  it  is  not  given  in  Table  III ;  it  varied  from  about 
0.06  to  0.2  of  one  per  cent,  with  an  average  of  about  0.09. 
It  is  a  significant  fact  that  two  of  the  bars  which  broke 
in  the  head  contained  the  highest  phosphorus. 

Table  VII  contains  other  coefficients  of  tensile  elas- 
ticity for  full-size  bars. 

Table  III. 
FULL-SIZE  STEEL  BARS. 


Rar 

s. 

Lbs,p«Sq.In. 

Percent.  Fini 

30.456,000 

Ii)ch«. 

E.  L. 

Ult- 

Stretch 

Conf 

]4,Sb<> 

69,»SO 

JXI.38 

18,846 

i'V 

o'.sis 

46.6 

o!js 

iHioliQ 

in  hid. 

I 

0  )<.."« 

100 

'.?D 

Hi 

In" 

iui 

j8,176 

000 

0.30 

6 

Ix.'M 

ISO 

in 

hMd 

V.lf 

680 

30,6j7 

ifllsSi 

A 

S  ><  1    SI 

Sgo 

000 

bar 

not  broken. 

*6 

jxoios 

'It 

s 

6r!8oo 

IM 

iJ-7 

Jd^Bgc 

000 

0.30 

0.66s 

•l5 

II 

160 

11 

\i.t 

38'4 

Jolejo 

29.670 

000 

0.19 

0.65 

* 

sXcig, 

""* 

6«o 

bi',190 

'J-9 

*..« 

.9.960  000 

0.18 

Elastic  Limit,  Resilience,  and  Ultimate  Resistance. 
In  scrutinizing  the  results  of  tests  of  specimens  and 
full-size  members  in  this  section,  it  is  to  be  observed  that 
the  elastic  limit  is  almost  invariably  the  "stretch-limit," 
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or,  as  it  is  commonly  called, ' '  the  peld-point,  *  *  and  not  the 
true  "elastic  limit,*'  below  which  the  ratio  between  in- 
tensity of  stress  and  rate  of  strain  is  essentially  constant. 
It  has  already  been  shown  and  stated  that  the  true  elastic 
limit  is  from  2000  to  3000  or  4000  pounds  per  square  inch 
below  the  stretch-limit  or  yield-point.  The  stretch-limit  is 
so  readily  observed  without  delaying  the  ordinary  routine 
of  testing  that  it  has  come  to  be  called,  although  erro- 
neously, the  elastic  limit,  in  spite  of  the  fact  that  it  is  a  little 
'above  the  intensity  of  stress  to  which  that  term  should  be 
applied. 


M600 
8B000 

80890 


^^^u      ISLAND     MtPQE     STEEL WW 


B 


Fig.  I. 

The  elastic  properties  of  three  grades  of  steel  are  ex- 
hibited graphically  in  Fig.  i.  The  curved  lines  represent 
the  tensile  strains  of  the  steel  specimens  at  the  intensities 
of  stresses  shown.  The  vertical  ordinates  are  intensities 
of  stress  and  the  horizontal  ordinates  the  rates  of  stretch, 
i.e.,  the  stretches  per  unit  of  length,  the  latter  being  drawn 
20  times  their  actual  amounts.  The  Rock  Island  Steel 
belongs  to  a  specimen  of  steel  used  for  the  combined  rail- 
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road  and  highway  structure  across  the  Mississippi  River 
at  Rock  Island,  111.,  the  data  being  taken  from  the  U.  S. 
Report  of  Tests  of  Metals  for  1896.  The  lines  for  axle 
steel  and  nickel  steel  are  the  graphical  representations  of 
data  taken  from  the  *  *  U.  S.  Report  of  Tests  of  Metals'  *  for 
1899.  As  in  the  previous  case,  the  horizontal  ordinates 
are  the  stretches  per  lineal  inch  shown  at  20  times  theif 
actual  values.  The  figures  at  the  right-hand  extremities 
of  the  curves  are  the  ultimate  resistances  per  square  inch. 
The  elastic  limits  and  stretch-limits  or  yield-points  are 
shown  with  clear  definition.  The  remarkably  high  elastic 
limit  of  the  nickel  steel  is  well  indicated. 

By  taking  areas  first  between  the  horizontal  axis  OB 
and  the  inclined  straight  portion  of  each  line,  and  then 
between  the  same  horizontal  axis  and  the  entire  line  in 
each  case,.,  the  following  values  of  the  elastic  and  ultimate 
resiKence  per  cubic  inch  of  each  specimen  will  be  found: 


• 

Rock  Island 
Steel. 

Axle-steel. 

Nickel-steel. 

Elastic  Resilience 

24  in.  lbs. 
10,500  in.  lbs. 

15.7  in.  lbs. 
10,860  in.  lbs. 

49.6  in.  lbs. 
1 1 ,040  in.  lbs. 

Ultimate      '*         

The  three  stress-strain  lines  or  curves  of  Fig.  i  illus- 
trate completely  the  physical  characteristics  of  the  various 
grades  of  steel  indicated  under  all  degrees  of  stress  up  to 
actual  failure,  except  that  the  lines  are  carried  only  to  the 
maximimi  intensities  of  stress  sustained.  If  those  lines 
were  prolonged  to  the  actual  parting  of  *the  metal,  they 
would  show  rapidly  descending  portions  like  the  broken 
portion  of  the  Rock  Island  Bridge  steel  line.  That  por- 
tion of  the  curve,  however,  has  little  practical  value, 
although  considerable  scientific  interest. 

Before  considering  in  detail  the  ph3rsical  quantities 
belonging  to  structural  steel,  it  is  advisable  to  examine 
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Tables  IV  and  IVa,  Table  IV  being  condensed  from  Prof. 
Woodward's  history  of  the  St.  Louis  Arch.  The  last  four 
results  in  that  table  are  from  the  experiments  of  Chief 
Engineer  Shock,  U.S.N.,  while  the  **N.  Y.  Chrome  Steel 
Co. ' '  result  is  from  Kirkaldy  's  tests. 

Table  IV. 


Ultimate  Resistance,  Potmds 

0 

per  Square  Inch. 

Makers. 

i 

3 

Remarks. 

Greatest.)   Mean. 

Least. 

Coleman,  Rahm&  Co.,  Pittsbtirg 

1 1 8,400 

91.300 

74,000 

"Very  poor  steeL" 
For  lathe  tools. 

Am.  Tool  Steel  Co.,  Brooklyn  .  . 

106,500 

Butcher  &  Co.,  Philadelphia  . .  .. 

144.300 

113,100 

93.500 

Park  Bros.,  Pituburg 

118,000 

1x8,000 

XI  8,000 

Steel  Works,  New  York 

85,400 

a                   •       A 

Jessup,  Sheffield,  En 

s 

86,000 

78,500 

74.000 

t  a  Annealed. 

■o*   ••...*... 

1  3  Unannealed. 

Anderson  &  Woods.  Pittsburg  .  . 

100,000 

100,000 

100,000 

Coieman,  Rahm&  Co.,  Pittsburg. 

68,000 

Miller,  Barr&  Parkin,  Pittsburg. 

90,000 

Annealed. 

Miller,  Barr  &  Parkin,  Pittsburg. 

103, aoo 

i03,aoo 

I0I,300 

Unannealed. 

Hussey.WeUsft  Co..  Pittsburg  . 

I  aS.ooo 

136,500 

135.000 

Steel  Plate. 

Brown  &  Co..  Pittsburg 

Thos.  Firth.  Sheffield,  Eng 

81,300 

7S.4SO 

45 .000 

Cast  **  machinery  steel." 

I « 3.000 

XI  3,600 

113,000 

"Gun  metal." 

Butcher  &  Co.,  Philadelphia 

110,100 

«03,5oo 

99,300 

Chrome  steel  stave. 

1 1          •• 

107.500 

106,000 

103,500 

Chrome  steel  stave. 

«■          « t              ( 

151 ,000 

148,700 

147,000 

Chrome  steel  ingot. 

■  •          •«              i 

129,000 

90.900 

69,800 

Carbon  rivet  steel. 

•  •          «•              < 

6 

ia8,3oo 

08,300 

65.300 

Carbon  steel. 

«•          *•              < 

5 

143,000 

130,100 

xoo,ooo 

Carbon  rivet  stcwl. 

•  •          ■(              ) 

.    *    .     • 

5 

143.600 

139.300 

136,300 

Chrome  steel  stave. 

It          if              •« 

•  •   •  • 

4 

135.400 

110,300 

111,700 

Chrome  steel  stave. 

N.  Y.  Chrome  Steel  Co 

16 

190,360 

146,400 

115,800 

Chrome  steel  bar. 

Park  Bros.,  Pittsbui^g   I  m- 

3 

131.864 

119.500 

109,500 

Steel  normal  untemp. 
Temp,  in  oil  at  83*  P. 

3 

337,500 

217,400 

201,341 

•  «         tf             ••           1  wO 

3 

176,100     165,500 

153,500 

Temp,  in  water  at  7Q*  P. 

3 

150.S00 

141.900 

i3a,7oo 

Temp,  in  water  at  79®  F. 

The  diameters  of  the  (circular),  specimens  varied  from 
0.357  inch  to  1. 00  inch,  and  their  lengths  from  3  to  12 
inches.  The  elastic  limit  varied  from  45  to  55  (nearly) 
per  cent,  of  the  ultimate  resistance. 

Table  IVa  contains  the  results  of  the  experiments  of 
Sir  Wm.  Fairbaim  on  the  different  varieties  of  English  steel 
given  in  the  left-hand  column.  The  specimens  were  one 
inch  square,  and  had  previously  been  subjected  to  a  trans- 
verse -load.     The  per  cents  of  strain  or  elongation  are  for 
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a  length  of  eight  inches,  which,  it  is  presumed,  included  the 
section  of  fracture. 

Table  IVa. 

BAR  SPECIMENS. 


Producers. 


Ultimate  Resistance 
per  Sq.  Inch. 


II* 


C.  Cammel  &  Co. 

Cast  steel,  termed  "  Diamond-steer 

Cast  steel,  termed  "Tool-steel" 

Cast  steel,  termed  "  Chisel-steel" 

Cast  steel,  termed  "  Double-shear  Steel"  . 

Messrs,  Naylor,  Vickers  &  Co, 

Cast  steel,  called  "  Axle-steel" 

Cast  steel,  called  "Tire-steel" 

Vickers  Cast  Steel,  Special" 

Naylor  &  Vickers'  Cast  Steel" 


It 


i( 


H,  Bessemer. 

Hard  Bessemer  steel 

Milder  Bessemer  steel 

Soft  Bessemer  steel 


Messrs,  Turton  &  Sons, 


Steel  for  cups 

"   "    drills 

cutters 

turning  tools. 

machinery . . 

punches 

mint  dies . . . . 

dies 

taps 

Bouble-shear  steel . . . . 


Pounds. 
1 10,055 
109,072 
120,398 
96,665 


88,665 
91,520 

134,145 
118,066 


103,085 

88,175 
78,606 


100,155 

87,552 

95,372 

80,273 

102,915 

102,567 

106,237 

87,471 

97.994 
73.266 


Pinal  Strain  or 
Elongation. 


Per  cent. 

I 

.53 

I 

.50 

2 

.50 

2 

.37 

16 

.25 

9 

.00 

I 

.00 

I 

.75 

I 

.87 

20 

.00 

19 

.12 

2 
I 

.75 
.06 

I 

.37 

0 

.12 

I 
I 

.43 
.62 

2, 
0, 
I. 
0. 

.87 

.87 

.87 

81 

Although  these  tables  exhibit  results  obtained  a  con- 
siderable number  of  years  ago,  they  are  fairly  representa- 
tive of  the  physical  quantities  belonging  to  steel  of  the 
same  grades  at  the  present  time.  The  grades  of  metal 
shown  are  much  higher  steel  than  those  employed  for  struc- 
tural purposes ;  they  are  mostly  adapted  to  special  purposes, 
such  as  tools,  and  other  similar  uses.  Chrome  steel  is  not 
manufactured  at  the  present  time  (1903). 
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Table  II  contains  a  synopsis  of  the  valuable  series  of 
tests  of  specimens  by  Prof.  P.  C.  Ricketts.  This  table  has 
already  been  explained  on  page  273.  The  tension  tests 
show  remarkably  tmiform  results  in  elastic  limit  and  ulti- 
mate resistance,  and  characterize  a  most  excellent  mate- 
rial. With  the  exception  of  the  two  Bessemer  specimens 
containing  0.36  and  0.39  per  cent,  carbon,  all  specimens 
were  of  mild  steel. 

Table  V  exhibits  the  results  of  late  tests  of  a  large  ntim- 
ber  of  full-size  steel  bars  of  various  grades,  in  connection 
with  the  results  of  tests  of  specimens  in  their  natural 
condition,  as  cut  from  the  rolled  bars  from  which  the  bars 
were  forged,  and  after  being  annealed.  It  was  customary 
for  a  number  of  years  to  test  f-inch  round  specimens, 
rolled  from  small  4-inch  ingots  cast  from  the  same  melt 
which  produced  the  finished  bars,  but  this  testing  lately 
has  been  abandoned  as  being  not  sufficiently  relevant  to 
the  material  actually  used.  Specimens  are  now  cut  from 
the  full-size  rolled  bars  and  tested,  and  Table  V  shows  the 
results  of  such  tests  in  connection  with  those  of  the  finished 
and  annealed  bars.  These  specimens  are  not  usually 
annealed,  although  the  finished  bars  are  always  subjected 
to  that  process,  but  the  table  gives  the  results  of  testing 
some  annealed  specimens,  and  thus  exhibits  the  relation 
existing  between  the  physical  properties  of  specimens, 
annealed  and  imannealed,  and  those  of  the  completed 
(armealed)  bars  of  the  same  melt,  as  closely  as  it  can  be 
shown. 

The  prpcess  of  annealing  ^softens  the  metal  and  reduces 
both  the  elastic  limit  and  ultimate  resistance,  but  it  in- 
creases the  ductility  and  largely  eliminates  the  internal 
stresses.  The  table  shows  that  the  reductions  of  elastic 
limit  and  ultimate  resistance  are  greater  for  the  bars  than 
for  the  specimens.    Aside  from  the  influence  of  the  possi- 
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Table  V. 

ALL  FULL-SIZE  BARS  BROKE  IN  THE  BODY. 


No. 


z 
a 
3 
4 
5 
6 

7 
8 

9 
xo 

XX 

xa 
13 
14 
15 
x6 

»7 
x8 

19 

ao 

21 
32 
23 
24 
25 
26 

27 
38 
29 
30 
31 
32 

33 
34 
35 
36 

37 
38 

39 
40 
41 
42 
43 
44 
45 
46 

47 
48 
40 
50 
51 
52 
53 


Sue  of  Bar, 
Inches. 


4: 

6: 

7Xift 
7X1A 
7X1,". 
8X1IJ 
9Xii 
loXi 
ioXii"« 
loXii 
loXii 
loXif 
toXiU 
loXif 
loXii 
loXill 
loXit 
loXat^ 
10X2A 
10X2A 

3X1X 
4X  i 
4X1 
4X1* 

sx  i 

5X 
5X 
5X 
5X 
5X 
SX 
5X 
5X 
SX 
SX 
SX 
SX 
6X 
6X 
6X 
6X 
6X 
6X 
7X 
8X 


8)C 
8X 
8X 
8X 
8X 
8X 

TOX 


I' 

f 

I 

t 


1^ 

IS 

I- 

3 
a 

2» 


Elastic  Limit,  Lbs.  per  Sq.  In. 


Natural 
Specimen. 


39.280 
40,490 
40,790 
33,400 
32,480 
34,190 
40,480 
38,110 
40,330 
40,400 
41.580 
41.580 
40,910 
43,750 
42,650 
40,380 
40,530 
40,200 
40,410 
38,090 
38,330 
40,730 
36,660 
39,870 
41,670 
38,340 
37,690 
37,840 
39,870 
39.030 
39.650 
40,650 
40,570 
37,o.?o 
39.280 
43.100 
37.950 
33.560 
37,370 
38,690 
36,530 
32.310 
36,530 
37,490 
35,240 
38  690 
36,450 
39,400 
38,590 
34.590 
41.740 
40,400 


Annealed 
Specimen. 


39,730 
38,880 


39.280 
39,760 
40,340 


38,900 
41.490 
37.690 


Bar. 


40,540 
29,690 
31,380 
30,370 
27,870 
28,980 
28,940 
32,590 
33,990 
32,520 
35,100 
33.140 
30,500 
32,860 
37,680 
39,700 
32,290 
31,970 
33,360 
29,330 
28,080 
39,640 
39.030 
36,850 
38,780 
34.790 
38,730 
43.6oo(?) 
39.820 
36,640 
37,330 
36,880 
38,180 
38,080 
37.170 
38,830 
.35,170 
34.690 
38.480 
35,880 
34.840 
34,440 
32,420 
36,080 
35,520 
40,330 
37,550 
36,960 
37.040 
34,710 
31.310 
35,640 
33.250 


Ult.  Resist.,  Lbs.  per  Sq.  In, 


Specimen. 


Natural. 


66,090 
69,700 
68,730 
57.170 
58,050 
58,460 
66,880 
60,920 
69,720 
70,490 
73,050 
73.050 
70,360 
75,000 
75,620 
70,280 
72,240 
71,860 
69,900 
7 1 ,300 
70,220 
68,480 
66,600 
70,650 
68,750 
65,680 
68,560 
67,030 
63,480 
59.810 
70,080 
69,650 
70,000 
61,390 
67,740 
71,580 
66,770 
62,780 
60,080 
64.500 
64,210 
64,520 
64,840 
64.830 
68,850 
62,770 
59.100 
72,400 
66,820 
58,600 
6s,450 
68,550 


Annealed. 


68.680 


66,850 


69,040 
68,580 
69,900 


67,220 
71.420 
66,3x0 


Bar. 


71,580 
56,700 
59.850 
51,500 
53.520 
53,010 
58,010 
57.410 
63,330 
60,710 
67,490 
65,060 
58,870 
65,600 
70,160 
65,500 
63,370 
53.860 
7.3.550 
63,100 
5S,i6o 
67,770 
64,340 
64,620 
66,610 
61,040 
65,310 
66, no 
62,980 
58,330 
68,100 
65,360 
66,250 
62,000 
64.630 
68,800 
63,020 
63  130 
58.330 
59.880 
61,110 
58,800 
58,680 
60,770 
61,200 
61,840 
58,120 
62,210 
62.460 
56,210 
53.670 
60.730 
61,720 
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Table  V. — Continued. 

ALL  FULL-SIZE  BARS  BROKE  IN  THE  BODY. 


Stretch  and  Contraction. 


Nat.  Spec. 


Str. 

3«.3 

28.1 

38.  z 

a8.8 

31.9 

31-3 

23. 

a8.7 

aS.i 

a7. 

a7.S 

a7.5 

as. 

ao. 

24.4 
a8.8 

21.3 
-a7. 

25. S 

a8.8 
■94.2 

27.5 
JO.  7 

27. 5 
23.7 
27. 
a6.5 

23.3 
^6.3 
ao.S 

32.5 

33. 
33. 

»4.S 

25.5 
23.7 

■36. 

«S.5 
3x. 

31.3 

27.5 
25.7 
27. 
36.7 

27.  s 

36. 

31. 

23.5 

27.5 

3^. 

38. 

25. 


Cont. 


S8.S 
45-4 
47.0 

51. S 

53.7 
34.2 
46. S 
53.8 

53.3 
43.6 

47-5 

47 

40 

44 

53 
47 
43.8 

40.4 
Si. 5 
48.3 
43-3 
50.0 
53.8 

47-4 
48.7 

55-3 

47.9 
46.7 

S3. 

59. 3 
53. z 

44.5 
44.5 
49.3 

47.4 
48.8 

45.1 

63.5 
54-3 
47.5 
46.4 
4Q.7 
50.8 
47.2 

52.7 
63.5 

42. 
48.6 

64.3 
50.4 

44.7 


Bar. 


Str. 


Cont. 


10.6 

43.6 

13.4 

56.9 

17.8 

40.9 

21.5 

53. 5 

X7. 

45.8 

23.5 

48.4 

«5.S 

43.3 

23.3 

50.3 

13.7 

34:6 

15.7 

44.6 

16.8 

39.6 

17.3 

38.5 

19.3 

48.6 

*5-5 

40. 

8.3 

39.7 

II. 8 

44.4 

13.1 

23.5 

2.5 

4.5 

12.3 

10.3 

13.5 

33.6 

6.9 

7.3 

12.5 

49-8 

20.1 

53.1 

14. 

46.8 

U-3 

46.7 

13.6 

49.3 

12.5 

45.9 

10.9 

51.5 

15.9 

51.3 

13.8 

49.7 

12.3 

44.7 

IX. 4 

41. 7 

13. 

48. 

»6.3 

48. 

II. 

So.x 

13. 

40.4 

13.6 

52.9 

19. X 

44.3 

t7.4 

52.7 

17.5 

SX.3 

M: 

46. 

5X.7 

14. 2 

47.9 

z8.x 

SO. 7 

15. 7 

55.9 

13. 1 

46. 

IS. 7 

46.3 

14.3 

47.7 

IS. I 

48.3 

17.8 

49.x 

IS. 

51.8 

IS. 

49.1 

20.47 

SO. 4 

Per 
Cent. 

of 
Phos. 


.084 

.036 

.03 

.0x4 

.037 

.039 

.03 

.014 

.035 

.033 

.037 

.027 

.014 

.03I 
.015 
.063 
.056 
.017 
.063 
.017 
.023 


Remarks. 


Acid  open  hearth  steel. 
Basic  open  hearth  steel. 


Sott  steel. 

Porei^rn  matter  in  section  of 

Soft  steel.  [fractuxtt- 

Soft  steeL 


High  SteeL 
« •       ft 


Piping  in  fracture. 

Foreign  matter  in  section  of 

[fracture. 


The  ultimate  stretches  for  these    full-sixe  bars 
'     belong  to  lengths  varying  fxom  about  z  3  feet  to 
about  35  feet. 


Stretch  is  for  47  feet  length. 
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ble  differences  in  the  annealing  temperatures  for  the  two 
cases,  the  general  average  of  the  bar  results  should  be  the 
lowest,  for  the  reason  that  the  whole  mass  of  the  bar  in- 
cludes incidental,  but  inevitable,  small  variations  of  con- 
ditions in  the  metal,  which  are  not  foimd  in  the  small  mass 
of  the  specimen,  and  which  necessarily  lead  to  still  wider 
variations  in  the  full-size  annealed  member. 

The  differences  due  to  the  process  of  annealing  will 
naturally  be  materially  greater  in  high  steel  than  in  low 
steel. 

The  wide  range  in  grade  of  the  metal  tested  gives  special 
value  to  the  results  shown  in  the  table. 

Nos.  I  to  21,  inclusive,  were  taken  from  "The  Con- 
tinuous Superstructure  of  the  Memphis  Bridge,*'  by  Mr. 
George  S.  Morison,  M.  Am.  Soc.  C.  E.,  in  Trans.  Am.  Soc. 
C.  E.  for  Sept.,  1893;  and  the  remainder,  except  the  last, 
were  taken  from  a  paper  in  the  same  Transactions,  for 
Oct.,  1892,  by  Mr.  F.  H.  Lewis,  on  **The  Results  obtained 
from  the  Tests  of  Full-sized  Bars."  The  last  results  in 
the  table  belong  to  a  bar  manufactured  and  tested  by  the 
Phoenix  Iron  Co.,  of  Phoenix ville,  Penn. 

The  gauged  lengths  of  Nos.  i  to  21,  inclusive,  in  Table 
V,  on  which  the  final  stretches  were  measured,  varied  from 
8  feet  to  36  feet. 

Table  VI  shows  the  results  obtained  by  testing  to  failure 
fifteen  lo-inch  bars  among  those  forged  for  the  420  feet 
draw-span  of  the  Central  Bridge  across  the  Harlem  River, 
in  New  York  City,  Mr.  Alfred  P.  BoUer,  consulting  engi- 
neer. They  were  manufactured  and  tested  imder  his 
supervision.  Nearly  all  the  bars  are  of  the  ordinary  open- 
hearth  steel,  although  No.  7  was  of  basic  open-hearth 
material.  The  gauged  length  on  which  the  final  stretch 
was  measured  was  26  feet  for  Nos.  2  and  7;  20  feet  for 
Nos.  I,  3,  4,  10,  and  15;   18  feet  for  No.  8;   17  feet  for  Nos. 
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5,  6,  11,  12,  and  14;  15  feet  for  No.  13;  and  12.7  feet  for 
No.  9.  The  final  stretch  for  the  12  inches  which  included 
the  section  of  fracture  varied  from  15  to  44.6  per  cent., 
although  very  nearly  all  those  values  were  included  within 
the  limits  of  29  and  44.6  per  cent. 

Upon  a  general  view  of  Tables  V  and  VI  there  cannot 

Table  VI. 


.tin 


be  discovered  much  difference  in  uniformity  of  results 
between  the  higher  and  milder  steels,  although  the  latter 
have  what  little  advantage  there  is. 

Table  III  contains  the  results  of  Mr,  Morison's  tests,  to 
which  reference  has  already  been  made  on  pages  277  and 
278.  These  bars  are  seen  to  be  of  high  steel  for  tension 
members,  and  as  they  were  annealed,  it  is  important  to 
observe  that  their  elastic  limits  average  about  half  their 
ultimates,  i.e.,  relatively  much  lower  than  the  unannealed 
test  specimens.     Lower  steel  would  be  affected  less. 

Table  VII  gives  the  results  of  tests  of  some  full-size  eye- 
bars  of  Pemot  open-hearth  steel.  The  latter  was  made  by 
the  Cambria  Iron  Co..  but  the  bars  were  formed  by  the 
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Keystone  Bridge  Co.  and  tested  in  the  government  machine 
at  Watertown,  Mass.  The  tests  are  reported  on  pages  194 
to  207  of  Ex.  Doc.  No.  5,  48th  Congress,  ist  Session.  The 
carbon  in  these  bars  varied  from  0.27  to  0.3  per  cent.,  while 
the  manganese  ran  from  0.58  to  0.71  per  cent.,  and  the 
phosphorus  from  0.074- to  0.098  per  cent. 

Table  VII. 

6i-INCH  X  1-INCH  FULL-SIZE  BARS. 


Length 

Pounds  per  Square  Inch. 

Per  Cent,  of 

of  Bar, 
Inches. 

Elastic 
Limit. 

Ultimate 
Resistance. 

Coefficient  of 
Elasticity. 

Bearing  on 
Pin-hole. 

Pinal 
Stretch 

Final  Con- 
traction. . 

222 
222 

Retest 
Retest 
263 
262 
262 
262 

37,480 
36,650 
Retest 
Retest 
37,600 
35,810 

33,230 
37,640 

67,800 
64,000 
71,560 
72,050 
68,720 

65,850 
64,410 
68,290 

29,880,000 
30,270,000 

29,630,000 
29,960,000 
29,670,000 
29,960,000 

86,100 
79,430 

83,650 
80,060 
79,060 
83,960 

15.9 
12.6 

".5 
15. 1 
13.5 

33.7 

36.5 
38.4 
34.1 
39.2 

49-5 
42.4 

No  bar  broke  in  the  head.  Tests  3  and  4  were  the 
Tetests  of  the  two  parts  of  the  second  bar.  The  parts  of 
the  bar  rested  five  days  before  being  retested.  The  ulti- 
mate resistance  is  markedly  increased  in  these  two  experi- 
ments. 

Some  of  these  bars  showed  considerable  dishing  of  the 
head  as  failure  took  place,  although  no  head  failed.  This 
shows  that  a  bar  whose  ^ddth  is  6  A-  times  its  thickness  has 
reached  about  the  limit  of  thinness,  i.e.,  that  a  thinner  bar 
of  the  same  width  would  be  liable  to  tear  in  detail  through 
the  eye  without  developing  the  full  resistance  of  the  bar. 

Table  VI 11  exhibits  results  of  tests  of  a  number  of 
unusually  large  eye-bars  12  inches  wide  with  other  8-inch 
nnd  7-inch  bars  used  in  the  Pennsylvania  Railroad  bridge 
across  the  Delaware  River  a  short  distance  above  Phila- 
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delphia  and  completed  in  1896.  There  will  also  be  found 
in  the  table  tests  of  specimens  taken  from  the  same  bars, 
together  with  the  chemical  composition.  This  table  is 
interesting  as  disclosing  the  tiltimate  tensile  resistance  of 
large  bars  of  mild  steel  having  the  chemical  composition 
shown.  The  decrease  in  ultimate  tensile  resistance  and 
elastic  limit  between  the  original  bar  and  the  finished  eye- 
bar,  due  to  the  process  of  manufacture  of  the  latter,  is  also 
evident  at  a  glance.  Although  the  steel  in  the  original 
bars  shows  ultimate  resistances  revealed  by  the  tests  of 
specimens  nmning  from  58,300  pounds  to  69,500  poimds 
per  square  inch,  no  ultimate  resistance  of  the  completed 
bars  exceeds  59,500  potinds  per  square  inch,  while  as  small 
a  value  as  52,300  poimds  per  square  inch  is  fotmd.  This 
table  is  taken  from  the  description  of  the  Delaware  River 
bridge  by  Mr.  F.  C.  Kunz,  Assistant  to  Vice-President 
of  the  American  Bridge  Company,  Engineering  Depart- 
ment, published  at  Vienna,  1901. 

Table  Villa  gives  the  results  of  testing  a  remarkable 
series  of  large  steel  eye-bars.  The  table  exhibits  not 
only  the  physical  results  of  the  tests  but  the  chemical 
composition  of  the  metal  and  the  relative  results  for 
annealed  and  unannealed  bars.  The  table  was  supplied 
by  Mr.  Henry  W.  Hodge,  C.E.,  of  the  firm  of  consulting 
engineers.  Boiler  &  Hodge,  of  New  York  City.  The  varia- 
tion in  chemical  composition  is  accounted  for  by  the  fact 
that  the  bars  tested  were  not  specimens  of  any  actual 
lot,  but  were  forged  and  broken  for  the  purpose  of  an 
investigation  to  determine  specifications  under  which 
12  and  14  inch  eye-bars  for  the  Monongahela  River  canti- 
lever bridge  should  be  manufactured.  The  machine  in 
which  the  eye-bar  heads  "were  formed  was  not  of  sufficient 
capacity  to  give  satisfactory  results,  and  lience  it  will 
be  observed  that  most  of  the  bars  broke  in  the  head  or 
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Table  VIII  * 

RESULTS  OF   TESTS   OF   EYE-BARS   AND    OF  TEST  SPECIMENS 


Pull-size  Eye-bars. 

s 

:j 

PoiinHc  T 

)er  Square 
ch. 

i 

Length  Li 

Length  L2 

4J 
0    CA 

In 

in  Inches. 

in  Inches. 

hu 

Cross-sec- 

0 •;:  0 

c 

-o 
c 

Ofl 

• 

tions  xy 
in  Inches. 

Percentagi 
cess  of  Se 
over  Sect 

Origi- 
nal. 

Pinal. 

Origi- 
nal. 

Pinal. 

Location 

Ultimate 
Strength. 

Elastic 
Limit. 

X 

laXa* 
xaXai 

9 

37 

410 

472 

360 

414 

348 

5  5, 000 

39,200 

2 

9 

41 

407 

478 

360 

433 

434 

53,500 

25,900 

3 

laXaxI 

9 

41 

408 

47  X 

360 

4i6 

433 

53,750 

27,800 

4 

laXa,^ 

9 

4a 

4a2 

487 

360 

418 

a8o 

58.300 

30,600 

S 

laXaA 

9 

4a 

4ao 

48s 

360 

417 

a84 

57,600 

30,000 

6 

^^'X^h 

9 

4a 

407 

483 

360 

430 

396 

56,300 

30,090 

7 

laXi 

9 

41 

403 

48s 

348 

4a3 

356 

53.000 

29,200 

8 

xaXi 

9 

4x 

400 

470 

348 

411 

333 

58,000 

31,400 

9 

laXiti 
laXi 

9 

38 

407 

471 

360 

419 

337 

54,800 

29.800 

xo 

9 

44 

407 

48a 

360 

430 

356 

54,900 

29,300 

XX 

"Xi/r 

9 

38 

400 

447 

348 

387 

414 

53,600 

29,200 

12 

»aXi^ 

9 

41 

415 

490 

360 

427 

366 

53,300 

29,900 

X3 

i»Xx.»« 
laXiA 

9 

4a 

411 

489 

360 

430 

393 

58,500 

30,600 

14 

■        ■ 

IS 

8X1 

8 

47 

428 

483 

384 

434 

446 

53,500 

29,900 

x6 

8X1H 
8Xitl 
8Xx'^ 

7  ■ 

34 

3a8 

394 

a76 

334 

351 

53,300 

39,300 

17 

6 

46 

3a8 

390 

a76 

333 

199 

53.000 

39,300 

x8 

7 
6 

40 

3a8 

388 

376 

3a8 

334 

58,500 

34.000 

19 

8X1 

38 

470 

545 

43  a 

501 

306 

53,300 

33,900 

30 

7X1J 

ax 

7X1I 

8i 

44 

501 

575 

456 

535 

495 

59,500 

33,700 

-■■    ■ 

•Prom  page  5, "The  Delaware  River  Bridge,  Built  by  Pcncoyd  Bridge  Co.,"  by  F.  C 
Kunz,  **Allgem.  Baiazeitun^^,"  Heft  i,  X90X. 


t 


T 


neck.     The  actual  bars  for  the  structure  were  to  be  forged 
in  a  new  machine  of  greater  capacity. 

The  results  are  highly  interesting  as  indicating  what 
excellent  results  may  be  obtained  even  for  the  largest 
bars  under  satisfactory  conditions  of  manufacture. 

Shape  Steel  and  Plates. 

Table  IX  shows  a  few  of  the  large  number  of  tests 
of  some  of  the  material  used  in  the  construction  of  the 


e-bar  forged  at  the  shops  of  the  Phtenii  Bridge  Co.,  Phcenixville,  Pa. 

-  *  -  -  ilCimate  resistance  of  50.160  lbs.  per  sq.  in.  and  j8,ooo  lbs.  per 
sq.  in.  ai  elastic  iimii.  The  elongation  in  8  ins.  of  the  bar.  including  [he  section  of 
failure,  was  25,6  pec  cenL  and  the  elongation  of  the  pin-hole  was  5.26  inches.  The 
leduction  of  area  at  the  tccliun  of  fracture  v/ah  52.9  per  cent. 


«         c 
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Table  VIII. — Continued. 

TAKEN  FROM  THE  SAME  EYE-BARS,  DELAWARE  RIVER  BRIDGE. 


Percentage  of 


-.Co 

^  .«  u 

0^  o  ? 


48.0 
36.0 
41 .0 
43.0 
40.0 
36.0 
44.0 
49 -o 
44.0 
43.0 
30.0 
45. o 
47.0 

390 
40.0 
33-0 
4a.  o 
4a'0 

4a.  A 


15.0 
17.7 
IS. 7 
16. 1 

IS. 9 

19. S 

ai.5 
18.3 
16.5 

19.4 
II .  2 
18.8 
19.5 

13. 1 
31  .3 
ao.s 

19.7 
16. 1 

IS. 4 


'Big 


49.1 

44-7 
38.8 

43 -a 

45 
38 

41 

49 
41 
41 
37 
54 
SI 


Test  Specimen  8"  Long,  Approx.  i"  Square. 


Chemical  Composition 
in  Per  Cent. 


C. 


0.18 


44.9 
41.9 
29.7 
48.6 

49.3 
4S.8 


0.24 


0.24 
0.33 
o.  21 

0.34 
o.  17 
o.ai 
0.20 
o.  20 


S. 


0.06 


o.  22 


0.05 


0.08 
0.04 
0.07 

0.0s 
0.07 
0.04 
0.05 
0.05 


0.08 


P. 


0.04 


0.03 


0.06 
0.07 
0.06 

0.05 
0.06 

0.03 
0.03 
0.03 


0.06 


Mn. 


0.49 


0.62 


o. 
o. 
o. 


51 

55 
51 


0.65 
0.58 

0.45 
0.56 
0.56 


O.S9 


Poimds  per 
Square  Inch. 


Ulti- 
mate 
St'gth. 


65,600 


68,000 


69,500 
66,700 
63,800 

66,500 
65,000 
59,500 
60,300 
58,300 


62,400 


Elastic 
Limit. 


33. aoo 


40,300 


36,200 
36,300 
35.800 

39,000 
36,800 
33,700 
32,000 
30.800 


35,600 


Per  Cent. 


Str'ch 


26.0 


26.75 


a5.»5 

27.35 
27.00 

28.50 
26.00 
33.50 
28.00 
29.35 


30.35 


Re- 
duc- 
tion. 


45.4 


51.7 


43.9 
55.3 

39.  S 


47 

57 

45 

58. 

52. 


C 


I 


58.0 


basic 
•  • 

4 1 

14 
i  I 
t  « 
4  « 
4  t 

acid 

4  4 
»  4 

basic 

4  4 

acid 
basic 


acid 
basic 


No. 


X 

a 
3 
4 
5 
6 

7 

9 

10 

IK 
19 
IJ 

14 

15 
16 

17 
18 

19 

ao 

31 


Chesapeake  and  Ohio  bridge,  across  the  Ohio  River,  at 
Cincinnati,  Ohio.  They  are  taken  from  a  paper  by  the 
author,  in  the  *' Trans,  of  the  Am.  Soc.  C.  E.,"  for  August, 
1890.     All  the  material  tested  was  steel. 

The  first  seventeen  tests  were  made  on  specimens  cut 
from  steel  plates  varying  from  9  inches  by  J  inch  to  30 
inches  by  |  inch,  and  all  these  plates  were  universal  rolled. 
While  the  results  are  by  no  means  regular,  the  thinner 
plates  in  the  aggregate  yield  somewhat  higher  results 
both  in  elastic  limit  and  ultimate  resistance  than  the 
thicker  ones. 

A  similar  result  is  much  more  marked  in  the  case  of 
the  steel  angles,  of  which  there  are  only  two  sizes,  but 
with  a  wide  range  of  weights  per  yard  for  tlie  6  inches  by 
4  inches.    These  results  are  due  to  the  fact  that  the  light 
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Table  Villa. 

RESULTS  OF  FULL-SIZE  EYE-BAR  TESTS  ON  TRIAL  STEEL. 
MONONGAHELA  RIVER  CANTILEVER.  BOLLER  &  HODGE, 
CONSULTING  ENGINEERS. 

The  steel  was  basic  open-hearth  metal  manufactured  and  rolled  by  the 
Carnegie  Steel  Company,  1902.     AU  bars  were  about  30  feet  long. 
"A"  means  annealed  and  "N"  not  annealed. 


Bar. 


12"  Xif" 
i2"Xir 

i2"xir 
i2"xir 
i2"xir 
i2"xir 


Chemical  Composition. 


Car. 


.30 
.28 
.26 
.36 
.32 
.28 


Phos. 


.021 
.020 

•03 
.019 

.03 
.03 


Mang. 


.62 
.54 

.57 
.51 
.46 


Sulph. 


Specimen. 


.026  I 

.022  ■} 

.02  -j 

.035  I 


.03 
.04 


Elas. 

Ult. 

Elonga- 
*  tion. 

Percent 

Pounds  pel 

-  Sq.  In. 

in  8". 

A  37380 

67600 

27.0 

N  44330 

71080 

21.5 

A  32050 

60230 

26.5 

N  37230 

68000 

25.7 

A  38610 

69700 

28.7 

N  39700 

72400 

27.2 

A  31250 

70720 

28.5 

N  37740 

76980 

18.7 

A  29140 

67120 

28.5 

N  35600 

72120 

25.0 

A  37050 

69820 

30.5 

N  40450 

73340 

27.5 

Reduct 


46.5 
40.0 

54.1 
39.8 

43-9 
46.2 

45.6 

26.6 

45-5 

38.5 
45  o 

44.7 


Bar. 


12 
12 
12 
12 
12 
12 


// 


/» 


ft 


It 


Xif 
Xif 

Xif 

xir 
xir 

Xif 


Full-size  Bar. 


Elas. 


Ult. 


Pounds  per  Sq.  In. 


38190 
37480 
33330 
34320 
34210 
35930 


64140 
58670 
61090 
63030 

59170 
65520 


Elongation, 

Per  cent. 

in  20  Feet 


15.05 

5.7 
".55 
7.05 
6.0 
9.56 


Reduct., 
Per  cent. 


55.54 


5.96 


Broke  in  bodv. 
"      "  neck. 

"      "  head. 

i<      ((      (( 


"  bodv. 
"head. 


sections  are  reduced  materially  more  between  the  rolls 
than  the  heavier  sections,  and  thus  more  work  is  impressed 
upon  the  material  of  the  former.  Indeed,  it  is  a  matter 
of  serious  doubt  whether,  with  the  same  percentage  of 
reduction  from  the  ingot  to  the  finished  piece,  the  quality 
of  the  metal  in  the  larger  section  would  equal  that  in 
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the  smaller;  the  metal  in  the  interior  of  the  larger  mass 
appearing  to  feel  the  pressure  of  the  rolls  less  than  that 
in  the  interior  of  the  smaller  section. 

The  last  seven  results  of  the  Table  belong  to  specimens 
cut  from  some  unusually  heavy  plates  that  were  employed 
as  massive  links,  and  which  were  at  that  time  excessively 
difficult  to  obtain  of  the  desired  quality.  These  plates 
were  of  irregular  shape,  and  varied  from  2^  to  2!  inches 
thick;  such  material  had  not  then  generally  been  rolled 
imder  the  specifications  which  governed  this  work.  Re- 
peated attempts  secured  only  plates  which  proved  to 
be  porous,  but  the  most  porous  portions  could  be  worked 
under  a  steam  hammer  to  perfectly  satisfactory  material, 
which  showed  that  the  reduction  between  the  rolls  had 
been  insufficient.  These  difficulties  were  finally  over- 
come. 

The  results  given  in  Table  X  belong  to  steel  angles 
and  deck  beams  rolled  by  the  Phoenix  Iron  Co.  for  cruisers 
built  by  the  U.  S.  Gov't  in  1887.  The  tests  were  made 
at  the  works  of  the  Phoenix  Iron  Co.,  and  show  excellent 
metal;  the  carbon  varied  from  about  0.15  to  0.20  per  cent. 

A  number  of  specimen  tests  were  made,  during  1899- 
190 1,  of  the  open-hearth  acid  and  basic  steel  shapes  and 
plates  for  the  construction  of  the  City  Island  bridge  and 
the  145th  Street  bridge  across  the  Harlem  River,  both 
in  the  city  of  New  York,  under  the  direction  and  super- 
vision of  the  author.  Table  XI  contains  the  results  of 
a  portion  of  such  tests  for  the  quality  of  material  used. 
It  will  be  seen  that  the  specimens  were  taken  from  a 
wide  range  of  shapes  and  plates,  and  that  a  large  portion 
of  the  material  was  produced  by  the  basic  open-hearth 
process.  The  table  is  of  special  value  in  consequence 
of  the  mde  range  of  sections  covered  by  it,  as  well  as  for 
the  chemical  data  which  it  contains,  showing  the  percent- 


Art.  43.] 


STEEL 


295 


Table  X. 

STEEL  ANGLES  AND  DECK*  BEAMS. 


Pounds  p 

er  Square 

Original 
Angle  or  Deck 

Test  Specimen. 

Inch  of  Original 
Section. 

Per  cent,  of  Final 

Beam, 
Inches. 

Section, 

Length, 

Elastic 

Ultimate 

Contrac- 

Stretch in 

Inches. 

Inches. 

Limit. 

Resistance. 

tion. 

8  Inches. 

•iXaf 

3   Xai 

x.a3X.4o 

8 

39.500 

64,554 

52.7 

aS.s 

i.asX  .33 

8 

62,622 

SI. 5 

35.6 

3   Xaf 

x.asX  .33 

8 

64,595 

49.4 

25.4 

3   X2i 

I.  as  X.  33 

8 

62,980 

53.6 

27.3 

3   Xai 

X.asX  .3a 

8 

62,733 

54.x 

25.6 

3    X3 

I.  as  X.  38 

8 

57,990 

61  .X 

26.9 

3    X3 

i.asX  .41 

8 

39,209 

61,991 

51.8 

25.31 

3    X3 

X.asX. 43 

8 

38,791 

62,943 

51. 1 

27.9 

3    X3 

X.asX  .46 

8 

39.414 

66,S38 

5X-3 

26.3 

4   X3I 

l.a6X.38 

8 

67,356 

53.8 

26.6 

4X31 

l.a7X.38 

8 

66.307 

51.7 

25.5 

I. 27 X .38 

8 

66,307 

52.3 

25.7 

4    X3J 

x.a6X  .38 

8 

67,878 

50.8 

23.x 

4    X3 

X.34X  .41 

8 

62.390 

52.2 

26.4 

4   X3 

I.asX.  38 

8 

64,842 

49.0 

24.4 

4   X3 

X.asX  .40 

8 

63.256 

51. 8 

24.6 

4    X3 

I.asX  .40 

8 

63,485 

47.7 

28.6 

5    X3 

i.a4X  .40 

8 

37.8ao 

61,407 

53.1 

25.6 

5    X3 

I.asX  .4a 

8 

38,930 

62,809 

50.9 

22.8 

5    X3 

i.a6X  .40 

8 

•  37.68s 

62,67s 

51. 4 

2^.7 

5    X3        ^ 

I . a6  X . 40 

8 

37.303 

63,078 

47.0 

25. 5 

«   X3.25^ 

i.a4X.38 

8 

37,000 

63,803 

47.5 

23.3 

6   X3.asl 

i.a4X  .34 

8 

41.321 

66.777 

48.3 

27.0 

6    Xi.2S>b 

I.asX  .33 

8 

41,206 

63,671 

SO. 3 

28.2 

6   X3.25 

x.a4X  .38 

8 

30.178 

64.632 

SI. 3 

ag.o 

<i   X3.a5j 

X.asX  .39 

8 

38,777 

62,si3 

51.6 

30.3 

2   X* 

i.a4X  .a6 

8 

42,34a 

65,237 

47.0 
48.5 

a7.S 

a   Xa 

I .  a4  X  .  a6 

8 

41,315 

63.984 

37.8 

a   Xa 

i.3sX.a6 

8 

43,600 

66,873 

45.0 

a6.o 

2   Xa 

i.a4X  .a6 

8 

4a,oia 

60,310 

43.7 

25.0 

a 

rX2' 

r 

i.SoX.aS 

8 

40,596 

63,720 

48.6 

37.8 

a 

rXa 

r 

i.SoX  .ag 

8 

40,900 

62,770 

44.6 

27.8 

a 

rXa 

r 

i.SoX  .ag 

8 

41,6x6 

62,933 

48.  X 

26.  s 

a 

rXal 

r 

X.50X  .a6 

8 

42,460 

63,300 

47.6 

23.8 

3 

X3 

i.asX  .41 

8 

40,850 

66,730 

50.4 

25.0 

3 

X3 

I.asX  .4a 

8 

40,380 

65,190 

57.9 

25.8 

3 

rX3 

I.asX  .48 

8 

39,230 

62,440 

64.6 

26.5 

3 

rX3. 

i.asX  .4a 

8 

39,570 

63.130 

56.3 

28.3 

8   X.O 

1.50X.47 

8 

42,709 

65.177 

44.8 

■    •    •    ■ 

8    Xs'li, 

8  Xsr 

8    XsJ 

1.S0X.47 

8 

39,534 

63.375 

43-9 

26. s 

i.SoX.SS 

8 

40,27a 

66,677 

44.3 

26.8 

I. 50 X .50 

8 

37,007 

61,924 

50.3 

31.3 

The  angles  marked. "a"  are  of  Bessemer  steel;  all  other  members  represented  in  the 
table  are  of  open-hearth  steel.     The  members  marked  "6"  are  deck  beams. 

ages  of  carbon,  manganese,  phosphorus,  and  sulphur 
contained  by  the  steel.  Both  the  chemical  analyses 
and  the  physical  results  indicate  that  many  of  the  shapes 
are  of  mild  steel,  while  the  remaining  portion  is  of  low 
steel. 
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The  quality  of  metal  either  in  steel  shapes  or  plates 
depends  largely  upon  the  amount  of  reduction  reached 
in  the  passage  of  the  blooms  through  the  rolls  before  the 
final  area  of  section  is  attained.  In  the  early  days  of 
rolling  steel  sufficient  work  between  the  rolls  was  not 
always  done,  and  the  quality  of  the  metal  suffered  corre- 
spondingly. This  defect  is  seldom  or  never  found  at  the 
present  time  and  the  corresponding  variations  in  certain 
physical  qualities  are  avoided.  In  the  case  of  wide  and 
thin  plates,  in  which  the  temperature  of  the  metal  may 
be  lower  than  in  thicker  plates  at  the  last  pass  through 
the  rolls,  increased  hardness  may  sometimes  be  found, 
but  as  a  rule  there  will  be  little,  if  any,  difference,  as  the 
preceding  tables  show,  in  the  physical  results  for  the  thick 
and  thin  sections  ordinarily  used  in  engineering  construc- 
tion. 

Steel  Wire, 

The  process  of  production  of  steel  wire  is  one  of  cold 
drawing  which,  like  all  cold  work,  increases  ultimate 
resistance  and  elastic  limit  but  decreases  ductility. 

The  physical  properties  of  wire  will  depend  to  a  con- 
siderable extent  upon  its  diameter ;  the  smaller  the  latter, 
as  a  rule,  the  greater  will  be  the  ultimate  resistance.  The 
wire  used  in  the  cables  of  the  new  East  River  bridge  (1902) 
across  the  East  River  at  New  York  City  having  the  diameter 
of  0.192  inch  (No.  6  Roebling  gauge),  is  required  by  the 
specifications  to  show  an  ultimate  tensile  resistance  of 
at  least  200,000  pounds  per  square  inch,  with  a  final 
stretch  of  at  least  2.5  per  cent,  in  5  feet  and  5  per  cent, 
in  8  inches.  The  steel  from  which  this  wire  was  made 
was  required  to  be  acid  open-hearth  metal  with  elements 
not  to  exceed: — phosphorus  .04  per  cent,  and  sulphur  .03 
per  cent.,  manganese  .5  per  cent,  and  silicon  .1  per  cent., 
copper  .02  per  cent. 
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In  the  U.  S.  Report  of  Tests  of  Metals  for  1897  will 
be  found  the  results  obtained  by  testing  piano  wire  of 
different  diameters,  as  follows: 


Wire. 

Ultimate  Resistance, 

Pounds  per 

Square  Inch. 

Pinal  Contraction. 

No.  14  (.033  in.  Diam.) 
No.  23  (.0513  in-  I>iam.) 

357,440  to  389,470 
325,110  to  337,200 

28  to  37.9% 
42.2  to  45.1% 

Table  XII  contains  the  results  of  testing,  to  ultimate 
resistance,  the  wire  for  which  the  coefficients  of  elasticity 
were  given  in  Table  I,  together  with  some  belonging  to 
the  Chrome  Steel  Co.'s  wire,  also  tested  by  the  engineers 
of  the  New  York  and  Brooklyn  bridge.  The  diameter 
of  this  wire  was  about  0.165  i'^ch  (No.  8  Birmingham 
gauge).  As  will  presently  be  shown,  some  of  the  material 
was  cast  steel  and  other  Bessemer  steel,  all  having  been 
hardened  and  tempered. 

Table  XII. 

STEEL  WIRE. 


Producer. 


J.  Lloyd  Haigh (i) 

Cleveland  Rolling  Mills  (a) 
Washburn  &  Moen (3) 

Sulzbacher,  Hymen,  Wolff 
&  Co (4) 

John  A.Roebling's  Sons 
Co (s) 

Johnson  &  Nephew.  . .  .(6) 

Carey  &  Moen (7) 

Chrome  Steel  Co (8) 


No.  of 
Tests. 

Ultimate  Resistance  in  Pounds 
per  Square  Inch. 

Percent. 
Pinal 

Greatest. 

Mean. 

Least. 

Stretch. 

la 

182,450 

175.340 

166,169 

4 

I 

9 

7 

6 

182,576 

178.400 

172,984 

4 

3 

.  2 

I 

6 

184,019 

176,457 

169,706 

4 
0 

■  5 
8 

6 

179.833 

175,291 

167.807 

4 

X 

■  4 

8 

13 

179.019 

i6a,a44 

125.321 

4 
0 

.8 

4 

9 

206,170 

177,706 

163,027 

6 
3 

9 

I 

13 

194.227 

167,880 

136,814 

4 
0 

a 
5 

6 

170,150 

160,544 

150,657 

3 

X 

4 
0 

Diameter 

Practure, 

Inch. 


o.  161 
0.147 
o.  161 
0.138 
0.147 
0.133 
o.  x6a 

o .  1 39 
o.  167 
»30 
148 
129 
160 

125 


The  column  ''Per  cent,  final  stretch'*  gives  the  highest 
values  for  the  5-feet  lengths  tested,  and  the  lowest  for  the 
loo-feet  lengths;   these  were  the  greatest  and  least  found. 
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The  column  ''Dia,  fracture'^  gives  the  greatest  and 
least  values  of  the  diameter  of  the  fractured  section  in 
decimals  of  an  inch.  There  seemed  to  be  no  definite 
relation  between  the  ultimate  resistance  and  contraction 
of  section  of  rupture. 

Col.  W.  A.  Roebling  states  that  the  character  of  the 
above  steel  was  believed  to  be  as  follows: 

(i)  English  crucible  cast  steel. 

(2)  Open-hearth  steel. 

(3)  English  crucible  cast  steel. 

(4)  Krupp's  Bessemer  and  cast  steel. 

(5)  Crucible  cast  steel  and  American  Bessemer  sted 

(6)  English  crucible  cast  steel. 

(7)  English  crucible  cast  steel. 

(8)  Crucible  cast  steel. 

It  is  therefore  seen  that  steel  drawn  into  wire  ^possesses 
an  excess  of  resistance  over  that  in  larger  masses,  as  bars ; 
it  thus  exhibits  the  same  general  i)henomenon  as  wrought 
iron  under  similar  circimistances. 

Steel  Castings, 

The  results  exhibited  in  Table  XIII  belong  to  the 
steel  castings  used  in  the  turntable  of  the  draw-span  of 
the  145th  Street  bridge  across  the  Harlem  River  in  New 
York  City.  The  tests  were  made  in  1901.  The  left- 
hand  column  of  the  table  shows  the  particular  (cast) 
members  of  the  turntable  from  which  the  specimens 
were  taken.  They  also  show  that,  in  steel  castings,  a 
sensibly  higher  grade  (in  the  sense  of  containing  more 
carbon  and  manganese)  of  steel  is  used  than  in  rolled 
shapes.  As  indicated  in  the  heading  of  the  table,  the 
material  was  acid  open-hearth  steel.  The  ultimate  tensile 
resistance  runs  from  about  67,000  pounds  to  nearly  76,000 
pounds  per  square  inch.  The  elastic  limit  is  also  observed 
to  be  high,  in  consequence  of  the  rather  large  percentage 
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of  manganese.  The  quality  of  metal  exhibited  by  the 
physical  results  of  the  table  is  fairly  representative  of  that 
ordinarily  used  in  steel  castings.  Obviously  the  ductility 
exhibited  is  less  than  that  fotmd  in  connection  with  rolled 
shapes.  - 

Table  XIII. 

TENSILE  TESTS  OF  AQD  OPEN-HEARTH  STEEL  CASTINGS,  1901. 


Rail  Steel. 
The  grade  of  steel  adapted  to  railroad  rails  is  much 
higher  in  the  hardeners  carbon  and  manganese,  and  corre- 
spondingly higher  in  physical  quantities  than  structural 
steel,  at  the  same  time  it  is  a  quite  different  metal  from 
that  adapted  to  the  finer  purposes  of  tools;  it  is  manufac- 
tured by  the  Bessemer  process.  The  great  increase  in 
the  immediate  past  in  the  weight  and  speed  of  railroad 
locomotives  and  trains  has  subjected  rails  to  intensely 
severe  duties  which  can  be  performed  without  deteriora- 
tion of  metal  only  by  steel  of  the  highest  powers  of,  en- 
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durance,  which  means  a  steel  of  high  ultimate  resistance, 
elastic  limit,  and  corresponding  ductility.  The  grades 
of  steel  used  for  rail  ptirposes  at  the  present  time  are 
well  illustrated  by  the  following  tabular  statement,  show- 
ing the  chemical  composition  of  the  metal  and  the  results 
of  its  tests  by  the  West  End  Street  Railway  Company 
of  Boston.  The  tests  were  made  in  1898  and  are  reported 
in  the  Engineering  News  of  November  2  2d  of  that  year. 


Carbon 

Silicon 

Phosphorus. 

Sulphur 

Manganese 

Specific  gravity 


Soft. 


.28 
.026 
.106 
.066 

.79 

7.855 


Hard. 


.59 
.056 

.097 

.059 
.83 
7.841 


West  End. 


.57 

.234 
.05 
.078 
.98 

7.825 


Soft  rail 

Hard  rail 

West  End  rail 


Ultimate  Tensile 
Resistance. 


75,860 
118,100 
120,380 


Elastic  limit. 


45,730  (?) 
62,500  (?) 

53,160  (!>) 


All  results  are  in  pounds  per  square  inch. 

Under  actual  traffic  the  West  End  rail  disclosed  the 
least  wear  on  the  head  and  the  soft  rail  the  most,  with 
the  hard  rail  in  intermediate  position. 

The  following  tabular  statement  shows  the  chemical 
composition  of  the  rails  of  various  weights  and  sizes  used 
by  the  N.  Y.  C.  &  H.  R.  R.  R.  Co.,  the  pounds  at  the 
head  of  the  columns  indicating  the  weight  of  rail  per  yard. 
The  metal  of  the  lightest  or  65-pound  rail  corresponds 
to  an  tiltimate  resistance  of  85,000  to  90,000  pounds 
per  square  inch,  with  an  elastic  limit  of  .5  to  .7  of  that 
value.  The  highest  or  loo-pound  rail  corresponds  to 
metal  having  an  ultimate  tensile  resistance  of  probably 
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110,000  to  120,000  pounds  per  square  inch,  with  an  elas- 
tic limit  of  .6  to  .7  of  those  amounts.  In  these  chemical 
compositions  it  is  pertinent  to  observe  the  high  carbon 
and  manganese,  and  the  low  phosphorus  and  sulphur. 

NEW  YORK  CENTRAL  &  HUDSON  RIVER  R.  R.  SPECIFICATIONS. 


Carbon. 


Silicon. 


Manganese.. 


Sulphur  not  to  exceed 

Phosphorus  not  to  exceed. 

Rails  having  carbon  below  will  be 

rejected 

Rails  having  carbon  above  will  be 

rejected 


65-Lb. 

70-Lb. 

0.45 

to 

0.47 

to 

0.55 
0.15 

to 

0.57 

0.15 
to 

0.20 

0.20 

1.05 

to 

I  05 

to 

1.25 

0.069 
0.06 

1.25 

0.069 
0.06 

0.43 

0.45 

0.57 

0.59 

0.70 


The  numbers  represent  the  per  cents  of  the  various  ele]i]ent& 


Rivet  Steel, 

The  grade  of  steel  ordinarily  used  for  rivets  is  the 
softest,  or  lowest  in  hardeners,  employed  in  engineering 
construction ;  it  should  thus  be  correspondingly  low  in 
phosphorus  and  carbon.  In  Table  II  of  this  article 
there  will  be  found  the  measures  of  ductility  and  other 
physical  properties  of  a  number  of  specimens  of  rivet 
steel,  which  are  fairly  representative  of  that  metal,  except 
that  the  ultimate  resistance  is  frequently  much  lower 
than  is  shown  there.  In  much  of  the  rivet  metal  used 
at  the  present  time  the  ultimate  tensile  resistance  may 
run  from  52,000  to  60,000  pounds  per  square  inch.  In 
such  steel  the  carbon  may  run  down  to  .06  or  .08  per  cent. 
with  sulphur  between  .02  and  .03  per  cent.,  and   phos- 
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phorus  even  lower.  The  treatment  to  which  rivet  metal 
must  be  subjected  in  the  heading  of  rivets  makes  it 
imperative  that  the  metal  possess  qualities  of  ductihty 
and  toughness  to  an  imusual  degree  and  that  the  vari- 
ations of  temperature  in  the  rivet  shall  not  reduce  its 
resisting  capacity.  In  other  words,  rivet  steel  must  pos- 
sess physical  properties  enabling  it  to  resist  torturing 
treatmedt  to  the  highest  practicable  degree. 


NicM  Steel. 

The  alloy  nickel  steel,  to  which  allusion  has  already 
been  made  in  connection  with  the  subject  of  the  coefficient 
of  elasticity  of  steel,  possesses  marked  characteristics 
of  high  tiltimate  resistance  and  elastic  limit,  the  latter 
usually  nmning  from  six  tenths  to  three  fourths  of  the 

Table  XIV. 


Shape  of  Member. 


Rounds. 


Angle 


Umvereal  plates, 
longitudinal.. . 


Umvereal  plates, 
transverae.  . . . 


Sheared  plates, 
longitudinal. . 


Sheared  plates, 
transverse.  . . 


\ 
\ 


]Q]idol  Steel 


Nickel 

Hard  forging 
Forging 

Nickel 

Hard  forging 
Forging 

Nickel 

Hard  forging 
Forging 

Nickel 

Hard  forging 
Forging. 

Nickel 

Hard  forging 
Forging 

Nickel 

Hard  forging 
Forging. 


t   ■ 

u  C  c 


86,015 
87,663 
78,066 

86,960 
87,820 
76,970 

8S,773 
8a,773 
78,996 

86,417 
85.173 


85.337 
85.01a 
78,918 

84,377 
84,327 


lis 


63,575 
58,055 

51.793 

58.553 
54,153 
49,544 

58.410 
50,163 
46,654 

58,ao3 
(50,000)* 


58,169 

(50,ooo)» 

49,138 

57,a6o 
(50,ooo)* 


•5 


«^ 


73.9 
66. a 
66.3 

67.3 
61.7 

64.4 

68.x 
60.6 
59. X 

67.4 
(58.7)* 


68.1 
(58.8)* 
6a. 3 

67.9 
(59.3)* 


20. 19 
16.70 
23.94 

21.75 
19.25 


21  .08 
20.50 
26.78 

16.50 
18.83 


19.  00 
22.10 
22.03 

17.13 
21.71 


lit 


all 


s  ^ 


34.00 
34. 44 


39  67 
34.83 


39.35 
37.67 


28.92 
23.17 


35.50 
39.40 


33.50 
37.00 


h 

eg 
■"I 


46.3 
30.3 
52.0 

50.5 
43.3 
49.6 

52.0 
47.0 
52.x 

36.x 
27.4 


48.x 
48.4 
50.8 

43.4 

41. 3 


*  Approximate;  could  not  determine  accurately. 
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former.  The  amount  of  nickel  in  the  alloy  is  usually 
about  3  per  cent.,  although  it  sometimes  runs  from  3.25 
"to  3.375  per  cent.  The  amount  of  carbon  in  connection 
with  the  nickel  usually  runs  from  about  .25  to  .30  per 
cent. 

Table  XIV  exhibits  comparative  tests  of  specimens 
of  nickel  and  two  grades  of  carbon  steel,  taken  from  the 
shapes  and  plates  indicated.  This  table  and  the'  succeed- 
ing one  are  taken  from  a  paper  in  the  "  Transactions  of 
the  American  Society  of  Civil  Engineers,"  for  1895,  by 
Mr.  H.  H.  Campbell,  of  the  Penna.  Steel  Co.  The  results 
are  averages  of  at  least  3  in  each  case,  and  frequently 
more,  but  the  greatest  and  least  values  do  not  generally 
differ  more  than  about  2  to  3  per  cent,  from  the  average. 
The  high  ratio  of  the  elastic  limit  over  the  ultimate  resist- 
ance is  at  once  noticeable  and  indicates  one  of  the  most 
valuable  qualities  of  nickel  steel. 

The  composition  of  these  acid  open -hearth  steels  is 
given  in  the  following  tabular  statement. 

COMPOSITION  OF  ACID  OPEN-HEARTH  STEELS. 


Nickel  steel 


Hard  forging  steel. 


^  Forging  steel. 


Carbon. 


Man. 


Sulphur. '     Phos. 


Nickel. 


3.25 


Copper. 


1 


.20 

to 

.40 


The  relative  ductility  under  various  conditions  of 
these  three  gi'ades  of  metal  are  further  illustrated  by 
the  comparative  miscellaneous  tests  of  specimens  shown 
in  Table  XV. 
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Tadle  XV. 

COMPARATIVE  MISCELLANEOUS  TESTS  ON  THE  STEELS 

IN  TABLE  XIV. 


Shape. 


Rounds. 


Rounds. 


Roxinds. 


Angles. 


Angles. 


Angles. 


Angles. 


1 


\ 
\ 

1 


1 


Sheared  plates,   j 
longitudinal..  "^ 


Sheared  plates 
longitudinal 


::i 


Kind  of  Steel, 

Nickel 

Hard  forging. . 
Forging 

Nickel 

Hard  forging. . 
Poiiging 

Nickel 

Hard  forging.  . 
Forging 

Nickel 

Hard  forging.  . 
Forging 

Nickel 

Hard  forging.  . 
Forging. 

Nickel 

Hard  forging.  . 
Forging 

Nickel 

Hard  forging.  . 
Forging 

Nickel 

Hard  forging.  . 
Forging 

Nickel 

Hard  forging.  . 
Forging. 


Nature  of  Tests. 


Bent  cold,  flat  upon  itself. 
Bent  cold,  flat  upon  itself. 
Bent  cold,  flat  upon  itself. 

When  nicked,  six  bars  bent  an  average  of  57'  be- 
fore cracking. 

When  nicked,  five  bars  bent  an  average  of  54* 
before  cracking. 

When  nicked,  six  bars  bent  an  average  of  35*  bo- 
fore  cracking. 

When  quenched,  bent  flat  upon  itself. 
When  quenched,  bent  flat  upon  itself. 
When  quenched,  bent  flat  yxpoa.  itself. 

Bent  cold,  flat  upon  itself. 
Bent  cold,  flat  upon  itself. 
Bent  cold,  flat  upon  itself. 

When  quenched,  bent  flat  upon  itself. 
W*hen  quenched,  bent  flat  upon  itself. 


Opened  out  flat,  without  fracture. 
Opened  out  flat,  without  fracture. 
Opened  out  flat,  without  fracture. 

Closed  about  45*.  before  fiBcture. 
Closed  about  60®,  before  fracture. 
Closed  shut,  without  fracture. 

Bent  cold,  flat  upon  itself. 
Bent  cold,  flat  upon  itself. 
Bent  cold,  flat  upon  itself. 

When  quenched,  broke  at  a  very  small  angle  of  bend. 
When  quenched, broke  at  a  very  small  angle  of  bend. 


It  should  be  observed  from  the  results  of  both  tables 
that  the  ductility  of  the  nickel  steel  is  in  general  in  excess 
of  that  of  the  other  two  accompanying  grades. 

In  the  U.  S.  Report  of  Tests  of  Metals  for  1898  there 
will  be  found  the  results  of  the  tests  of  two  specimens 
of  nickel  steel,  one  giving  an  ultimate  resistance  of  107,950 
pounds  per  square  inch  and  the  other  an  ultimate  resistance 
of  111,350  pounds  per  square  inch.  Again,  in  the  corre- 
sponding report  for  1899  there  will  be  found  the  results 
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of    tests  of   nickel-steel  specimens  given  in  Table  XVI 
and  having  the  following  chemical  comi)osition : 

Carbon 30  per  cent.  Phosphorus 027  percent. 

Manganese 73    "       "  Copper 035   "      " 

SiUcon 203"       "  Nickel 3.375    "      " 

Sulphur. 035  "      " 

Table  XVI. 

TENSILE  TESTS  OF  NICKEL-STEEL  SPECIMENS. 


Diameter 

Pounds  per  Square  Inch. 

Percentage  Pinal 

of  Pi^re, 
Inches. 

Elastic 
Limit. 

Ultimate. 

Stretch. 

Contrac- 
tion. 

Remarks. 

.8 
.8 

•  79 

.79 
.21 

.21 

.21 

.21 

44,500 
56,000 
73,000 
70,000 
57,310 
55.500 
74,210 
73,630 

88.370 
88,900 
97,290 
96,000 
91,680 
90,480 
100,770 
101,410 

20.9 

21. 

18.6 

18.2 

26.5 

26.5 

23. 
24. 

54 

54. 

56. 

55. 
56. 
56. 
58. 
59 

4 

4 

9 
6 

2 

5 
9 
4 

Annealed. 

Tempered  and  annealed. 
<<           tt          <i 

Annealed. 

Tempered  and  annealed. 
<<           <(           *< 

As  would  be  expected,  the  annealed  specimens  gave 
less  ultimate  resistance  and  elastic  limit  than  the  tempered 
and  annealed.  In  all  cases  the  ductility  is  excellent, 
although  the  final  stretch  is  materially  less  for  the  tem- 
pered and  annealed  specimens  than  for  the  annealed,  as 
would  be  anticipated. 

It  has  been  stated  that  nickel  steel  carrying  about  3 
per  cent,  of  nickel  and  .25  per  cent,  of  carbon  will  yield 
a  metal  of  ultimate  resistance  and  elastic  limit  equivalent 
to  a  carbon  steel  of  .45  per  cent,  carbon,  but  having  the 
ductility  of  low  carbon  steel,  and  the  preceding  results 
with  those  that  follow  indicate  that  that  statement  is 
well  within  the  actual  results  of  tests. 

The  following  tabular  statements  give  the  physical 
qualities  of  nickel  steel  adapted  to  the  various  purposes 
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indicated.    They  are  taken  from  results  published  in  the 
Railroad  Gazette  for  August  8th,  1902. 


NICKEL-STEEL  FORGINGS. 


Driving-wlieel  axles. 

Piston-rods. 

Main  crank-pins 

Front  crank-|nn& 

Connecting-rods  and  guides. . . . 


Tensile 
Strength,  Lbs. 


99,310 
90,140 
93,570 
92,180 
92,040 


Elastic 
Limit.  Lbs. 


64,170 
60,090 

65,450 
64,170 
59,820 


Exten., 
Per  Cent. 


25.00 

25  50 
24.00 

24.50 
26.00 


Cont., 
Per  Cent. 


53.76 
54.08 

49.37 
51.00 

53.01 


NICKEL-STEEL  CASTINGS. 


Crosshead. 

Furnace-bearer,  bearer-guide. . 
Annealed: 

Carbon  steeL 

Nickel  steeL 

Oil-tempered: 

Carbon  steeL 

Nickel  SteeL 


84,540 
85,050 

109,500 
100,330 

129,360 
103,890 


53,980 
54.490 

51,440 
66,720 

67,230 
76,390 


18.50 
18.00 

19.50 
25.00 

17.50 
25.00 


31.10 
26.04 

36.31 
54.56 

38.53 
61.56 


SMALL  RIFLE  BARRELS— NICKEL  STEEL. 


Tensile  Strength,  Lbs. 


115,100 
114,080 

114,590 
116,620 
116,120 
"4.590 


Elastic  limit,  Lbs. 


99,820 
97,780 
99,820 

96,770 
97,780 
98,800 


rr 


Ext.  in  a  Inches, 
Percent. 


23 

23 

23 
22.50 

23 
24 


Cont.  or  Area 
Percent. 


64.00 

64.95 

65.45 
62.05 

64.00 
62.53 


Effect  of  Ij)w  and  High  Temperatures  on  Steel. 

The  results  of  some  German  experiments  and  the 
experience  of  the  Massachusetts  Railroad  Commissioners 
with  steel  rails  for  one  year,  have  ah-eady  been  given  in 
connection  with  wrought  iron. 

Table  XVII  contains  the  results  of   the  experiments 
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by  Mr.  Chas.  Huston,  as  given  in  the  "Journal  of  the 
Franklin  Institute"  for  Feb.,  1878. 

"  U.  R."  is  the  ultimate  resistance  in  pounds  per  square 
inch,  while  **C.*'  is  the  per  cent,  of  contraction  at  the 
section  of  fracture. 

Each  result  is  a  mean  of  three  experiments. 

Table  XVII. 


Kind  of  Material. 

"Cold." 

S73®Fahr. 

93a*Pahr. 

U.R. 

c. 

'26 

47 
36 

27 

U.R. 

C. 

23 

38 
30 

16 

U.R. 

C. 

Charcoal  boiler-plate,  piled  ...    . 

Siemens  -  Martin     (exceptionally 

soft) 

55,400 

54,600 
64,000 

78,400 

63,100 

66,100 
69,300 

82,800 

65,300 

64,400 
68,600 

77,300 

21 

34 
21 

20 

Crucible  steel  (ordinarily  soft) . . 

Crucible   steel   (not   quite   hard 

enough  to  temper) 

The  method  of  producing  rupture  at  the  desired  place 
was  such  as  to  make  the  specimens  partake,  to  some 
extent  at  least,  of  the  nature  of  "short'*  ones,  which, 
however,  would  not  affect  the  comparative  results. 

It  will  be  observed  that  the  charcoal  boiler-plate 
iron  gave  the  highest  resistance  at  the  highest  temperature, 
but  that  all  the  steels  gave  the  highest  '*U.  R."  at  the 
intermediate  temperature  572®  Fahr. 

It  is  somewhat  remarkable  that  in  every  case  but 
the  last  (the  hardest  steel)  the  contraction  of  fractured 
section  decreased  with  the  rise  in  temperature. 

Other  results  for  steel  will  be  found  in  Table  XIV,  of 
Article  44,  and  it  will  be  seen  that  they  tend  to  confirm 
the  conclusions  just  drawn. 

In  the  "Annales  des  Fonts  et  Chauss6es'*  for  Feb., 
1881,  page  226,  are  given  the  number  of  breakages  of 
steel  rails  which  occurred  in  Russia  in  1879.     The  follow* 
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ing  is  the  table  showing  the  number  of  failxires  for  each 
month  of  the  year. 

These  results  conflict  somewhat  with  those  given  by 
the  Massachusetts  Railroad  Commissioners,  in  Art.  32, 

January 699 

February 598 

March 854 

April 235 

May 235 

June x6o 

July 247 

August 156 

September 214 

October 328 

November 341 

December 692 

The  greatest  number  is  found  in  the  coldest  half  of 
the  year,  but  the  greatest  number  for  any  one  month 
belongs  to  March,  which  is  not  the  coldest  month.  It  is 
probable  that  this  is  due  to  the  effect  of  long  wear  on 
the  frozen  ground  of  the  entire  winter  in  connection  with 
the  possible  alternate  freezing  and  thawing  of  the  ground 
in  the  month  of  March. 

Prof.  R.  C.  Carpenter  of  Cornell  University  has  in- 
vestigated the  effect  of  high  temperatures  on  the  tensile 
resistance  of  wrought  iron  and  steel  circular  test  speci- 
mens .5  inch  in  diameter,  and  reported  the  results  in  the 
'* Trans,  of  the  Am.  Soc.  of  Mechanical  Engineers"  for 
1896.  The  number  of  wrought-iron  specimens  tested  was 
about  thirty,  and  about  twenty  of  steel.  Fig.  2  shows 
graphically  the  relation  between  the  ultimate  resistances 
and  the  corresponding  temperatures  in  degrees  Fahr. 

The  ductility  represented  by  the  final  elongations 
or  stretches  in  8  inches  at  the  corresponding  temperatures 
of  Tuptttre  are  exhibited  in  Fig.  3. 


« 
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Prof.  Carpenter  observes  "that  all  the  curves  have 
a  point  of  contraflexure  at  about  70°  F.,  and  another 
at  a  temperature  not  far  from  500°.  The  maximum 
strength  is  found  at  temperatures  of  400°  to  550°.     At 


temperatures  higher  than  this  all  the  materials  show  a 
rapidly  decreasing  strength." 

As  a  general  result  or  consensus  of  all  results,  includ- 
ing the  older  and  the  later,  it  may  be  stated  that  iron 
and  steel  lose  no  sensible  portion  of  their  resisting  capac- 
ity under  about  500°  Fahr.,  but  that  softening  is  liable 
to  begin  when  the  temperature  rises  much  above  that 
limit.  At  a  temperature  of  about  800°  Fahr.  these  metals 
may  lose  as  much  as  20  per  cent,  of  ultimate  resistance. 
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Hardening  and  Tempering. 

The  processes  of  hardening  and  tempering  are  not 
usually  applied  to  structural  steel,  but  to  those  higher 
grades  of  metal  used  for  such  special  purposes  as  tools 
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TEMPERATURE  OF  SPECIMEN,  DEGREES  F. 

Fto.  3. 

or  wire.  The  hardening  process  consists  in  heating  the 
steel  to  such  temperature  as  may  be  desired  to  accomplish 
a  given  purpose  and  then  quenching  in  water,  brine, 
oil,  molten  lead,  or  other  proper  bath.  The  temperature 
from  which  the  quenching  is  done  may  be  that  indicated 
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by  an  orange  color;  it  depends  upon  the  size  or  character 
©f  grain  of  metal  desired.  In  general  terms,  the  higher 
the  content  of  carbon,  the  more  marked  will  be  the  re- 
sults of  the  hardening  processes.  Quenching  has  a  com- 
paratively small  effect  upon  low  or  medium  structural 
steel. 

The  process  of  tempering  is,  in  reality,  supplementary 
to  the  process  of  hardening  in  the  manner  just  described. 
After  a  piece  of  steel  has  been  hardened  by  quenching 
so  that  its  temperature  is  that  of  the  air,  if  it  be  again 
heated  it  will  exhibit  different  colors  as  the  temperature 
is  increased.  The  first  noticeable  color  will  be  a  light 
delicate  straw,  then  deep  straw,  light  bro-vvn,  dark  brown, 
browni-sh  blue,  called  **  pigeon  wing,*'  light  bluish,  light 
brilliant  blue,  dark  blue,  and  black,  after  which  the  temper 
is  completely  removed.  The  preceding  colors  are  due 
to  thin  films  of  oxide  that  form  on  the  exterior  surfaces 
of  the  pieces  as  the  temperature  increases.  When  this 
heating  is  stopped  at  any  color  and  the  steel  allowed  to 
cool,  the  metal  is  said  to  be  drawn  to  the  temper  shown 
by  the  corresponding  color. 

The  tempers  at  different  colors  for  different  processes 
are  sometimes  stated  as  follows : 

Light  straw For  lathe-tools,  files,  etc. 

Straw "       "        "         "       " 

Light  brown "  taps,  reamers,  drills,  etc 

Darker  brown "      " 

Pigeon  wing "  axes,  hatchets,  and  some  tools. 

Light  blue "  springs. 

Dark  blue **  some  springs,  occasionally. 

Tempering  or  hardening  increases  both  the  elastic 
limit  and  ultimate  resistance,  but  decreases  the  ductility. 
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Annealing, 

The  processes  of  annealing,  like  those  of  hardening 
and  tempering,  produce  more  marked  results  in  the  higher 
steels  than  in  the  lower.  Steel  has  a  sensibly  var3ang 
density  at  different  temperatures;  in  other  words,  a 
given  weight  of  metal  will  occupy  sensibly  different  volumes 
at  different  temperatures.  Hence  if  a  piece  of  steel  be 
subjected  to  any  operation,  such  as  forging,  which  gives 
to  different  portions  concurrently  widely  var5dng  tem- 
peratures, those  portions  will  necessarily  be  subjected 
to  considerable  intensities  of  internal  stresses,  and  if 
those  stresses  are  not  removed  they  may  reduce  greatly 
both  the  ultimate  resistance  and  ductility.  In  the  higher 
grades  of  steel  and  in  special  steels  it  is,  therefore,  impera- 
tive to  anneal  members  which  have  been  subjected  to 
such  operations.  These  observations  are  specially  perti- 
nent to  such  high  steels  as  those  adapted  to  the  manufacture 
of  tools  or  other  similar  purposes.  In  general  it  is  neces- 
sary in  structural  engineering  practice  to  resort  to  anneal- 
ing only  in  the  case  of  eye-bars,  or  other  members  which 
have  been  subjected  to  the  operations  of  forging.  The 
process  consists  simply  in  heating  the  member  to  be 
annealed  to  about  a  cherry-red  temperature  until  the 
piece  is  heated  through,  and  then  allowing  it  to  cool  grad- 
ually to  a  normal  temperature.  At  the  cherry-red  heat 
the  metal  is  sufficiently  softened  to  allow  the  molecules 
to  readjust  their  relative  positions  so  as  to  remove  the 
internal  stresses.  After  the  operation  of  cooling  is  com- 
pleted the  metal  will  be  at  least  approximately,  if  not 
entirely,  in  a  condition  of  no  internal  stresses,  i.e.,  if  the 
annealing  has  been  properly  done.  The  more  gradually 
and  uniformly  the  cooling  is  accomplished  the  more  ex- 
cellent will  be  the  results.     Sometimes  resort  is  made  to 
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such  si)ecial  means  to  accomplish  these  ends  as  covering 
the  members,  after  bringing  them  to  a  propter  temperature, 
with  sand,  ashes,  or  other  similar  material,  to  insure  a 
slow  and  uniform  cooling. 

The  preceding  tables  show  what  is  always  found  in 
a  comparison  of  results  for  the  natural  and  the  an- 
nealed metal.  The  process  of  annealing  will  diminish 
the  ultimate  resistance  of  structural  steel  in  general  from 
about  4,000  to  6,000  or  8,000  pounds  per  square  inch, 
and  the  elastic  limit  will  be  reduced  correspondingly. 
These  effects  will  be  foimd  more  marked  as  the  metal  is 
finished  between  the  rolls  at  lower  temperatures.  In 
general,  steel  which  is  hardened  by  the  conditions  of 
manufacture,  like  that  of  comparatively  low  temperature 
in  rolling,  will  exhibit  greater  decreases  of  ultimate  resist- 
ance and  elastic  limit  under  annealing. 

The  process  of  annealing  increases  the  ductility  of 
the  steel,  since  it  softens  the  metal.  In  spite  of  the  re- 
duction in  ultimate  resistance  and  elastic  limit,  therefore, 
the  operation  gives  a  valuable  quality  to  the  steel. 

Table  XVIII  exhibits  the  effects  of  simply  annealing, 
or  of  first  oil-tempering  and  subsequent  annealing,  on 
specimens  of  gun  steel  manufactured  by  the  Midvale 
Steel  Company  of  Phila.,  for  the  Ordnance  Dep't  U.  S. 
Army,  1884.  The  results  are  taken  from  the  Report  of 
Chief  of  Ordnance  for  1884.  Oil-tempering,  or  hardening 
in  oil,  may  be  said  to  increase  almost  universally  both 
the  elastic  h'mit  and  ultimate  resistance. 

Annealing  in  all  cases  reduces  the  ultimate  resistance 
and  increases  the  final  stretch  and  final  elongation,  i.e., 
increases  the  ductility.  Oil-tempering,  with  subsequent 
annealing,  however,  is  seen  in  Table  XVIII  to  produce 
a  very  irregular  effect,  although  on  the  whole  it  slightly 
reduces  the  final  elongation,  except  in  the  case  of  high 
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Table  XVIII. 

SPECIMEN  TESTS. 


Treatment. 


\ 


Annealed 

Oil-tempered  and  annealed. . 


«« 
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t« 
«« 

•  « 
It 

•  I 
•« 


Results  Before  Treatment. 


Ult. 
Resist, 
Pounds 

per 
Sq.  Inch. 


Per  Ct.  of  Final 


100,500 
80,400 
95.068 
88,900 
04. 1 00 
8g,500 
97.500 
89,000 
97,000 
86,132 
84.880 
88.400 

103.813 
95,830 
85.780 


Elong. 


10, 

0 

12. 
20, 
19, 
21 , 
21 , 


5 
o 

5 
5 
5 
5 
o 


Con. 


18.5 
2a. o 

11.5 
24.0 
ao.o 

5.5 
1.J.0 
22.0 


15.6 
8.0 
13-0 
330 
32.0 
31 .0 

28 

27 

28 
12 
41 

37 

5 

13 


34.0 


Results  After  Treatment. 


Ult. 
Resist, 
Pounds 

per 
Sq.  Inch. 


87,700 

71,500 

102,900 

106,600 

102,000 

100,200 

107,000 

107,000 

106,000 

97.720 

94.880 

86,920 

97.500 

94.700 

101,160 


Per  Ct.  of  Pinal 


Elong. 


z6.o 
25.  S 
14. 5 
17.5 
20.5 

17.5 
18.0 
ig.o 
20.0 
15.0 
30.0 
24.0 

17. 5 
19.0 
19. o 


Con. 


ao.o 

39.7 
22.0 

35.0 

47.0 

35.0 

40 

39 

41 

31 

41 

48.0 

29.0 

40.0 

34.0 


Steel,  for  which  the  opposite  effect  is  produced.  In  all 
cases  the  combined  operations  are  seen  to  produce  a  very 
material  increase  in  the  final  contraction. 


Effect  of  Manipulations  common  to  Constructive  Processes; 
also  Punched,  Drilled,  and  Reamed  Holes, 

The  shop  treatment  of  steel  must  in  some  respects  be 
peculiar  to  that  metal,  and  different  from  that  which 
characterizes  the  manufacture  of  iron-bridge  members. 
The  processes  of  punching  and  shearing  have  been  con- 
sidered very  injurious  to  steel  and  comparatively  un- 
injurious  to  wrought  iron.  More  intimate  acquaintance 
with  steel,  in  the  various  shop  processes  requisite  for  the 
production  of  finished  members,  has  shov^ni  that  the  idea 
is  certainly  erroneous  for  the  milder  grades  of  metal. 
There  is  no  question  that  ptmching  and  shearing  are 
injurious,  but  it  is  foimd  that,  for  steel  with  a  tensile 
resistance  below  65,000  pounds  per  square  inch,  the  injury 
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may  be  even  less  than  for  iron.  It  is  chiefly  necessary 
that  no  crack,  even  the  most  minute,  should  be  started 
in  any  pimched  or  sheared  surface,  for  .the  reason  that 
such  a  minute  fissure  may,  within  a  short  time,  extend 
itself  injuriously  before  it  is  discovered.  If  punches  and 
dies  are  maintained  in  a  sharp  condition  the  metal  will 
be  more  cleanly  severed  and  there  will  be  less  liability 
to  this  peculiar  injury.  Table  XIX  is  taken  from  a 
paper  by  Mr.  James  Christie,  M.  Am.  Soc.  C.  E.,  on  the 
Treatment  cf  Metals  for  Structural  Purposes,  in  the  Trans- 
actions of  that  society  for  October,  1893.  It  will  be  ob- 
served that  the  effect  of  punching  is  a  great  reduction 

Table  XIX. 

BARS  ROLLED  THREE  INCHES  WIDE,  WITH  HOLES  THROUGH 
THE  MIDDLE  OF  THE  BAR,  AND  TREATED  AS  DESCRIBED. 


Size  of 

Bar 
Inches. 


3X1 


3X1 


3X1 


3Xi 


3tXi 


Treatment, 


," 


As  rolled. 
Punched  i' 

Reamed  H"  f 
Drilled  t". ... 

As  rolled 

Punched  i".. 

Reamed  jl"  J 

As  rolled 

Punched  i"  .. 

Reamed  U"  f 

As  rolled 

Punched  i"  . 

"     r  I 

Reamed  IS"  S 

As  rolled 

ft'/ 


Drilled  f&' 
Punched  jl 
Reamed  jj 


■'} 


Ultimate 
Resist- 
ance, 
Pounds 

Elastic 

Limit, 

Pounds 

Final 

Stretch, 

Final 
Contrac- 

per 

Square 

Inch. 

per 

Square 

Inch. 

Per  Cent. 

tion, 
Percent. 

65,900 

41.800 

29. 

54. 

60,800 

46,100 

XI. 

13. 

53,600 

39.500 

12. 

39. 

65.500 

45,000  . 

IS- 

29. 

61,900 

36,400 

3X. 

53. 

52.300 

51,100 

2.3 

5.6 

60,200 

46,700 

14. 

as. 

60,300 

37.300 

31. 

49. 

46,300 

44,200 

7.3 

3-7 

5  5, 000 

45.700 

4- 

27. 

63.100 

39.900 

39. 

55. 

5 1 ,000 

47.200 

9.3 

4. 

65,900 

49.400 

14. 

20. 

70,500 

37,900 

26.7 

47. 

73.000 

39,000 

10. 

73.700 

39.400 

11. 

Fractiare. 


Silky. 


Crystalline. 

Silky, 
li 

Crystalline. 


Silky. 
Crystalline. 


Silky. 


Four  tests  of  each.      Elongations  of  bars  measured  on  8-inch  len^h,  of  perforated 
specimens  on  3-inch  lenffth,  except  last  one,  on  2-inch  len^h. 

both   in   the   final  contraction   and   in  the  final   stretch. 
It  has  been  found  by  these  and  other  experiments  that 
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the  region  affected  by  the  punch,  or  jaw  of  the  shear, 
'^xtends  but  a  very  short  distance  from  the  cutting  edge 
of  the  tool.  Within  that,  region,  however,  the  metal 
is  very  much  hardened,  and  the  loss  of  ductility  and 
elevation  of  elastic  limit  is  due  to  that  hardening.  The 
loss  of  ultimate  resistance  is  probably  due  to  the  violent 
•disturbance  of  the  molecules,  and  the  resulting  minute 
fissures  in  the  metal  within  the  same  region.  The  preju- 
dicial effect  is  therefore  removed  by  reaming  from  the 
punched  hole  a  thin  ring  of  metal  about  one  sixteenth  of 
an  inch  thick.  It  will  be  shown  further  on,  bv  reference 
to  some  French  tests,  that  usually  a  thickness  of  one 
twenty-fifth  of  an  inch  at  most  is  sufficient  for  the  removal 
of  all  injured  metal,  but  as  the  die  is  usually  about  one 
sixteenth  of  an  inch  larger  than  the  punch  a  little  greater 
thickness  must  be  removed  in  order  to  cover  tlie  require- 
ments of  the  die  side  of  the  i)late.  It  is  probable  -that  the 
metal  on  that  side  is  less  injured  than  that  on  the  punch 
side.  In  all  cases  in  Table  XIX  the  ultimate  resistance 
is  reduced  from  ten  to  twenty-three  per  cent.,  with  a  very 
large  elevation  of  the  elastic  limit.  The  effects  on  the 
'thinner  plates  are  somewhat  less  than  on  the  thicker 
ones.  Indeed  it  is  possible  to  take  a  plate  so  thin  that 
the  prejudicial  effects  would  disappear,  and,  as  a  general 
rule,  it  may  be  stated  that  the  injurious  effects  increase 
with  the  thickness  of  the  plate,  as  they  also  increase  with 
the  carbon,  i.e.,  as  the  steel  becomes  higher  in  grade. 
It  will  be  seen  that  reaming  to  the  dimensions  indicated 
removes  essentially  all  the  injurious  effects  of  the  punch 
so  far  as  elastic  limit  and  ultimate  resistance  are  con- 
cerned, and  the  observ^ation  can  be  extended  to  the  final 
stretch  and  final  reduction,  although,  apparently,  the 
table  does  not  justify  it.  This  is  due  to  the  fact  that 
the  reamed  hole  makes  the  specimen  a  short  one  at  the 
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section  of  fracture,  and,  as  usual  in  such  cases,  both  per- 
centages of  stretch  and  elongation  are  reduced.  The 
same  shortening  effect  raises,  the  ultimate  resistance  of 
the  piece  with  the  reamed  hole  above  that  of  the  original 
specimen. 

Table  XX,  also  from  Mr.  Christie's  papier,  shows  the 
result  of  testing  strips  of  steel  plates  of  each  given  thick- 
ness, with  widths  varying  from  one  and  a  half  to  three 
inches. 

Tlie  general  effects  of  the  cutting  edge  of  the  shear 
are  precisely  the  same  as  those  of  the  pimch,  as  the  oper- 
ation in  each  case  is  a  shear.  Hence,  if  sheared  edges 
are  planed  off  to  a  depth  of  one  sixteenth  to  one  eighth 
of  an  inch,  the  injured  metal  will  be  entirely  removed. 
The  hardening  effects  of  both  shearing  and  punching 
may  also  be  removed  by  the  process  of  annealing,  although 
less  effectually  than  by  reaming  and  planing.  As  naturally 
would  be  inferred  by  experience  in  punching,  higher  steels 
and  thicker  plates  are  more  injuriously  affected  by  shear- 
ing than  low  steels  and  thinner  plates. 

Table  XX. 


No. 


I 

9 

3 

4 
5 

6 


Thickness 
of  Steel. 


1 


Treatment  of  Edges. 


Sheared . 
Planed.  . 
Sheared . 
Planed.  . 
Sheared . 

Planed.  . 


General  average  of  sheared  edges 
"    planed  edges. 


1 

Pounds  per 
Square  Inch. 

Ultimate 
Resistance. 

Elastic 
Limit. 

64,600 
65,100 
68.800 
69,000 
64,300 
j    61,600    1 
i  doubtful  ) 
65,900 
67,000 

45,100 
41,600 
43,600 
43,000 
41,600 

37,200 

40,600 
40,600 

Per  Cent, 
Final 


Stretch. 


Contrac- 
tion. 


10.6 
23.2 
16. 1 

25.7 
16.5 

28.4 

14.4 
25.8 


28 
61.8 

a8.3 
57.8 

as. 

47.  S 

27.1 
55.7 


Strips  1. 5  to  3  inches  wide,  cut  from  plates  6  to  10  inches  wide,  lAi  to  i  inch  material 
removed  from  sheared  edges  by  planing,  to  make  planed  edges. 
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In  consequence  of  the  irregular  edge  of  a  large  sheared 
plate,  bridge  specifications  frequently  require  that  at 
least  one  quarter  of  an  inch  of  metal  shall  be  removed 
from  the  edge  of  such  plates  by  planing. 

It  has  been  found  that  tjie  deterioration  of  the  riveted 
joints  in  steel  plates  with  punched  holes  is  frequently^ 
and  perhaps  usually,  appreciably  less  than  might  be 
expected  from  such  tests  with  pimched  plates  as  have  been 
just  cited.  This  is  probably  due  largely  to  a  possible 
annealing  efifect  of  the  hot  rivet  on  the  walls  of  the  pimched 
holes.  Comparative  tests  of  riveted  joints  with  steel 
and  iron  plates  would  appear  almost  certainly  to  indicate 
that  with  steel  running  not  higher  than  65,000  to  70,000 
pounds  per  sqtiare  inch  in  ultimate  resistance,  and  with 
a  thickness  not  exceeding  one  half  inch,  the  loss  in  such 
joints  due  to  punched  holes  is  less,  and  sometimes  very 
materially  less,  for  steel  than  for  iron.  Nevertheless, 
as  there  is  a  material  gain  in  reaming,  it  is  usual,  as  it  is 
certainly  the  best  practice,  to  remove  the  injured  material 
with  the  reamer  in  all  cases  of  steel  plates,  and  if  a  thick- 
ness exceeds  about  three  quarters  of  an  inch  it  is  not 
imusual  to  require  holes  to  be  drilled.  It  is  also  good 
practice,  although  not  usually  required,  to  remove  the 
sharp  comers  of  reamed  and  drilled  holes  so  as  to  form 
a  little  fillet.  This  removes  all  liability  of  sharp  shearing 
action  on  the  shaft  of  the  rivet,  and  it  makes  the  contact 
of  adjacent  plates  perfectly  satisfactory. 

Steel  seems  to  be  very  sensitive  to  the  eflfects  of  hammer- 
ing or  working  at  what  is  termed  a  "blue  heat."  Con- 
sequently it  is  necessary  to  heat  the  rivet  to  such  a  tem- 
perature as  will  enable  the  operation  of  heading  to  be 
completed  before  the  rivet  cools  to  the  blue  stage.  A 
bright  red  or  yellow  heat  is  requisite  for  good  work,  and 
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the  rivet  shoiild  be  held  under  a  pressure  of  fifty  or  sixty 
tons  per  sqtiare  inch  of  the  shaft  section  until  the  metal 
has  time  to  flow  throughout  the  rivet  length  and  thus 
completely  fill  the  hole,  otherwise  the  upsetting  will  be 
complete  at  and  in  the  vicinity  of  the  rivet-heads  only. 
An  additional  advantage  in  holding  the  rivet  under  the 
greatest  pressure  of  the  riveter  for  a  short  time  is  the 
fact  that  the  rivet  becomes  cool  enough  to  prevent  the 
separation  of  the  plates. 

The  forging  of  steel  requires  unusual  skill  and  ex- 
perience. When  a  piece  has  been  heated  to  a  proper 
temperature  it  should  be  kept  imder  work  until  it  has 
fallen  in  temperature  to  a  proper  point  to  secure  all 
the  advantages  of  working,  but  of  course  not  below 
red  heat.  The  forging  should  be  done  with  a  hammer 
whose  weight  is  suitably  proportionate  to  the  mass  to  be 
forged.  If  the  hammer  is  too  light,  the  result  will  be  a 
surface  effect  only,  with  the  interior  but  little  changed. 
Pressure  forging,  v^ith  appropriate  facilities  for  attaining 
great  pressures,  is  probably  capable  of  producing  the 
best  results. 

The  operation  of  annealing,  particularly  as  applied 
to  full-size  bars,  is  one  of  great  importance  in  the  manu- 
facture of  structural  steelwork.  The  metal  is  heated  as 
uniformly  as  possible,  so  that  undue  stresses  .will  not  be 
developed,  to  a  bright  cherry-red,  corresponding  probably 
to  about  I  ICO  or  1200  degrees  Fahr.,  and  then  allowed 
to  cool  gradually.  By  this  means  any  internal  stresses 
that  may  have  been  produced  by  the  process  of  forging, 
or  any  other  shop  manipulation,  are  eliminated.  The 
metal  is  sufficient!}''  softened  at  the  highest  temperature 
to  allow  the  molecules  to  adjust  themselves  to  a  condition 
of  essentially  no  stress,  and  if  the  cooling  is  gradual  the 
internal  stresses  will  not  be  re-developed. 


Alt  43.] 


STEEL 


Table  XXI. 


321 


Percent. 

Number 
Bent 

Without 
Ctack. 

Number 
Cracked. 

Ntmiber 
Breaking. 

Per  Cent. 

Without 
Crack. 

Clacking. 

Breakiiw. 

.13 

.14 

.15 
.16 

.17 
.18 

.19 
.20 
.21 
.22 

.23 

17 
32 
30 
40 

35 
18 
16 

5 

4 

4 
I 

I 

5 
6 

10 

18 

II 

5 

3 

5 

3 
0 

0 
0 
2 

3 

,7 

7 

14 
12 

6 

4 
7 

94.4 
86.5 

78.9 
75.5 
58.3 
50 

45.7 

25 
26.7 

36.4 

II. 5 

5.6 
136 
15.8 
18.9 
30 
30 
14.3 
15 
33.3 

27.3 
0 

0 
0 

5.3 
5.6 

II. 7 

19.4 
40 

60 

40 

36.4 
87.5 

The  hardening  of  steel  is  accomplished  in  many  dif- 
ferent ways,  but  the  common  method  of  testing  structural 
steel  in  this  connection  is  by  quenching  in  water,  usually 
at  about  80  degrees  Fahr.  In  the  paper  by  Mr.  Christie, 
already  cited,  he  gives  an  accoimt  of  tests  made  with  a 
series  of  three-quarter-inch  square  bars  heated  to  a  bright 
red,  and  quenched  in  water  at  80  degrees  Pahr.  The 
specimens  were  then  bent  around  a  curve  whose  radius 
was  not  greater  than  the  thickness  of  the  piece. 

This  bending  was  accomphshed  with  a  light  power 
hammer,  but  there  is  less  liability  of  cracking  when  it 
is  done  with  pressure.  Table  XXI  shows  his  complete 
results,  with  the  percentage  of  carbon  in  each  piece.  No 
specimen  containing  less  than  .13  per  cent,  of  carbon 
cracked,  but  all  containing  more  than  .23  per  cent,  of 
carbon  broke.  The  table  shows  what  may  be  expected 
from  this  quenching  test,  with  ordinary  structural  steel, 
as  the  latter  usually  will  be  found  considerably  within 
the  limits  of  carbon  shown. 
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The  experiments  of  Prof.  Alex.  B.  W.  Kennedy,  on 

— -pf: .      J 7  the   effect   of   punching   and 

I  /    drilling    holes,    in    mild-steel 

0\    boiler-plate,    are    well    illus- 
\  trated  by  Table  XXII,  which 
j  I  is  condensed  from  one  given 

1  /^^ J  in  London   Engineering,  May 

Fig.  4.  6,    1 88 1.        None     of     these 

plates  was  annealed,  but  all  were  drilled   or   punched  as 
received. 

Within  the  limits  of  these  experiments.  Prof.  Kennedy 
observes,  neither  the  width  of  the  test  piece  nor  the 
different  diameters  of  die  had  any  essential  influence  on 
the  results. 

The  injurious  effect  of  punching  is  shown  by  the  fact 
that  the  punched  specimens  gave  only  92  to  98  per  cent, 
of  the  resistance  of  the  drilled  ones. 

It  will  be  noticed  that  both  the  drilled  and  punched 
specimens  gave  higher  resistances  than  the  natural  plate. 
This  is  due  to  the  **  shortening"  and  other  influence  (i.e., 
the  disturbance  of  the  lateral  strains)  of  the  rivet-holes, 
as  before  observed,  and  explained  in  Art.  41,  ''Ulthnate 
Resistance  and  Elastic  Limits 

A  duplicate  set  of  experiments  on  32  specimens  of  a 
somewhat  softer  steel  boiler-plate  gave  essentially  the 
same  results  (see  Engineering,  May  6,  1881). 

By  experimenting  on  mild  Fagersta  steel  plates  with 
the  thickness  i,  i,  |,  i,  and  f  inch,  Mr.  Kirkaldy  found 
the  ratio  of  the  resistance  of  drilled  specimens  o\'er  that 
of  ptinched  ones  to  vary  from  about  i.i  (for  |.  |,  and 
f-inch  specimens)  to  1.5  (for  f  specimen)  when  unannealed, 
and  to  be  about  i.i  for  all  the  thicknesses  when  annealed. 
All  the  specimens  were  12.5  inches  wide,  with  three  rows 
of  0.77-inch  holes,  pitched  2.5  inches  apart,  running  across 
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the  specimens.  The  average  resistance  per  square  inch 
of  net  section  was  greater  than  that  of  the  original  plate 
for  the  drilled  holes,  but  considerably  less  for  the  piinched 


ones. 


Table  XXII. 

PUNCHED  AND  DRILLED  HOLES. 


i 

i 
I 
i 
i 


Hole. 


Drilled 

Drilled 

I  punch,  \\  die. 
I  punch,  j{  die. 

Drilled 

Drilled 

I  punch,  I  die. . 
I  punch,  )t  <^c< 


Diameter  of  Hole. 
Inches. 


0.940 

0.940 

0.912-0.876 

0.892-0.871 

0.926 

o  934 
0.998-0.890 

0.945-0.875 


Tenacity 

in  Tons, 

Sq.  Inches. 

Net 

Section. 


38.12 
38.22 
35.04 

34-44 
35.39 
34.90 

33.91 
34.38 


Tenacity  Compared 
with  that  of 


Nat.  Plate. 


1. 105 
1. 108 
1. 000 
1.025 
1. 1 26 
I  .III 
1.073 
1.096 


Drilled 
Plate. 


0.918 
0.902 


0.965 
O.97S 


Each  result  is  a  mean  of  four,  from  plate  specimens  2,  4,  6,  and  8  inches 
wide.  The  pitch  of  rivet-holes  across  the  middle  of  specimens  was  2  inches, 
and  the  width  of  each  specimen  was  so  chosen  that  each  side  passed  through 
the  centre  of  the  rivet-hole,  as  shown  in  Fig.  4.  A  "ton"  is  2,240  pounds. 
The  two  diameters  of  punched  holes  are  for  the  two  sides  of  the  plate. 

Mr.  Kirkaldy  states  that  **  the  loss  from  piinching  is  not 
constant,  but  varies  with  the  thickness  and  also  with 
the  hardness  of  the  material."  He  also  concluded  that 
punching  hardens  the  material  in  the  vicinity  of  the  punch, 
and  that  the  effect  of  punching  is  counteracted  "to  a 
considerable  extent'*  by  annealing. 

At  the  commencement  of  the  use  of  steel  for  structural 
purposes  the  effects  of  punching  and  shearing  were  re- 
garded with  much  apprehension,  and  many  tests  were 
made  to  ascertain  the  extent  of  the  prejudicial  influence. 
The  preceding  matter  is  practically  a  r6stim6  of  American 
and  English  experience. 
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Experiments  on  French  steel  plates,  produced  by  the 
Bessemer  and  Martin  processes  (metal  fondu),  confirm 
this  result  and  form  a  basis  for  other  conclusions,  as  follows 
("  The  Use  of  Steel,"  by  J.  Barba,  A.  L.  Holley,  translator, 
p.  40) : 

**  ist.  That  the  effects  of  punching  and  shearing  are 
essentially  local  and  spread  only  over  a  very  restricted 
region,  less  than  0.039  inch  on  the  edges  of  the  sheared  or 
punched  parts; 

**  2d.  That  no  cracks  exist  in  this  altered  region; 

"3d.  That  tempering  destroys  the  effects  of  shearing 
and  punching  by  bringing  the  metal  back  to  the  state 
it  would  be  in  if  drilling  or  planing  had  been  substituted 
for  punching  or  shearing; 

**  4th.  That  annealing  alone  or  after  tempering  de- 
stroys, as  tempering  alone  does,  the  alterations  caused  by 
shearing  and  punching." 

These  conclusions  relate  to  plates  from  0.27  inch  to 
0.46  inch  thick. 

In  first-class  practice,  holes  in  steel  plates  and  shapes 
are  frequently  first  punched  and  then  reamed  to  a  diameter 
0.125  inch  greater. 

Experiments  on  some  narrow  specimens  of  steel  plate 
seem  to  indicate  that  conical  punching  (the  die  0.16  to 
0.20  inch  greater  in  diameter  than  the  punch)  injures 
the  material  less  than  cylindrical  pimching  (with  a  clear- 
ance of  perhaps  ^V  inch). 

In  the  working  of  steel  plates  and  shapes,  during 
ordinary  constructive  processes,  all  local  pressure  of  great 
intensity,  and  hammering  while  cold  or  at  a  low  temper- 
ature, tend  to  produce  internal  strains  of  great  intensity 
or  other  changes  in  molecular  condition  which  cause  the 
finished  plate  or  shape  to  be  liable  to  great  brittleness 
and  imlooked-for  failure  of  a  local  character. 
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For  these  reasons  M.  Barba  gives  the  following  directions 
in  regard  to  the  working  of  steel: 

**  ist.  Avoid  any  local  presstire  of  whatever  nature 
it  may  be;  2d.  If  local  pressures  have  been  produced 
by  blows  of  a  hammer,  the  action  of  the  ptmch,  etc.  (which 
may,  as  we  have  seen,  cause  rupttires),  heat  the  piece 
to  a  cherry-red  in  a  very  regular  manner  and  as  much 
as  possible  in  its  entirety — ^the  whole  of  it  at  once — and 
let  it  cool  in  the  open  aii'  on  a  homogeneous  surface,  which 
has  all  over  equal  conducting  power.  This  simple  re- 
heating, which  may  be  considered  as  annealing  for  plates 
and  bars,  on  account  of  their  slight  thickness,  restores 
to  the  worked  metal  its  original  qualities,  even  if  it  was 
in  a  very  unstable  state  of  equilibrium." 

If  a  large  amount  of  working  (such  as  bending  or 
curving)  of  a  single  kind  is  to  be  done  to  a  single  piece, 
it  is  best,  if  possible,  to  heat  to  a  cherry-red  and  do  the 
work  by  stages,  rather  than  all  at  once ;  and  then  anneal 
after  the  working  is  completed.  If  the  working  is  local 
and  the  heating  irregular,  it  may  be  necessarj'^  to  anneal 
once  or  more  during  the  progress  of  the  work. 

Local  heating  in  the  production  of  the  ordinary  steel 
eye-bar  head,  for  example,  frequently  gives  much  trouble, 
unless  resort  is  had  to  subsequent  annealing. 

These  difficulties  in  the  working  of  steel  are  found 
more  pronoimced  in  the  higher  grades. 

On  accoimt  of  the  homogeneous  character  of  the  metal, 
upsetting  processes,  as  in  riveting,  etc.,  seem  to  injure 
the  molectdar  condition  of  steel  much  less  than  that  of 
iron. 
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Bauschinger* s  Experiments  on  the  Change  of  Elastic  Limit 

and  Coefficient  of  Elasticity. 

The  details  of  these  experiments  are  given  in  *  *  Der 
Civilingenietir/*  Part  5,  1881.  The  manner  of  application 
of  the  tests,  and  remarks  on  the  quantities,  elastic  limit, 
stretch-limit,  and  final  load,  will  be  foimd  by  referring 
to  page  246.     The  following  is  the  notation: 

E.  L.  =  elastic  limit  in  pounds  per  square  inch. 
S.-L.  =  stretch-limit  in  ix)unds  per  square  inch. 

F.  L.  =  final  load  in  pounds  per  square  inch. 

E.==  coefficient  of  elasticity  in  pounds  per  square 
inch. 

BESSEMER  STEEL. 


B.  L. 

S.-L. 

F.  L. 

E. 


In  Original 
Condition. 


25,970 
40,380 
46,140 
29,848,000 


After  69  Hours. 


43,272 

51,920 

57,690 

29,549,000 


After  0.5  Hour. 


8,760 

55,470 

70,080 

29,009,000 


After  68  Houn. 


14,970 
71,850 


30,146,000 


A  small  specimen  of  this  Bessemer  steel,  about  an 
inch  in  diameter,  gave  an  ultimate  resistance  of  75,800 
pounds  per  square  inch. 

The  elastic  limit  rises  t^^ace  after  two  long  periods  of 
rest  and  falls  in  a  ver}^  marked  manner  after  the  short 
rest  of  0.5  hour. 

The  stretch-limit  rises  steadily  while  the  coefficient 
of  elasticity  falls  twice  and  then  rises  above  its  original 
value. 

Prof.  Bauschinger  was  the  first  to  determine,  in  regard 
to  Bessemer  steel,  that  by  stretching  the  metal  beyond 
its  elastic  limit  its  elasticity  is  elevated,  not  only  during 
the  time  of  action  of  the  load,  but  also  during  a  longer 
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period  of  rest,  without  load,  of  one  or  more  days;  and 
that,  in  this  manner,  the  elastic  limit  may  exceed  the 
load  which  caused  the  stretching.  (Dingler's  Journal, 
Band  224.) 

Fracture  of  Steel. 

The  character  of  steel  fractures  has  been  incidentally 
noticed,  in  some  cases,  in  the  different  tables. 

If  the  steel  is  low,  or  if  some  of  the  higher  grades  are 
thoroughly  annealed,  the  fracture  is  fine  and  silky,  pro- 
vided the  breakage  is  produced  gradually.  In  other 
cases  the  fracture  is  partly  granular  and  partly  silky,  or 
wholly  granular. 

In  any  case  a  sudden  breakage  may  produce  a  granular 
fracture. 

The  Effects  of  Chemical  Elements  on  the  Physical  Qualities 

of  Steel, 

Anything  more  than  a  meagre  statement  of  the  influ- 
ence of  the  chemical  composition  of  steel  on  its  physical 
properties  is  obviously  out  of  place  here,  but  a  knowledge, 
however  slight  it  may  be,  of  the  influence  of  certain  ele- 
ments on  those  properties  is  so  essential  to  the  engineer 
in  his  structural  work  that  attention  should  at  least  be 
called  to  it. 

Although  other  elements  exert  highly  important  influ- 
ences upon  the  resisting  qualities  of  steel,  carbon  is  im- 
doubtedly  the  most  prominent  hardener.  The  effect 
of  a  given  percentage  of  carbon,  at  least  within  certain 
rather  wide  limits,  is  to  give  greater  toughness  and  resist- 
ing qualities  to  steel  with  less  concurrent  brittleness  than 
any  other  contained  element.  It  is  made,  therefore, 
the  basis  of  classification  of  structural  steel,  the  low  steels 
being  low  in  carbon  and  the  high  steels  high  in  carbon. 
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The  metal  manganese  also  gives  to  steel  some  advan- 
tageous qtialities.  At  the  present  time  it  seldom  enters 
steel  to  an  amount  less  than  .5  per  cent.,  nor  more  than 
about  I  per  cent.  Its  presence  seems  to  confer  the  capacity 
of  resisting  the  effects  of  high  temperatures  in  shop  pro- 
cesses. Metal  low  in  phosphorus  and  sulphur  appears 
to  require  less  manganese  than  that  which  is  higher  in 
those  impurities.  It  has  been  foimd  that  the  influence  of 
manganese  upon  steel  depends  in  a  rather  extraordinary 
manner  upon  its  amount.  If  the  content  reaches  1.5 
or  2  per  cent,  steel  becomes  practically  worthless  on 
account  of  its  brittleness,  but  when  a  content  of  6  or  7 
per  cent,  of  manganese  is  reached,  the  metal  becomes 
extremely  hard  and  acquires  to  a  high  degree  the  property 
of  toughness  by  quenching  in  water  without  becoming 
much  harder. 

When  steel  is  alloyed  with  more  than  about  7  per 
cent,  of  manganese,  manganese-steel  is  the  product,  which, 
in  its  natural  state,  may  have  an  tdtimate  tensile  resist- 
ance running  from  74,000  to  over  116,000  pounds  per 
square  inch.  When  quenched  in  water  the  ultimate 
tensile  resistance  of  the  same  metal  may  run  from  about 
90,000  pounds  per  square  inch  up  to  nearly  137,000  pounds 
per  square  inch.  Before  quenching  the  final  stretch 
ranged  from  i  to  4  or  5  per  cent.,  and  after  quenching 
from  4  to  44  per  cent.  The  preceding  figures  belong  to 
a  range  in  manganese  from  about  7  per  cent,  to  over  19 
per  cent,  concurrently  with  carbon  from  about  .61  per 
cent,  up  to  1.83  per  cent.  This  metal  is  an  interesting 
alloy,  but  is  never  used  in  structural  engineering  work. 

Opinions  vary  much  as  to  the  influence  of  silicon 
on  steel,  but  it  seems  now  to  be  well  established  that 
that  influence  within  the  limits  ordinarily  found  is  of 
minor  consequence,  or  at  least  not  prejudicial  to  either 
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resistance  or  ductility.  In  structural  steel  it  usually 
ranges  from  less  than  .03  to  .05  per  cent.,  while  in  rail 
steel  it  may  run  as  high  as  .3  per  cent.  In  some  excellent 
tool-steel  it  may  run  even  from  .2  to  .75  per  cent. 

Sulphur  is  an  impurity  carrying  with  it  highly  preju- 
dicial effects.  It  essentially  injures  metal  for  rolling,  as 
it  makes  the  steel  liable  to  crack  and  tear  at  the  ustial 
temperatures  fotmd  between  the  rolls.  It  also  diminishes 
capacity  to  weld.  Its  effects  may,  to  some  extent,  be 
overcome  by  the  i>resence  of  manganese  and  by  proper 
care  in  heating.  It  is,  however,  highly  prejudicial  as 
an  element  and  is  usually  kept  below  about  .04  per  cent. 

Of  all  the  objectionable  elements  found  in  steel,  phos- 
phorus has  the  position  of  primacy.  Although  it  is  a 
hardener  which  may  increase  the  ultimate  resistance 
to  some  extent,  it  produces  brittleness  and  diminishes 
most  materially  the  capacity  to  resist  shock,  and  it  is 
one  of  the  chief  purposes  of  the  best  methods  of  steel 
production  to  reduce  phosphorus  to  the  lowest  practicable 
limit.  Its  effects  are  sometimes  erratic,  being  occasionally 
found  in  excess  in  apparently  good  material.  In  structural 
steel  it  is  seldom  permitted  to  run  over  .08  per  cent.,  and 
in  the  basic  processes  of  manufacture  it  frequently  falls 
to  .03  or  .04  per  cent. 

The  presence  of  .1  to  .25  per  cent,  copper  appears  to 
have  no  deleterious  effect  upon  steel  and  may  even  be 
beneficial.  As  high  as  i  per  cent,  of  copper  has  been 
found  in  steel  without  serious  effects  where  sulphur  was 
low. 

Aluminum  steel  is  an  alloy  containing  at  times  as 
high  as  5  to  6  per  cent,  of  aluminum.  The  effect  of  alumi- 
num on  ultimate  resistance  does  not  seem  to  be  prejudicial, 
nor,  again,  is  it  of  any  special  advantage;  nor  does  it 
act  seriously  upon  the  ductility  imtil  its  amount  approaches 
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about  2  per  cent,  or  more.  On  the  whole  it  does  not 
seem  to  be  a  valuable  element  for  steel. 

There  are  other  special  alloys  such  as  tungsten  and 
chromium  steel.  They  are  used  for  the  special  purposes 
of  tools  on  account  of  their  hardness,  which  is  so  extreme 
that  neither  quenching  nor  tempering  is  required.  They 
do  not,  however,  enter  into  structural  use. 

As  an  illustration  of  the  effect  of  some  of  the  more 
prominent  constituents  which  enter  the  composition  of 
steel,  Table  XXIII  is  taken  from  a  paper  presented  by 

Table  XXIII. 


For  Carbon, 

Increaae  of  Ultimate  Resist- 

EflFect of  Unit  of  P  to 

Hundredths  Per  Cent. 

ance  per  o.oi  Per  Cent.  P 
added.  Lbs.  per  Sq.  Inch. 

UnitofCasxto 

9 

900 

It 

lO 

1,000 

li 

II 

1,100 

It 

12 

1,200 

13 

1,300 

14 

1,400 

l^ 

15 

1,500 

l\ 

i6 

1,500 

l| 

17 

1,500 

'* 

INCRSASB  IN  ULTIMATS  RJ3SISTANCB   BY   SUCCESSIVE  INCREMENTS  OF 

MANGANESE 


Manganese,  Per  Cent. 


From 

To 

0.00 

0.15 

0.15 

0.20 

0.20 

0.25 

0.25 

0.30 

0.30 

0.35 

0.35 

0.40 

0.40 

0.45 

0.45 

0.50 

0.50 

0.55 

0.55 

0.60 

0.60 

0.65 

Increase  in  Ultimate 
Resistance. 


Lbs.  per  Square  Inch. 
3,600 
1,200 
1,100 
1,000 

900 

800 

700 

600 

500 

500 

500 


Total  Increase  in  Ultimate 

Resistance  from  o. 

Manganese. 


Lbs.  per  Square  Inch. 

3,600 

4,800 

5,900 

6,900 

7,800 

8,600 

9,300 

9,900 
10,400 
10,900 
11,400 
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Mr.  Wm.  R.  Webster,  C.E.,  before  the  Chicago  meeting 
of  the  Am.  Inst,  of  Mining  Engineers,  at  the  International 
Engineering  Congress,  August,  1893.  The  investigations 
relate  to  basic  Bessemer  steel  plates  (both  sheared  and 
universal  rolled),  varying  in  ultimate  resistance  from 
about  50,000  to  about  80,000  pounds  per  square  inch. 
While  phosphorus  (P),  sulphur  (S),  carbon  (C),  and  man- 
ganese (Mn)  are  all  **  hardeners,"  the  influence  of  the  two 
former  is  wholly  prejudicial. 

According  to  these  investigations  of  Mr.  Webster, 
the  increase  of  ultimate  resistance  per  square  inch  in 
this  particular  metal  for  each  .01  per  cent,  increase  of 
hardener  depends  upon  the  amount  of  that  and  other 
hardeners. 

Art.  44. — Copper,  Tin,  Aluminum,  and  Zinc,  and  their  Alloys — 
Alloys  of  Aluminum — Phosphor-bronze — ^Magnesium* 

Table  I  gives  the  tensile  coefficients  of  elasticity 
{£)  of  copper  and  the  alloys  indicated  as  determined 
by  Prof.  R.  H.  Thurston. 

Table  I. 


Metal. 

Authority. 

E. 

Remarks. 

Gun-bronze. . . . 
Alloy 

Thurston 
II 

«< 

II 

11,468,000 

13,514,000 

14,286,000 

4,545,000 

9,091,000 

Copper,  0.90;  tin,  o.io  (nearly). 
Copper,  0.80;  zinc,  0.20. 
Copper,  0.625;  zinc,  0.375. 
Composition,  below  table. 
Cast  metal. 

Alloy 

Tobin's  alloy.  . . 
Copper 

Tobin's  alloy  is  a  composition  of  copper,  tin,  and 
zinc,  in  the  proportions  (very  nearly)  of  58.2,  2.3,  and 
39.5,  respectively.  The  value  of  E  for  this  metal,  and 
those  for  the  two  preceding  and  one  following  it,  are 
calculated  for  small  stresses  and  strains  given  by  Prof. 
Thurston  in  the  "Trans.  Am.  Soc.  Civ.  Engrs.,"  for  Sept., 
18&1. 
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There  will  also  be  found  in  Tables  IX,  X,  XI,  and 
XII  coefficients  of  elasticity  for  aluminum-zinc,  aluminum- 
magnesium,  and  other  alloys,  and  for  magnesium,  alumi- 
num, and  zinc. 

Table  XL 

CAST   TIN. 


p. 


1,950 
2,360 
2.580 


E. 


1,147,000 
472,000 
172,000 


p. 


3,200 
4,000 


£. 


96,400 
41,540 


Broke  at  4,200  lbs. 


Table  III. 

CAST    COPPER. 


p- 

E. 

P- 

E. 

800 

2  000 
4,000 
8,000 

10,000,000 

9,091,000 

9,091,000 
14,815,000 

1 

12,000 
13,600 
16,000 
22,000 

18,750,000 

8,193,000 

2,235,000 

137,000 

Broke  at  29,200  lbs. 

The  values  of  E  (stress  over  strain)  for  different  inten- 
sities of  stress  (pounds  per  square  inch)  for  cast  tin,  cast 
copper,  and  Tobin's  alloy,  are  given  in  Tables  II,  III, 
and  IV. 

"  /?"  is  the  intensity  of  stress  in  pounds  per  square  inch^ 
at  which  the  ratio  E  exists. 

Each  of  these  metals  is  seen  to  give  a  very  irregular 
elastic  behavior. 

Tables  II,  III,  and  IV  are  computed  from  data  given 
by  Prof.  Thurston  in  the  United  States  Report  (page- 
425)  and  "Trans.  Am.  Soc.  Civ.  Engrs.,"  already  cited. 
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p- 

E. 

P- 

E. 

2,000 

4,545,000 

18,000 

5,455,000 

4,000 

4.545,000 

24,000 

5,941,000 

6,000 

4,688,000 

30,000 

6,250,000 

8,000 

4,938,000 

40,000 

6.390,000 

10,000 

5,263,000 

50,000 

4,744,000 

14,000 

5,110,000 

60,000 

3,436,000 

Broke  at  67,600  lbs. 


Ultimate  Resistance  and  Elastic  Limit, 

Table  V  is  abstracted  from  the  results  of  the  experi- 
ments of  Prof.  Thurston  as  given  in  the  **  Report  of  the 
U.  S.  Board  Appointed  to  Test  Iron,  Steel,  and  other 
Metals,"  and  "Trans.  Am.  Soc.  of  Civ.  Engrs.,'*  Sept., 
1 88 1.  The  composition  of  the  various  alloys  was  as 
given  in  the  table,  which  also  contains  results  for  pure 
copper,  tin,  and  zinc.  All  the  specimens  were  of  cast 
metal. 

The  mechanical  properties  of  the  copper-tin-zinc  alloys 
have  been  very  thoroughly  investigated  by  Prof.  Thurston 
("Trans.  Am.  Soc.  of  Civ.  Engrs.,'*  Jan.  and  Sept.,  1881). 
As  results  of  his  work  he  has  found  that  the  ultimate 
tensile  resistance,  in  pounds  per  square  inch,  of  **  ordinary 

bronze,  composed  of  copper  and  tin, as  cast  in  the 

ordinary  course  of  a  brassfounder's  business,"  may  be 
well  representevl  by 

Tg  ==  30,000  + 1 ,000/ ; 

**  where  t  is  the  percentage  of  tin  and  not  above  15  per 
cent." 
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Percentage  of 


Copper. 


lOO 
lOO 
lOO 

90 
80 
70 
62 
52 

39 
29 

21 

10 

00 

00 

00 
Gun 
90 
80 
62.5 
58.2 
100 

90.56 
81.91 
71.20 
60.94 

58.49 
49.66 

32.94 
20.81 

10.30 

0.0 

70.0 

57.50 

45.0 

66.25 

58.22 

10.00 

60.00 

6s. 00 


Tin. 


00 
00 

00 
10 
20 
30 
38 
48 
61 

71 

79 

90 
100 
Queensl'd 
xoo 
Banca 
100 
Bronze 

10 

00 

00 

2.3 
0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

8.75 
21.25 

23.75 

23.75 
2.30 

50.00 

10.00 

20.00 


Zinc. 


00 
00 
00 
00 
00 
00 
00 
00 
00 
00 
00 
00 
00 

00 

00 

00 
20 

37.5 

39.5 
0.0 

9.42 
17.99 
28.54 
38.65 
41.10 

50.14 

58.12 

66.23 

77.63 
88.88 
100.00 
20.25 
21.25 
31.25 
10.00 

39.48 
40.00 
30.00 
1500 


Pounds  Stress  per 
Square  Inch  at 


Elastic 
Limit. 


11,620 
11,000 
14,400 
15.740 

5,585 
688 

2.555 
2,820 


3,500 
1,670 


2,000 
10,000 


10,000 
9,000 
16,470 
27,240 
16,890 

3.727 

1,774 
9,000 

14,450 

4,050 
18,000  (?) 

1,300 

2,196 

3.294 
30,000  (?) 

5,000  (?) 

21,780  (?) 


Ultimate 
Resistance. 


19,872 
12,760 
27,800 
26,860 
32,980 

5.585 
688 

2.555 
2,820 

1,648 

4,337 
6.450 
3»500 

2,760 

.3,500 

31.000 

33.140 
48,760 
67,600 
29,200 

32,670 
30,510 
41.065 

50,450 
30,990 

3,727 

1.774 
9,000 

14.450 
5.400 

31.600 
1,300 
2,196 

3,294 
66,500 

9,300 

21,780 

3.765 


Per  Cent.,  Pinal 


Stretch. 


0.05 

0.005 

0.065 

0.037 

0.004 


0.07 
0.36 


0.36 

4.6 

32.4 

3«.o 

4.0 

7.5 

31.4 
29.2 

20.7 

10. 1 

5.0 


0.16 

0.39 
0.69 

0.36 


3.13 

0.7 

0.15 


ContraC' 
tion. 


10. 0 

8.0 
15.0 

13-5 
00.0 

00.0 

00.0 

00.0 

00.0 

00.0 

00.0 

15.0 

75.0 

47.0 

86.0 


40.0 

29.5 
8.0 

16.0 

43.0 
38.0 
28.0 
17.0 

"5 


0.0 
0.0 
0.0 
0.0 


70 
0.0 
0.0 
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Percentage  of 

Pounds  Stress  per 
Square  Inch  at 

Per  Cent.,  Final 

Copper. 

• 

Tin. 

Zinc. 

Elastic 
Limit. 

Ultimate 
Resistance. 

Stretch. 

Contrac- 
tion. 

70.00 

75.00 

80.00 

5500 

60.00    . 

72.50 

77.50 
85.00 

10.00 
5.00 

10.00 
0,50 
2.50 
7.50 

12.5 

12.5 

20.00 
20.00 
10.00 
44.50 
37.50 

2.00 
10.00 

2.50 

24,OOo(?) 

I2,000(?) 

I2,000(?) 

22,000 

22,000 

11,000 

20,000 

I2,000(?) 

33,140 
34,960 
32,830 
68,900 
57,400 
32,700 
36,000 
34,500 

0.31 

3.2 
1.6 

9-4 
4.9 
3.7 
0.7 
1.3 

5.4 
4.0 

25.0 

6.6 
II. 0 

0.0   ■ 

3.0 

The  values  of  the  elastic  limit  in  the  lower  part  of  the  table  were  not  at 
all  well  defined. 

"  For  brass  (copper  and  zinc)  the  tenacity  may  be 
taken  as: 

Tz  =  30,000  +  5002, 

where  z  is  the  percentage  of  zinc  and  not  above  50  per 
cent." 

He  found  that  a  large  portion  of  the  copper-tin -zinc 
alloys  is  worthless  to  the  engineer,  while  the  other,  or 
valuable  portion,  may  be  considered  to  possess  a  tenacity, 
in  pounds  per  square  inch,  well  represented  by  combining 
the  above  formulae  as  follows: 

Tgf  =  30,000  H- 1 ,000^  +  $ooz. 

These  formulae  are  not  intended  to  be  exact,  but  to 
give  safe  results  for  ordinary  use  within  the  limits  of  the 
circumstances  on  which  they  are  based. 

Prof.  Thurston  found  the  **  strongest  of  the  bronzes" 
to  be  composed  of: 

Copper. 55.0 

Tin. 0.5 

Zinc 44.5 

100.00 
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This  alloy  possessed  an  ultimate  tensile  resistance  of 
68,900  pounds  per  sqtiare  inch  of  original  section,  an 
elongation  of  47  to  51  per  cent,  and  a  final  contraction 
of  fractured  section  of  47  to  52  per  cent. 

The  first  and  sixth  alloys  of  copper,  tin,  and  zinc, .  in 
Table  V,  are  called  by  Professor  Thurston  "Tobin's  alloy." 
"This  alloy,  like  the  maximum  metal,  was  capable  of 
being  forged  or  rolled  at  a  low  red  heat  or  worked  cold. 
Rolled  hot,  its  tenacity  rose  to  79,000  poimds,  and  when 
moderately  and  carefully  rolled,  to  104,000  pounds.  It 
could  be  bent  double  either  hot  or  cold,  and  was  found 
to  make  excellent  bolts  and  nuts.** 

As  just  indicated  for  the  particular  case  of  the  Tobin 
alloy,  the  manner  of  treating  and  working  these  alloys 
exerts  great  influence  on  the  tenacity  and  ductility. 

Baudrimont  found  for  a  copper  wire  0.0177  inch  in 
diameter,  an  ultimate  resistance  of  about  45,000  pounds 
per  square  inch,  the  wire  being  xmannealed,  while  for  a 
diameter  of  0.064  inch,  Kirkaldy  foimd  about  63,000 
poimds  per  square  inch. 

Professor  Thurston  states:  "brass,  containing  copper 
62  to  70,  zinc  38  to  30,  attains  a  strength  in  the  wire  mill 
of  90,000  poimds  per  square  inch,  and  sometimes  of  100,000 
pounds." 

All  of  Professor  Thurston's  specimens  were  what  may 
be  called  **long"  ones,  i.e.,  they  were  turned  down  to 
a  diameter  of  0.798  inch  for  a  length  of  five  inches,  gi\nng 
an  area  of  cross-section  of  0.5  square  inch. 

The  U.  S.  Report  of  Tests  of  Metals  for  1897  contains 
a  number  of  tests  of  bronze  castings  and  cast  copper, 
a  synopsis  of  which  is  given  in  the  following  two  tables : 
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TENSILE  TESTS  OF  BRONZE  DRY  SAND  CASTINGS  (COPPER- 
TIN-ZINC  ALLOYS),  THE  SECTIONAL  AREA  BEING  .25 
SQUARE  INCHlgS  AND  THE  GAUGED  LENGTH  2  INCHES.    " 


Per  Cent. 

Ultimate  Resistance, 
Lbs.  per  Sq.  Inch. 

Final  Per  Cent,  of 

Number 

Copper. 

fin. 

Zinc. 

Stretchi 

Contrac- 
tion. 

o£  Tests. 

57.5 
88. 

.5 
10. 

42 

2 

(    Max.    59,220 
i   Mean  55,000 
(  Min.    50,760 

C  Max.    34,640 
•    Mean  30,700 
I  Min.     25,280 

37 

25.3 

17.5 

20.5 

17.4 
12.5 

42       ) 

31.7  h 
21.6) 

21.6) 
20  f 
15.2 ) 

30 

4 

TENSILE  TESTS  OF  CAST  COPPER. 


Sect.  Area 

Ultimate 
Resistance, 

Lbs.  per 
Square  Inch . 

Final  Per  Cent,  of 

Gauged 
Length, 
Inches. 

Remarks. 

Specimen. 
Square  Inch. 

Stretch. 

Contraction. 

.448 
.792 
.795 
.449 

28,840 
18,720 
22,040 
23,360 

39.8 
14.6 
18.2 
27.2 

41.1 

19.7 
28.7 
28.3 

4 
10 

5 
4 

Cast  in  ctiill 
"     "  sand 

General  Results, 

Table  VI  gives  general  results  of  various  European 
experimenters.  T  represents  the  ultimate  tensile  resist- 
ance in  potmds  per  square  inch. 

Some  of  these  results  are  from  the  experiments  of 
early  investigators,  who  attached  little  importance  to 
the  size  and  form  of  the  test  specimen.  In  all  the  cases 
the  results  would  be  more  valuable  if  the  circumstances 
of  testing  were  given.  Those  belonging  to  the  more 
unusual  alloys,  however,  possess  considerable  general 
interest  in  spite  of  the  uncertainty  surrounding  their 
experimental  origin.  The  presence  of  a  little  phosphorus 
in  copper  is  seen  to  increase  its  resistance  in  a  marked 
manner. 
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Meul. 


Experi- 
*      menter. 


Copper,  wrought 

Copper,  cast 

Copper,  bolts,  with  phosphorus  o.oi 

Copper,  bolts,  with  phosphorus  0.015 

Copper,  bolts,  with  phosphorus  0.02 

Copper,  bolts,  with  phosphorus  0.03 

Copper,  bolts,  with  phosphorus  0.04 

r— Proportions. — » 

Gun  metal,  copper  12,  tin  x 

Gun  metal,  copper  1 1,  tin  i 

Gun  metal,  copper  10,  tin  i 

Gtm  metal,  copper    9,  tin  i 

i Weights  in  100. » 

Alloy,  copper  84.29,  tin  15.71 

Alloy,  copper  82.81,  tin  17.19 

Alloy,  copper  81.10,  tin  18.90 

Alloy,  copper  78.97,  tin  21.03,  brasses 

Alloy,  copper  34.92,  tin  65.08,  small  bells 

Alloy,  copper  15.17,  tin  84.83,  speculum  metal. 
Tin 

/——Proportion.— —> 

Aluminum  bronze,  copper  90,  Al.  i 

Aluminum  bronze,  greatest 

Tin,  cast 

Zinc,  cast 

Brass,  yellow 

Brass,  yellow,  copper  67,  zinc  33 

Brass,  tube,  copper  62,  zinc  38 

Brass,  tube,  copper  70,  zinc  30 

Brass,  wire 

Muntz  metal,  copper  60,  zinc  40 

Sterro-metal,  copper  10,  iron  10,  zinc  80 

Sterro-metal,  copper  60,  iron  3,  zinc  39,  tin  1.5 
Sterro-metal,  copper  60,  iron  4,  zinc  44,  tin  2.0 

- — cast  in  sand 

■ — cast  in  iron,  annealed 

— cast  in  iron,  forged  red  hot 

Copper  60,  iron  2,  zinc  37,  tin  i 

Copper  60,  iron  2,  zinc  35,  tin  2.  .^ 

Copper  55,  iron  1.77,  zinc  42.36,  tin  0.83 — cast. 

— ^forged  red  hot 

— drawn  cold 


Anderson 


II 
II 
II 
II 


II 
II 
<i 

VI 


Mallet. 
it 


f  I 
i< 
II 
II 


Anderson. 


It 


Rennie. 
Stoney. 
Rennie. 
Anderson. 
Everitt. 


i< 


Dufour. 
Anderson. 


<i 
«i 

II 
II 

K 
II 
II 
II 
11 
l( 


33»6oo 
19,000  to  26,100 
16,900 
38,400 
45,400 
47,900 
50,000 


29,000 
30,700 
33,000 
38,100 

36,100 

34.050 

39.650 

30,500 

3,«40 

6,950 

5,600 


73,000 
96,300 

4.740 

3,000 

18,000 

28,900 

103,000 

80,600 

91,300 

49,300 

7,100 

53,800 

43,100 
54,300 
69,400 
76,200 
85,100 
60,500 
76,200 
85,100 
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Alloys  of  Aluminum, 

Prof.  R.  C.  Carpenter,  of  Cornell  University,  in  the 
transactions  of  the  Am.  Soc.  Mech.  Engrs.,  vol.  xix,  has 
reported  a  number  of  interesting  and  valuable  tests  of 
alloys  of  aluminum,  as  well  as  tests  of  pure  magnesium. 

Table  VII. 

ALLOYS  OF  GREATEST  RESISTANCE. 


Percentage  of 

Ultimate 
Resistance, 

Lbs.  per 
Square  Inch. 

specific 
Gravity. 

Per  Cent,  of 

Aluminum. 

Copper. 

Tin. 

Final  Stretch. 

85. 
6.25 

5. 

7.5 
87.5 
5. 

7.5 
6.25 

90. 

30,000 
63,000 
11,000 

3  02 

7.35 
6.82 

4. 
3.8 
10. 1 

The  greater  part  of  the  results  for  the  aluminum-tin- 
copper  alloys  are  given  in  Table  VIII,  but  the  composition 
of  those  giving  the  greatest  ultimate  resistances  are  ex- 
hibited in  Table  VII.  It  will  be  obser\'ed  that  the  highest 
ultimate  resistance  belongs  to  the  alloy  of  greatest  density, 
but  the  alloy  of  least  resistance  has  nearly  as  great  density. 
The  ductility  of  none  of  these  alloys  of  greatest  ultimate 
resistance  is  specially  marked;  indeed,  the  ductility  is 
ver^'^  low  except  in  the  case  of  the  least  ultimate  resistance. 

The  composition  and  corresponding  elastic  limits  and 
ultimate  resistances  of  alumintim-tin-copper  alloys  will 
be  found  in  Table  VIII.  Like  all  the  aluminum  alloys 
the  specific  gravity  varies  between  wide  limits,  being 
low  where  there  is  much  aluminum  and  high  where  there 
is  little.  The  ductility  is  low  in  all  cases  except  in  that 
of  pure  tin  or  the  alloy  in  which  it  appears  to  the  extent 
of  90%.  There  is  in  this  table  the  usual  wide  range  of 
physical  qualities  belonging  to  such  a  series  of  mixtures. 
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Table  VIII. 

ALUMINUM  ALLOYa 
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Composition,  Per  Cent, 
by  Weight. 

Ultitnate  Resistance, 
Lbs.  per  Sqxiare  Inch. 

Elastic  Limit, 

Lbs.  per 
Square  Inch. 

Specific 
Gravity. 

Pinal 
Stretch 
PerCcn- 

Al. 

Tn. 

Co. 

A. 

B. 

in  6 
Inches. 

100 
90 
80 
60 

40 
20 

27,000 

40,815 
32,209 

1,966 
849 

4.800 
15,000 

15,476 

18,580 

4,416 

915 
2,221 

3,505 
11.582 

5,999 
1,198 

993 
3,798 

28,330 

42,038 

34,200 

2,225 

1,077 

5,672 

14,316 

17,070 

21,140 

5,950 

1.123 

2,622 

3,933 
10,418 

5,922 

1,200 

961 

3.997 

12,000 
13,832 
24,829 

* 
* 

6.432 
8,227 

ij,329 

* 

6.5 
7.6 

6.5 

5.7 
5  05 

4.91 
2.67 

2.82 

3.09 
3.53 
4.4 
5.21 

7.3 

6.77 
6.24 

5.55 
4.96 

4.48 

6.5 

5 

lO 

20 

30 

40 

100 

5 
10 

20 

30 

40 

4.0 
0.8 

5.6 

90 
80 
60 

40 
20 

5 

10 
20 
30 
40 
100 

90 
80 
60 
40 
20 

5 
10 

20 

30 

40 

5 

10 
20 

30 
40 

3. 
1.2 

.3 

35.51 
10.15 

I.I 

5 
10 

20 

30 

40 

4.823 
2.988 

* 
* 

A.  Results  of  first  melting.     B.  Results  of  second  melting. 
Test  pieces  6  in.  between  shoulders,  diam.  }  inch. 
*  Could  not  be  turned  in  the  lathe. 

The  results  in  this  table  were  obtained  by  Messrs.  Geb- 
hardt  and  Ward,  at  the  testing  laboratory  of  Sibley  Col- 
lege of  Mechanical  Engineering,  Cornell  University,  in 
1896. 

The  physical  properties  of  alumintim-zinc  alloys,  in- 
cluding those  metals  unalloyed,  are  equally  fully  given 
in  Table  IX,  as  well  as  values  of  the  coefficients  of  elas- 
ticity. There  is  not  as  wide  variation  of  results  in  this 
table  as  in  Table  VIII,  although  there  is  a  considerable 
range  of  ultimate  resistance,  especially  if  the  results  for 
unalloyed  zinc  be  included.  It  will  be  observed  that 
this  table  also  includes  the  intensity  of  stress  found  in 
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Table  IX. 

ALUMINUM-ZINC  ALLOYS. 


Percentage. 

Specific 
Gravity. 

Ultimate 
Resist- 
ance, 

Lbs.  per 
Sq.  In. 

Transverse 
Tests. 

Maximum 

Fibre 

Stress 

Lbs.  per 

Sq.  In. 

Coefficient 

of 
Elasticity. 

Altimi- 
ntun. 

Zinc. 

100 
100 

0 

0 

10 

10 

15 

15 
20 

20 

25 
25 
30 
30 
33 

35 
40 

40 

50 

50 

75 

75 

100 

2.67 
2.67 

2.77 

2.74 
2.918 

2.918 

2.998 

2.975 

3.15 

3.14 

3.191 

3.24 

3.326 

3.471 
3.57 

7.19 

14,460 
16,750 
17,940 

t8,ioo 
21,850 

22,940 

24,400 
23,950 

14,500 
14,150 
18,950 

28,091 

6,535,000 

Shrinkage  uneven. 

90 
90 

85 
85 
80 

7,710,000 
9,260,000 

Shrinkage  uneven. 

9,110,000 

80 

34,600 

Cf                                 « 

75 
75 
70 
70 
661 

65 
60 

60 

50 

50 

25 

35 

0 

8,210,000 

(1                  (( 

45,080 
43,200 
41,200 

tl                   ti 

8,178,000 

Shrinkage  even. 
Poor  specimen. 

19,770 
19,300 
19,060 

13,175 
14,150 

2,522 

40,350 
38,100 
39.850 
25,500 

8,540,000 
8,500,000 
8,670,000 
6,680,000 

7,556 

i  Elongation  of  all  the 
i    specimens  less  than 
(    I  per  cent. 

Note. — The  experimental  results  given  in  Table  IX  are  those  of  Messrs. 
Hunt  and  Andrews,  obtained  at  Sibley  College  of  Mechanical  Engineering, 
Cornell  University,  in  1894. 

Table  X. 

TENSILE  TESTS  OF  MAGNESIUM— CAST  METAL. 


Number  of 
Test  Piece. 

Diameter. 

Ultimate 
Resistance, 

Lbs.  per 
Square  Inch. 

Elastic  Limit, 

Lbs.  per 
Square  Inch. 

Pinal 

Extension, 

Per  Cent. 

Coefficient  of 
Elasticity. 

I 

.433 
.433 
.442 
.435 
.424 
.432 

23,800 
22,050 
20,900 
19,500 
24,800 
22,500 

8,800 

4.2 

2,040,000 
1,860,000 

-> 

-i 

10,780 
8,400 
7,090 

1.8 

2.5 
3-1 
2.3 

2,060,000 

4 

1,8^0,000 

5 

6 

1,930,000 

34a 
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Table  XI. 

ALLOYS  OF  ALUMINUM  AND  MAGNESIUM 


Number  of 
Test  Piece. 

Percentage  of 
Magnesium. 

Specific 
Gravity. 

Ultimate 
Resistance, 

Lbs.  per 
Square  Inch. 

Elastic  Limit, 

Lbs.  per 
Square  Inch. 

Coefficient  of 
Elasticity. 

I 

0 

2 

5 
10 

30 

2.67 
2.62 

2.59 

2.55 
2.29 

13,685 
15,440 
17,850 
19,680 
5,000 

4,900 

8,700 

13,090 

14,600 

1,690,000 
2,650,000 
2,917,000 
2,650,000 

2 

-a 

o*  • 

4. 

s 

»?••  ••  ••  **  • 

the  extreme  fibres  of  beams  subjected  to  transverse  load- 
ing. Although  these  values  are  not  required  at  this 
point,  it  is  more  convenient  to  insert  them  here  and  refer 
to  them  in  the  article  devoted  to  the  flexure  of  such  beams. 
The  sizes  of  the  specimens  subjected  to  transverse  load- 
ing are  not  given,  but  they  were  small. 

I  Table  XII. 


Character  of  Alloys. 

Resistance,  Pounds  per  Square  ladi. 

• 

I 

I 
2 

3 

Composition  and  Remarks. 

Tension. 

Transvcna. 

Al. 

% 
100 

93 
75.7 

Cu. 
% 

Tin. 

Elastic. 

Ulti- 
mate. 

Elastic. 

Ulti- 
mate. 

% 

4,000 
6,250 

12,055 
18,555 
35,075 

2,345 
9,000 

• 

7 
3 

25,250 

20%  zinc,  1.3  man. 

23,420 

4 

5 
6 

7 
8 

9 
10 

II 
12 

13 
U 

15 

1 
1 

100 
100 
98 
98 
96 
96 

96.5 

98 
96 

94 
92 
90 

I  inch  bars 

%     it      it 

12.500 

17,185 

17.154 
18,870 
13,720 
18,870 
22,300 
30,880 
26,313 

• 

2 
2 

4 

4 

2 

9,000 

18,647 

I 

4                      

-        i<        «« 

a       «<         « 

16,000 

23,045 

ij%  chromium. 

19,000 

26,310 

2 

4 
6 

8 

10 

2,150 
2,400 
2,250 
2,000 
1.750 

8,622 

9,565 

9,315 
7,270 

7,352 

'?» 

^t. 

l^ 
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The  experimental  results  given  in  Tables  X  and  XI 
were  also  established  at  the  testing  laboratory  of  Sibley 
College  of  Mechanical  Engineering  of  Cornell  University. 
The  tests  were  made  by  Messrs.  Marks  and  Barraclough, 
graduate  students  in  1893.  Table  X  gives  results  for 
pure  magnesitim,  including  the  coefficients  of  elasticity 
and  the  final  stretch,  while  Table  XI  exhibits  the  restdts 
for  alloys  of  altiminum  and  magnesitmi,  the  per  cent, 
of  magnesium  being  shown  in  one  of  the  colximns,  the 
remaining  per  cent,  being  aluminum.  The  ultimate  resist- 
ances given  in  Table  X  show  that  magnesium  is  a  metal 
of  considerable  tensile  resistance,  especially  in  comparison 
with  its  density,  its  specific  gravity  being  but  1.74,  that 
of  aluminum  being  2.67. 

Table  XII  exhibits   the   elastic    limits  and  ultimate 

Table  XII. — Continued, 


Final  Stretch 

Per  Cent. 

(Tension 

Pieces). 

• 

Pinal 

Contraction, 

Per  Cent. 

(Tension 

Pieces). 

Hardness 
(Relative). 

Specific  Gravity 
of  specimen. 

Coefficient  of  Elasticity. 
Lbs.  per  Square  Inch. 

Ten- 
sion. 

Trans- 
verse. 

Tension. 

Transverse. 

5. 62 
I.OO 

.15 

JO.  93 

3.08 
1.77 

3.61 
12.87 

35.56 

2.670 
2.830 

3"7 

2.654 
2.810 
3.055 

8,385,000 

11,115,000 

9,685,000 

8,440,000 
8,065,000 
8,060,000 

8.49 

38.30 

7.12 

6.94 

6.79 

12.30- 

12.42 

13.35 
14.09 

2.710 

2.715 
2.725 
2.756 
2.774 
2.773 
2.759 

9,780,000 

10,110,000 
10,000,000 
10,330,000 

9,600,000 
10,595.000 
10,070,000 

9,813,000 

19.49 

39.02 

9,505,000 

3.62 

10.10 

10,440,000 

1.3" 

9.78 

9,850,000 

4.00 

5.38 

5.19 
3.06 

3.87 

8.64 

6.86 

7.97 

5.41 
8.89 

3.71 
3.74 
3.49 
3.33 
3.09 

2.689 

2.739 
2.771 

2.804 

2.856 

5,435,000 
6,210,000 
5,035,000 
5,175.000 
6,675.000 

344 


TENSION. 


[Ch.  Vt 


resistances  of  all  the  different  alloys  shown  in  the  table,  and 
in  the  conditions  also  exhibited  by  the  table,  i.e.,  whether 
cast  or  rolled.  There  are  also  given  coefficients  of  elasticity 
for  both  tension  and  transverse  tests,  as  well  as  elastic 
limits  and  ultimate  stresses  (intensities)  in  the  extreme 
fibres  of  small  beams,  to  which  reference  toU  be  made 
in  the  article  devoted  to  transverse  resistance. 

It  will  be  observed  that  both  the  elastic  limits  and 
the  ultimate  resistances  of  Table  XII  are  found  within 
the  range  exhibited  by  the  results  already  shov^Ti  in  the 
preceding  tables. 

If  desired,  diagrams  can  readily  be  constructed  from 
the  results  of  each  table  which  will  show  the  variations 
of  physical  quantities  corresponding  to  the  variations  of 
composition  of  the  alloys. 

In  1895  the  Fairbanks  Company  tested  at  their  New 
York  office  four  specimens  of  Tobin  bronze  manufactured 
by  the  Ansonia  Brass  and  Copper  Co.,  with  the  following 
results. 

ROLLED  TOBIN  BRONZE  PLATES~«PECIMENS  8  INCHES  LONG. 


Specimen, 

Resistance  in  Pounds  per  Sq.  Inch. 

Per  Cent..  Pinal 

Inches. 

Elastic. 

Ultimate. 

Stretch. 

Contraction. 

1X.185 
1X.185 
iX.^5 
1X.25 

51,350 
51.350 
56,000 

56,450 

78,920 
78,810 
79,200 
79,640 

20.5 

17.5 

17.5 
16.35 

45.4 
44.33 
43.2 
40.72 

Phosphor-bronze,  and  Brass  and  Copper  Wire. 

Table  XIII  contains  the  results  of  the  experiments 
of  Mr.  Kirkaldy  on  phosphor-bronze,  with  two  results 
each  for  brass  and  copper  wire. 

The_  diameter   of    the    phosphor-bronze   wire    varied 


Art  44,]  COPPER,  TIN,  ALUMINUM,  ZINC,  ETC. 


345 


from  about  0.06  inch  to  o.ii  inch;    that  of  the  copper 
:vire  was  0.064  inch,  and  that  of  the  brass  wire  0.0605  inch. 
The  final  stretch  is  the  per  cent,  of  the  original  length, 
and  belongs  to  the  annealed  wire. 

Table  XIII. 

PHOSPHOR-BRONZE. 


Metal. 


Phosphor-bronze. 


It 
tt 
It 
i( 
<i 
<< 

tt 
tt 
If 


wire 


tt 
tt 
tt 
tt 
II 


Copper  wire. 
Brass  wire. . 


£.L. 


55,800 
55,200 
40,500 
26,300 
21,700 


Ultimate  Resistance, 
Pounds  per  Square  Inch. 


Unannealed. 


75.000 

74,000 

63,700 

54,100 

50,100 

102,750 

121,000 

121,000 

139,100 

159,500 

151,100 

63,100 

8i,aoo 


Annealed. 


49,400 

47,800 
53,400 
54,200 
58,900 
64,600 
37,000 
51.500 


Pinal 
Stretch. 


37.5 
34.1 
42.4 

44.9 
46.6 
42.8 

34.1 
36. 5 


The  contraction  of  fractured  section  for  the  phosphor- 
bronze  specimens  varied  from  about  four  to  thirty-two 
per  cent,  of  original  area. 

The  first  five  results  belong  to  metal  of  the  same  com- 
position, but  subjected  to  .different  treatment. 

Some  specimens  tested  by  Mr.  Kirkaldy  gave  as  low 
as  about  21,700  ]X)unds  per  square  inch. 

Variation  of  Ultimate  Resistance  and  Stretch  at  High 

Temf>eratures. 

The  results  contained  in  Table  XIV  were  obtained  at 
Portsmouth  (England)  Dockyard,  and  were  published  in 
the  Engineer  Oct.  5,  1877.  ** R'*  is  the  ultimate  tensile 
resistance  in  pounds  per  square  inch,  and  "5^."  is  the  per 
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cent,  of  stretch  for  a  length  of  lo  inches  in  all  except  the 
last  (steel)  specimen. 

At  250°  to  350®  the  gun-metal  specimens  lose  about 
half  their  ultimate  resistance  and  nearly  all  their  ductility. 
Phosphor-bronze  loses  about  one  third  of  its  resistance 
and  two  thirds  of  its  ductility  at  300°  to  400®.  Muntz 
metal  and  copper  are  not  much  affected,  nor  is  cast  iron. 
Wrought  iron  and  steel  gain  in  ultimate  resistance  but 
lose  in  ductility.  These  results  would  probably  be  some- 
what varied  by  different  processes  of,  and  treatment  in, 
manufacture  and  construction. 

The  Muntz  metal  and  copper  specimens  were  rolled, 

Bauschinger' s  Experiments  with  Copper  and  Red  Brass. 

Prof.  Bauschinger  extended  his  experiments  on  the 
repeated  application  of  stress  so  as  to  cover  not  only 
wrought  iron  and  steel,  the  results  of  which  have  already 
been  given,  but  also  copper  and  red  brass. 

The  notation  is  that  already ,  used : 

E.  L.  =  elastic  limit  in  pounds  per  square  mch. 
S.'L.  =  stretch -limit  in  pounds  per  square  inch. 

F.  L.  =  final  load  in  pounds  per  square  inch. 

E.    =  coefficient  of  elasticity  in  pounds  per  sq.  inch. 
Jfyi'y  =**  immediately." 

The  copper  specimens  were  of  rolled  material  about 
16  inches  long  with  a  cross-section  about  2.4  inches  by 
0.64  inch.  These  specimens  gave  an  ultimate  tensile 
resistance,  per  square  inch,  of  28,900  to  32,000  pounds 
and  a  final  contraction  of  27  to  46  per  cent. 

The  red  brass  specimens  were  turned  to  about  one 
inch  in  diameter  and  16  inches  long.  They  gave  ultimate 
tensile  resistances,  in  pounds  per  square  inch,  varying 
from  19,600  to  23,460. 

With  one  exception,  in  the  second  case  of  red  brass. 
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the  elastic  limit  and  stretch-limit  were  elevated  by  re- 
peated afiplication  of  stress,  whether  immediately  or  at 
the  end  of  following  periods  of  rest. 

The  effects  on  the  coefficient   of    elasticity  are  seen 
to  be  somewhat  irregular. 

COPPER. 


In  Oris^al 
Condition. 

Im'y. 

Im'y. 

Im'y. 

E.  L. 

5,475 

8,030 

8,790 

",450 

S.-L. 

11,670 

14,650 

22,880 

F.L. 

14,600 

21,970 

E. 

16,651,000 

17,249,000 

16,154.000 

15,770,000 

COPPER. 

In  Original 
Condition. 

After  18  Hours. 

After  23  Hotirs. 

After  34  Hours. 

E.L. 

2,560 

7,320 

8,080 

11,520 

S.-L. 

14,680 

23,040 

F.L. 

14,650 

22,010 

E. 

16,01 1,000 

16,295,000 

15,197,000 

15,756,000 

COPPER. 

In  Original 
Condition. 

After  43  Hours. 

After  44<5  Hours. 

After  SI -5  Houw. 

E.L. 

5,840 

8,030 

10,340 

15,390 

S.-L. . 

11,670 

14,760 

23,080 

F.L. 

14,600 

22,160 

E. 

16,097,000 

16,780,000 

16,069,000 

15,472,000 

3SO 
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In  Original 
Condition. 

Im'y. 

Im'y. 

E.  L. 

7,680 

9,090 

9,260 

S.-L. 

13.960 

16  070 

19,240 

F.L. 

16,770 

19,550 

E. 

12,030,000 

12,485,000 

12,727,000 

RED  BRASS. 

In  Original  Condition. 

After  17. 5  Honn. 

After  ax  Hours. 

E.  L. 

5,600 

9»"5 

8.550 

S.-L. 

14,020 

16,130 

19.240 

F.L. 

16,820 

19,640 

E. 

12,322,000 

12,314,000 

12,485,000 

RED  BRASS. 

In  Original  Condition. 

After  S3  Hours. 

E.  L. 

3,4Bo 

9,096 

S.-L. 

13,910 

16,070 

F.L. 

16,690 

E. 

13,239,000 

12.940,000 

The  explanation  of  the  method  of  applying  these 
repeated  stresses  will  be  found  in  connection  with  the 
results  for  wrought  iron  on  page  246. 
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Art.  45.— Various  Metals  and  Glass. 

Coefficients  of  Elasticity. 

The  following  values  of  the  coefficients  of  elasticity, 
in  pounds  per  square  inch,  contained  in  Table  I  are  taken 
from  Wertheim's  "  Physique  M6canique,"  pages  57  and 

Table  I. 


Lead 

Cadmium. 

Gold 

Silver. . . . 
Palladium, 
Platinum. 


S^QMnmeiiter. 


Wertheim 


Coefficient  of  Elasticity. 


Drawn. 


Annealed. 


2,564,000 
7,713,000 
11,564,000 
10,463,000 
16,721,000 
24,237,000 


2,457,000 

7.555,000 

7,942,000 

10,155,000 

13,920,000 

22,067,000 


58.  The  coefficients  are  the  means  of  a  large  number  of 
tensile  experiments,  with  the  exception  of  that  for  cadmium, 
which  was  derived  from  experiments  on  transverse  vibra- 
tions. This  last  method  gave  results  which  differed  in 
most  cases  from  the  direct  tensile  ones  not  more  than  the 
latter  did  from  each  other. 

Wertheim  also  gives  for  the  tensile  coefficients  of 
elasticity  of  some  different  glasses: 

Mirror  glass E«»8,792,ooo  pounds  per  square  inch. 

Goblet  (common) £-^9,559,000      "        "        "        " 

Goblet  (fine) E-8,589,000      '• 

Goblet  (violet) £-7,110,000      " 

^     "Crystal" E-5,830,000      "        " 

Ultimate  Resistance  and  Elastic  Limit. 

Wertheim  determined  the  elastic  limit  of  many  of  the 
more  rare  metals,  such  as  those  named  in  Table  I,  and 
they  are  here  given  in  potmds  per  square  inch : 
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Annealed.  Drawn. 

Lead 284  to           355 

Cadmitun. 142  tb            171 

Gold 4,266  to  19,200 

Silver. 4,266  to  16,350 

Palladium 7>iio  to  25,600 

Platinum 20,600  to  37,000 

His  **  limit  of  elasticity*^  is  that  force  which  will  perma- 
nently elongate  the  metal  0.000,05  of  its  original  length, 
and  all  his  experiments  were  made  on  wires  of  very  small 
diameters. 

The  following  ultimate  resistances  were  found  for 
wires  about  yV^h  inch  in  diameter  by  Baudrimont  ("An- 
nales  de  Chimie,"  1850): 

Gold 17, 100  to  26,200  pounds  per  square  inch. 

Silver 40,300  to  40,550       " 

Platinum 32,300  to  32,700       "         "        "         " 

Palladium 5i»75o  to  52,640 


tt  tl  4(  << 


The  ultimate  resistances  of  some  other  metals  are: 

Metal.  Experimenter.  Ult.  Resist. 

Cast  lead Rennie 1,824  potmds  per  square  inch. 

Sheetlead Navier 1,926       " 

Hpe  lead Jardine 2,240      " 

Soft  solder  (}  tin,  i  lead) .  Rankine 7,500       " 


Art.  46. — Cement,  Cement  Mortars,  etc. — ^Brick. 

The  ultimate  tensile  resistance  of  cements  and  cement 
mortars  depends  upon  many  conditions.  The  two  great 
divisions  of  cements,  i.e.,  natural  and  Portland,  possess  very 
different  ultimate  resistances  whether  neat  or  mixed  wdth 
sand,  the  latter  being  much  the  stronger.  With  given 
proportions  of  sand  or  neat,  the  ultimate  resistances  of 
cement  mortar  or  cement  will  vary  with  the  amount  of  water 
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used  in  tempering  and  with  the  pressiire  under  which  the 
moulds  are  filled.  Again,  the  character  of  the  sand  used 
will  obviously  influence  largely  the  tensile  resistance  of  the 
mortar  produced,  and  not  only  the  degree  of  cleanliness, 
but  the  size  of  grain  and  the  variety  of  sizes  are  elements 
which  must  be  considered.  It  has  also  been  maintained  by 
some  that  silica-sand  will  give  better  results,  other  things 
being  equal,  than  other  sand.  Finally,  the  shape  of 
briquette  used  will  affect  the  results  to  some  extent.  Fig.  i, 
on  page  370,  shows  the  form  of  briquette  recommended  by  the 
Conunittee  of  the  American  Society  of  Civil  Engineers,  and 
it  is  the  form  generally  used  in  American  practice.  It  is 
foreign  to  the  purpose  of  this  work  to  enter  into  the  consider- 
ation of  all  these  influences;  they  are  only  mentioned  to 
enable  the  few  typical  experimental  results  which  follow 
to  be  interpreted  properly. 

As  the  fineness  of  grinding  is  an  important  quality  of  a 
cement,  it  is  usually  noted  by  stating  the  percentage  of 
weight  of  the  cement  which  either  passes  through  or  is 
retained  upon  a  sieve  having  a  stated  number  of  meshes 
per  linear  inch,  which  number  squared  gives  the  number 
of  meshes  per  square  inch.  The  sizes  of  the  grains  of  sand 
used  are  graded  in  the  same  way.  The  "No."  of  a  sieve 
to  which  reference  may  be  made  in  what  follows  indicates, 
therefore,  the  number  of  meshes  per  linear  inch. 


Coefficient  of  Elasticity. 

In  consequence  of  the  fact  that  cement,  mortars,  and 
concrete  begin  to  exhibit  permanent  stretch  at  compara- 
tively low  tensile  stresses  there  is  a  little  uncertainty  as  to 
the  value  of  the  coefficient  of  elasticity  unless  distinct 
statement  is  made  of  the  intensities  of  stress  at  which 
those  values  are  obtained,  and  whether  the  total  stretch  is 
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used  or  that  total  less  the  permanent  set.  It  is  not  possible 
to  make  such  statement  in  connection  with  all  the  values 
which  follow,  except  that  they  have  been  reached  at  low 
intensities  of  stress  unless  otherwise  stated,  and  with 
elongations  which  may  be  considered  wholly  elastic.  Al- 
though cement  mortars  and  concrete  do  not  exhibit  a  per- 
fectly elastic  behavior  their  stress-strain  lines  for  intensities 
of  stress  even  exceeding  those  used  in  practice  are  essentially 
straight  and,  on  the  whole,  exhibit  elastic  properties  at 
least  equal  to  those  of  cast  iron. 

Comparatively  few  tests  have  been  made  to  determine 
either  the  tensile  or  compressive  coefficient  of  elasticity  of 
cement,  mortar,  and  concrete,  although  that  quantity  is  a 
most  important  element  in  the  theory  and  design  of  concrete- 
steel  members.  Among  the'  more  valuable  determina- 
tions of  the  tensile  coefficient  of  elasticity  yet  made  is  the 
series  of  values  given  by  Mr.  W.  H.  Henby  in  a  paper  read 
before  the  Engineers*  Club  of  St.  Louis,  June,  1900,  and 
shown  in  Table  A.  The  cross-section  of  each  test  specimen 
was  2jX3i  inches  for  a  length  of  14  inches,  the  length  for 
which  the  extensions  were  measured  being  10  inches. 
The  composition  of  the  concrete  is  given  in  the  table,  as  are 
the  ages  and  conditions  before  testing.  The  specimens 
were  kept  in  air  either  dry  or  \mder  a  damp  cloth,  or  in 

water. 

The  entire  table  is  required  to  exhibit  the  relative 
influences  of  composition,  age,  mode  of  keeping  specimens 
prior  to  testing,  and  consistency  of  the  original  mixtures. 
Some  of  the  values  ranging  from  5,000,000  to  8,000,000 
pounds  or  more  seem  abnormally  high,  and  they  are 
certainly  higher  than  should  be  taken  in  practice.  It  is 
probable  that  these  test  specimens  were  better  mixed  and 
more  densely  made  than  would  be  the  large  masses  in 
engineering  structures,  so  that  in  the  latter  the  tensile 
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coeflBcient  of  elasticity  should  probably  not  be  taken  higher 
than  2,500,000  to  3,000,000  pounds  per  square  inch. 


Table  A. 

TENSILE  TESTS  OF  PORTLAND  CEMENT  CONCRETES  GIVEN 


BY  HENBY. 


,1  .'  IL    -i    ( 


Age. 
Days. 


3 

4 
5 
6 

7 
8 

9 
10 
II 
la 
13 
14 
15 
16 

I '7 
18 

IQ 

ao 

91 
22 
23 

24 

25 

26 

38 

39  I 

30 
31 
32 

33 
34 
35 
36 

37 
38 

39 
40 

41 
42 
43 
44 
45 
46 
47 
48 


7 
8 
18 
30 
30 
30 
30 
30 
30 
30 
30 
30 
35 
64 
65 
65 
65 
90 

96 

96 

100 

X30 

7 

14 
18 
30 
30 
30 
60 
60 
60 

63 
63 

90 
90 
90 

7 
30 
30 
30 
30 
30 
30 
90 
90 
1 30 
1 30 
95 


Parts  of  Cement, 

Sand,  and  Broken 

Stone. 


I 

it 

3 
(t 

4 

•  • 

ti 

•t 

<t 

•( 

<i 

>t 

<t 

•  < 

•< 

•  <    • 

It 

'  <t 

it 

•  ( 

t« 

>i 

<t 

<• 

•< 

•  t 

•  t 

•< 

<f 

•« 

•  • 

•  ( 

tt 

t< 

0 

(• 

<( 

•« 

•  i 

it 

it 

•  1 

it 

t< 

!• 

(< 

•  • 

<t 

It 

•  i 

•  • 

<l 

•  t 

I 

il 

3 

ii 

«> 

it 

•  1 

<i 

<l 

•  • 

<t 

<i 

l« 

«< 

<< 

•• 

•  1 

<t 

<i 

<« 

•  1 

•< 

•I 

•( 

«< 

•  ( 

•  < 

%• 

I 

•  1 

3 

M 

•  t 

«1 

It 

>• 

>• 

I 
it 

4 

I 

3 

— 

I 

3 

I 

3 

— 

X 

3 

— 

X 

"" 

■• 

s 

6 


L 
A 
M 
L 
L 
L 
A 
A 
A 
A 
A 
A 
L 
A 
A 
A 
A 
M 
L 
L 
L 
M 
A 
M 
M 
A 
A 
A 
A 
A 
A 
A 
A 
A 
A 
M 
A 
A 
A 
A 
A 
A 
A 
M 
M 
M 
M 
M 


Kept  in 


Air  dry 

Air 
Air  dry 


Air 


Water 

Air  dry 

Air 


Water 

Air  dry 
«i      •< 

<•      ti 

tt      0 

<•      <t 

Air 

Air  dry 
it      t( 

Air 
It 

Water 

Air  dry 
II      II 

It      It 

Air 
It 

Air  dry 
tt      It 

II      II 

Water 

Air 


Water 
Air  dry 


II      II 


Water 


Wt.. 

Lbs. 

per 

Cu.  Ft 


157 


42 
48 
42 
48 
50 
49 
49 
S3 
S8 

47 
SI 
44 
49 

50 

47 
46 
47 
47 
43 
S3 
39 

45 
52 

55 
44 
46 
46 
46 
46 
44 
44 
40 

54 
50 

47 
48 
44 
43 
49 
36 

39 
36 
36 
37 


Coefficient 

of 
Elasticity. 


3,000,000 
3.720,000 
2,286,000 
3,882,000 
4,727,000 
3,269,000 
3.306,000 
3,600,000 
8,360,000 
7,280,000 
3,750.000 
3,550,000 
4,543,000 
7.744.000 
3,810,000 
3,724,000 
5,440,000 
3,500,000 
3,992,000 
4,760,000 
5.075,000 
3,473,000 
3,968,000 
2,000,000 
2,106,000 
4,532,000 
4.425,000 
5.000,000 
1.857,000 
3.353,000 
3,033,000 
4,980,000 
3,744,000 
3,696,000 
3,896,000 
3,776,000 
3,838,000 
3,810,000 
3,437,000 
3,440,000 
4,496,000 
3.55.^.000 
6,108,000 
3.988,000 
5,302,000 
5,144.000 
5,150,000 
6,433,000 


Ult. 
Resist. 

Lbs. 

per 
Sq.  In. 


Consistency. 


130 

213 

75 

198 

327 

191 

192 

841 

183 

214 

223 

279 

149 

252 

143 

I03 

82 

125 

190 

226 

209 

136 

M7 

85 

I30 

165 

342 

239 

III 

138 

189 

154 

193 

X39- 

93 

X43 

115 

119 

104 

128 

93 

71 

125 

199 

234 

144 

154 

645 

Dry 

Plastic 

Excess  water 

Dry 
II 

Plastic 


Dry 
It 

Plastic 


Dry 
Plastic 


Excess  water 
Plastic 


Excess  water 
Plastic 


Ver>'  dry 
Dry 


Very  dry 
II        II 

Dry 
Plastic 
Dry 
Plastic 


Dry 
It 

II 

Very  dry 

11       It 

Plastic 


*  M,  Medusa;  L,  Lehigh;  and  A,  Atlas. 


356 


TENSION. 


[Ch.  VI. 


It  is  important  to  observe  that  the  coefficient  does  not 
appear  to  gain  much  in  value  beyond  the  age  of  thirty 
days.  Nor  does  it  seem  to  make  much  difference  whether 
the  specimens  were  kept  in  air  or  water. 

The  broken  stone  used  in  the  concrete  of  Table  A  was 
limestone,  the  maximum  size  of  some  of  which  was  i\ 
inches  and  2  inches  for  the  remainder.  The  voids  in  the 
broken  stone  varied  from  43  to  46  per  cent. 


Table  B. 

TENSILE  TESTS  OF  ATLAS  (PORTLAND)  CEMENT  CINDER 

CONCRETES  GIVEN  BY  HENBY. 


Age, 
Days. 

Parts  of  Cement, 
Sand,  and  Cinders. 

Kept  in 

Weight, 
Lbs.  per 
Cu.  Ft. 

Coefficient 

of 

Elasticity, 

Lbs.  per 

Sq.  In. 

Ult. 

Resist.. 

Lbs.  per 

Sq.  in. 

Ult. 

Comp. 

Resist.. 

Lbs.  per 

Sq.  In. 

I 

2 

7 
7 

2 
2 

4 
4 

Air 
1 1 

118 
114 

I,854,CX» 
1,892,000 

46 

3 

7 

2 

4 

Water 

122 

1,826,000 

4 

30 

I 

2 

4 

Air 

"3 

2,800,000 

133 

993 

5 

30 

2 

4 

Water 

121 

2,909,000 

77 

1,415 

6 

30 

2 

5 

( t 

126 

1,900,000 

76 

1,166 

7 

30 

2 

.   5 

Air 

109 

2,853,000 

86 

1,039 

8 

30 

2 

5 

( t 

107 

2,329,000 

86 

1,054 

9 

30 

2 

5 

( ( 

102 

1,820,000 

78 

688 

10 

30 

2 

5 

1  ( 

112 

1,900,000 

129 

1,005 

II 

30 

3 

6 

Water 

114 

1,422,000 

41 

653 

12 

60 

2 

5 

Air  dry 

117 

2,413,000 

97 

882 

13 

60 

3 

6 

ft     ( < 

IIO 

1,274,000 

58 

699 

14 

60 

3 

6 

( «     ( ( 

1 10 

1,892,000 

88 

949 

15 

60 

3 

6 

( (     (1 

107 

2,215,000 

62 

677 

16 

60 

3 

6 

i  <     If 

108 

2,922,000 

52 

17 

30 

3.5 

7 

Air 

102 

1,034,000 

30 

409 

18 

30 

3-5 

7 

f  ( 

104 

937,000 

31 

510 

Unscreened  commercial  Mississippi  River  sand,  as 
found  in  the  St.  Louis  market,  was  used  in  all  of  Mr.  Henbv's 
tests. 

In  both  tables  A  and.B  the  ultimate  tensile  resistances 
of  the  concrete  are  given,  and  in  Table  B  the  ultimate' 
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compressive  resistances  of  the  cinder  concretes  are  also 
shown. 

Table  B  exhibits  the  same  class  of  data  as  Table  A, 
but  for  cinder  concrete,  which  is  seen  to  be  much  lower 
in  both  elastic  and  ultimate  properties  than  stone  concrete. 
It  appears  from  the  values  in  the  table  that  the  tensile 
coefficient  of  elasticity  should  not  be  taken  higher,  cer- 
tainly, than  2,000,000,  and  1,500,000  would  probably  be 
more  advisable  for  general  practice,  supposing  the  concrete 
to  be  well  made  and  put  in  place  with  care.  The  dimen- 
sions of  specimens  were  the  same  as  for  the  stone  concrete 
of  Table  A. 

Mr.  Henby  made  a  number  of  tests  to  ascertain  the 
relative  values  of  cinder  concrete  kept  dry  and  in  water. 
His  results  indicate  that  both  the  coefficient  of  elasticity 
and  ultimate  resistances  are  materially  greater  for  the 
material  kept  dry.  Indeed  in  testing  eight  specimens 
he  found  the  average  coefficient  for  the  dry  specimens  about 
two  and  a  half  times  that  of  the  wet  specimens. 

Professor  W.  Kendrick  Hatt,  of  Purdue  University, 
in  a  paper  read  before  the  American  Section  of  the  Inter- 
national Association  for  Testing  Materials,  at  its  con- 
vention, 1902,  gave  the  following  values  for  the  tensile 
coefficient  of  elasticity  and  ultimate  tensile  resistances  of 
Portland  cement  concrete  composed  of  i  cement,  2  sand, 
and  4  broken  stone  at  the  ages  of  25,  26,  28,  and  33  days: 


Maximum. 
Average.  . 
Minimum. 


Coeflficient  of  Elasticity, 
Lbs.  per  Sq.  In. 


2,7CX),O0O 
2,ICX),000 

1,400,000 


Ultimate  Tensile 

Resistance. 
Lbs.  per  Sq.  In. 


360 

3" 
280 


It  will  be  seen  in  discussing  the  compressive  coefficient 
of  elasticity  that  practically  its  full  value,  like  the  tensile 
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coefficient,  is  acquired  at  the  age  of  one  to  three  months. 
Neither  coefficient  adds  much  to  its  value  after  one  month. 

Ultimate  Resistance. 

The  ultimate  resistances  of  neat  Portland  cement  and 
mortar  made  with  the  same  cement  have  been  somewhat 
increased  within  the  past  half  dozen  years ;  but,  upon  the 
whole,  those  resistances  as  exhibited  in  the  following 
tables  are  fairly  representative  of  the  best  grades  of  cement 
used  at  the  present  time  (1902).  The  conditions  of  manu- 
facture are  now  so  well  controlled  that  a  very  high  7-day 
or  28-day  test  cement  may  readily  be  produced;  but  that 
is  not  always  desirable;  the  main  purpose  in  masonry- 
construction  being  rather  the  attainment  of  an  ultimate 
resistance  possibly  less  high  imder  a  short-time  test  but 
which  continues  to  increase  indefinitely.  A  cement  show- 
ing a  high  ultimate  resistance  on  a  short-time  test  may  not 
continue  to  increase  its  ultimate  resistance  satisfactorily, 
or  that  fesistance  may  even  recede  with  the  lapse  of  time. 

Professor  W.  Kendrick  Hatt,  in  the  paper  to  which 
reference  has  already  been  made,  determined  the  following 
ultimate  tensile  and  compressive  resistances  of  the  Portland 
cement  and  cement  mortar  used  in  his  tests  of  reinforced 
or  concrete-steel  beams.  The  ages  of  the  different  bri- 
quettes are  given  in  the  table,  as  are  also  their  compositions, 
i.e.,  whether  neat  or  with  proportions  of  i  cement  to  3  sand: 

ULTIMATE  TENSILE  RESISTANCE  IN  POUNDS  PER 

SQUARE  INCH. 


Age. 


Neat. 
3:1- 


34  Hours. 

346 
78 


7  Days. 

803 
412 


I  Month. 


505 


3  Months. 

802 
626 
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ULTIMATE  COMPRESSIVE  RESISTANCE  OF  2-INCH  CUBES  IN 

POUNDS  PER  SQUARE  INCH. 


Age. 


Neat. 
3:1. 


24  Hours. 

7  Days. 

X  Month. 

2,402 
610 

7,337 
3,145 

9.537 
5,860 

3  Months. 

9,740 
8,005 


The  ultimate  compressive  resistances  are  given  at  this 
point  because  it  is  more  convenient  to  record  them  here. 
Reference  will  be  made  to  these  later  results  in  the  article 
on  the  compressive  resistance  of  cements,  mortars,  and 
concretes. 

Probably  the  latest  series  of  a  great  number  of  tests 
of  cement  and  mortar  briquettes  is  that  of  the  cement- 
testing  laboratory  of  the  Rapid  Transit  Railroad  Com- 
missioners of  New  York  City,  William  Barclay  Parsons, 
C.E.,  Chief  Engineer.  The  numbers  of  briquettes  broken 
during  the  years  1900  and  1901  were  over  2000  and  16,000 
respectively.  The  average  ultimate  tensile  resistances  in 
pounds  per  square  inch  disclosed  by  that  series  of  tests  of 
both  Portland  and  natural  cements,  as  given  in  the  report  of 
the  Chief  Engineer,  are  the  following : 


Year. 

Neat  Cement. 

*Sand  2,  Cement  i 

1  Day. 

7  Days. 

a8  Days. 

7  Days. 

38  Days. 

Portland : 

Average  result 

Average  result 

Spec,  requirements 

Natural: 

Average  result 

Average  result 

Spec,  requirements 

1900 
1901 

1900 
1901 

229 

300 
150 

552 

645 
400 

172 

215 
125 

714 
763 
500 

249 
322 
200 

276 
380 
200 

118 
218 
100 

434 
525 
300 

215 
350 
150 

*  For  natural  cement  a  i  cement  i  sand  mortar  was  used. 

These  results  represent  closely  the  best  high  test  Port- 
land and  natural  cements  produced  in  the  United  States 
during  the  execution  of  the  Rapid  Transit  Subway  work. 
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The  following  tables  disclose  not  only  the  ultimate 
resistances  of  the  different  compositions  but  also  the 
variation  of  those  resistances  with  age. 

Table  I  exhibits  the  results  of  tests  of  briquettes  of 
twelve  different  brands  of  domestic  and  one  of  foreign 
Portland  cements  as  made  in  the  testing  laboratory  of  the 
Bureau  of  Surveys  of  the  Department  of  Public  Works  of 
Philadelphia,  Pa.,  for  the  year  1901,  Mr.  George  S.  Webster, 
Chief  Engineer.  This  table  gives  the  fineness  of  the  cements 
in  the  terms  of  the  percentages  by  weight  which  pacrd 
through  sieves  with  2500,  10,000,  and  40,000  meshes 
per  square  inch ;  it  also  shows  the  amoimt  of  water  used 
for  the  different  mixtures.  The  table  is  useful  in  showing 
the  gain  in  resistance  both  for  the  neat  cement  and  cement 
mortar  briquettes  up  to  the  age  of  six  months. 

Table  II  shows  the  results  of  testing  both  mortar 
briquettes — one  part  cement  to  three  parts  sand — ^and 
those  of  the  neat  cement  at  the  ends  of  the  periods  named, 
extending  to  two  years.  All  cements  are  Portland,  and 
the  tests  were  made  for  the  Water  Commissioners  of  St. 
Louis.  The  figures  for  Table  II  were  taken  from  the 
annual  report  of  the  Water  Commissioners  for  the  year 
ending  April,  1894. 

Table  III  shows  the  results  of  a  large  number  of  tests 
of  the  ** Giant'*  brand  of  American  Portland  cement  made 
in  connection  with  the  construction  of  the  works  named. 
These  results  were  compiled  by  Mr.  R.  W.  Lesley  from 
the  official  records  of  those  works,  and  they  are  averages 
in  each  case  from  3  to  over  4000  tests.  The  table  is 
particularly  interesting  in  consequence  of  the  long  pferiod 
(five  years)  which  elapsed  before  the  oldest  specimens 
were  broken.  The  proportions  **  2  to  i"  and  "3  to  i" 
mean  2  volumes  of  sand  and  3  volumes  of  sand  to  i  volume 
of  cement. 
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Table  I. 

AVERAGE  RESULTS  OF  PORTLAND  CEMENT  TESTS  MADE 

DURING  1901. 


Brand. 


Alpha.  .  . . 
Atlas.  .  .  . 
*  Castle. . 
Dexter. . . 
Giant.  . . . 
Krause's. 
Lehigh . . . 
Phccnix. . 
Reading. . 
Say  lor' s.  . 

Star 

Vulcanite. 
Whitehall 


No.  of 
Tests. 


Broken. 


136 

820 

16 

28 

816 

72 

112 

36 

16 

764 

4,012 

204 

356 


Fineness  in  Per  Cent. 


No.  so. 


99.8 

9.9 
99.2 

100. o 

99  5 
100. o 

99.8 
100. o 

100. o 

100. o 

lOO.O 

99  5 

ICX).0 


No.  100. 


91.0 

90.4 

86.4 

95.1 

90.3 
91.2 

90.3 
93.8 

96.6 

95.5 
91.7 
89.9 
91 .0 


No.  aoo. 


76.6 

76.5 
74.0 

83.1 
76.4 

76.1 

77.1 
78.2 
86.9 
82.4 
76.1 

74.7 
75.4 


Per  Cent,  of  Water. 


Neat. 


20.1 
17. 1 
25.0 
20.0 

19.5 
19.0 

19.9 

19.5 
20.0 

20.6 

19.7 

20.3 

19.4 


Sand. 


8 
10 

9 
9 
9 
9 
9 
9 
9 
9 
9 
9 


8 
2 

3 

2 

2 

3 

2 

3 

4 

3 

4 
2 


Brand. 


Alpha.  .  .. 
Atlas.  . .  . 
*  Castle.  . 
Dexter. . . 
Giant.  .  . . 
Kra  use's. 
Lehigh . . . 
Phoenix.  . 
Reading.. 
Saylor's.  . 
Star. . .  . . 
Vulcanite. 
Whitehall. 


No.  of 
Tests. 


Broken. 


136 

820 

16 

28 

816 

72 

112 

36 

16 

764 

4,012 

204 

356 


Ultimate  Tensile  Resistance  in  Pounds  per  Square  Inch. 


Neat. 


34  Hrs. 

7  Days. 

a8  Dys. 

2  Mos. 

3  Mos. 

4  Mos. 

357 

770 

834 

885 

813 

785 

542 

728 

790 

802 

761 

815 

235 

336 

387 

443 

363 

826 

932 

778 

424 

669 

719 

7^3 

745 

776 

418 

830 

864 

775 

377 

699 

747 

684 

735 

774 

345 

721 

7^3 

460 

800 

955 

775 

295 

697 

766 

756 

766 

733 

437 

721 

746 

731 

715 

727 

290 

748 

767 

707 

807 

710 

524 

713 

765 

788 

796 

775 

6  Mos. 


827 
825 


786 
760 

745 
740 


♦  Belgian. 
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Table  I. — Continued. 

AVERAGE  RESULTS  OF  PORTLAND  CEMENT  TESTS  MADE 

DURING  1901.— Conlinued. 


Brand. 


Alpha.  .  . . 
Atlas.  ..  . 
*  Castle.  . 
Dexter.  . . 
Giant.  .  . . 
Krause's. 
Lehigh.  . . 
Phoenix.  . 
Reading.  . 
Say  lor' s.  . 
Star.  .  .  .  . 
Vulcanite. 
Whitehall 


No.  o! 
Tests. 


Broken. 


Ultimate  Tensile  Resistance  in  Pounds  per  Square  Inch. 


I  to  3  Standard  Qnartz  Sand. 


34  Hrs. 

7  Days. 

28  Dys. 

2  Mos. 

3  Mos. 

4  Mos. 

81 

252 

314 

344 

312 

302 

104 

204 

289 

324 

321 

337 

65 

121 

176 

215 

68 

298 

336 

312 

87 

227 

309 

328 

317 

328 

74 

229 

285 

270 

76 

233 

329 

296 

310 

303 

94 

264 

343  . 

150 

263 

301 

338 

64 

217 

296 

319 

301 

3" 

77 

219 

298 

321 

301 

286 

45 

226 

287 

269 

298 

280 

«7 

232 

313 

295 

295 

343 

6  Mos. 

262 
308 


329 
325 


286 
330 


*  Belgian. 

The  average  results  for  a  considerable  number  of  tests 
for  periods  of  time  up  to  four  years,  made  in  connection  with 
the  construction  of  the  Sodom  Dam  of  the  Croton  water 
system  (the  supply  for  the  city  of  New  York),  are  given 
in  Table  IV. 

They  are  taken  from  a  paper  by  Mr.  W.  McCulloch  in 
the  **  Trans,  of  the  Am.  Soc.  Civ.  Engrs.''  for  March,  1893. 
The  composition  of  the  mortar  in  the  mortar  specimens 
is  shown  in  the  extreme  left-hand  coltmm  to  have  been 
2  volumes  and  3  volumes  of  sand  to  i  volume  of  cement. 

A  considerable  number  of  tests  made  by  Mr.  P.  K.  Yates, 
resident  engineer  on  the  Seventh  Avenue  bridge  across  the 
Harlem  River,  at  New  York  City,  are  illustrated  by  the 
results  given  in  Table  V.  The  greatest  age  of  any  specimen 
is  seen  to  be  two  years. 

Table  VI  contains  the  results  of  tests  by  Mr.  Geo.  W. 
Rafter  on  domestic  Portland  cements  as  given  in  the  report 
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Table  III. 

AVERAGE  TENSILE  RESISTANCE  IN  POUNDS  PER  SQUARE  INCH, 


Sodom  and  Bog  Brook  ( 
dams.  New  York-< 
Aqueduct 1 

Tlticus  Dam,  New  York  J 
Aqueduct | 


Carmel  and  Craft's  Dam 
New  York  Aqueduct. 

Reading  Terminal  Rail- 
road  and  Station, 
Philadelphia 

Niagara  Falls  Tunnel, 
Niagara  Power  Co.. . . 


Fineness* 


o 
o 


o  o 


M 


18.0 


II. 7 


14.7 


14. 7» 


14.9 


Table  IV. 

AVERAGE  TENSILE  RESISTANCE  IN  POUNDS  PER  SQUARE  INCH. 


Fineness, 
Average. 

Time  Set  in  Water. 

Cement. 

One 
Day. 

One 
Week. 

One 
Month. 

One 
Year. 

Two 
Years. 

Three 
Years. 

Four 
Years. 

Portland:      j 
Burham,  neat 

**             IC.  28... 

**         IC.  3s.. . 

Natural:      \ 

Union,  neat 

I  c.  2  S.  •  •  •  . 

10,000 
mesh. 

80% 

2500 

mesh. 

96% 

167 
160 

429 
141 
169 

240 
34 

615 

258 
224 

228 

94 

798 
468 
404 

510 
394 

700 

532 
520 

542 
430 

764 
632 

552 

650 

514 

782 
658 

654 
522 
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36s 


• 

1 

Cement. 

Age  and  Ultimate  Tensile  Resistance  in  Lbs.  per  Sq.  In. 

• 

1 

Seven 
Days. 

One 

Mo. 

Three 
Mos. 

Four 
Mos. 

Six 
Mos. 

Nine 
Mos. 

One 
Year. 

Two 
Years. 

20 

10 

6 

Alsen's  Portland,  neat 

**        IC.   IS. 

*'     ic.  3S. 
Rosendale,  neat*. .  . . 

A  W«    1 9ft  ■    •    •   • 

450 
"3 

453 

146 

155 
"5 

606 

399 

193 
297 

225 

418 

428 

377 
269 

701 

739 
655 

412 
309 

766 

*  At  end  of  one  day,  eighty  pounds  per  square  inch. 


Table  VI. 

ULTIMATE  TENSILE  RESISTANCES  IN  POUNDS  PER  SQUARE 

INCH  AT  THE  AGES  SHOWN. 


One 

Cement. 

Mixture. 

One  Day. 

Seven 
Days. 

Twenty- 
eight 
Days. 

Ninety 
Days. 

Hundred 

and 

Fifty 

Days. 

Empire  Portland. . . 

neat 

324 

520 

625 

^ 

neat 

340 

519 

610 

649 

698 

I  S.  I  c. 

272 

386 

489 

527 

Wayland  Portland^ 

2  S.  I  c. 

3  S.  I  c. 

203 

144 

270 
246 

326 
351 

440 

4  S.  I  c. 

132 

200 

242 

b 

5  s.  I  c. 

104 

136 

of  the  State  Engineer  and  Surveyor  of  the  State  of  New 
York  for  1894.  Each  result  is  an  average  of  twenty  tests 
of  briquettes.  The  sand  was  clear  and  rather  fine,  more 
than  one-third  of  it  passing  a  No.  50  sieve. 

The  values  exhibited  in  Table  VII  were  determined 
during  the  year  1901  at  the  testing  laboratory  of  the 
Bureau  of  Surveys  in  the  Department  of  Public  Works  of 
Philadelphia,  Pa.,  and  are  taken  from  the  same  report  as 
was  Table  I :  they  belong  to  six  brands  of  domestic  natural 
cement.     This  table  also  shows  the  fineness  of  the  cements 
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Table  VIL 

AVERAGE  RESULTS  OF  NATURAL  CEMENT  TESTS  MADE 

DURING  1901. 


Brand. 

No.  of 
Tests. 

Fineness  in  Per  Cent. 

Per  Cent,  of 
Water. 

No.  50. 

No.  100. 

No.  200. 

Neat. 

Sand. 

Cumberland  and  Potomac. 

Improved  Anchor 

Improved  Bonneville 

Improved  Shield 

152 
3.260 
4,500 

16 
2,308 

16 

94.4 
99.9 
99.3 
99.8 

98.7 
99.2 

80.9 
92.6 

89.4 

90.4 
90.2 

94.0 

68.9 

79-4 

75-4 
76.0 

78.9 

85.0 

32.9 
26.4 

24.8 

24.0 

26.7 

32.0 

13.3 
II. 9 

II. 5 

"3 
II. 9 

13. 1 

Imoroved  Union 

Umon  Rosendale 

Brand. 


Cumberland  and  Potomac. 

Improved  Anchor 

Improved  Bonneville 

Improved  Shield 

Improved  Union 

Umon  Rosendale 


No.  of 
Tests. 


152 
3i26o 

4,500 
16 

2,308 
16 


Ultimate  Tensile  Resistance  in  Pounds  per 
Square  Inch. 


Neat. 


24 
Hrs. 


149 
123 

174 

155 
184 

86 


7 

38 

2 

3 

4 

Days. 

Da>'s. 

Mos. 

Mos. 

Mos. 

253 

325 

389 

390 

380 

280 

408 

453 

470 

475 

342 

445 

475 

470 

518 

229 

279 

334 

253 

342 

383 

413 

434 

135 

230 

6 
M06. 


342 

477 
522 

447 


Brand. 


Cumberland  and  Potomac. 

Improved  Anchor. ." 

Improved  Bonneville 

Improved  Shield 

Improved  Union 

Union  Rosendale 


No.  of 
Tests. 


152 
3»26o 
4.500 

16 
2,308 

16 


Ultimate  Tensile  Resistance  in  Pounds  per 
Square  Inch. 


I  to  2  Standard  Quartz  Sand. 


94 

7 

a8 

2 

3 

4 

Hrs. 

Days. 

Days. 

Mos. 

Mos. 

Mos. 

61 

137 

231 

303 

374 

303 

49 

159 

274 

346 

381 

383 

62 

183 

298 

379 

397 

417 

63 

143 

231 

315 

91 

162 

250 

332 

369 

412 

33 

63 

147 

6 
Mos. 


287 

385 
417 

460 
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and  the  percentages  of  water  used  in  the  nMxtures  of  both 
neat  cement  and  cement  mortar.  It  •  will  be  observed 
that  the  sand  used  in  the  tests  of  both  Tables  I  axid  VII 
was  the  standard  crushed  quartz  used  for  such  purposes. 
The  recent  cement  product,  called  silica-Portland 
cement,  is  manufactured  by  grinding  together  certain 
portions  of  clean  silicious  sand  and  Portland  cement. 
The  results  given  below  are  taken  from  the  tests  of  such 
silica-Portland  cement,  manufactured  by  the  Silica-Port- 
land Cement  Co.,  of  Long  Island  City,  N.  Y.  One  part, 
by  weight,  of  Aalborg  Portland  cement  was  groimd  to- 
gether with  six  parts,  by  weight,  of  clean  silicious  sand 
to  such  a  degree  of  fineness  that  essentially  all  of  the 
product  passed  through  a  3 2, coo-mesh  sieve.  This  finely 
ground  mixture  of  i  cement  to  6  sand,  by  weight,  is  called 
"neat"  in  what  follows,  while  *'  (1-6)  s.  c.-2  q."  is  i  part,  by 
weight,  of  the  **neat "  silica-Portland  cement  to  2  parts,  by 
weight,  of  crushed  quartz,  or  ** standard"  sand,  all  of  which 
passes  a  No.  20  sieve  and  is  retained  on  a  No.  30  sieve.  The 
results  were  obtained  in  the  cement-testing  laboratory  of 


Table  VIII. 

SILICA-PORTLAND  CEMENT. 

Ultimate  Tensile  ResisUnce  in  Pounds  per  Square  Inch. 


Percent, 
of  Water. 

A«e. 

Mixttire. 

Seven 
Days. 

Fifteen 
Days. 

Twenty-one 
Days. 

Two 
Hundred  and 
Nineteen 
Days. 

Neat 

18-21% 

(148 

8;  130 

r  121 

I    ^' 

(  58 

(  172 

6  ]  165 

(  147 

(  166 

8  J  149 

f  121 

(  "4 

8^    98 

(    88 

(1-6)  s.  C.-2  q. .. 

(  220 

5*J  204 
(194 

All  spedmens  one  day  in  air  and  remainder  in  water. 
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the  department  of  civil  engineering  of  Columbia  University. 
The  figures  on  the  left  of  the  brackets  show  the  ntmiber  of 
tests  of  which  the  ultimate  resistances  are  the  greatest, 
mean,  and  least  in  each  case. 

Five  seven-day  tests  of  the  Aalborg  Portland  cement 
used  in  the  manufacture  of  the  silica-Portland  cement 
gave  the  following  greatest,  mean,  and  least  ultimate 
tensile  resistances,  the  specimens  having  been  one  day  in 
air  and  six  days  in  water: 

Greatest.  Mean.  Least. 

594  lbs.  per  sq.  in.  536  lbs.  per  sq.  in.  441  lbs.  per  sq.  in. 

Four  specimens  of  the  neat  silica-Portland  cement  (1-6), 
one  day  in  air  and  the  remainder  of  the  time  in  water, 
gave  the  following  results: 

Age. 

308  lbs.  per  sq.  in 199  days. 

264   '*    '*   190  *' 

294   *'    *'   189  " 

260   "    "  185  " 


Neat  (1-6). 


One  of  the  earliest  authorities  on  English  Portland 
cement  was  Mr.  John  Grant,  who  published  his  **  Experi- 
ments on  the  Strength  of  Cements"  in  1875.  Although  his 
experimental  determinations  are  now  displaced  by  those 
applicable  to  cements  and  mortars  of  the  present  time,  his 
work  is  one  of  the  classics  in  Portland  cement  literature. 
The  conclusions  which  he  reached  through  investigations 
and  practical  experience  still  hold  in  great  measure  and 
are  of  sufficient  value  to  be  given  here.  They  are  the 
following : 

1.  Portland  cement,  if  it  be  preserved  from  moisture,  does  not,  Kke  Roman 
cement,  lose  its  strength  by  being  kept  in  casks,  or  sacks,  but  rather  improves 
by  age;  a  great  advantage  in  the  case  of  cement  which  has  to  be  exported. 

2.  The  longer  it  is  in  setting,  the  more  its  strength  increases. 

.{.  Cement  mixed  with  an  equal  quantity  of  sand  is  at  the  end  of  a  year 
approximately  three  fourths  of  the  strength  of  neat  cement. 
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4.  Mixed  with  two  parts  of  sand,  it  is  half  the  strength  of  neat  cement. 

5.  With  three  parts  of  sand,  the  strength  is  a  third  of  neat  cement. 

6.  With  four  parts  of  sand,  the  strength  is  a  fotirth  of  neat  cement. 

7.  With  five  parts  of  sand,  the  strength  is  about  a  sixth  of  neat  cement. 

8.  The  cleaner  and  sharper  the  sand,  the  greater  the  strength. 

9.  Very  strong  Portland  cement  is  heavy,  of  a  blue-gray  color,  and  sets 
slowly.  Quick-setting  cement  has,  generally,  too  large  a  proportion  of  clay 
in  its  composition,  is  brownish  in  color,  and  turns  out  weak,  if  not  useless. 

10.  The  stiffer  the  cement  is  gauged,  that  is,  the  less  the  amot^t  of  water 
used  in  working  it  up,  the  better. 

11.  It  is  of  the  greatest  importance  that  the  blocks,  or  stone,  with  which 
Portland  cement  is  used,  should  be  thoroughly  soaked  with  water.  If  under 
water,  in  a  quiescent  state,  the  cement  will  be  stronger  than  out  of  water. 

12.  Blocks  of  brickwork,  or  concrete,  made  with  Portland  cement,  if  kept 
under  water  till  required  for  use,  would  be  much  stronger  than  if  kept  dry. 

13.  Salt  water  is  as  good  for  mixing  Portland  cement  as  fresh  water. 

14.  Bricks  made  with  neat  Portland  cement  are  as  strong  at  from  six  to 
nine  months  as  the  best  quality  of  Staffordshire  blue  brick,  or  similar  blocks 
of  Bramley  Fall  stone,  or  Yorkshire  landings. 

15.  Bricks  made  of  four  parts  or  five  parts  of  sand  to  one  part  of  Portland 
cement  will  bear  a  pressure  equal  to  the  best  picked  stocks. 

16.  Whenever  concrete  is  used  under  water,  care  must  be  taken  that  the 
water  is  still.  Otherwise  a  current,  whether  nattual  or  caused  by  ptmiping, 
will  carry  away  the  cement,  and  leave  only  the  clean  ballast. 

17.  Roman  cement,  though  about  two  thirds  the  cost  of  Portland,  is  only 
about  one  third  its  strength,  and  is  therefore  double  the  cost,  measured  by 
strength. 

18.  Roman  cement  is  very  ill  adapted  for  being  mixed  with  sand. 

Mr.  Don.  J.  Whittetnore  has  proposed  the  follo\ying 
formula  for  the  ultimate  tensile  resistance  of  cements : 

in  which  T  is  the  ultimate  tensile  resistance  in  pounds  per 
square  inch;  A,  an  empirical  coefficient,  and  N  the  age  of 
the  cement  in  days.  This  equation  cannot  be  applied  to 
any  extended  length  of  time,  but  it  may  be  used  approxi- 
mately for  periods  possibly  ranging  from  7  days  to  30  days. 
If  the  7-  and  28-day  results  obtained  in  the  testing  labora- 
tory of  the  Rapid  Transit  Railroad  Commission  of  New 
York  City,  given  in  the  preceding  portion  of  this  article, 
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be  used  there  will  result  for  Portland  cement  with  close 
approximation,  i4=5oo  and  ^  =  8.7;  while  for  natural 
cement  -4  =120  and  X'^3.4.  Such  approximate  formulae, 
however,  have  very  little  practical  value. 


Fig.  I. 

All  the  preceding  tensile  tests  of  cement  and  cement 
mortars,  unless  otherwise  stated,  were  made  with  the  shape 
of  briquette  shown  in  Fig.  i,  which  was  recommended  for 
use  in  the  report  of  the  **  Committee  on  a  Uniform  System 
for  Tests  of  Cement"  of  the  American  Society  of  Civil 
Engineers.  That  report  was  made  in  1885,  and  the  bri- 
quette recommended  has  become  the  standard  in  American 
practice  for  the  testing  of  cements  and  mortars. 

Adhesion  between  Bricks  and  Cement  Mortar. 

General  Q.  A.  Gillmore  ("  On  Limes,  Hydraulic  Cements, 
and  Mortars*')  cemented  Croton  bricks  together  crosswise 
and  then  separated  them  by  a  pull.  He  used  pure  cement 
paste  and  mortars  of  various  proportions,  by  volume,  of 
cement  to  sand,  but  never  more  sand  than  i  volume  of 
cement  to  2  volumes  of  sand.     Nearly  all  the  cement  was 
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Rosendale,  although  some  specimens  were  prepared  with 
Hancock  (Maryland)  or  James  River  cement.  Bricks  so 
cemented  in  pairs  were  kept  320  days  and  then  separated. 
Reviewing  the  results,  Gen.  Gillmore  says:  **  In  tearing  the 
bricks  apart,  at  the  expiration  of  the  time  specified,  in  a 
majority  of  cases  the  stirface .  of  contact  of  the  brick  and 
mortar  remained  intact,  the  adhesion  to  the  brick  over- 
coming the  cohesive  strength  either  of  the  bricks  themselves, 
or  of  the  mortar  composing  the  joint  between  them.  The 
results,  therefore,  although  interesting  for  other  reasons, 
furnish  no  entirely  satisfactory  measure  of  the  power 
of  adhesion." 

Also,  **at  the  age  of  320  days  (and  perhaps  considerably 
within  that  period)  the  cohesive  strength  of  piire  cement 
mortar  exceeds  that  of  Croton  front  bricks.  The  converse 
is  true  when  the  mortar  contains  fifty  per  cent.,  or  more, 
of  sand.'* 

Table  IX. 


Mortar  or  Paste. 


Pure  cement . . 
vol.  cement,  i  vol.  sand. 
2 

3 
4 
5 
6 

Pure  cement.  . . 
vol.  cement,  i  vol.  sand, 
2 


1 1 
<  ( 


f  I 


1 1 


( < 


1 1 

I  c 


<  < 
(  f 
1 1 
I  f 
( ( 


( t 


1 1 


It 
1 1 


1 1 

1 1 


1 1 


1 1 


t  $ 
(f 


Materials  Cemented. 


Croton  bricks 


Fine  cut  granite 


I  f 
(I 


( < 

C  ( 

1 1 
1 1 


Adhesion  per 
Square  Inch 
in  Pounds. 


30.8 

15.7 
12.3 

6.8 

5.2 

4.3 

33 

27.5 

20.8 

12.6 

9.2 

7.9 


Ratio  of 

Adhesion  to 

Resistance  of 

Pure  Cement. 


I  .00 

0.51 
0.40 

0.22 

0.17 

o.  14 

O.  II 

1. 00 
0.76 
0.46 

0.33 

0.29 


Table  IX  contains  the  results  of  another  series  of 
experiments  by  General  Gillmore,  made  for  the  purpose  of 
determining  the  adhesion  to  Croton  front  bricks  and  fine 
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cut  granite  of  mortars  containing  different  proportions  of 
sand.  "The  bricks  were  used  wet,  and  were  well  pressed 
together  by  hand.  They  were  wetted  with  fresh  water 
every  alternate  day  for  29  days,  the  age  of  the  mortar  when 
tested.     Each  result  is  the  average  of  five  trials." 

Table  X  exhibits  other-  experimental  results  oh  the 
adhesive  resistance  of  cements  and  mortars  to  both  stone  and 
brick;   it  is  taken  from  a  similar  table  prepared  by  Mr. 

Table  X. 

ADHESIVE  RESISTANCE  OF  CEMENTS  AND  MORTARS. 


o 
Z 

u 

c 


I 

2 

3 
4 
5 
6 

7 
8 

9 

10 
II 

12 

13 

X4 
X5 
16 

X7 
18 

19 

90 
21 

92 

33 
24 
25 

26 

27 

a8 


d  V 


7 


28 

tt 

30 


4a 
48 
56 

95 
no 

180 


lyr. 

<• 
•« 
«• 

i« 

«• 

•« 


Kind  of 

Cement 

Used. 


Portland 


Hydraulic 

lime 
Portland 


M 


«« 


Materials  Cemented 
together. 


Sawed  limestone 

Cut  sranite 

Polished  marble 

Bridgewater  brick 

♦Bnck 

t  Brick 

♦Brick 

t  Brick 

Sawed  limestone 

Cut  granite 

Polished  marble 

Bridgewater  brick 

Sandstone 

;:  Brick 

;:  Brick 

;:  Brick 

; :  Brick 

X  Brick 
Sawed  slate 
Portland  stone 
Polished  marble 
Gault-clay  brick 

pressed 
Stock  brick  in  air 
Stock  brick  in  water 
Staf .  blue  brick  in 

air 
Staf.  blue  brick  in 

water 
Fareham  red  brick 

in  air 
Pareham  red  brick 

in  water 


Average  Ahhesive  Strength 
in  Povmds  per  Square  Inch. 

Neat 
Cement. 

M 

M 

CO 

sr 

102 
117 

xos 
146 

54 

44 
63 

70 

47 
29 

83 
62 

* 

SI 

38 
53 
45 
73 

46.9 
56.9 

M       • 

fO 

|l 

20 
26 

^i 
48 

24.2 
14.2 

12.8 

i| 

9 

16 

14 
45 

57 

M 

19 
168 

ax3 

1  ^' 
{  66 

49 
68.8 

1   62 

96 
48 
40 
126 

"3 

Authority. 


I.  J.  Mann,  1883 


Prof.  Warren.  1887 


«• 


I.  J.  Mann,  1882 


•« 
•I 


«• 
«• 
«« 


Bauschinger,  1873 


«« 
II 


•I 


II 
II 


i« 


I.  J.  Mann,  1885 


II 


M 


J.  Gnmt,  x87x 


II 


M 


*  Qean  river  sand  used  in  mixture. 

X  Pine  river  sand  used  in  mixture. 

%  Coarse  particles  in  cement  sifted  out  before  testing. 


t  Crushed  sandstone  used  in  mixture 
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Emil  Kuichling  in  his  report  to  the  Executive  Board  of  the 
City  of  Rochester,  N.  Y.,  for  1888.  Tables  IX  and  X 
contained  at  that  time  practically  all  the  reliable  informa- 
tion of  this  class  available. 

Other  experimental  determinations  of  the  adhesive 
resistance  of  natural  and  Portland  cement  mortars  to 
brick  and  stone  may  be  found  in  the  report  of  the  Chief  of 
Engineers,  U.  S.  A.,  for  1895.  At  the  age  of  28  days 
the  adhesive  resistance  of  neat  Portland  cement  to  the 
surface  of  sawn  limestone  was  about  270  pounds  per  square 
inch;  about  240  pounds  per  square  inch  with  a  mortar  of 
I  cement  to  \  sand;  about  225  pounds  per  square  inch 
with  a  mortar  of  i  cement  to  i  sand,  and  about  1 70  pounds 
per  square  inch  with  a  mortar  of  i  cement  to  2  sand. 

Table  XI  exhibits  the  average  results  of  three  and  six 
months'  tests  of  the  adhesion  of  Portland  and  natural 
cement  mortars  to  bricks  which  were  cemented  to  each 
other  at  right  angles  and  then  pulled  apart  normally  at  the 
ends  of  the  periods  named.  These  average  results  are 
taken  from  the  same  report  of  the  Chief  of  Engineers, 
U.  S.  A.,  for  1895. 

Table  XI. 

AVERAGE  ADHESIVE  RESISTANCE  OF  BRICKS  CEMENTED 
TOGETHER  AT  RIGHT  ANGLES  TO  EACH  OTHER. 


Cement. 

Mortar. 

Adhesion, 
Pounds  per  Sciuare  Inch. 

Portland 
(1 

Neat 
I  c,  is. 

60 
60 

I  C,   I  s. 
I  c,  2  s. 

40 
20 

<< 

Natural 
It 

It 

ic,  3S. 

Neat 
I  c.,  is. 

I  C,   I  s. 

20 

'     55 
50 

45 

It 

It 

I  c,  2  s. 
I  c,  3  s. 

30 
15 
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There  will  also  be  found  in  that  report  average  values 
of  the  shearing  adhesion  of  plain  i-inch  round  bolts  to  neat 
Portland  cement  and  to  Portland  cement  mortars  of  i 
month's  age,  the  bolts  having  been  embedded  at  various 
depths  from  2  to  lo  inches  in  the  mortars.  The  shearing 
adhesion  for  the  neat  cement  varied  from  a  maximum 
of  345  poimds  per  square  inch  for  a  depth  of  insertion  of  4 
inches  down  to  230  pounds  per  square  inch  for  a  depth  of 
insertion  of  about  8|  inches.  In  the  case  of  the  Portland 
cement  mortar  of  i  cement  to  2  sand  the  shearing  adhesion 
varied  from  a  maximum  of  280  pounds  per  square  inch  for  a 
depth  of  insertion  of  the  bolt  of  2^  inches  down  to  250 
pounds  per  square  inch  for  a  depth  of  insertion  of  about 
7f  inches.  When  the  bolt  was  embedded  in  the  Portland 
cement  mortar  of  i  cement  to  4  sand  the  shearing  adhesion 
ranged  from  a  maximum  of  about  145  pounds  per  square 
inch  for  a  depth  of  insertion  of  10  inches  to  a  minimum  of 
about  70  potmds  per  square  inch  for  a  depth  of  insertion 
of  2  inches.  These  values  of  shearing  adhesion  are  impor- 
tant results  in  the  theory  and  design  of  concrete-steel 
members. 

The  Effect  of  Freezing  Cements  and  Cement  Mortars, 

There  have  been  many  attempts  made  to  determine  the 
effect  of  freezing  neat  cements  and  cement  mortars  after 
having  been  mixed  for  use  at  various  ages  and  tmder 
various  conditions.  Some  valuable  data  have  been  ac- 
cumulated, but  the  conditions  attending  such  investiga- 
tions are  so  complicated  and  so  difficult  to  be  analyzed 
quantitatively  that  many  most  discordant  conclusions  have 
been  reached.  Different  results  will  follow  if  the  freezing 
is  done  immediately  after  the  mixing  of  the  cement  or 
mortar,  or  after  the  initial  set  has  taken  place,  or  after  the 
considerable  hardening  which  takes  place  at  the  age  of 
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12  to  24  hours.  Probably  the  best  data  in  this  connection 
arise  from  an  engineer's  practical  experience  in  laying 
masonry  when  the  temperature  of  the  air  is  below  the 
freezing-point.  Under  such  circumstances  it  is  rarely 
the  case  that  anything  more  than  surface  freezing  takes 
place  before  the  hardening  of  Portland  cement.  With  the 
slower  action  of  the  natural  cements  similar  conditions  do 
not  exist.  It  is  undoubtedly  prejudicial  even  with  Port- 
land cements  to  have  alternate  freezing  and  thawing  take 
place  at  comparatively  short  intervals  of  time.  On  the 
other  hand,  the  great  majority  of  laboratory  investigations 
indicate  that  Portland  cement  or  cement  mortars  mav  be 
severely  frozen  and  remain  so  for  long  periods  of  time 
without  essential  injury.  It  is  probable  that  setting  usually 
proceeds  during  a  frozen  condition,  but  at  an  exceedingly 
slow  rate,  and  that  the  operation  of  setting  is  actively 
renewed  after  thawing. 

While  it  has  been  stated  in  some  quarters  that  natural 
cements  may  be  frozen  similarly  and  thawed  without 
essential  injury,  there  is  considerable  laboratory  evidence 
as  well  as  that  of  practice  which  indicates  that  conclusion 
to  be  erroneous,  especially  if  it  be  given  any  considerable 
application.  There  may  be  cases  in  which  natural  cements 
can  be  or  have  been  frozen  without  essential  injury,  but 
the  author's  experience  in  extended  practical  operations  in 
masonry  construction  induces  him  to  believe  that  any 
natural  cement  severely  frozen  before  being  thoroughly 
hardened  is  so  seriously  injured  as  to  be  practically  de- 
stroyed. On  the  other  hand,  his  extended  observations 
not  only  on  his  own  work,  but  on  those  of  others,  lead  him 
to  believe  that,  as  a  rule,  Portland  cement  will  not  be 
sensibly  injured  under  the  conditions  of  actual  masonry 
construction  by  being  frozen.  It  is  customary  in  most 
large  works  to  permit  no  masonry  to  be  laid  at  a  tempera- 
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ture  much  below  about  26^  Fahr.  above  zero,  but  with 
precautions  easily  attained  it  is  certain  that  concrete  and 
other  masonry  laid  in  Portland  cement  mortar  may  prop- 
erly and  safely  be  put  in  place  several  degrees  below  that 
temperature. 

It  has  also  been  stated  in  some  quarters  that  natural 
cements  and  some  Portlands  have  been  actually  improved 
by  being  frozen.  Such  conclusions  should  be  received  with 
exceeding  caution.  The  author  believes  that  there  is  no 
conclusive  evidence  that  any  cement  or  cement  mortar  can 
be  improved  by  freezing. 

In  cold  weather  it  is  customary  on  some  works  to  use 
salt  water  for  mixing  mortars  and  concretes,  and  that 
practice  when  suitably  conducted  may  be  resorted  to  with 
safety  and  propriety.  Such  solutions  generally  nm  from 
2  to  8  or  10  per  cent,  by  weight  of  salt.  Occasionally,  also, 
soda  is  dissolved  in  water  at  the  rate  of  2  poimds  per  gal- 
lon. Before  using  this  solution  an  equal  volume  of  water 
is  added  so  that  the  final  solution  contains  about  i  pound 
of  soda  to  a  gallon  of  water.  This  solution  expedites 
the  setting  of  the  cement  with  a  view  to  accomplishing 
a  safe  degree  of  hardening  before  the  mortar  is  frozen. 
It  is  doubtful  whether  this  practice  shotild  be  encouraged. 

The  Linear  Thermal  Expansion  and  Contraction  of 

Concrete  and  Stone, 

Satisfactory  investigations  regarding  the  expansion  and 
contraction  of  concrete  and  stone  are  exceedingly  few  in 
number,  and  the  data  by  which  variations  in  the  dimen- 
sions of  large  masses  of  masonry  due  to  temperature  changes 
can  be  computed  are  correspondingly  meagre.  Professor 
William  D.  Pence,  of  Purdue  University,  has  made  such 
investigations  and  presented  the  results  in  a  valuable 
paper   read    before    the    Western    Society    of    Engineers, 
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November  20,  1901.  In  his  experimental  work  he  com- 
pared the  thermal  linear  changes  of  concrete  bars  and  bars 
of  steel  and  copper,  basing  the  coefficients  of  expansion  of 
the  concrete  and  mortar  on  the  relative  changes  of  the 
two  materials  for  the  same  range  of  temperature.  These 
experiments  were  conducted  with  great  care,  but  the 
resulting  values  might  perhaps  have  been  at  least  better 
defined  had  two  materials  been  employed  with  a  greater 
difference  in  their  rates  of  thermal  expansion  and  contrac- 
tion. Professor  Pence  employed  two  kinds  of  concrete  and 
one  bar  of  Kankakee  limestone,  seven  experiments  having 
been  performed  on  a  concrete  of  i  Portland  cement,  2  sand, 
and  4  broken  stone ;  one  on  a  concrete  of  i  Portland  cement, 
2  sand,  and  4  gravel ;  and  three  on  a  concrete  composed  of  i 
cement  and  5  of  sand  and  gravel,  making  the  mixture 
essentially  equivalent  to  the  preceding  concrete  of  i  cement, 
2  sand,  and  4  gravel.  The  maximimi,  mean,  and  minimum 
coefficients  of  linear  expansion  per  degree  Fahr.  found  in 
these  tests  were  as  follows: 


Kind  of  Concrete. 

Maximum. 

Mean. 

Minimum. 

Broken  stone,   1:2:4 

Gravel,   1:2:4 

Gra.vel.  I  :  s 

.0000057 
.0000055 

.0000055 
.0000054 
.0000053 
.0000056 

.0000052 
.0000052 

Kankakee  limestone. 

Between  January  and  June,  1902,  Messrs.  J.  G.  Rae 
and  R.  E.  Dougherty,  graduating  students  in  Civil  Engineer- 
ing at  Columbia  University,  with  the  aid  of  Professor 
Hallock  of  the  Department  of  Physics  of  the  same  university, 
determined  with  great  care  by  the  most  accurate  direct 
measurements  the  coefficients  of  linear  thermal  expansion 
of  one  bar  of  concrete  of  i  Portland  cement,  3  sand  and  5 
gravel,  and  one  bar  of  mortar  of  i  Portland  cement  and  2 
sand,  each  bar  being  4  inches  by  4  inches  in  cross-section 
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and  about  3  feet  long,  both  bars  being  tested  at  the  age 
of  about  5i  years.  The  coefficients  of  linear  thermal 
expansion  for  each  degree  Fahr.  found  in  these  investiga- 
tions were  as  follows: 

For  1:3:5  concrete 00000655 

* '     1:2  mortar 00000561 

It  is  believed  that  these  last  two  determinations  were 
made  with  the  utmost  accuracy  attainable  at  the  present 
time  in  an  imusually  well  equipped  physical  laboratory 
and  under  most  favorable  conditions. 

When  it  is  remembered  that  the  coefficient  of  linear 
thermal  expansion  of  such  iron  and  steel  as  are  used  in 
engineering  structures  is  about  .0000066  *  it  is  apparent 
that  structures  of  combined  concrete  or  other  masonry  and 
steel  may  be  expected  to  act  under  thermal  changes  essen- 
tially as  a  unit,  a  conclusion  which  is  justified  at  the  present 
time  by  extended  experience. 

Art.  47.— Timber  in  Tension. 

The  ultimate  resistance  of  timber  in  general  is  much 
affected  by  the  moisture  which  it  contains,  except  that  the 
amount  of  moisture  does  not  appear  to  affect  sensibly  the 
ultimate  tensile  resistance.  At  this  point,  therefore,  no 
further  attention  will  be  given  to  the  effect  of  moisture  or 
sap  on  the  tensile  resistance,  but  the  influence  of  moisture 

*  A  large  number  of  determinations  of  the  thermal  expansion  ol  iron  and 
steel  per  degree  Fahr.  may  be  found  in  the  U.  S.  Report  of  Tests  of  Metals 
and  Other  Materials  for  1887.  The  maximum,  mean,  and  minimum  for 
steel  bars  are  as  follows: 

.000006756       .000006466       .00000617 

Other  coefficients  of  thermal  expansion  are  also  given  as  follows: 

Wrought  iron 00000673 

Cast  iron 000005926 

Copper 000009129 
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on  the  compressive  and  bending  resistances  will  be  fully 
set  forth  in  the  articles  devoted  to  timber  in  compression 
and  bending. 

There  are  but  few  results  of  investigations  which  lead 
to  satisfactory  coefficients  of  elasticity  for  tension.  Among 
those  are  some  determinations  of  that  coefficient  for  Douglas 
fir  or  Oregon  pine  in  the  **U.  S.  Report  of  Tests  of  Metals 
and  Other  Materials"  for  1896.  There  *were  seven  tests, 
which  gave  the  following  results  in  potmds  per  sq.  in . : 

Maximum.  Mean.  Minimum. 

2,662,000  2,065,000  1,739,000 

The  timber  was  not  well  seasoned.  It  seems  probable 
from  such  tensile  tests  as  have  been  made  that  the  coeffi- 
cient of  elasticity  for  the  more  common  structural  timbers 
like  pine,  spruce,  and  oak  may  be  taken  at  values  running 
from  2,000,000  down  to  1,200,000  pounds  per  square 
inch. 

In  determinmg  the  tensile  resistance,  and,  indeed,  other 
resistances  of  timber,  the  size  of  the  specimen  plays  a 
more  important  part,  probably,  than  in  any  other  class 
of  materials  used  by  the  engineer.  Small  specimens,  such 
as  are  usually  employed  in  tensile  tests,  are  inevitably  so 
selected  as  to  eliminate  such  defects  as  decay  and  decayed 
or  other  knots,  wind  shakes,  season  cracks,  and  other 
deteriorating  features,  so  that  the  results  exhibit  physical 
properties  belonging  to  the  best  parts  of  full-size  sticks. 
In  engineering  practice,  on  the  other  hand,  large  pieces  of 
timber  must  be  used  as  furnished  in  the  timber  market. 
However  close  the  inspection  may  be  such  pieces  in- 
variably include  within  their  volumes  many  spots  of  weak- 
ness due  to  those  features  which  in  the  small  specimen  are 
carefully  excluded.  It  is  of  the  utmost  consequence, 
therefore,  in  dealing  with  physical  data  belonging  to  timber 
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to  realize  that  results  determined  by  the  testing  of  small 
specimens  are  almost  without  exception  materially  mis- 
leading in  consequence  of  reaching  higher  values  than  those 
which  can  possibly  belong  to  the  average  stick  used  in 
structtiral  work.  These  observations  must  be  carefully 
remembered  in  considering  the  experimental  data  which 
follow. 

There  are  comparatively  few  general  data  available 
regarding  the  tensile  tests  of  timber  as  it  is  employed  in 
structural  work,  and  almost  no  tensile  tests  giving  values 
of  the  coefficient  of  elasticity  in  tension  which  can  be 
accepted  for  use.  In  Art.  69,  on  timber  beams,  there  will 
be  found  some  very  satisfactory  determinations  of  the 
coefficient  of  elasticity  for  bending  which  may  be  taken 
as  representing  the  stiffness  of  timber  under  stress. 

Between  1891  and  1895  Professor  J.  B.  Johnson  of 
Washington  University  made  a  mass  of  tests  of  American 
timber  for  the  Forestry  Division  of  the  U.  S.  Department 
of  Agriculture.  Among  his  results  will  be  fotmd  a  large 
number  belonging  to  long-leaf  yellow  pine  (Pinus  palustris) 
in  tension.  These  results,  although  not  much  affected  by 
moisture,  are  for  specimens  containing  15  per  cent,  of 
moisture  and  about  i  square  inch  in  cross-sectional  area. 
They  are  as  follows,  expressed  in  pounds  per  square  inch: 

Maximum.  Average.  Minimum. 

22,792  17,359  13,220 

These  ultimate  resistances  are  excessively  high  for  the 
reasons  given,  and  they  should  not  be  used  for  the  com- 
mercial timber  employed  in  engineering  practice. 

The  preceding  values  belong  to  specimens  taken  from 
twenty-six  different  trees,  some  of  which  had  been  tapped 
for  turpentine  while  others  had  not;  the  investigations  of 
the  Forestry  Division  of  the  U.  S.  Department  of  Agricul- 
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ture  having  shown  that  the  operation  of  "boxing,"  or 
tapping  the  trees  for  turpentine,  has  no  sensible  effect  upon 
the  resistance  of  the  timber. 

The  ultimate  tensile  resistances  of  many  woods,  domestic 
and  foreign,  are  given  in  Table  I,  as  well  as  the  specific 
gravities. 

The  coltimn  "  B**  will  be  explained  hereafter,  in  the 
chapter  on  transverse  resistance  or  bending. 

Table  I. 


Kind  of  Timber. 


Oak,  EngUah 

Oak.  English 

Oak,  French 

Oak,  Dantzic. ... 

Oak,  American  white. . . . 
Oak,  American,  Baltimore 
Oak,  African  (or  Teak). . . 

Teak.  Moulmein 

Iron  wood,  Burmah 

Chow,  Borneo. 

-Greenheart,  Gtiiana 

Sabicu,  Cuba 

Mahogany,  Spanish 

Mahogany,  Honduras. .  . . 

Mahogany,  Mexican 

Eucalyptus,  Australia: 

Tewart 

Mahogany 

Iron-bark 

Blue  gum 

Ash,  Enghsh 

.Ash.  Canadian •. . 

Beech 

Elm,  English 

Rock  elm,  Canada 

Hornbeam,  England 

Fir.  Dantsic 

Fir,  Riga 

Fir,  spruce,  Canada 

Larch,  Russia 

'Cedar.  Cuba 

Red  pine,  Canada 

Yellow  pine,  Canada 

Yellow  pine.  Canada 

Pitch  pine,  American. ... 

Kauri  pine.  New  Zealand. 

<7eorgia  pine,  American.  . . 

Locust,  American , 

White  oak,  American. . .  . , 

^OTUce,  American 

white  pine,  American 

Hemlock 


Experimenter. 


Laslett 


m 


•« 


Hatfield 


II 


Ultimate 

Resist'nce 

specific 

in  Pounds 

Gravity. 

per 

Square 

Inch. 

0.858 

3,837 

0.893 

7,571 

0.976 

8,ioa 

0.838 

A,»n 

0.969 

7,oai 

0.742 

3,83a 

0.971 

7,05a 

0.777 

3.30X 

1.X76 

9.656 

X.134 

7,199 

1.X41 

8.8ao 

0.917 

5,558 

0.76s 

3,791 

0.659 

3,998 

0.655 

3,4*7 

1. 169 

10,384 

0.996 

2,940 

1. 150 

8,377 

1.049 

6,048 

0.750 

3,780 

0.588 

5.495 

0.705 

4.853 

0.04a 

5,460 

0.748 
0.8x9 

9,183 

6,405 

0.603 

3,231 

O.S53 

4,051 

0.484 

3.934 

0.649 

4.203 

0.469 

2,870 

0.553 

3,705 

0.551 

2,759 

0.55a 

2.259 

0.659 

4,666 

0.544 

4,040 

.  16,000 
34,800 

19.500 

19,500 

X  3 ,000 

8.700 

in  Poimds 

per 

Square 

Inch. 
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The  table  gives  average  results.  Those  determined  from 
experiments  of  Mr.  Laslett  are  of  English  origin  ("Timber 
and  Timber  Trees,  Native  and  Foreign,"  by  Thomas 
Laslett,  1875);  the  others  are  from  American  experiments 
by  the  late  R.  G.  Hatfield  (** Transverse  Strains,"  1877). 
Mr.  Laslett's  specimens  were  2  inches  square  in  cross-sec- 
tion, and  generally  were  30  inches  long,  while  those  of 
Mr.  Hatfield  were  about  0.35  inch  round. 

It  will  be  obserx'^ed  that  Mr.  Hatfield  reached  far  higher 
results  than  Mr.  Laslett.  This  disagreement  may  be  due  to 
the  larger  cross-sectional  area  of  the  latter's  specimens, 
which  certainly  brings  his  (Mr.  Laslett's)  results  more 
nearly  in  accordance  with  what  might  be  expected  from 
such  pieces  as  are  ordinarily  used  by  engineers.  Mr. 
Hatfield's  specimens  were  far  t90  small  for  technical  pur- 
poses. 

Table  II. 

DIAMETER  OP  TEST  SPECIMENS,  1  INCH. 


Ntmber. 

Kind  of  Wood. 

Ultimate  Resistance  per  Square 
Inch  in  Poiinds. 

No.  of 
Tests. 

Greatest. 

Mean. 

Least. 

I 

2 

3 

4 

5 
6 

7 
8 

9 
10 

Yellow  pine 

Oregon  pine 

Oregon  spruce 

White  pine 

Spruce 

17,922 

11,299 

17,044 

7,466 

19,400 

15,714 
14,650 
22,838 
27,532 

",733 
22,703 

12.133 
20,520 

19,610 

15,478 
13,810 
16,160 

8,916 
14,283 

6,787 

14,313 
II, 164 

11,492 
18,682 
24,120 
11,632 
17,410 
10,124 
20,390 
15,995 

12,066 

5,300 

11,600 

6,107 

4,586 
7,3" 
9,286 

13,885 
18,961 
10,667 
12,670 
7,600 
20,260 
12,400 

4 

I 

I 

4 

4 

2 

White  wood 

Gum  wood 

White  maple 

Black  walnut 

Red  birch 

4 
3 
3 

II 

White  ash 

3 

12 

Brown  ash 

3 

0 

13 
14 
15 
16 

White  oak 

3 

Red  oak 

4 

4 

Yellow  oak 

Hickory 

3 

2 

5 

All  specimens  were  of  well-seasoned  wood. 
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The  values  given  in  Table  II  were  found  by  Col.  Laidley, 
U.  S.  Army,  in  the  Government  machine  at  Watertown, 
Mass.  (Ex.  Doc.  No.  12,  47th  Congress,  2d  Session).  Two 
of  the  specimens  were  about  0.63  inch  in  diameter,  and  one 
1.25  inches.  All  the  rest  possessed  diameters  of  about  one 
inch  each. 

Such  small  specimens  as  those  of  Hatfield  and  Laidley, 
which  were  probably  selected,  give  much  larger  results 
than  would  be  fotmd  for  large  pieces  of  ordinary  lumber; 
these  considerations  are  highly  prejudicial  to  the  technical 
value  of  the  results. 

Table  III. 


Kind  of  Timber. 


White  oak 

White  pine ' 

Southern  long-leaf  or  Georgia  yellow 

pine 

Douglas,  Oregon,  and  yellow  fir 

Washington  nr  or  pine  (red  fir) 

Northern  or  short-leaf  yellow  pine. . . . 

Red  pine 

Norway  pine 

Canadian  (Ottowa)  white  pine 

Canadian  (Ontario)  red  pine 

Spruce  and  Eastern  fir 

Hemlock 

Cypress 

Cedar 

Chestnut 

California  redwood 

California  spruce. 


Ultimate  Reastance, 

Potmdsper 

Square  Inch. 


With 
Grain. 


10,000 
7,000 

12,000 

12,000 

10,000 

9,000 

9,000 

8,000 

10,000 

10,000 

8,000 

6,000 

6,000 

8,000 

9,000 

7,000 


Across 
Grain. 


2,000 
500 

600 


500 
500 


500 


Working  Stresses, 

Potmdsper 

Square  Inch. 


With 
Grain. 


1,000 
700 


1,200 

1,200 

1,000 

900 

900 

800 

1,000 

1,000 

800 

600 

600 

800 

900 

700 


Across 
Grain. 


200 
50 

60 


50 
50 


50 


Reviewing  all  the  experimental  work  which  has  been 
done  up  to  the  present  time  (1902)  in  determining  the 
tdtimate  tensile  resistance  of  timber,  and  keeping  in  view 
experience  with  the  resistance  of  full-size  timber  sticks 
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in  completed  structures,  the  best  representative  series  of 
values  of  the  ultimate  and  working  tensile  intensities  of 
timbers  is  that  recommended  by  the  Committee  on 
** Strength  of  Bridge  and  Trestle  Timbers"  of  the  Associa- 
tion of  Railway  Superintendents  of  Bridges  and  Buildings 
at  the  Fifth  Annual  Convention  in  New  Orleans,  1895. 
That  series  is  given  in  Table  III. 

The  values  given  in  the  table  belong  to  just  such  timber 
as  is  used  in  engineering  structures,  and  they  are  as  high 
as  should  be  taken  for  practical  purposes. 

It  will  be  noticed  that  the  ultimate  tensile  resistance 
of  the  various  timbers  across  the  grain,  so  far  as  they  are 
given,  are  but  small  fractions  of  the  ultimate  resistances 
along  the  grain.  A  corresponding  large  decrease  in  resist- 
ance across  the  grain  will  also  be  fotind  in  connection  with 
the  compressive  resistance  of  the  same  timbers.  The 
working  resistances  given  in  this  table  are  those  employed 
in  the  great  bulk  of  engineering  timber  structures. 


CHAPTER  VII. 

COMPRESSION. 

Art,  48. — Preliminary. 

With  the  exception  of  material  in  the  shape  of  long 
columns,  but  few  experiments,  comparatively  speaking, 
have  been  made  upon  the  compressive  resistance  of  con- 
structive materials. 

Pieces  of  material  subjected  to  compression  are  divided 
into  two  general  classes — " short  blocks *'  and  "long  col- 
umns *';  the  first  of  these,  only,  afford  phenomena  of  pure 
compression. 

A  "  short  block  '*  is  such  a  piece  of  material  that  if  it  be 
subjected  to  compressive  load  it  will  fail  by  pure  compres- 
sion. 

On  the  other  hand,  a  long  colimm  (as  has  been  indi- 
cated in  Art.  24)  fails  by  combined  compression  and  bending. 

Short  blocks  only  will  be  considered  in  the  articles 
immediately  succeeding,  while  long  columns  will  be  sepa- 
rately considered  further  on. 

The  length  of  a  short  block  is  usually  about  three  times 
its  least  lateral  dimension  or  less. 

It  has  already  been  shown  in  Art.  4  that  the  greatest 
shear  in  a  short  block  subjected  to  compression  will  be 
found  in  planes  making  an  angle  of  45°  with  the  surfaces 
of  the  block  on  which  the  compressive  force  acts,  i.e.,  with 
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its  ends.  If  the  material  is  not  ductile  this  shear  will 
frequently  cause  wedge-shaped  portions  to  separate  from 
the  block.  But  the  friction  at  these  end  surfaces,  and  in 
the  surfaces  of  failure  will  prevent  those  wedge  portions 
shearing  off  at  that  angle.  In  fact  the  friction  will  cause 
the  angle  of  separation  to  be  considerably  larger  than  45^ ; 
let  it  be  called  a.  Then,  in  order  that  there  may  be  perfect 
freedom  in  failure,  the  length  of  the  block  must  not  be  less 
than  its  least  width  or  breadth  multiplied  by  2  tan  a.  In 
some  cases,  a  has  been  foimd  to  be  about  55®,  for  which 
value. 

2  tan  a  =  2X1.43  =2.86. 

It  was  shown  in  the  first  section  of  Art.  41,  that  the 
**  ultimate  resistance  *'  to  tension  is  in  reality  a  mean,  and 
not  the  greatest  intensity  which  the  material  exerts.  The 
same  course  of  reasoning  will  show  that  it  is,  also,  in  general, 
impossible  to  subject  a  short  block  to  a  uniform  intensity  of 
compression  throughout  its  mass,  and  that  the  "  ultimate 
resistance  to  compression  "  is  a  mean,  usually  considerably 
less  than  the  greatest  intensity  which  exists  at  the  centre  of 
a  normal  section.  As  the  inner  portion  will  be  supported 
laterally  by  that  outside  of  it,  large  blocks  of  brittle  material 
may  give  greater  intensities  of  ultimate  resistance  than 
small  ones. 

Art.  49.— Wrought  Iron. 

It  is  difficult  to  fix  the  point  of  failure  of  a  short  block 
of  wrought  iron  or  other  ductile  material.  An  excessive 
compressive  force  causes  the  material  to  increase  very 
considerably  in  lateral  dimensions,  or  to  ** bulge"  out,  so 
that  every  increase  of  compressive  force  simply  produces 
an  increased  area  of  resistance,  while  the  material  never 
truly  fails  by  crumbling  or  shearing  off  in  wedges. 


Failure  of  short  cylinders  of  cast  iro 
shearing  o(  the  metal  on  the  plar 


*    • 
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A  short  block  of  wrought  iron  is  usually  considered  to 
fail  when  its  length  is  shortened  by  five  to  ten  per  cent. 

If  />!  is  any  intensity  of  stress  while  l^  is  the  compressive 
strain,  or  shortening  per  tmit  of  length  caused  by  p^,  then, 
according  to  eq.  (2)  of  Art.  2,  the  coefficient  of  elasticity  for 
compression  at  the  intensity  p^  will  be 


(i) 


This  ratio  is  not  constant  for  all  degrees  of  stress  and 
strain,  though  for  wrought  iron,  within  the  elastic  Umit,  the 
divergences  from  a  mean  value  are  not  great.  Table  I 
contains  coefficients  of  elasticity  calculated  by  Prof.  De 
Volson  Wood,  in  the  manner  shown  by  eq.  (i),  from  the 
data  determined  by  Mr.  Eaton  Hodgkinson,  and  given  in  his 
work  before  cited.  (See  Prof.  Wood's  "Treatise  on  the 
Resistance  of  Materials.'') 

Table  I. 


Ap\. 

Ui. 

El. 

u. 

Ex. 

Pounds. 

Inch. 

Pounds. 

Inch. 

Pounds. 

5,09« 

0.028 

20,796,500 

0.027 

21,864,000 

9.578 

0.052 

21,049,000 

0.047 

23,595,000 

14,058 

0.073 

21,979,000 

0.067 

24,273,000 

16,298 

0.085 

21,343,000 

18,538 

0.096 

22,156,000 

0.089 

24, 108,000 

20,778 

0.107 

22,160,000 

0. 100 

24,038,000 

23.018 

0. 119 

23,587,000 

O.I13 

23,587,000 

25.258 

0.130 

22,095,000 

0.128 

23,679,000 

27.498 

0.142 

22,111,000 

0.143 

22,259,000 

29.738 

0.152 

21,938,000 

0.163 

21,139,000 

31,978 

0.174 

20,979,000 

0.  190 

19,478,000 

The  results  belong  to  two  square  bars,  and  E^  is  in 
pounds  per  sqtiare  inch.  A  is  the  area  of  cross-section; 
it  was  1.0506  square  inches  for  the  first  bar  and  1.0363 
square  inches  for  the  other.  Hence  the  bars  were  about 
one  inch  square.     They  were  also  ten  feet  long  (L  =  10.00 
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feet)  and  required  lateral  support  to  be  kept  in  alignment 
so  as  to  act  like  short  blocks. 

The  table  shows  that  the  values  of  E^  increase  with  p^, 
when  the  latter  is  sn[iall;  an  opposite  result  was  found 
for  tension. 

What  may  be  called  the  elastic  limit  is  fotmd  for  p^ « 
30,000  potmds  per  square  inch  (nearly).  Hence  it  is  seen 
that  the  greatest  value  of  E^  is  foimd  for  p^,  equal  to  one 
half  to  two  thirds  the  elastic  limit. 

The  same  general  remarks  in  regard  to  the  elastic  limit 
which  were  made  in  connection  with  tension  may  be  also 
applied  to  the  compressive  elastic  limit. 

The  '* Steel  Committee"  of  British  civil  engineers,  in 
1870,  made  some  experiments  on  twelve  bars  of  Lowmoor 

Table  II. 


Pounds  per  Square  Inch  for 

Elastic  Limit. 

Coefficient  of 
Elasticity. 

Pounds. 
29,800 

25,800 

29,100 

26,200 

Poijnds. 
29,091,000 

29,091,000 

28,718,000 

28,000,000 

1 

wrought  iron,  1.5  inches  in  diameter  and  120  inches  long. 
These  twelve  experiments  were  divided  into  four  sets  of 
three  each,  and  the  table  gives  the  means  of  each  of  these  sets 
or  groups.  The  coefficients  are  computed  at  the  elastic 
limit. 

As  a  mean  value,  the  coefficient  of  elasticity  for  wrought 
iron  in  compression  may  be  taken  at  2'8, 000,000  pounds  per 
square  inch.      For  every  ton  (2000  pounds)  of  compression 
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per  square  inch,  therefore,  a  piece  of  wrought  iron  will  be 
shortened  by  an  amount  equal  to 


2000 


28,000,000     14,000 


of  its  length. 


Table  III  contains  the  results  of  some  experiments 
made  by  Mr.  Kirkaldy  on  specimens  of  Swedish  iron  in 
1866.  The  last  column  gives  the  per  cent,  of  compres- 
sion of  original  length  which  the  piece  suffered  at  the  point 
called  the  "ultimate  compressive  resistance.*'  The  results 
show  well  the  great  increase  of  resistance  which  a  short 
block  of  ductile  material  offers  with  the  increase  of  com- 
pression. 

Table  III. 


Section  of 
Specimen. 

Length. 

Pounds  per  Square  Inch  for 

Per  Cent. 
Compression. 

Elastic  Limit. 

Ultimate 
Resistance. 

In. 
1.5    0 

1.5   0 

1.5   0 
1.0  □ 

Ins. 
1.5 

1.5 

3 
I 

Lbs. 
24,050 

21,200 
23,300 

Lbs. 
148,800 

28,100 

84,900 

184,100 

45 

4 

33 

53 

Table  IV  gives  the  results  of  experiments  on  some  very 
short  lengths  of  Phoenix  and  Keystone  columns.  The  first 
six  results  are  for  Phoenix  sections  from  experiments  by  the 
Phoenix  Iron  Co.  in  1873;  the  two  following  are  for  the 
same  section  from  experiments  made  at  Watertown,  Mass., 
in  1879;  while  the  last  result  belongs  to  a  Keystone  section 
experimented  upon  by  Mr.  G.  Bouscaren  in  1875.  Un- 
fortunately the  amount  of  compression  or  shortening,  in 
each  instance,  was  not  recorded. 
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Length,  Inches. 

Ratio  of  Length  to 
Diameter  of  Section. 

Area  of  Section, 
Sqtiaie  Inches. 

Ultimate  Resistance  in 

Pounds  per  Square 

Inch. 

8.00 

1.46 

6.97 

60,570 

8.c» 

1.46 

6.97 

60,390 

4.00 

0.92 

5.62 

65.870 

4.00 

0.92 

5.62 

65.870 

4.c» 

1. 01 

2.92 

56,890 

4.00 

1. 01 

2.92 

55,560 

8.00 

1. 00 

11.90 

57.130 

8.00 

1. 00 

11.90 

57,300 

9.00 

1. 12 

14.25 

51,500 

Reviewing  the  results  given  in  Tables  II,  III,  and  IV, 
it  is  seen  that  the  "elastic  limit"  of  wrought  iron  in  com- 
pression, in  short  blocks,  may  be  taken,  from  0.4  to  0.5  its 
ultimate  compressive  resistance,  while  the  latter  may  be 
taken  at  about  55,000  poimds  per  square  inch. 

Art.  50. — Cast  Iron. 

The  irregular  elastic  behavior  of  cast  iron,  as  seen  in 
tension,  will  also  be  discovered  in  compression.  Table  I 
contains  results  computed  from  .the  data  obtained  b)^ 
Captain  Rodman  by  testing  solid  cylinders  10  inches  long 
and  1.382  inches  in  diameter.  The  second  column  belongs 
to  a  specimen  cylinder  taken  from  a  lo-inch  columbiad, 
and  the  third  or  last  to  a  trial  cylinder  of  remelted  Green- 
wood and  Salisbury  iron.  Neither  specimen  can  be  con- 
sidered to  possess  a  true  elastic  limit,  but  what  is  ordinarily 
so  termed  may  be  taken  at  about  20,000  poimds  per  square 
inch. 

In  the  first  specimen  the  first  permanent  set  took  place 
at  3000,  and  in  the  second  at  5000  pounds  per  square  inch. 
*  For  a  bar  ten  feet  long  and  one  inch  square  Mr.  Eaton 
Hodgkinson  found  the  following  values: 

Greatest.  Mean.  Least. 

13,216,000  12,134,100  10,837,100 
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all  in  potrnds  per  square  inch.  The  greatest  value  was 
found  at  2240,  and  the  least  at  38,080  pounds  per  square 
inch. 

Table  I. 


Intensity  of  Stress. 

Coefficient  of  Elasticity  in  Pounds  per  Square  Inch. 

T  4W) 

6,896,600 

X  f\J*J%J 

2,000 

8,888,900 

33»333,300 

3»a» 

9,836,100 

18,750000 

4,000 

10,666,700 

13,793.100 

5,000 

10,752,700 

13,888,900 

6,000 

11,320,800 

12,766,000 

7,000 

11,382,100 

13,725,500 

8,000 

11,510,800 

13,559,300 

9,000 

11,920,500 

13,432,800 

10,000 

12,121,200 

13,333,-^00 

11,000 

12,290,500 

13,095,200 

12,000 

12,182,700 

13,186,800 

14,000 

12,444,400 

13,207,500 

16,000 

12,260,500 

12,903,200 

18,000 

11,920,500 

12,857,100 

20,000 

11,695,900 

12,578,600 

22,000 

11,253,200 

12,290,500 

26,000 

10,336,200 

11,607,200 

30,000 

8.596,000 

10,101,000 

35,000 

7,658,600 
5,333.300 

40,000 

Since  the  coefficient  of  elasticity  measures  the  stiffness 
of  a  body,  and  since  the  coefficient  of  elasticity  for  wrought 
iron  in  compression  has  been  seen  to  be  at  least  twice  as 
great  as  that  of  cast  iron  in  the  same  condition,  wrought 
iron  is  at  least  twice  as  stiff,  compressively,  as  cast  metal. 
A  bar  of  the  latter  material  will  be  compressed  by  2000 
pounds  per  square  inch,  about 


2000 


of  its  length. 


12,000,000     6000 

As  long  ago  as  1840  Mr.  Eaton  Hodgkinson  tested 
specimens  of  British  cast  irons  0.75  inch  in  diameter  and 
0.75  and  1.5  inches  long  with  results  ranging  from  117,605 
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pounds  down  to  56,445  pounds  per  square  inch  and  with 
an  average  value  of  86,284  pounds  per  square  inch. 

Sir  William  Fairbaim  also  tested  English  cast  irons  after 
successive  remeltings  from  one  to  eighteen  times,  and  fotmd 
the  ultimate  resistance  to  increase  from  98,560  pounds  at 
the  first  remelting  to  197,190  potmds  per  square  inch  aftei 
the  eighteenth  remelting. 

It  is  thus  seen  that  the  ultimate  compressive  resistance 
of  cast  iron  may  vary  between  wide  limits,  but  experi- 
mental investigations  on  the  whole  show  that  the  ul- 
timate compressive  resistance  of  such  metal  as  is  used 
for  ordinary  engineering  castings  should  not  be  taken 
higher  than  about  80,000  pounds  per  square  inch,  but  that 
100,000  pounds  per  square  inch  may  be  taken  for  the  better 
and  stronger  grades  used  for  special  purposes  where  higher 
degrees  of  excellence  are  required. 

Major  Wade  tested  a  number  of  specimens  of  cast  iron 
of  different  numbers  of  fusions,  in  order  to  determine  the 
ultimate  compressive  resistance.  His  specimens  were  from 
0.5  to  0.6  inch  in  diameter,  and  from  1.25  to  1.5  inches 
long  (nearly).  The  results  were  as  follows  in  poimds  per 
square  inch. 


Fusion. 

No.  of 
Experiments. 

Greatest 

Mean. 

Least. 

2d 

4 
2 

2 

2 

I 

5 
4 

114,504 
140,415 
169,427 

140,415 
168,251 

163,528 

174,120 

99,770 
139,540 
168,589 
136,868 
168,251 

154,576 
167,030 

84,529 

-id 

138,666 

2d  and  3d. .  . 
2d 

167,752 
133.321 

tA 

168,251 

2d 

I4^V»T4I 

-xd 

156,863 

^v*.    .    .    • 

The  working  resistance  of  cast  iron  in  compression 
for  short  blocks  and  massive  castings  may  be  taken  from 
8000  to  perhaps  12,000  pounds  per  square  inch,  according 
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to  the  conditions  tinder  which  the  castings  are  to  be  em- 
ployed. 

Art.  51.— SteeL 

Table  II  of  Art.  43  contains  the  results  found  by  Prof. 
Ricketts  in  testing  cylindrical  specimens  of  mild  steel  in 
compression.  These  specimens  were  six  inches  long  be- 
tween carefully  faced  ends,  and,  as  the  table  shows,  their 
diameter  was  about  0.75  inch.  The  coefficients  of 
elasticity  for  compression  were  fotmd  by  measurements 
very  carefully  made  with  a  micrometer  on  a  length  of  four 
inches.  The  elastic  limits,  however,  were  determined  by 
operating  with  a  cylinder  two  inches  long,  and  were  taken 
at  those  points  where  the  material  of  the  specimens  ceased 
to  hold  up  the  scale  beam,  and  may  have  been  somewhat 
above  that  point  where  the  ratio  between  stress  and  strain 
ceases  to  be  essentially  constant. 

The  coefficients  of  elasticity  are  found  to  be  quite 
uniform,  irrespective  of  the  per  cents  of  carbon,  within  the 
limits  of  the  table,  and  they  are  seen  to  be  a  very  little 
less  than  the  coefficients  for  tension.  The  difference  is 
so  small  that  no  essential  error  will  arise  if,  for  all  en- 
gineering purposes,  they  are  assumed  the  same. 

A  comparison  of  the  elastic  limits  for  tension  and 
compression  presents  some  irregularities;  yet  with  the 
exception  of  the  high  percentages  of  carbon  in  the  last  two 
grades  of  Bessemer  metal,  the  two  sets  of  elastic  limits  as 
wholes  are  not  very  different  from  each  other.  In  the 
Bessemer  steel  with  the  two  high  per  cents  of  carbon,  the 
tensile  elastic  limits  are  materially  higher  than  those  for 
compression.  The  following  very  important  conclusion 
results  from  this  comparison  of  the  elastic  limits  for  the 
mild  structural  steels:    since  these  elastic  limits  are  es- 
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sentially  equal  it  is  not  only  permissible  but  wholly  rational 
to  increase  the  working  resistances  of  mild  steel  bridge 
columns  over  those  for  iron  in  at  least  the  same  proportion 
that  the  tensile  working  stress  of  the  same  steel  is  increased 
over  that  of  iron  in  tension.  Experiments  on  a  sufficient 
number  of  full-size  steel  columns  are  yet  lacking  to  verify 
this  conclusion. 

It  appears  from  such  data  on  the  compressive  resistance 
of  steel  as  exist  that  not  only  the  coefficient  of  elasticity 
but,  also,  the  limit  of  elasticity  in  compression  may  be 
taken  the  same  as  that  for  tension  for  the  same  grade  of 
steel.  This  was  practically  true  in  the  older  investiga- 
tions of  Kirkaldy,  and  it  is  essentially  confirmed  in  the 
few  later  investigations  available. 

The  ultimate  compressive  resistance  of  steel,  like  the 
ultimate  tensile  resistance,  varies  with  the  content  of 
carbon,  being  comparatively  low  with  a  small  percentage 
of  carbon,  and  correspondingly  large  with  a  high  percentage 
of  that  element.  It  is  also  much  affected  by  the  operations 
of  tempering  and  annealing. 

Chief  Engineer  Wm.  H.  Shock,  U.S.N. ,  1868,  gives  the 
following  results  for  Parker  Bros.  "Black  Diamond"  steel: 

Normal  untempered  steel:  Ult.  Resist,  from  100,100  to 
112,400  pounds  per  square  inch. 

Heated  to  light  cherry-red  and  pltmged  in  oil  at  82® 
Fahr. ;  Ult.  Resist,  from  173,200  to  199,200  potmds  per 
square  inch. 

Heated  as  before  and  plunged  in  water  at  79^  Fahr., 
with  final  temper  (plum-blue)  drawn  on  heated  plate: 
Ult.  Resist,  from  325,400  to  340,800  potmds  per  square  inch. 

Heated  as  before  and  plunged  in  water  at  79°  Fahr.,.  and 
tested  at  maximum  hardness:  Ult.  Resist,  from  275,640 
to  400,000  pounds  per  square  inch.  In  each  of  these  cases 
there  were  three  tests. 
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The  following  values  (each  is  a  mean  of  8  tests)  were 
found  by  the  United  States  Test  Board,  **Ex.  Doc.  23, 
House  of  Rep.,  46th  Congress,  2d  Session,"  for  small 
annealed  specimens  of  tool  steel,  of  about  one  inch  in 
length  and  0.715  inch  in  diameter: 

Ult.  corap.  per  sq.  in.  )  175,992;  174,586;  183,938;  193,413;  I93,i97;  174,586; 
of  original  section.  )  193,517;  174,895  pounds  per  square  inch. 

Final  comp.  per  sq.     )  I34,7i7;  "7,579;  149,881;  139,196;  i45,75i;  128,834; 
in.  of  final  section.  )  1 25, 1 26 ;  140,489  pounds  per  square  inch. 

The  final  lengths  varied  from  56  to  89  per  cent,  of  the 
originals. 

Table  I  contains  the  results  of  Major  Wade's  experi- 
ments on  specimens  of  cast  steel  in  1851.  The  results 
are  seen  to  be  very  high. 


Table  L 

Description. 

Length  over 
Diameter. 

Ultimate  Resistance  in 
Pounds  per  Sq.  In. 

Not  hardened 

2.55 

2.47 
2.52 

2.48 

198,944 

391,985 
372.598 

Hardened,  low  temper 

Hardened,  mean  temper 

Hardened,  hifirh  temper 

All  specimens  about  i  inch  long  and  0.4  inch  in  diameter. 

A  piece  of  the  Hay  steel  used  by  Gen.  Smith  in  the 
Glasgow,  Mo.,  bridge,  about  i^  inches  square  and  3^  inches 
long,  gave  an  ultimate  compressive  resistance  of  139,350 
potmds  per  square  inch  (**  Annales  des  Fonts  et  Chauss6es," 
Feb.,  1881). 

There  is  the  same  tmcertainty  as  to  the  point  at  which 
compressive  failure  takes  place  in  steel  which  attaches  to 
the  ultimate  compressive  resistance  of  all  ductile  metals 
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and  which  was  commented  upon  in  Art.  49.  It  is  probably 
safe,  however,  if  not  entirely  correct,  to  take  the  iiltimate 
compressive  resistances  of  different  grades  of  steel  equal 
to  their  ultimate  tensile  resistances  in  the  absence  of 
explicit  determinations;  and  a  similar  observation  may 
be  applied  to  the  working  resistances  in  pure  compression 
of  same  grades  of  steel. 

Art.  52. — Copper,  Tin,  Zinc,  Lead,  and  Alloys. 

Table  I  shows  some  coefficients  of  elasticity  (i.e.,  ratios 
between  stress  and  strain),  computed  from  data  deter- 
mined by  Prof.  Thurston,  and  given  by  him  in  the  "Trans. 
Amer.  Soc.  of  Civ.  Engrs.,"  Sept.,  1881.  The  gun  bronze 
contained  copper,  89.97;  ^^>  10.00;  flux,  0.03.  The  cast 
copper  was  cast  very  hot. 

Table  I. 


Stress  in  Pounds 
per  Square  Inch. 

Coefficients  of  Elasticity  in  Pounds  per  Square  Inch. 

Gun  Bronze. 

Cast  Copper. 

1,620 

1,254,000 

3,260 

3,622,000 

1,415,000 

6,520 

4,075,000 

1,651,000 

9,780 

6,113,000 

1,795,000 

13,040 

6,520,000 

1,824,000 

16,300 

5,433,000 

1,842,000 

19,560 

5,148,000 

1.845,000 

22,820 

3,935,000 

1,735,000 

26,080 

2,308,000 

1,503,000 

29,340 

1,144,000 

32,600 

1,073,000 

815,000 

48,900 

463,600 

332,500 

The  ratios  of  stress  over  strain  are  far  from  being  con- 
stant. Strictly  speaking,  therefore,  there  is  no  elastic 
limit  in  either  case.  In  that  of  the  gun  bronze,  however, 
it  may  be  approximately  taken  at  20,000  pounds  per  square 
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inch  (Prof.  Thurston  takes  it  22,820),  and  in  that  of  the 
copper  at  25,000  potinds.  The  test  specimens  were  two 
inches  long  and  ttimed  to  0.625  inch  in  diameter. 

At  38,000  potmds  per  square  inch  the  gun  bronze  speci- 
men was  shortened  about  41  per  cent,  of  its  original  length, 
while  its  diameter  had  become  0.77  inch. 

Table  II. 


Compoeition. 


Copper. 


07.83 
95.96 
92.07 

90.43 
87.15 
80.99 
76.60 
69.90 
65.31 
61.83 
47.7a 
44.62 
38.83 

38.37 

34.22 

35.12 

ao.2i 

15.12 

XI. 48 

8.57 

3.7a 

0.74 

0.3a 

Cast 


Tin. 


X  .92 
3.80 


76 
50 

77 
92 

2S 


7 

9 

12, 

18. 

29.85 
34-47 
37-74 
51.99 
55.15 
60.79 
61.32 
65.80 

74.51 
79.62 
84.58 
88.50 
91.39 
96.31 
99.02 
99.46 
copper 


Cast  tin 


Pounds  per  Square  Inch 
Cfttming  a  Shortening  of 

Greatest 
Load  in 
Pounds 

per 

Square 

Inch. 

Percent, 
of  Short- 
ening 
Caused 

Greatest 
Load. 

5  Per 
Cent. 

10  Per 
Cent. 

ao  Per 
Cent. 

a9.340 
39.200 
31.500 
32,000 
39,000 
65,000 
X  01. 040 

34,000 
4a,o5o 
42,000 
38,000 
53,000 
78,000 

46,000 
sa. 150 
65,000 
60,000 
80,000 
103.490 

46,260 

Sa,i5o 

84,100 

61,930 

89,640 

103,490 

114^080 

146.680 

84.750 

39.110 

84,750 

35,850 

39,110 

39,340 

19,560 

17,930 

16,300 

9,450 

14,020 

9.780 

9,780 

9,780 

9,780 

74.070 

78,230 

71,710 

104,300 

91,270 

97,790 

7,500 

0.37 
0.30 

0.45 
0.34 
0.39 
0.  20 
0.09 
0.04 
0.03 
0.02 
0.02 
0.01 
0.02 
0.01 
0.06 
0.28 
0.29 

0.51 
0.50 
0.06 

0.34 
0.36 
0.38 
0.45 
0.43 
0.3a 
0.52 
0.48 
0.4X 
0.44 

19,560 

17.930 

16,300 

6,520 

XO.IOO 

6,500 
6,520 
6,520 
6,520 

26,000 

33,000 
34,000 
30,000 
30,000 
35.000 
6,030 

17,930 

16,300 

6,520 

10,100 

17.030 

16,300 

6,520 

XO,IOO 

6. 520 

6,520 

6,520 

39.000 

45.500 

42,000 

36,000 

37.000 

48,000 

6,400 

6,520 

6,520 

6,520 

51,000 

58,670 

58,000 
50,000 
50,000 
65,000 

6,530 

Ultimate 
Crushing 
Resist- 
ance in 
Lbs.  per 
Square 
Inch.  . 


34,000 
4a,o5o 
42,000 
38,000 
53,000 
78,000 
114,080 
146,680 
84,750 
39,110 
8a,750 
35.850 
39.110 
39.340 
19.560 
17.930 
16,300 
6,520 

XO,IOO 

9,780 
9,780 
9.780 
9,780 
39.000 
45,500 

42,000 
36,000 
37,000 

48.000 

6,400 


Maimer  of 
Failure. 


Flattened 


•I 
•« 


«i 


Crushed 


•I 
•« 
It 

tf 
«• 
«i 


Flattened 


«« 
«« 
«« 

M 
M 
M 
«« 
«• 
M 
«• 


The  copper  specimen  failed  at  71,700  pounds  per  square 
inch,  having  been  shortened  about  one  third  of  its  length. 

The  results  of  a  series  of  tests  by  Prof.  Thurston,  in 
connection  with  the  United  States  testing  commission,  are 
given  in  Table  II ;  they  were  abstracted  from  **  Mechanical 
and  Physical  Properties  of  the  Copper-tin  Alloys,"  United 
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States  Report,  edited  by  Prof.  R.  H.  Thurston,  1879.  All 
the  specimens  were  0.625  i^ch  in  diameter  and  2  inches 
long.  Scarcely  one  of  them  can  be  said  to  possess  an 
elastic  limit. 

The  series  of  alloys  presents  some  interesting  results. 
About  the  middle  third  of  the  series  are  seen  to  be  brittle 
compotinds  giving  (as  a  rule)  high  ultimate  compressive 
resistances,  while  the  other  two  thirds  are  ductile,  and  give 
at  the  copper  end  high  results,  and  low  ones  at  the  tin  end. 

It  will  be  observed  that  Prof.  Thurston  took  the  load  per 
square  inch  which  gave  a  shortening  of  10  per  cent,  of  the 
original  length  as  the  ultimate  resistance  to  crushing  of  the 
ductile  alloys  and  metals,  since  such  materials  cannot  be 
said  to  completely  fail  under  any  pressure,  but  spread 
laterally  and  offer  increased  resistance. 

TXBLE  III. 


Per  Cent,  of 

Pounds  per  Sqtiare  Inch  for 

Per  Cent,  of 
Shortening. 

Manner  o£ 
Failure. 

Copper. 

Zinc. 

Ex. 

Ultimate 
Resistance. 

96.07 
90.56 
89.80 

76.65 
60.94 

3-79 

9.42 

10.06 

23.08 

38.65 

44.44 

50.14 
52.28 

73-45 
77.63 
85.10 
88.88 

94.59 
100.00 

305,500 
342,100 

29,000 

30,000 

29,500 

42,000 

75,000 

78,000 

117,400 

121,000 

110,822 

52.152 
48,892 
49,000 
48,000 
22,000 

.0.0 
10. 0 
10. 0 
XO.O 

10. 0 
10. 0 
10. 0 
10. 0 

5.85 
2.75 

10.8 
10. 0 
10. 0 
10. 0 

Flattened 
it 

656,500 
1,772,500 

€€ 
«« 

55.15 
49.66 

47.56 

25.77 
20.81 

'^            14.19 
10.30 

1,345,500 
1,500,000 
4,232,800 
2,485,000 
897,000 

<C 
<( 

Crushed 

i( 
FlattiMifd 

4.35 
0.00 

318,500 

<( 

Table  III  contains  the  results  of  Prof.  Thurston's  tests 
of  the  copper-zinc  alloys  made  while  he  was  a  member  of 
the  United  States  Board.     The  data  are  taken  from  "Ex. 
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Doc.  23,  House  of  Representatives,  46th  Congress,  2d 
Session."  The  specimens"  were  two  inches  long  and  0.625 
inch  in  diameter  of  circular  cross-section. 

The  values  of  E^  (ratios  of  stress  over  strain)  are  com- 
puted for  about  one  quarter  the  ultimate  resistance.  This 
ratio  is  so  very  variable  for  different  intensities  of  stress 
that  these  alloys  can  scarcely  be  said  to  have  a  proper 
''elastic  limit.'' 

Two  specimens  of  tobin  bronze,  each  .75  inch  in  diameter 
and  I  inch  long,  tested  by  the  Fairbanks  Company  of  New 
York  City  in  1891,  were  compressed  about  .8  per  cent,  at 
45, 000  pounds  per  square  inch,  and  a  little  over  10  per  cent, 
at  90,000  pounds  per  square  inch.  Tobin  bronze  contains 
58.2  per  cent,  copper,  2.3  per  cent,  tin,  and  39.5  per  cent, 
zinc. 

Art.  53. — Glass. 

The  following  results  are  taken  from  Sir  Wm.  Fair- 
bairn's  "Useful  Information  for  Engineers,"  second  series. 
The  cylinders  were  about  0.75  inch  in  diameter  and  annealed. 

Table  I. 


Kind  of  Glass. 


Specimen. 


FHnt.. 
<i 

<< 

<t 

•  a 

Green. 
<( 

•I 

Crown. 
i< 

Flint. .' 
I* 

t* 

.  ■ 

ti 

*  . ' 

Green. 

(I 

Crown. 


Cylinder 


1 1 
(I 
11 
II 
II 
ft 
II 
II 


Cube 
1 1 


** 
1 1 
II 
1 1 
II 


Height  of 
Specimen. 


Inch. 
1. 00 
I.CX) 

1.60 

2.05 

1. 00 

1.50 

2.00 
1. 00 
1.50 

1. 15 

1. 16 
1. 10 
1 .10 
1 .00 
1 .00 
0.90 


Crushing    Resistance, 
Lbs.  per  Sq.  In. 


23,480 
34,850 
20,780 
32,800 
22,580 
35,030 
38,020 
23,180 
38,830 
14,240 
13,200 
13,260 
11,820 
20,470 

19,950 
21,870 
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It  will  be  observed  that  the  cubes  give  considerably  less 
resistance  than  the  cylinders. 

All  the  glass  was  annealed,  but  Fairbaim  remarks  that 
the  cubes  may  have  been  only  imperfectly  so,  since  they 
were  cut  out  of  the  interior  of  larger  masses,  while  the 
cylinders  were  cut  from  rods  as  they  were  drawn.  The 
latter,  also,  thus  retained  their  natural  skins,  which  may 
have  increased  their  resistances. 

At  the  instant  of  failure  the  specimens  were  shattered 
into  a  great  nimiber  of  small  pieces. 

Art.  54. — Cement — Cement  Mortar — Concrete. 

The  ultimate  compressive  resistances  of  mortars  and 
concrete  determine  the  carrying  power  of  many  engineering 
works,  and  it  is  of  the  greatest  importance  to  ascertain 
those  resistances  and  the  conditions  imder  which  they 
may  be  made  the  greatest  possible.  Obviously,  the  car- 
rying power  in  compression  of  both  mortars  and  concretes 
will  depend  upon  a  considerable  number  of  elements  such 
as  the  character  of  the  cement,  the  proportions  of  mixture 
of  the  sand  and  cement  for  mortar  or  of  the  cement,  sand, 
and  gravel  or  broken  stone  for  concrete,  the  thoroughness 
of  the  admixture,  the  amount  of  water  used,  the  conditions 
under  which  the  mortar  and  concrete  are  maintained 
while  the  operation  of  setting  is  taking  place,  the  tempera- 
ture, and  other  various  influences. 

Table  I  is  made  up  from  data  contained  in  the  "  Report 
of  Tests  of  Metals  and  Other  Materials,'' as  carried  on  by 
U.  S.  officers  at  the  Watertown  Arsenal  for  1898.  The 
results  belong  to  the  various  brands  of  Portland-  and  Silica- 
cement  concrete  exhibited  in  the  table,  considerably  ex- 
tended so  as  to  include  a  great  variety  of  data.  It  will 
be  noticed  that  there  are  three  different  brands  of  cement 


Art.  54.]        CEMENT-CEMENT  MORTy^R- CONCRETE.  401 

and  a  great  variety  of  proportions  of  cement,  sand,  and 
broken  stone  for  1 2-inch  cubes  of  both  concrete  and  mortar 
which  give  the  table  exceptional  value,  especially  in  view 
of  the  nimiber  of  conditions  imder  which  the  cubes  were 
kept  and  the  three  grades  of  mortar — **Dry,"  "Plastic," 
and  ''Excess.**  The  mortar  of  **Dry*'  consistency  con- 
tained relatively  a  small  amotmt  of  water  and  just  enough 
to  give  in  ordinary  engineering  practice  the  name  which 
it  carries.  That  mortar  which  is  indicated  as  carrying  an 
''Excess**  of  water  would  be  considered  wet  or  even  sloppy 
in  practice,  while  the  "Plastic**  mortar  may  be  considered 
as  midway  in  consistency  between  the  other  two.  The 
age  of  the  cubes  when  tested  varying  from  about  a  year 
and  a  half  to  a  year  and  three  quarters  also  enhances  the 
value  of  the  results. 

Among  the  important  elements  of  the  table  is  that  of 
the  coefficient  of  elasticity  which  nms  in  general  from 
somewhat  less  than  2,000,000  pounds  per  square  inch  to 
over  2,500,000  pounds  per  square  inch,  the  smaller  values 
in  general  belonging  to  the  lean  concretes.  These  results 
and  those  in  the  tables  which  follow  appear  to  indicate 
that  the  coefficient  of  elasticity  for  first-class  concrete 
masonry  need  not  be  taken  less  than  about  2,500,000 
potmds  per  square  inch,  and  some  of  the  results  appear  to 
indicate  that  even  3,000,000  poimds  per  square  inch  would 
be  justifiable.  Indeed,  in  carefully  fabricated  concrete 
masonry,  such  as  is  used  in  combined  concrete  and  steel 
construction  with  a  concrete  as  rich  as  i  cement,  2  sand, 
and  4  gravel  or  broken  stone,  3,000,000  potmds  per  square 
inch  is  probably  as  reasonable  a  value  as  can  be  used. 

In  Table  I  it  should  be  carefully  noted  that  the  weight 
of  mortar  per  cubic  foot  is  materially  less  than  that  of  the 
concrete.  Obviously  this  condition  is  due  to  the  in- 
creased weight  of  the  greater  amount  of  stone  in  the  con- 
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4o8  COMPRESSION.  [Ch.  VIL. 

Crete.  It  is  equally  evident  that  the  weight  of  concrete 
will  depend  materially  upon  the  weight  of  the  gravel  or 
broken  stone  used.  In  Table  I  the  broken  stone  was  a  hard 
sandstone  from  PortageviUe,  N.  Y.  The  results  of  this 
series  of  tests  justify  the  following  general  conclusions  in 
reference  to  this  partictdar  series: 

In  the  majority  of  cases  the  40  per  cent,  mortar  cubes 
gave  by  small  amount  the  greater  ultimate  compressive  re- 
sistance, but  the  differences  were  not  great  enough  to  be  of 
practical  importance. 

In  the  majority  of  instances  the  ''Dry''  concrete  gave 
a  little  higher  ultimate  resistances  than  the  ''Plastic''  or 
"Excess"  cubes,  but  the  differences  were  small,  and  it  is  not 
believed  that  these  results  indicate  in  general  any  real  ad- 
vantage in  actual  engineering  practice  for  the  "Dry"  concrete, 
.  The  ultimate  resistances  in  reference  to  the  treatment  of 
the  cubes  after  setting  were  greatest  for  those  kept  in  water 
and  sandy  while  those  kept  in  air  and  covered  with  wet  sacking 
came  next,  followed  by  those  kept  in  a  cool  cellar,  while  those 
exposed  to  the  weather  gave  the  least  ultimate  resistance. 
The  weight  of  the  concrete  varied  as  a  rule  inversely  as  the 
amount  of  sand  in  it. 

There  was  no  sensible  difference  in  the  weights  of  the  two 
sets  of  cubes,  one  having  30  per  cent,  of  mortar  and  the  other 
40  per  cent.,  nor  did  the  consistency  of  the  mortar  appear  to 
have  any  sensible  effect  upon  the  weight  of  the  concrete;  finally, 
the  treatment  of  the  concrete  after  setting  appeared  to  have  no 
sensible  effect  upon  the  weight,  although  those  kept  in  a 
cool  cellar  had  a  little  less  weight  than  the  others. 

Nearly  the  same  set  of  observations  may  be  applied 
to  the  mortar  cubes  except  that  the  heaviest  appear  clearly 
to  be  those  with  the  *'Dry*'  consistency,  while  those  con- 
taining the  excess  of  water  were  the  lightest. 
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Table  II. 

MEAN  ULTIMATE  COMPRESSIVE  RESISTANCES  OF  12-INCH  PORT- 
LAND-CEMENT CONCRETE  CUBES. 


Portland  Cements. 
Brand;  ComiK>sition. 


Saylors. 


\\ 


Atlas 


Alpha. 


c. 

c. 

c. 
I  c. 
T  c. 
1  c. 


f  1  c 
I  1  c 


Germania 


Alsen 


: 


I  c 
I  c. 
I  c. 
1  c. 

t  1  c. 

c. 

c. 

I  c. 

c. 


3  8.,  4  b.  St. 

3  s.,  6  b.  St. 
6  s.,12  b.st. 
a  s.,  4  b.  St. 
3  s.,  6  b.  St. 
6  s., 1 2 b.st. 
o  s.,  2  b.  St. 

2  s:,  4  b.  St. 

3  s.,  6  b.  St. 
6  s.,iab.  St 
o  s.,  3  b.  St 
3  5.,  4  b.  St 
3  8.,  6  b.  St 
6  s.,12  b.st 
o  5.,  3  b.  St 
3  s.,  4  b.  St 
3  s.,  6  b.  St 
6  s., 13  b.  St 


Mean  Ultimate  Resistance, 

Pounds  per  Square  Inch 

at  Age. 


7  Days. 


1,724 
1,635 

67s 
1.387 
1,050 

594 
3.394 
902 
893 
564 

2,734 
2,219 

i.SSo 

759 
3. 118 

1.592 
1,438 

417 


Mo. 


2,338 
3,568 
800 
2,428 
1,816 
1,090 

5.053 
2,430 

5, ISO 
1,218 
3.246 
2,642 

2,174 

987 

3.240 

2,269 

3,114 
873 


3M0S. 


2,703 
3,883 
1,128 
3,966 

2.538 
1,201 

5.047 
3,123 
2.355 
1,257 
3.858 
3.082 
2,486 

063 
3.710 
2.608 
2.349 

844 


6M08. 


3,506 

3.567 
1,542 
3,953 

3,170 
1.583 

4,411 
2.7SO 
1.532 
5,129 

3.643 
2.930 

815 
5,332 
3,612 
3,026 
1,323 


Coefficient  of  Elasticity  in 

Pounds  per  Square  Inch 

at  Age. 


Mo. 


2,500,000 
2,778,000 
833.000 
3,125,000 
3,125,000 
1,316,000 
3,125,000 
i,  08  3, 000 
2,083,000 
1,667,000 
3,571.000 

3,273,000 
961,000 
2,273,000 
2,788,000 
2,273.000 
1,562,000 


3  Mos. 


3,571,000 
4,167,000 
2,273,000 
4,167,000 
2,778,000 
1,136,000 
5,000,000 
4.167,000 
3,571.000 
1,786,000 
2,778,000 
3,571,000 
2,778,000 
2,083,000 
2,273,000 
2,778,000 
2,778,000 
1,562,000 


6  Mos. 


5,000,000 
2,500,000 
2,083,000 
3,125,000 
3,571,000 
1,786,000 


3,125,000 
4,167,000 
1,923,000 
3,571,000 
4,167,000 
3,125.000 
1,786,000 
3,571,000 
4,167,000 
3,571,000 
1,786,000 


10-INCH    CUBES. 


Alpha. . .     X  c,  o  s.,  3  b.  St. 


5,463 

6.556 

5,000,000 


In  this  table  each  ultimate  resistance  is  a  mean  of  four  to  six  tests. 


Table  III. 

MEAN  ULTIMATE  COMPRESSIVE  RESISTANCES  OF  12-INCH  PORT- 
LAND-CEMENT CONCRETE  CUBES  WITH  LOAD  TAKEN  ON 
g//  BY  g//^25  PLATE  ON  ONE  FACE. 


Portland  Cements. 
Brand;  Composition. 

Mean  Ultimate  Resistance, 

Pounds  per  Square  Inch 

at  Age. 

I  Month. 

3  Months. 

6  Months. 

1 

Each  ultimate 
resistance     is     a 
mean    of    three 
tests. 

AlnhA            3  *  C.,  0  S.,  2  D.  SL... 
jxiyiiicL.,,.    I  -  it     _  n      .      II 

Gennania  j  \  f.-  °  f.'  ^  ^-.f^--; 
Alsen          i  '  C-.  0  s.,  2  b.  St... 

3,287 
4,327 

3,587 
4,087 

3.233 

4,531 

5.669 
6,671 
4,582 
6.382 
4,983 

3,522 

3,426 

4IO  COMPRESSION.  [Ch.  VIL 

Tables  II  and  III  contain  the  results  taken  from  the 
"  U.  S.  Report  of  Tests  of  Metals  and  Other  Materials ''  for 
1899.  They  exhibit  the  ultimate  compressive  resistances 
of  cubes  of  Portland-cement  concrete,  the  cements  being 
among  the  well-known  brands.  The  ages  of  these  cubes 
vary  from  seven  days  to  six  months.  The  data  show 
clearly  the  increase  of  ultimate  resistance  with  the  ages  of 
the  cubes,  and  the  same  observation  applies  to  the  three 
columns  showing  the  coefficients  of  elasticity  at  one  month, 
three  months,  and  six  months.  The  compositions  of  the 
different  concretes  of  Table  II  are  those  quite  generally 
employed  in  engineering  practice. 

Table  III  exhibits  the  ultimate  resistances  of  the  same 
concretes,  but  with  the  pressure  applied  to  the  12-inch 
cubes  on  areas  8  inches  by  8^  inches,  this  end  being  at- 
tained by  the  use  of  steel  plates.  As  would  be  expected, 
the  ultimate  resistances  are  seen  to  be  considerably  greater 
than  are  found  with  the  total  load  distributed  over  the 
entire  surface  of  a  cube. 

The  broken  stone  used  in  the  cubes,  the  results  of  whose 
tests  are  given  in  Tables  II  and  III,  was  a  conglomerate  from 
Roxbury,  Mass.,  and  the  sand  was  coarse,  clean,  and  sharp. 
The  voids  of  the  broken  stone  measured  49.5  per  cent,  of 
their  total  volume. 

Table  IV,  taken  from  the  same  volume  of  the  "  U.  S. 
Report  of  Tests  of  Metal  and  Other  Materials  "as  Tables  II 
and  III,  exhibits  the  ultimate  compressive  resistances  of 
the  mortar  and  concrete  12-inch  cubes  described  therein. 
These  results  need  no  explanation,  as  they  are  similar  to 
those  which  have  already  been  given,  but  it  is  well  to  note 
that  the  last  foiu*  lines  of  the  table  give  results  belonging  to 
two  brands  of  natural  cement.  There  are  also  shown  one 
test  of  a  steel-slag  cement  mortar  cube  and  one  of  concrete. 

Table  V  exhibits  the  chemical  analyses  of  the  Portland 


Art.  54,]         CEMENT— CEMENT  MORTAR—CONCRETE, 


411 


Table  IV. 

MEAN  ULTIMATE  COMPRESSIVE  RESISTANCES  OF  MORTAR  AND 

CONCRETE  12-INCH  CUBES. 


Brand;  Comptosition. 


Alpha 
Portland 


Atlas 

Portland 

Star 

Portland 

Saylors 

Portland 

Germania 

Portland 

Alpha 

Portland 

Steel  slag 


■! 


Hoffman  | 

Rosendale  j 

Norton  1 

Rosendale  i 


c,  I  s.,  o  b.  St. 


K 
II 
II 
II 
II 
11 

II 

II 


If 


II 


l( 


If 


II 


5 
6" 

1" 


o 
o 
o 
o 
o 
o 


I  "  o 


i"  o 


"  1  "  o 


"  I  "  o 


'*  I*  o 


1  8.,  O 

2  4 


"  I  ••  O 


"  I  "  o 
"  2"  o 

"  2"  4 


Mean  Ultimate 

Resistance, 

Po\mds  per 

Square  Inch 

at  Affe  of 

Pour  Months. 

Weight  per 

Cubic  Foot, 

Pounds. 

Coefficient  of 

Elasticity, 

Pounds  per 

Square  Inch. 

4,371 
2,506 

1,812 

829 

484 

185 
118 

136.5 
134.2 
133.8 
120.9 

"95 
116. 9 

III. 5 

3,571,000 
3,125,000 
1,786,000 

5.570 

141.5 

6,250,000 

5,045 

134.5 

4,167,000 

3.979 

134.7 

3,125,000 

4,353 

134-7 

2,500,000 

5.306 

137.3 

3,571,000 

1.743 
1,939  t 

741 

126.6 
152. I  t 

127.7 

1,190,000 
2,500,000 

643 
277  t 
332  t 

125.2 
120.7 

146.2 t 

*  Granite  dust. 


t  '^8^,  3  months. 


t  Trap  rock,  broken  stone. 


Table  V. 

CHEMICAL  ANALYSES  OF  PORTLAND  AND  STEEL-SLAG  CEMENTS. 


Cement. 

Silica. 

Oxide 
of  Iron. 

Alumina. 

Lime. 

Magnesia. 

Sulphur 
Trioxide. 

Carbon 
Dioxide. 

Alpha.  .  . 
Star.  .  .  . 
Standard 
Alsen.  .  . 
Steel 

20 

21.73 
22.5 

20.67 

31.02 

2.8 

2-5 
2.6 

2.1 

Trace 

10.87 

9.47 
11.98 

14.6 

10.9 

58.66 
56.34 

51-44 
42.16 

57.31 

3.35 
3-61 
3.61 
2.32 
4.05 

1.34 
1. 91 

1.57 
2.32 

336 

2.56 

3.94 
5.96 

4.45 
4.81 

412 


COMPRESSION. 


[Ch;  VII. 


and  steel-slag  cements  named  in  Table  IV.  These  analyses 
exhibit  about  the  usual  composition  of  the  various  grades 
of  cement  to  which  they  belong. 

Table  VI. 

COMPRESSION  TESTS  OF  12-INCH  CUBES  OF  PORTLAND-CEMENT 

CINDER  CONCRETE. 


Brand. 


Gcrmania 


Alpha. 
Atlas.* 


Composition. 


1  c 
I  c 
X  c 
I  c 
I  c 
I  c 
I  c 
I  c 
I  c 


X  s.,  3  cinder 

2  8.,  3 


as., 
a  8., 
3  8., 
I  s., 
a  s., 
I  s.. 
a  s.. 


Age 

h 

i^i 

Ultimate  Resistance 

when 

•s^s 

in  Lbs.  per  Sq.  In. 

Tested, 
Days. 

6H 

1 

3 

b 

Max. 

Mean. ,  Least. 

99  and  loa 

no. 4 

a,oa3 

2,001 

1,975 

loa 

3 

113. 8 

1,701 

1,634 

1,589 

98 

3 

107.9 

1.344 

1.32s 

1.295 

98  and  1 01 

3 

106.3 

1,114 

1,084 

1,052 

91 

3 

103.  s 

854 

788 

749 

90 

3 

114. 1 

a, 988 

2.834 

a.780 

90 

3 

1x0 

1.715 

1,600 

1,402 

90 

3 

116.3 

2,580 

2,414 

2.295 

90 

3 

109.9 

1.263 

1,223 

1,200 

Coefficient 

of 

Elasticity, 

Pounds. 


a. 500,000 

i,a79,ooo 

3,125.000 

857,000 


The  results  exhibited  in  Table  VI  are  interesting  as 
belonging  to  Portland-cement  cinder  concrete  and  they  are 
of  practical  importance  because  such  concrete  is  used  in 
many  btiildings  especially  for  floors,  in  consequence  of  its 
weighing  much  less  than  ordinary  broken-stone  concrete. 
The  ages  of  these  cinder  concrete  cubes  is  seen  to  nm  from 
90  to  102  days,  which  is  sufficient  to  give  nearly  the  full 
ultimate  resistance  of  such  material.  It  is  seen,  however, 
that  cinder  concrete  is  materially  less  strong  or  capable  of 
ultimate  compressive  resistance  than  either  broken-stone 
or  gravel  concrete  having  the  same  proportions  of  mixture 
in  its  composition.  The  coltimn  giving  the  weight  in 
pounds  per  cubic  foot  shows  that  cinder  concrete  weighs 
but  about  three  fourths  as  much  as  that  made  with  gravel 
and  broken  stone.  The  data  contained  in  this  table  were 
taken  from  the  **  U.  S.  Report  of  Tests  of  Metal  and  Other 
Materials"  for  1898. 

Table  VII,  compiled  from  the  "  U.  S.  Report  of  Tests  of 
Metal  and  Other  Materials"  for  1900,  is  inserted  to  show 
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the  comparative  resistances  of  broken-stone  and  broken- 
slag  concretes  of  the  proportions  commonly  employed. 
It  is  of  interest  to  note  the  results  for  slag  concrete  in  which 
slag  dust  was  employed  instead  of  sand. 

Table  VII. 

TESTS  OF  12-INCH  CUBES  OF  PORTLAND-CEMENT  CONCRETE. 


Brand. 

Composition. 

Age, 
Mos. 

2 

• 

4 
4 
4 
4 
8 

4 

Weight  per  Cu.  Ft., 
Pounds. 

Ultimate  Resistance, 
Lbs.  per  Sq.  In. 

Max. 

Mean. 

Min. 

Max. 

Mean. 

Min. 

Vulcanite 

ca 

•  t 

•  • 

Grant  ♦ 

I  c,  a  s.  d.,  4  br.  si. 
I  c,  a  s.,  4  br.  st. 
I  c,  a  s.  d.,  4  br.  si. 
I  c.   a  s.,  4  br.  st. 
I  c,  3  s.,  5  br.  St. 

1.73 
1.73 
a. 83 
a.  83 
3.07 
3-07 

134     ^ 

145 -61 

136 

I47t 

154 

153.1 

133 
145.2 

135-3 
146.4 
152.4 
152.6 

131  -6 
144-7 
134.4 
145-4 
151-6 

151.5 

3.341 
3.783 
4.120 

4.534 
4,451 
3,516 

3,159 
3.626 

3.984 
4.286 

4.043 
3,187 

3,016 
3,506 

3.797 
4.136 
3.081 
a,930 

8.  d.,  slag  dust;  br.  si.,  broken  slag.      *  Machine  mixed,     t  Broken  limestone. 

This  procedtire  secured  considerable  balancing  of  the 
broken  slag  and  slag  dust,  thus  materially  reducing  the 
voids  and  correspondingly  increasing  the  compressive 
resistance,  although  it  is  seen  that  the  sand  and  broken-stone 
concrete  is  sensibly  stronger  than  that  made  with  slag. 

A  large  ntimber  of  tests,  the  results  of  which  need  not 
be  given  here,  have  shown  that  gravel  may  advantageously 
be  used,  in  the  interests  of  economy,  in  the  place  of  broken 
stone  for  concrete.  On  the  whole,  the  broken-stone  concrete 
is  probably  stronger  than  that  made  with  gravel,  but  the 
difference  is  not  material  for  all  ordinary  cases.  The 
gravel  should  not  be  water-worn,  but  have  sharp,  gritty 
surfaces  to  which  the  setting  cement  may  strongly  bond 
itself.  All  sizes  from  the  largest  permissible  down  to 
coarse  sand  should  be  taken,  and  when  so  balanced  the 
voids  may  be  reduced  as  low  as  20  per  cent,  of  the  total 
volume  of  the  gravel  or  even  lower.  This  balancing 
of  the  broken  stone  or  gravel  enhances  both  economy 
and   resisting  qualities. 
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Table  VIII. 

COMPRESSION  TESTS  OF  PORTLAND-CEMENT  CONCRETES  GIVEN 

BY  HENBY. 


Age. 
Days. 

Parts  of 

Cement,  Sand. 

and  Broken 

Stone. 

• 
1 

Kept 
in 

Weight. 
Lbs.  per 
Cu.  Ft. 

Coefficient 

of 
Elasticity. 

Ultimate 
Resist- 
ance, 
Lbs.  oer 
Sc\.  In. 

Consistency. 

I 

30 

a 

4 

A 

Water 

153 

4.625,000 

3,610 

Plastic 

2 

30 

I 

3 

4 

A 

Air 

160 

7,171,000 

3.oao 

it 

3 

90 

2 

4 

A 

Air  dry 

140 

4,421,000 

«,243 

Dry 

4 

90 

3 

4 

A 

144 

5,792.000 

983 

5 

7 

2 

5 

A 

11      <• 

146 

3,937,000 

736 

Very  dry 

6 

9 

2 

5 

A 

Air 

152 

4.930,000 

423 

Plastic 

7 

32 

2 

5 

A 

151 

5,055.000 

2.097 

8 

32 

2 

5 

A 

Water 

155 

7,393.000 

2,830 

•* 

9 

34 

3 

6 

A 

Air 

143 

5,104,000 

1. 310 

•  • 

lO 

39 

3 

6 

A 

146 

7,570,000 

1.733 

II 

39 

3 

6 

A 

Water 

152 

6,646,000 

2,243 

la 

60 

3 

6 

A 

Air 

2,886,000 

413 

Very  dry 

13 

30 

4 

8 

A 

Water 

145 

4.397,000 

J, 346 

Plastic 

14 

38 

4 

8 

A 

<• 

143 

4,560,000 

1,28a 

15 

38 

4 

8 

A 

Air 

139 

2,446,000 

617 

Excess  water 

i6 

38 

4 

8 

A 

•• 

138 

2,247,000 

797 

17 

90 

— 

M 

Water 

136 

6,578.000 

5.280 

Plastic 

i8 

90 

■ 

^■^^ 

M 

Air 

139 

3,940.000 

4.580 

*  A,  Atlas;  M,  Medusa. 

Table  IX. 

COMPRESSIVE  TESTS  OF  ATLAS  (PORTLAND)   CEMENT  CINDER 

CONCRETES  GIVEN  BY  HENBY. 


a 

Weight, 

Coefficient 

Ultimate 

Age. 

Parts  of  Cement,  Sand, 

Kept  in 

Lbs.  per  • 
Cu.  Ft. 

of 

R.esist- 

Days. 

and  Cinders. 

Elasticity. 

ance.  Lbs. 

per  Sq.  In. 

I 

7 

2 

4 

Air 

116 

876,000 

2 

7 

2 

4 

i< 

III 

945,000 

3 

7 

2 

4 

Water 

120 

514.000 

4 

30 

2 

4 

<< 

119 

1,358,000 

993 

5 

30 

2 

4 

Air 

112 

1,626,000 

1,049 

6 

30 

2 

4 

i< 

106 

1,399,000 

976 

7 

30 

2 

5 

i< 

109 

1,772,000 

941 

8 

30 

2 

5 

Water 

114 

1,021,000 

705 

9 

30 

2 

5 

<( 

114 

1,168,000 

682 

10 

60 

2 

5 

Air  dry 

114 

1,055,000 

573 

II 

60 

2 

5 

<i 

116 

1,783,000 

847 

12 

60 

2 

5 

(( 

119 

1,152,000 

670 

13 

30 

3 

6 

Air 

1,473,000 

484 

14 

30 

3 

6 

(< 

107 

1,447,000 

511 

15 

30 

I 

3 

6 

Water 

118 

751,000 

500 

16 

60 

3 

6 

Air  dry 

107 

917,000 

734 

17 

60 

3 

6 

<< 

lOI 

916,000 

544 

18 

30 

3.5 

7 

Air 

106 

533,000 

405 
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Tables  VIII  and  IX,  taken  from  a  paper  by  Mr.  W.  H. 
Henby  in  the  *  *  Journal  of  the  Association  of  Engineering 
Societies  "  for  1900,  are  selected  chiefly  to  show  the  coeffi- 
cients of  elasticity  of  stone  and  cinder  concrete.  The  **  Air- 
dry  ' '  specimens  were  simply  kept  in  air,  but  the  *  *  Air ' '  speci- 
mens were  kept  in  air  imder  a  damp  cloth.  The  coefficients 
for  the  thirty-  and  sixty-day  cinder  concrete  correspond 
well  with  those  already  given  for  the  same  grade  of  mate- 
rial, but  some  of  those  in  Table  VIII  are  \musually  high 
and  suggest  the  possibility  of  some  abnormal  condition. 
The  general  run  of  the  coefficients  of  elasticity  for  the 
stone  concrete  in  that  table,  on  the  other  hand,  is  fairly 
in  accord  with  the  values  given  in  preceding  tables. 

A  careful  examination  of  all  the  Tables,  I  to  IX,  shows 
that  reasonably  well-made  broken-stone  concrete  may 
carry  a  load  of  300  to  500  pounds  per  square  inch  without 
exceeding  \  to  J,  or  possibly  \,  of  its  ultimate  resistance, 
the  composition  of  the  mixture  being  i  cement,  2  sand, 
and  4  broken  stone,  or  perhaps  i  cement,  3  sand,  and  5 
broken  stone.  It  is  possible  that  this  may  be  an  tinder 
statement  of  the  capacity  of  the  concrete  if  the  mixture  is  as 
well  balanced  as  it  should  be.  It  is  a  mistake,  as  has  been 
shown  repeatedly  by  actual  test,  to  screen  out  the  finer 
portions  of  the  broken  stone  or  to  attempt  to  secure  an 
approximately  even  sand  grain.  It  is  conducive  to  an 
increased  resistance  as  it  is  to  increased  economy  to  balance 
the  sand,  gravel,  or  broken  stone  by  using  all  the  varying 
sizes  between  the  least  and  the  greatest.  Indeed,  in  many 
cases  it  may  be  advisable  to  use  the  entire  product  of  the 
crusher. 

The  relation  between  the  ultimate  compressive  resist- 
ance of  concrete  made  with  balanced  material  and  the 
length  of  column  is  illustrated  by  the  results  given  in  Table 
X,  which  has  been  collated  and  arranged  from  the  "  U.  S. 


4i6 


COMPRESSION. 


[Ch.  VII. 


Table  X. 

COMPRESSIVE  RESISTANCES  OF  12"X12"   CONCRETE   COLUMNS. 


4 

4 
6 

6 

8 

8 

lO 
lO 
12 
12 

14 

14 

6 
6 

6 
6 

6 
6 

6 
6 

12 
12 


Age, 
Days. 


48 
48 
48 
48 

42 
42 

41 
42 
37 
39 
35 
35 


Composition. 


W'ght 
in  Lbs. 

per 
Cu.Ft. 


1 


580 


1 


I  cement,  3  sand,  4-1  J" 
broken  stone,  2-4"  broken 
stone 

do. 

do. 

do. 

do. 

do. 

do. 

do. 

do. 

do. 

do. 

do. 

do. 
I   cement,  3  gravel,  4-1  J"  J 
broken  stone,  2-f "  broken  >■ 
stone  ) 

do. 

do. 

do. 

do. 

do. 

do. 

do. 

do. 

do. 

do. 

do. 

do. 
I  cement,  6  gravel,  8-1}'' ) 
broken  stone,  4-f "  broken  >■ 
stone  ) 

I  cement,  7  gravel,  88-1  J'' 
br'k'n  stone,  4*-* "  br'k'n 
stone 

1  cement,  5  gravel,  6J-1V' 
br'k'n  stone,  3}-J"  br'k'n 
stone 

I  cement,  4  gravel,  sf-i  J" 
br'k'n  stone,  2|-f "  br'k'n 
stone 

I   cement,  3  gravel,   6-f"  / 
broken  stone  » 


I  Silica  Portland  cement,  2 
coarse  clean  sand,  3  quartz 
gravel  (V'-2'0 


145 
145 

144 
144 


Ult.  , 
Resist,  in 
Lbs.  per 
Sq.  In. 


143 

145 

145 

142 

143 

144 

144 

H5 

145 

145 

147 

H3 

144 

146 

146 

146 

146 

146 

146 

149 

148 

148 

148 

143 

144 

141 

142 

146 

146 

146 

145 

150 

149 

148 

1,072 
917 

1,067 
1,132 

844 

1,048 

935 
900 
909 
807 

947 
980 

936 
907 

1,185 
1,183 

980 

936 

1,131 
1,200 

1,108 

1,086 

1,015 
1,000 

1,400 

1,500 

858 

807 

500 
467 

427 
436 

708 
747 

900 
797 

1,250 
1,700  J 


2,548 


Hand  mixed 


Machine  mixed 


1  Reinforced  with 
!  4-f"  cold-twisted 
I  steel  rods  embed - 
J  ded  in  the  concrete 
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Report  of  Tests  of  Metal  and  Other  Materials  "  for  1897. 
The  heights  of  column  range  from  2  to  14  feet.  While  there 
are  some  exceptions,  the  rule  is  general  that,  other  things 
being  equal,  the  xiltimate  resistance  decreases  as  the  length 
or  height  of  column  increases.  On  the  whole,  the  machine- 
mixed  material  appears  to  be  a  little  stronger  than  the 
hand-mixed,  but  the  difference  is  not  substantial  except  for 
the  8,  10,  and  12  feet  lengths. 

Art.  55. — Bricks  and  Brick  Piers. 

The  ultimate  compressive  resistance  of  bricks  depends 
largely  upon  the  manner  in  which  they  are  tested  and  the 
care  with  which  the  surfaces  pressed  are  fiUed  out  with  a 
proper  cushion  and  made  truly  parallel  to  the  bearing 
surfaces  of  the  testing  machine.  The  best  of  bricks  as 
produced  for  the  market  do  not  have  opposite  faces  truly 
parallel,  and  hence  when  they  are  placed  in  a  testing 
machine  for  testing  to  failure  the  pressure  will  be  con- 
centrated at  different  points  and  the  bricks  will  be  broken 
partly  by  bending  before  the  full  ultimate  compressive 
resistance  is  developed  imless  the  pressed  stirfaces  are 
made  true  by  some  kind  of  a  cushion.  This  cushioning  is 
frequently  and  perhaps  usually  done  with  plaster  of  paris, 
as  in  the  case  of  the  tests  of  bricks  at  the  U.  S.  Arsenal, 
Watertown,  Mass.,  the  results  of  which  are  given  in  Table  II. 
Again,  a  brick  tested  on  edge  will  give  a  less  ultimate 
resistance  per  square  inch  than  when  tested  fiat  and  the 
resistance  on  end  per  square  inch  of  section  will  be  less 
than  that  on  edge.  When  the  brick  is  tested  flatwise, 
even  when  truly  surfaced  with  a  cushion  such  as  plaster  of 
paris,  it  is  a  very  short  block  and  the  friction  of  the  pressed 
surfaces  on  the  bearing  faces  of  the  testing  machine  is 
sufficient  to  give  the  compressed  material  substantial  lat- 
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Table  I. 

COEFFICIENTS  OF  ELASTICITY  FOR  BRICKS  IN  COMPRESSION, 
COEFFICIENTS  OF  EXPANSION,  AND  ABSORPTION  OF 
WATER. 


Brick. 


Description. 


Kansas  City  Hydraulic  Press  Brick  Co. . . 

do. 
The  Powhatan  Clay  Manufacturing  Co 

do. 

The  Hydraulic  Press  Brick  Co 

do.  

do.  

Philadelphia  and  Boston  Pace  Brick  Co 

do. 
do. 


do. 
do. 

£astem  Hydraulic  Press  Brick  Co 

do.  

do.  

Brooke  Terra  Cotta  Co 

do.  

Gladding,  McBean  &  Co 

do. -j 

Northern  Hydraulic  Press  Brick  Co ... , 
Chicago  Hydraulic  Press  Brick  Co 

Clark  Press  Brick  Co 


Red  brick  No.  i 
Red  brick  No.  » 
Cream  white. 

No.  I 
Dark  red.  No.  a 
Medium  red 
Light  chocolate 
Dark    buff, 

speckled 
Salmon  color, 

soft  burnt,  for 

inside  work 

do. 

Chocolate  brown, 

for  outside 

work 
Cream  color,  for 

outside  work 
Buff    color,   for 

outside  work 
Shade  aoo 
Shade  300 
Shade  410 
Columbian  buff. 

No.  4 
Light  buff 
Dark  buff,  hard 

burnt 
Salmon,  soft 

burnt 
Red  brick 
do. 

Chocolate 


Coefficient 
of  Elas- 
ticity, 
Pounds 

Square 
Inch. 


Total  Ab- 
sorption 
after  Ex- 
posure to 
Boiling 
Water, 
,     by 
Volume. 
Per  Cent. 


1,650,000 
2,130,000 

1.730,000 

3,180,000 

714,000 

a,5So,ooo 

890,000 


26.8 
25.1 

26.7 
x8 

3a 
23.3 

a5'7 


Coefficient 
of  Exp4ui- 

sion  in 
Water,  per 

Degree 
Fahr. 


391,000 

36.2 

517.000 

34 

5,000,000 

13. 6 

577,000 

35.3 

2,570.000 

24.8 

3.120,000 

17.8 

2,050,000 

18.7 

3,170,000 

17.4 

4,060,000 

31  .3 

4,830,000 

16.9 

4,450,000 

21.2 

1,770.000 

26.3 

3,390,000 

1 ,040,000 

29.2 

1,410,000 

22 

24.1  • 

1,530,000 

,00000326 
,000003x7 

,00000205 
,00000289 
,000003x7 
,00000475 

,00000391 


.00000335 
.00000261 


. 00000 39S 

.00000352 

.00000298 
.00000345 
.  00000344. 
. 00000568 

.00000242 
.00000305 

.000004x9 

.00000428 

.000003x6 
. 00000344 
.  00000744. 
.00000754 


eral .  support,  not  permitting  it  to  separate  and  crush  away 
readily.  It  will  be  found,  therefore,  that  when  blocks  are 
tested  flatwise  the  ultimate  resistances  per  square  inch, 
as  a  whole,  will  be  much  higher  than  when  tested  on  edge. 
This  condition  of  things  holds  to  some  extent  when  the 
bricks  are  tested  on  edge,  so  that  an  endwise  test  will  give 
the  ultimate  compressive  resistance  per  square  inch  some- 
what less  than  that  foimd  when  the  brick  is  tested  on  edge. 


-^rt.  55-]  taiCKS  AND  bKiCK  PIEHS.  4^9 

An  endwise  test  of  the  brick  more  truly  represents  the 
ultimate  compressive  resistance  of  the  material  than  a  test 
either  flatwise  or  on  edge. 

The  coefficients  of  elasticity  given  in  Table  I  were 
determined  at  the  U.  S.  Arsenal  at  Watertown,  Mass., 
and  are  taken  from  the  **  U.  S.  Report  of  Tests  of  Metals 
and  Other  Materials''  for  1896.  The  intensities  at  which 
the  determinations  were  made  range  from  about  1000  to 
4000  or  5000  pounds  per  square  inch.  The  bricks  were  com- 
pressed on  end,  the  opposite  faces  having  been  ground  so  as 
to  be  truly  parallel.  It  will  be  observed  that  the  coefficients 
of  elasticity  vary  between  wide  limits  for  soft-  and  hard- 
burnt  bricks,  but  on  the  whole  they  are  about  the  same 
as  the  coefficients  for  Portland-cement  mortars  and  con- 
cretes. It  must  be  remembered,  in  considering  the  elastic 
properties  of  such  irregular  material  as  brick,  that  abnor- 
mal results  will  frequently  be  found,  and  those  of  Table  I 
are  no  exception  to  that  observation.  The  small  values  of 
E  probably  indicate  some  defect  of  material  or  of  proper 
bearing  in  the  testing-machine,  or  some  similar  irregularity. 

The  coefficients  of  thermal  expansion  were  determined 
at  the  same  time  with  the  other  physical  quantities.  It 
will  be  observed  that  while  the  rate  of  thermal  expansion 
varies  widely,  its  highest  values  are  even  larger  than  those 
for  iron  and  steel.  As  a  whole,  the  values  of  the  coefficients 
are  low,  as  would  naturally  be  expected  from  the  porous 
character  of  the  material. 

In  the  Proceedings  of  the  Am.  Soc.  C.  E.  for  March, 
1903,  Mr.  S.  M.  Turrill,  Assoc.  Am.  Soc.  C.  E.,  gives  the 
results  of  a  large  number  of  tests  of  common  building 
brick,  2  in.  by  4  in.  by  8  in.  in  size,  manufactured  at  Horse- 
heads,  N.  Y.  The  following  table  is  fairly  representative 
of  the  results  of  Mr.  Turrill's  tests,  made  with  great  care 
at  the  civil-engineering  laboratories  of  Cornell  University: 
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TEST  OF  COMMON  BUILDING  BRICK. 


Brick  Tested. 


On  end. 
On  edge 
FUt... 


No.  of  Tests. 


12 
12 
12 


Ultimate  Compressive  Resistance, 
Pounds  per  Square  Inch. 


Greatest. 


3,763 
3,913 
5,463 


Mean. 


2,628 
2.832 

3,995 


Least. 


1,234 
1,897 
2.665 


These  bricks  were  tested  in  their  natural  condition  as 
delivered  from  the  kiln  ready  for  tise. 

Other  test3  were  made  of  the  same  brick  saturated  with 
water  and  after  being  reheated  in  a  suitable  oven.  This 
latter  test  was  designed  to  disclose  the  quality  of  brick 
after  having  passed  through  a  conflagration.  The  satu- 
rated bricks  tested  on  end  and  on  edge  showed  material 
loss  of  resistance  below  that  of  their  natural  condition,  but 
those  tested  flat  showed  large  gains.  The  reheated  bricks 
exhibited  large  gains  in  all  three  modes  of  testing.  These 
bricks  were  obviously  not  of  hard-burned,  high-resisting 
character. 

The  coefficient  of  elasticity  of  twelve  of  these  bricks 
ran  from  540,000  to  1,815,000  poimds  per  square  inch,  with 
a  mean  value  of  1,305,000  pounds. 

The  values  of  the  ultimate  resistances  for  a  large  number 
of  classes  and  grades  of  brick  are  given  in  Table  II  as  taken 
from  the  "  U.  S.  Report  of  Tests  of  Metals  and  Other  Ma- 
terials''  for  1894.  That  Table  includes  within  its  limits 
practically  all  the  varieties  of  bricks  in  use  at  the  present 
time.  It  will  be  seen  that  the  ultimate  resistances  differ 
greatly  for  the  varying  grades  of  materials.  The  lower 
values  correspond  closely  to  the  ultimate  resistances  of 
good  common  red  brick.  As  will  be  observed,  tests  were 
made  not  only  flatwise  and  on  edge,  but  in  one  or  two 
cases  on  end.     The  fifth  to  the  eighth  lines  from  the  top 


town,  Mass..  and  gave  an  ultimate  compressive 
resistance  of  1337  lbs.  per  sq,  in.  The  pier  ii 
shown  as  it  existed  after  failure. 

(To  fu«  Pag*  430.) 
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of  the  Table  belong  to  small  piers  of  bricks  tmcemented, 
i.e,,  simply  placed  flatwise  truly  on  each  other  without 
mortar  from  two  to  five  bricks  high  and  tested  in  that 
condition.  As  would  be  expected,  the  greater  the  niunber 
of  bricks  placed  in  this  manner  the  less  was  the  ultimate 
resistance  per  square  inch. 

Inasmuch  as  tests  of  brick  piers  have  shown  that 
their  ultimate  compressive  resistances  run  only  from  about 
1000  to  4500  pounds  per  square  inch,  depending  upon 
the  character  of  the  mortar,  it  is  seen  that  in  such  masonry 
a  small  portion  only  of  the  compressive  resistance  of  the 
bricks  is  developed  in  piers  and  other  similar  brick-masonry 
masses. 

These  latter  results  doubtless  depend  largely  upon  the 
cementing  material.  There  is  no  question  that  the  ulti- 
mate resisting  capacity  of  brick  masonry  is  affected 
greatly  by  the  resisting  capacity  of  the  mortar,  and 
the  same  general  observation  can  be  applied  to  other 
classes  of  masonry.  There  is  more  than  this,  however, 
affecting  the  carrying  capacity  of  brick  and  other  grades 
of  masonry  as  compared  with  the  ultimate  compressive 
resistance  of  the  bricks  used  in  the  one  case  of  masonry 
or  of  the  individual  stones  employed  in  the  other.  The 
texture  or  character  of  the  mass  of  burned  clay  com- 
posing the  brick  is  exceedingly  variable,  both  in  conse- 
quence of  the  varying  mixture  of  the  material  in  the  bricks 
before  being  burned  and  in  consequence  of  the  varying 
degree  of  burning  in  each  individual  brick.  Again,  what- 
ever may  be  the  care  in  placing  the  bricks  in  a  testing- 
machine,  including  the  cushioning  of  the  ends,  it  is  prac- 
ticably impossible  to  secure  anything  like  a  uniform  bear- 
ing upon  either  the  ends,  sides,  or  beds.  Their  irregular 
dimensions  and  exterior  surfaces  and  the  varying  quality 
of  the  materials,  even  in  the  best  of  brick,  introduce  into 
their  resisting  capacity  elements  of  variation  which  are 
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frequently  so  great  as  to  lead  to  abnormal  results.  While 
the  mortar  used  in  forming  a  mass  of  brick  masonry  im- 
doubtedly  fills  up  many  irregularities  of  surface,  voids 
of  considerable  magnitude  frequently  remain  unfilled. 
The  consequence  of  these  uncontrollable  elements  in  a 
mass  of  brick  masonry  is  always  a  material  reduction  of 
ultimate  carrying  capacity  and  frequently  a  large  reduc- 
tion. However  excellent  in  quality,  therefore,  the  mor- 
tar or  binding  materia!  in  a  brick-masonry  pier  may  be, 
it  is  inevitable  that  there  will  be  not  only  a  wide  range  in 
ultimate  compressive  resistance,  but  in  all  cases  a  material 
reduction  below  that  exhibited  by  the  individual  bricks 
when  tested  by  themselves. 

Tests  of  the  ultimate  compressive  resistance  of  a  large 
number  of  face-brick  and  common-brick  piers  can  be  foimd 
in  Part  II  of  the  **  U.  S.  Report  of  Tests  of  Metals  and  Other 
Materials  '*  for  1886.  In  all  of  these  tests  the  mortar  was 
composed  of  i  part  Rosendale  cement  and  2  parts  sand- 
The  heights  of  the  piers  varied  from  2  ft.  to  12^  ft,,  while 
the  cross-sections  were  8  ins.  by  8  ins.,  12  ins.  by  12  ins., 
and  16  ins.  by  16  ins.  Some  of  the  12 -inch  and  16-inch 
cross-sections  had  a  4-inch  by  4-inch  or  8-inch  by  8-inch 
core  taken  out  of  the  centre.  Invariably  the  columns  of  the 
smallest  height  give  the  highest  ultimate  resistances,  and  as 
a  whole  the  highest  columns  give  the  least  ultimate  com- 
pressive resistances. 

Fourteen  of  these  piers  were  laid  up  with  face  brick, 
the  weight  of  the  brickwork  varying  from  125.2  poimds  to 
134.4  pounds  per  cubic  foot.  The  ultimate  compressive 
resistances  of  these  face-brick  piers  varied  from  2428 
pounds  per  square  inch  down  to  1677  pounds  per  square 
inch,  the  former  value  belonging  to  a  colxmm  2  ft.  high  and 
the  latter,  i.e.  the  smallest,  to  a  column  10  ft.  high  and  8 
ins.  by  8  ins.  cross-section,  the  highest  column  of  the  lot. 
These  resistances  varied  from  12.5  per  cent,  to  18.1  per 


^  5S0 


BRICKS  AND   BRICK  PIERS. 


423 


Table  II. 

ULTIMATE  COMPRESSIVE  RESISTANCES  OF  BRICKS. 


Description. 


Hani-buTTit  face  brick  (red) . 


•« 
*• 
•• 
«« 
«« 


4* 


11 
•t 
«i 
«• 
«• 
•« 


4« 
«4 
ft 

tl 
•• 
«« 


«4 

•« 
14 
«t 


u 
X 


^  Medium  red.. 
Dark  red.  .  . . 
Paving  stock. 


23 

O 


l!r° 


X 


Dark  red. 


Buff,  speckled. 
Light  chocolate 

"      darksp'kles 
Dark  buff  with  speckles 
Buff  with  dark 

Light  buff 

Brown 

Brown 
A.-^Red 


1Br< 

B.  Shades  No  s  and  No.  7 

C.  Dark  red.  three  kinds. . 


r  Lirht  buff. 


D.-l 


slightly  darker. 


Buff. 


darker. 


Gray 

Light  chocolate. 


^  Salmon  color,  soft-burnt . . . . 
Light  red 


E-l 


Dark  red 

Chocolate  brown 


Cream  color. 
Buff 


H 


^  Grav 

"  Buff 

'  Medium-dark  buff. 

I  Light  buff 

Buff 


White  enamelled. 


Com- 

Sressed 
urface. 
Square 
Inches. 


7.8X3.6 

••    Xa.a 

a.aX3-6 

7.8X3.8 


«• 

14 


•  < 
4< 


8.5x4a 


8.2X4 

••  Xa. 
8.3X4. 
8.aX4 

*:    X4. 


8.4X4. a 
8.3X4.1 
8.5X4.1 
8.4X4-t 


8.3Xa.3 

"    X4.1 

8.2X4.1 

8.1X4 
•«    ••  11 

"    Xa.2 
X4 
X4.1 
Xa.2 

8.2X4 
8.1X4 
8.aXa.a 
8.4X4. a 

X4 
Xa.3 

X4 

•  i    <4 


44 
«4 


44 


7-7X2.2 
8.1X4 
7-9X3.9 
••       X2.2 

8  X4 
8.5X4 

"    X4.1 
8.3X4 
8.2X4 
8.1X2.4 

9  X4.S 


Ultimate  Resistance, 
Pounds  per  Square  Inch. 


Gr'test 


13,49a 

12,297 

8,032 

1S.837 
6.812 
5.8a8 
4.788 
4,530 


13,511 
ia,37a 

iS,7Sa 


16,252 
13,995 

3.967 
9,409 

12.195 
3.481 


23.13s 

12,077 

18.808 

8.426 

5,97  a 
5.076 


Mean. 


11,173 
8,980 
6,927 

12,469 
6,440 

S.097 
4.478 

4.132 
5,266 
10,149 
17.558 
5.99  a 
10,643 
17.47a 

9.4a4 
8,620 

13.330 
8.907 

8,010 

8.144 

8.861 

4,794 

5,574 

5.192 

i3.ao9 

1 1,0  JO 

15,290 

13.771 

9.319 

15,370 

13,49a 

9.273 

13.050 
15.081 

9.945 
3.897 
8.127 

5.877 
10,016 
17.023 

7.764 

3,aa9 

10.406 

4.756 

3.840 

ao.617 

10,950 

18.574 

8,133 

5,900 

4.734 


Least. 


9,290 
7,623 
5,837 
9,100 
6,069 

4,365 
4,168 

3.733 


12,907 

9,686 

14,818 


14,485 


12.123 


3.826 
6,845 

7,836 


a.978 


18,098 
O.Raa 

18,339 
7.594 
5,829 
4.531 


Remarks. 


Tested  flat 
"        on  edge 
"  end 
"       flat 

"  ahi^ 

44         41 

44  'r       4« 

"  s  •• 


•  1 

44 
4i 
44 

44 
44 


44 
44 
44 
44 
44 

•  4 

•  4 
44 
44 
44 
44 
4« 
4« 
14 
14 
44 
44 
4« 
41 
44 
14 

•  1 

•  • 
14 

•  1 

•  4 
44 
44 
11 
11 
41 
11 
44 
11 
44 

•  4 
44 
41 
44 


•  4 
11 


on  edge 
flat 


44 
44 
44 
44 
44 
44 
44 
44 


on  edge 
flat 


•1 

44 

44 
41 
•  4 
14 


on  edge 
flat 

on  edge 
flat 

41 

on  edge 

flat 

«• 

on  edge 
flat 

14 

on  edge 
flat 


11 
44 


on  edge 
flat 


A.  Chicago  Hydraulic  Press  Brick  Co.  (medium  hard-biunt). 

B,  Omaha  Hydraulic  Press  Brick  Co.  (medium  hard-burnt,  red). 

C,  Findlay  Hydraulic  Press  Brick  (>>.  Findlay,  Ohio  (medium  hard-burnt). 

D.  Eastern  Hydraulic  Press  Brick  Co.,  Philadelphia,  Pa. 
B,  Philadelphia  and  Boston  Face  Brick  (>>.,  Boston,  Ma5% 

F,  Brooke  Terra  Cotta  Co..  I^zearville.  W.  Va.  (Cxjlumbian  buff  bricks). 

G.  Gladding.  McBean  &  Co.,  San  Francisco,  Cal. 
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cent,  of  the  ultimate  compressive  resistances  of  the  bricks 
used  in  the  piers. 

Thirty-eight  common  brick  piers  with  the  same  mortar 
of  I  Rosendale  cement  to  2  sand  were  laid  up  also  of  the 
general  dimensions  given  above,  the  weights  of  the  masonry 
varying  from  118. 8  to  127.7  pounds  per  cubic  foot.  The 
ultimate  resistances  in  this  set  of  common  brick  piers 
varied  from  2798  pounds  per  square  inch  to  964  pounds 
per  square  inch,  the  former  value  belonging  to  a  pier  2  ft. 
high  and  the  latter  to  a  pier  10  ft.  high,  but  with  a  16  ins. 
by  16  ins.  cross-section.  In  this  series  the  ultimate  resist- 
ance of  the  piers  varied  from  7.8  per  cent,  up  to  17.6  per 
cent,  of  the  ultimate  resistances  of  the  bricks  used  in 
building  them,  the  higher  percentage  belonging  to  the  short 
or  low  pier. 

The  manner  of  failure  of  brick  piers  is,  strictly  speaking, 
not  a  compression  failure  but  largely  a  longitudinal  splitting 
and  lateral  bulging  of  the  separating  parts,  indicating  that 
any  devices  effectively  resisting  that  bulging  would  mate- 
rially increase  the  carrying  capacity  of  the  masonry.  A 
series  of  fourteen  brick  piers  was  tested  to  failure  in  1899 
at  the  testing  laboratory  of  the  College  of  Civil  Engineering 
of  Cornell  University,  an  account  of  which  is  given  by  Mr. 
E.  J.  McCaustland  in  the  Transactions  of  the  Association 
of  Civil  Engineers  of  Cornell  University  for  1900.  These 
piers  were  13  ins.  by  13  ins.  in  cross-section  and  80  ins.  lon^. 
They  had  mortar  joints  .3  ins.  in  thickness  and  they  were 
about  seven  irionths  old  when  tested.  Wire  netting  and 
straps  or  platus  were  inserted  at  a  number  of  the  horizontal 
joints  in  some  of  the  piers,  as  shown  in  Table  III.  The 
ultimate  compressive  resistance  of  a  single  brick  specimen 
used  in  the  construction  of  the  piers  was  3525  pounds  per 
square  inch ;  a  low  ultimate  resistance  which  accounts  for 
the  correspondingly  low  ultimate  compressive  resistance 


An  S  X  l6-in.-iace  lirick  pier  with  l6-in.  square  Ikisc 
liid  in  lime  mortar.  It  was  tested  al  the  U.  S. 
Arsenal,  Watertowu,  Mass..  and  gave  an  ultimate 
compressive  resistance  of  1233  lbs.  per  sq.  in.  on 
the  upper  section  and  601  Ite.  per  sq.  in.  on  llie 
lower  section.   The  cracks  due  to  failure  are  tli-.irly 

(To  Ina  pagt  tiA-t 
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Table  III. 

ULTIMATE  COMPRESSIVE  RESISTANCES  OF  13"  X  13"  X  80" 
BRICK  PIERS  BUILT  WITH  PORTLAND  CEMENT  MORTAR 
(1   C,   2  S.)   JOINTS   .3"  THICK. 


No. 


I 

2 

Scries 
of 

1897 

3 

4 

5 
6 

7 
8 

9 
10 

II 

12 

13 


Kind  of  Joint. 


Portland  cement  mortar  (1:2) 
Portland  cement  mortar  (1:2) 


Portland  cem.  mortar  (1:2) 


{ 


Iron  straps  every  4th  course.  . 
Iron  straps  every  4th  course.  . 
Iron  straps  every  6th  course.  . 
Iron  straps  every  8th  course.  . 
Wire  netting  every  2d  course. . 
Wire  netting  every  2d  course. . 
Wire  netting  every  course . .  . . 

Wire  netting  every  course 

Iron  plate  every  4th  course.  . . 
Iron  plate  every  4th  course.  . . 
Iron  plate  every  4th  course.  . . 
Iron  plate  every  4th  course. . . 


Ultimate  Stress. 


Total. 


194,000 

200,000 

Average 

of 

3  tests 

136,400 

155,400 
130,000 

142,500 

192,000 

208,000 

282,000 

240,000 

174,000 

193,500 

162,000 

143,000 


921 


Efficiency 

Per  Cent. 

of  Single 

Brick. 


m 

I 


30 


24 

22 
24 

33 

46 


28 


Coefficients 

of 
Elasticity. 


783,000 


994,000 

1 ,040,000 

960,000 


680,000 
830,000 


of  the  piers  shown  in  the  table.  The  effect  of  the  wire 
netting  and  the  iron  straps  on  the  efficiency  of  the  masonry, 
in  terms  of  the  ultimate  resistance  of  the  single  brick  given 
above,  is  evident.  The  efficiencies  of  the  piers  with  the 
iron  straps  and  plates  are  less  than  those  of  the  piers  with 
mortar  joints  without  reinforcement,  but  the  efficiencies 
with  the  wire  netting  are  materially  larger.  Indeed  the 
efficiency  belonging  to  the  piers  having  wire  netting  in  every 
joint  is  more  than  50  per  cent,  greater  than  that  found  for 
the  piers  with  joints  not  reinforced.  This  apparently 
indicates  that  the  reinforcement  must  be  of  such  a  character 
as  not  to  laminate  the  joints  and  thus  weaken  them. 

Coefficients   of  elasticity  were   computed   on   a   com- 
pression or  shortening  of  a  gauged  length  of  56  ins.  of  the 
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pier  at  total  loads  of  60,000,  100,000,  and  150,000  potinds, 
or  at  pressures  per  square  inch  of  354,  590,  and  885  potinds, 
far  too  high  for  such  a  purpose.  These  coefficients  are 
seen  to  be  low,  as  would  be  expected  for  such  high  intensities 
of  pressures. 

Table  IV  exhibits  the  results  of  testing  piers  of  brick 
masonry  in  the  Gov't  testing  machine  at  Watertown,  Mass. 
It  is  taken  from  **Ex.  Doc.  No.  35,  49th  Congress,  ist 
Session."     The  dimensions  of  piers  are  shown  in  the  table; 

Table  IV. 

CRUSHING  STRENGTH  OF  BRICK  PIERS. 


Height 
of  Kcr. 

Section 

Weight 

Ultimate 

No. 

of  Pier, 

Composition  of  Mortar. 

per 

Resistance, 

Ft. 

Ins. 

Ins. 

Cu.  Ft., 
Lbs. 

Lrbs.  per 
Sq.  In. 

z 

I 

4 

8X8 

I  lime,  3  sand. 

137.4 

a.sao" 

2 

6 

8 

8X8 

I     "      3     " 

133.5 

1.877 

3 

I 

4 

8X8 

I  Portland  cement,  3  sand. 

136.3 

3.776 

• 

« 

4 

6 

8 

8X8 

I         "             **         »     '* 

133. S 

2,249 

5 
6 

7 
8 

a 

a 

10 

xo 

0 
0 
0 
0 

laXia 
xaXia 
laX  12 
laX  12 

•• 
I  hme,  3  sand. 

1     "      3     " 
I     *'      1     *' 

I     **      »     ** 

131. 7 
X25.0 

1,940  I  ^ 
1 ,900  f 

i.six    y 
1,807    iS 

9 

a 

0 

laXia 

1      • 
I  Portland  cement,  a  sand. 

3,670 

^^ 

xo 

xo 

0 

xaXia 

I         "              "a     " 

X32.a 

a,a53J 

IX 

X 

4 

8X8 

X  lime,  3  sand. 

»35.6 

2.440 

• 

xa 

6 

8 

8X8 

I     "      3     " 

133.6 

1.540 

13 

a 

0 

laX  12 

X      "       3 

aa                           a« 

2,150 

•g 

14 

a 

0 

laXia 

'              3 

2,050 

.D 

IS 

9 

9 

laXia 

X     "      3     " 

131.5 

I.XX8 

1 

E 

a 

x6 

10 

0 

laX  12 

'  ,."    ,3     " 

136.0 

1,587 

17 

10 

0 

12X12 

z  Portland  cement,  a  aand. 

I3I.O 

2.003 

18 

a 

8 

16X16 

I         "              **        9     " 

2.720 

t9 

10 

0 

16X16 

-         ««             '*        9     ** 

WW     ^^ 

1.887  J 

20 

a 

0 

i2Xia 

X  lime,  3  sand. 

x,37o)     Bay 

21 

6 

0 

12X  12 

I     "      3     " 

1,133}-  State 

aa 

6 

0 

12X  t2 

I     "      3     " 

119.7 

1.210)  bricks. 

'^1 

6 

0 

12X12 

X  lime,  3  sand. 

xxS.a 

1,331  1 

a4t 

6 

0 

12X12 

X     "      3     " 

X18.X 

X,2II 

as 

7 

10 

12X12 

I     "      3     " 

X20.3 

1,174 

• 

26 

10 

0 

12X12 

X     "      3     " 

1x8. 0 

924 

ji 

»7 
a8 

10 
10 

0 
0 

8X12 
12X16 

X     ••      3     " 
X     "      3     •• 

107.0 
X18.7 

940 

773 

0 

20 

6 

0 

12X  12 

I     "      3     "    .  X  Rosendale  cement. 

120.6 

1.646 

«> 

30 

6 

0 

12X12 

I  Rosendale  cement,  2  sand. 

123.0 

1,972 

ai 

31 

6 

0 

iaXT2 

1  lime,  3  sand.  2  Portland  cement. 

1 20 . 3 

1.41 1 

b 

32 

6 

0 

12X12 

I  Portland  cement,  2  sand. 

119.7 

1,702 

33 

6 

0 

12X12 

Clear  Portland  cement. 

126.6 

2.375 

♦  Joints  broken  every  6  courses. 


t  Bricks  laid  on  edge. 
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also  the  kinds  of  mortar  used  and  the  grades  of  brick. 
The  ** common*'  and  "face''  brick,  both  hard  burnt, 
were  from  North  Cambridge,  Mass.  The  other  bricks 
were  from  the  Bay  State  Brick  Co.,  of  Boston  and  Cam- 
bridge, Mass.,  and  were  medium  burnt. 

The  crushing  strength  of  three  bricks  of  each  kind 
between  steel  compression  platforms  was  first  determined 
as  follows: 


Bricks. 

Crashing  Resistance,  Pounds  per  Square  Inch. 

Size,  Inches. 

Face 

Common.  .  .  . 
Bay  State. .  . 

11,056 
19,785 
11,120 

13,984 

22,351 
12,709 

16,734 

12,995 
10,390 

13,925        Cfi 

18,337    2 
11,406  < 

7-75X3.7X2.0 
8.0    X3.6X2.I 
7.8    X3.6X2.I 

Care  was  taken  to  make  the  bed  faces  of  all  three  bricks 
bear  evenly  against  the  compression  platforms,  and  in  order 
to  accomplish  this  result  thin  sheets  of  brass  were  used  for 
packing. 

The  brick  piers  were  built  of  bricks  *'laid  on  beds  and 
joints  broken  every  course,  with  the  exception  of  two  1 2  by 
12  piers,  one  of  which  had  joints  broken  every  sixth  course, 
and  one  had  bricks  laid  on  edge. 

'*They  were  built  in  the  month  of  May,  1882,"  and 
*' their  ages  when  tested  ranged  from  14  to  24  months." 
They  were  all  tested  between  cast-iron  plates. 

**  Loads  were  gradually  applied  in  regular  increments, 
.  .  .  returning  at  regular  intervals  to  the  initial  load.  .  .  . 
Cracks  made  their  appearance  at  the  surfaces  of  the 
piers  and  were  gradually  enlarged  before  the  maximum 
loads  were  reached.  Final  failure  occurred  by  the  partial 
crushing  of  some  of  the  bricks,  and  by  the  enlargement  of 
these   cracks,    which   took   a   longitudinal   direction   and 
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occurred  in  the  bricks  of  one  course  opposite  the  end  joints 
of  the  bricks  in  the  adjacent  courses.  This  manner  of 
failure  was  common  to  all  the  piers." 

It  is  important  to  notice  that  the  resistance  of  the  piers 
varies  with  the  strength  of  the  mortar  used  in  the  joints. 

The  remarkably  higii  results  for  the  single  bricks  given 
above  are  probably  due  to  the  excellent  quality  of  the 
material  tested  and  to  the  great  care  exercised  to  have 
even  bearings  on  the  compressed  beds. 

Ultimate  compressive  tests  of  4-inch  cubes  of  terra 
cotta  from  ■  Gladding,  McBean  &  Co.,  of  San  Francisco, 
may  be  found  in  the  **  U.  S.  Report  of  Tests  of  Metals  and 
Other  Materials'*  for  1897.  These  cubes  were  of  brown, 
buff  and  white,  terra  cotta  and  were  nine  in  ntimber.  The 
maximtim  ultimate  compressive  resistance  was  3165  poimds 
per  square  inch,  the  mean  2940  pounds  per  square  inch, 
and  the  minimum  2669  pounds  per  square  inch.  As  a  rule 
the  ultimate  compressive  resistance  of  terra  cotta  will  be 
found  less  than  that  of  ordinarily  good  soft-burnt  brick. 

The  results  of  all  the  experimental  investigations 
available  in  connection  with  brick  masonry  and  experiences 
in  the  best  class  of  engineering  work  indicate  that  masonry 
laid  up  of  good  hard-burnt  common  brick  may  safely 
carry  a  working  load  of  15  to  20  tons  per  square  foot  or 
210  to  280  pounds  per  square  inch.  In  the  construction 
of  this  class  of  masonry  where  the  duties  are  to  be  severe  it 
is  of  the  utmost  importance  that  the  best  class  of  Portland 
cement  mortar  be  employed,  as  the  carrying  capacity  of 
brick  masonry  depends  largely  if  not  chiefly  upon  the 
character  of  the  mortar. 
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Art.  56. — ^Natural  Building  Stones. 

The  ultimate  compressive  resistance  of  natural  btiilding 
stones  is  affected  greatly  by  the  condition  of  the  rock 
from  which  the  cube  or  other  test-piece  is  taken.  That 
portion  of  a  ledge  exposed  to  the  weather  may  be  much 
weakened  and,  in  fact,  even  disintegrated,  but  the  material 
at  a  short  distance  from  the  exterior  surface  may  have  the 
greatest  resistance  of  which  the  particular  kind  of  stone  is 
capable  of  yielding.  Again,  the  compressive  resistance 
of  stones  on  their  natural  beds  is  much  greater  than  when 
tested  on  edge.  In  the  tests  which  follow  the  test-pieces 
were  fairly  representative  of  such  quality  of  stones  as 
would  pass  inspection  in  first-class  engineering  work,  and 
it  is  to  be  assumed  that  they  were  compressed  on  their 
beds  unless  otherwise  stated. 

Table  I  taken  from  the  "  U.  S.  Report  of  Tests  of  Metals 
and  Other  Materials  *'  for  1894,  exhibits  the  coefficients  of 
elasticity,  ultimate  compressive  resistances,  weights  per 
cubic  foot  and  coefficients  of  thermal  expansion  per  degree 
Fahr.,  as  well  as  the  ratio,  r,  between  lateral  and  direct 
strains  for  the  granites,  marbles,  limestones,  sandstones, 
and  other  stones  shown  in  the  left-hand  column.  The 
coefficients  of  elasticity  and  of  thermal  expansion  were 
determined  by  employing  blocks  of  stone  about  24  ins. 
long  and  6  ins.  by  4  ins.  in  cross-section,  the  gauged  length 
being  20  inches,  but  the  ultimate  compressive  resistances 
were  found  by  testing  4-inch,  cubes.  The  number  of  tests 
for  each  coefficient  of  elasticity  and  ultimate  resistance 
varied  from  one  to  nine  but  were  generally  two  or  three. 
The  general  run  of  values  of  ultimate  resistance .  will  be 
found  to  conform  as  well  as  could  be  expected  with  results 
for  the  same  kind  of  stones  in  the  tables  which  follow. 
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It  will  be  observed  that  the  marbles  are  the  heaviest  stones, 
although  the  granites  are  not  much  lighter.  There  is  a 
large  difference,  however,  between  the  sandstones  and  the 
marbles  or  granites. 

Table  I. 

NATURAL  STONES  IN  COMPRESSION  ON  BEDS. 


Stone. 


Branford  granite,  Conn . .  . . 
Milford  granite.  Mass 

Troy  granite,  N.  H. 

Milford  pink  granite.  Mass . . 
Pigeon  Hill  granite,  Mass. .  . 
Creole  marble,  Ga 

Cherokee  marble,  Ga 

Etowah  marble,  Ga 

Kennesaw  marble,  Ga. . . . . . 

Lee  marble,  Mass 

Marble  Hill  marble,  Ga. .  . . 

Tuckhoe  marble,  N.  Y 

Mount  Vernon  limestone,  Ky 

Oolitic  limestone,  Ind 

North  River  bluestone,  N.  Y 

Manson  slate,  Maine 

Cooper  sandstone,  Oregon  . . 

Cooper  sandstone,  Oregon  . . 
Maynard  sandstone,  Mass. . . 
Kibbe  sandstone.  Mass 

Worcester  sandstone,  Mass. . 

Potomac  sandstone,  Md.  .  . 
Olympia  sandstone,  Oregon . 
Chuckanut  sandstone,  Wash. 
DyckerhoflTs  cement 

*  Vammerthal     flint     lime- 

stone, Buffalo 

•  Red  granite 


Coefficient 

of 

Elasticity, 

Lbs.  per 

Sq.  In. 

Ultimate  Compressive 

Resistance,  Lbs.  i>er 

Sq.  In. 

Weight 

per 

Cu.  Ft., 

Lbs. 

Max. 

Mean. 

Min. 

8,7x3,100 
7,676,750 

6.1x8,850 

6,200,350 
8,095,250 
7,993,700 

xo  437,800 
8,793,600 
8,317,950 

15,854 
35,738 
38,768 

33, 163 
30,716 

X5,5X3 

13,4x5 
14,317 

io,77x 

X5,707 
33,773 

36,x74 

18,988 
19.670 
13,466 

13,6x9 

14,053 

9.563 

x5,s6o 
19,358 

33,580 

15,756 
17.773 
11,430 

11,833 

X  3.888 

8.354 

162 
X63.5 

164.7 

161.9 
X61.5 
170 

167.8 
169.8 
X68.X 

9,950.850 

X5  173.300 

3,378,400 

xi,533 
19,333 
xx,566 

11,505 
16,303 

7.647 

11,478 

11,640 

5,347 

x68.6 

X78 

1391 

5,475.300 

22,947 
14,930 
15,384 

9.880 

xo,363 

9.763 

3,031,350 
3.034,650 
3,066,800 
3,668,750 

16,366 
10,538 
10,663 

9,869 

14.203 

9,323 

10,063 
9,656 

159.8 
133.5 
133.4 
136.6 

13.441 
12,790 

12,665 
11.389 

33,734 
28.647 

i3,o6x 
xo,276 

18,496 

38,951 

Coefficient 
of  Expan- 
sion per 
Degree 
Fahr. 


,00000398 
,00000418 
,00000337 


,00000441 


.00000454 

,00000203 
.00000441 

, 00000464 

,00000437 
,00000519 


.00000x77 
. 00000567 
.00000577 

. 000005 1 7 

. 000005 
.0000033 


8 

I 

9 
7 
6 


4. 
5 


.00000578 


IX 

I 
3 

X 

3-3 
I 

4.4. 


♦  From  Report  of  1899. 
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The  coefficients  of  elasticity  generally  range  considerably 
higher  than  those  for  concrete  in  Art.  54,  but  the  sand- 
stones form  an  exception  to  this  observation.  The  coeffi- 
cients of  thermal  expansion  vary  between  rather  wide 
limits  but  they  are  mostly  a  little  lower  only  than  those 
determined  for  concrete.  The  coefficient  for  the  Dycker- 
hoff  cement  is  very  close  to  those  exhibited  for  cement 
mortar  and  concrete  in  Art.  46.  The  coliunn  headed  r, 
giving  the  ratios  between  lateral  and  direct  strains,  contains 
interesting  data.  From  what  has  been  shown  in  Art.  4 
it  is  apparent  that  the  total  volume  of  the  test-pieces  was 
considerably  reduced  by  the  compression  to  which  the 
cubes  were  subjected. 

The  coefficients  of  elasticity  were  determined  at  in- 
tensities of  pressure  running  from  1000  or  2000  pounds 
per  square  inch  up  to  8000  or  10,000  pounds  per  square 
inch. 

A  coefficient  would  first  be  determined  at  comparatively 
low  pressures,  as  from  1000  to  3000  pounds  per  square 
inch,  and  then  at  higher  pressures,  as  from  7000  to  9000 
or  10,000  pounds  per  square  inch.  As  a  rule,  the  co- 
efficients determined  at  the  higher  pressures  were  mate- 
rially higher  in  value  than  the  others,  the  stiffness  of  the 
stone  increasing  with  the  loads  within  the  limits  of  the  test. 
The  values  in  the  table  are  the  means  of  those  at  the  low 
and  high  pressures. 

With  the  ordinary  working  values  of  pressures  in 
masonry,  probably  not  more  than  two  thirds  of  the 
values  of  the  coefficients  of  elasticity  given  in  the  table 
should  be  employed. 

In  the  **  U.  S.  Report  of  Tests  of  Metals  and  Other  Mate- 
rials "  for  1900  there  may  be  fotind  the  results  of  compress- 
ing 4-inch  cubes  of  Tennessee  marble  and  of  granite  from 
the  Mount   Waldo  Quarries  at   Frankfort,   Maine.      The 
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ultimate  compressive  resistances  of  the  4-inch  Tennessee 
marble  cubes  expressed  in  pounds  per  square  inch,  were  as 
follows : 

Maximum.  Mean.  Minimum. 

25,478  20,329  16,309 

The  preceding  three  results  cover  twenty  tests. 

The  ultimate  resistances  in  pounds  per  square  inch 
of  the  '* Black  Granite"  from  the  Waldo  Quarries,  as 
determined  from  four  tests  of  2 -inch  cubes,  were  as  follows: 

Maximum.  Mean.  Minimum. 

32,635  30^949  29,183 

Again,  in  the  same  report,  the  ultimate  resistances  in 
pounds  per  square  inch  of  four  4-inch  cubes  of  limestone 
from  Carthage,  Mo.,  are  as  follows* 

Maximum.  Mean.  Minimum. 

17,130  14,947  i3»66o 

Tables  II,  III,  IV,  and  V  of  this  article  contain  the 
results  of  tests  given  in  the  '*  Report  on  the  Compressive 
Strength,  Specific  Gravity,  and  Ratio  of  Absorption  of  the 
Building  Stones  in  the  United  States,"  by  Gen.  Q.  A. 
Gillmore,  1876.  The  specimens,  whose  tests  are  given  in 
Table  II,  were  2 -inch  cubes.  '*Each  cube  was  placed 
between  two  cushion  blocks  of  soft  pine  wood,  2  inches  by  2 
inches  square,  and  slightly  more  than  0.25  inch  in  thickness; 
one  on  the  top  and  the  other  under  the  bottom ;  the  grain 
of  the  wood  being  parallel  in  each  to  the  other--  though  no 
difference  was  obser^^-ed  when  this  was  changed,  as  regards 
amount  of  record.  .  .  .  The  cubes  .  .  .  were  brought 
to  a  true,  smooth,  and  regular  but  not  a  polished  surface." 
The  third  column  shows  whether  the  specimen  was  crushed 
"on  bed"  or  **onedge." 
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Table  II. 

TWO-INCH  CUBES. 


Kind. 


Blue 

Dark 

Light 

Flagging  .  . . 
Old  Quarry. 
Old  Quarry. 
Up  River.  . 
Up  River.  . 
Niantic  River 
Niantic  River 
Porter's  Rock 
Porter's  Rock 

Gray 

Gray 

Gray 

Gray 

Gray 

Gray 

Gneiss 

Gneiss. ..... 

Dark 

Dark 

Bluish-gray. . 

Gray 

Glen's  Palls. 
Glen's  Palls . 

Lake 

Lake 

North  River. 
North  River  . 

White 

White 

Drab 

Drab 

Drab 

Drab 

Dark 

Dark 

Drab 

Drab 

Caen 

Caen 

East  Chester. 
East  Chester. 
Vermont.  .  .  . 
Vermont.  .  .  . 

Drab 

Drab 

Drab 

Drab 

Common  Ital. 
Common  Ital. 


Locality. 


Staten  Island.  N.  Y.. .  . 
Dix  Island,  Me 

8uincy,  Mass 
uincy.  Mass 

North  River 

Westerly,  R.  I 

Westerly,  R.  I 

Richmond,  Va 

Richmond,  Va 

New  London,  Conn.  .  .. 
New  London,  Conn.  .  .. 
Mystic  River,  Conn.  . . . 
Mystic  River,  Conn.  .. . 

Westerly,  R.  I 

Westerly,  R.  I 

Richmond,  Va 

Richmond,  Va 

New  Haven,  Conn 

New  Haven,  Conn 

Sachemshead     QviSLTTy, 

Conn 

Sachemshead     Quarry, 

Conn 

Duluth,  Minn.      

Huron  Island,  Mich. . . . 

Keene,  N.  H 

Pompton,  N.J 

Glen's  Falls,  N.  Y 

Glen's  Falls.  N.  Y 

Lake  Champlain,  N.  Y. 
Lake  Champlain,  N.  Y. 

Kingston,  N.  Y 

Kingston,  N.  Y 

Joliet,  111 

Joliet.  Ill 

Lime  Island,  Mich 

Lime  Island.  Mich 

Marquette,  Mich 

Marquette,  Mich 

Bardstown,  Ky 

Bardstown,  Ky 

Canton,  Mo 

Canton,  Mo 

France 

Prance 

Tuckahoe,  N.  Y 

Tuckahoe,  N.  Y 

Dorset,  Vt 

Dorset,  Vt 

Mill  Creek  Quarry,  111 . . 
Mill  Creek  Quarry,  111. . 
North  Bay  Quarry ,Wis. 
North  Bay  Quarry, Wis. 

Italy 

Italy 


1 


c 
o 


Bed 


>  c 

O 


c 
o 

0) 

6 

h4 


u 
ei 


Edge 

Bed 

Edge 

Bed 

Edge 

Bed 

Bed 

Edge 

Bed 

Edge 

Bed 

Bed 

Bed 

Bed 

Bed 

Bed 

Edge 

Bed 

Edge 

Bed 

Edgt 

Bed 

Bed 

Bed 

Bed 

Bed 

Ed(?e 

Bed 

Edge 

Bed 

Bed 

Bed 

Bed 

Bed 

Bed 

Bed 

Bed 

Bed 

Edge 

Bed 

Edge 

Bed 

Bed 


c 

3 


c3f^ 


22,250 
1 5 .000 
17.750 
14.750 
13,42s 
17,750 
17,250 
21.250 
20.000 
12,500 

14.175 
18.125 
22.250 
14.687 

M,937 

14,100 

13.875 
7,750 
9,500 

»S,937 

14,000 
I7.7SC 
18,125 

»o,375 
24.040 

11.475 
10,750 
25,000 
21,500 
13.900 
11,050 

»2.775 

16,900 

25.000 

16,425 

7.82s 

7,600 

16,250 

15.000 

9.250 

5.650 

3.650 

3.450 

» 2,950 

12,050 

7.612 

8.670 

9.687 

9.787 

20.035 

13.700 

11,250 

13.062 


78.8 

66. 

66. 

68. 

68 

65 

65 


66.3 
66.3 
64.4 
64.4 
66.9 
66.9 
64.4 

64.4 
62.5 
62.5 

63 -7 


68.8 
68.8 
71.9 
71 .9 
68.2 
68.2 
58.8 
62.  5 
61 

59 

46 

46 

66 

66.9 

46.0 

46.0 

18.8 

18.8 

79.7 

79.7 

64.7 

67.8 
60.6 

56.9 
75. o 
75.0 
68.2 
68.  a 


Remarks. 


Cracked  before  bursting. 
Burst  suddenly. 
Cracked  before  bursting. 
Cracked  before  bursting. 
Broke  suddenly. 


•< 
•• 
•« 
•• 
•« 
«• 
«« 
«• 
•« 
«« 


Waxy-looldng. 
Broke  suddenly. 


«• 


•i  «« 


Sycnitic, 


Average  of  3. 

Burst  without  cracking. 


Rather  a  clay  stone. 
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Table  II. — Continued, 


Brown 

Brown 

Gray 

Gray 

Brown 

Brown 

Pink 

Pink 

Drab 

Drab 

Drab 

Drab 

Drab 

Purple 

Purple 

Purple 

Purple 

Red-brown. 
Red-brown. 
Olive  Kreen. 
Olive  green. 

Brown 

Brown 

Pink 

Pink 

Light  buff.  . 
Light  buff.  . 
Freestone.*. . 

Freestone.. . 

Yellow  drab. 
Yellow  drab. 
Craigleith.. . 
Craigleith.. . 


Little  Falls,  N.  Y 

Little  Falls.  N.  Y 

Belleville,  N.  J 

BeUeville,  N.J 

Middletown,  Conn 

Middletown,  Conn 

Medina  N.  V 

Medina,  N.Y 

Berea,  Ohio 

Berea,  Ohio 

Berea.  Ohio 

Vermillion,  Ohio 

Vermillion,  Ohio 

Fond  du  Lac,  Wis 

Fond  du  Lac ,  Wis 

Marquette,  Mich 

Marquette.  Mich 

Seneca  Freestone,  O.  . . 

Seneca  Freestone,  O.  . . 

Qeveland,  Ohio 

Qeveland,  Ohio 

Albion,  N.  Y 

Albion,  N.  Y 

Kasota,  Minn 

Kasota,  Minn 

Fontenac,  Minn 

Fontenac,  Minn 

Dorch'ter,  New  Bruns- 
wick  

Dorch'ter,  New  Bruns- 
wick  

Massillon,  Ohio 

Massillon,  Ohio 

Edinburgh,  Scotland.. . 

Edinburgh,  Scotland. . .  j 


c 
o 

•3 

c 
eg 


Bed 

Edge 

Bed 

Edge 

Bed 

Edge 

Bed 

Edge 

Bed 

Bed 

Bed 

Bed 

Bed 

Bed 

Edge 

Bed 

Edge 

Bed 

Edge 

Bed 

Edge 

Bed 

Edge 


LgC 

d 


Be 
Edge 
Bed 
Edge 

Bed 

Edge 

Bed 

Bed 

Bed 

Edge 


• 

s  per 

Foot. 

f^i 

■§8 

0  :) 

9.8so 

140.6 

9. ISO 

140.6 

11,700 

141 .0 

lo.aso 

141. 0 

6,950 

148.5 

S.SSO 

148. 5 

i7,a5o 

150.6 

14.812 

149.3 

10,250 

131. 9 

8,300 

133.1 

7.a5o 

137.5 

8,250 

135.3 

6,000 

135.3 

6,250 

138.8 

5,110 

138.8 

7.4SO 

135.0 

5.730 

135.0 

9.687 

149.3 

lo.soo 

149.3 

6,800 

140.0 

7,9to 

140.0 

13,500 

151.2 

11.350 

151.2 

10,700 

164.4 

IX. 675 

164.4 

6,250 

145.3 

7,775 

145.3 

9.150 

6,050 

8.750 

131.8 

6,725 

131. 8 

12, 000 

141.3 

11,250 

141.3 

Remarks. 


I  Broke  suddenly.  Hard- 

fened      by     years     oi 

[exposure. 


Calcareous. 


General  Gillmore  showed  that  the  size  of  the  cube  tested 
aflfected  very  greatly  the  ultimate  compressive  resistance 
per  unit  of  area  of  face  of  cube.  Table  III  shows  the 
results  of  gradually  increasing  the  size  of  cubes  of  Berea 
sandstone,  crushed  "on  bed'*  between  wooden  cushion 
blocks,  increasing  (with  size  of  cube)  from  about  0.0625 
inch  to  about  0.4  inch  in  thickness.  The  general  result  is 
marked  in  spite  of  two  or  three  irregularities. 

These  results  are  natural  consequences  of  the  character 
of  stone  and  the  cubical  form  of  the  specimens.     A  few  of 
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Edge  of  Cube. 

Compressive  Resist- 
ance, Pounds  per 
Square  Inch. 

Edge  of  Cube. 

Compressive  Resistance, 
Pounds  per 
Square  Inch. 

Inches. 
0.25 

0.50 

0.75 
1. 00 

1.25 
I  50 

Pounds. 
4,992 

6,080 

6,347 
6,990 

7,342 
8,226  . 

9,310 

Inches. 
2.00 

2.25 

2.50 

2.75 
3.00 

4.00 

Pounds. 
8,955 

9,130 

8,856 

9,838 
10,125 
11,720 

1.75 

« 

General  Gillmore's  experiments  showed  that  such  results 
would  probably  not  appear  if  the  length  of  the  specimens 
had  been  two  or  three  times  the  width  or  breadth. 

The  effect  of  diflFerent  bearing  surfaces  on  the  ultimate 
compressive  resistance  of  stone  cubes  is  well  shown  by  the 
results  given  in  Table  IV.  All  the  results  are  in  pounds  per 
square  inch,  and  belong  to  2-inch  cubes,  with  the  exception 
of  the  '* Sandstone,  drab"  specimens,  which  were  1.5-inch 
cubes.     Each  result  is  a  mean  of  two  to  five  tests. 

The  steel  cushion  gave  the  highest  results  by  a  little.  A 
soft  cushion  seems  to  be  driven  into  the  small  cavities  and 
interstices  of  the  specimen,  and  thus  to  produce  a  splitting 
action  at  the  bearing  surfaces.  **The  beds  of  the  granite 
and  marble  cubes  were  rubbed  to  the  border  of  polish; 
those  of  sandstone  were  rubbed  smooth.** 

Again,  polished  and  unpolished  cubes  give  different 
resistances  per  square  inch,  as  showTi  in  Table  V.     The 
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results  there  given  are  for  2 -inch  cubes  pressed  upon  by 
wooden  cushions. 

Table  IV. 


Kind  of  Stone. 


Granite,  Millstone  Point,  Conn 

Granite,  Keene,  N.  H 

Marble,  East  Chester,  N.  Y 

Sandstone,  Berea,  Ohio 

Vermont  marble,  Vermont 

Limestone,  Sebastopol 

Sandstone,  drab 

Sandstone,  Massillon,  Ohio 

Sandstone,  Massillon,  Ohio  (softer).  . .. 


Ultimate  Compressive  Resistance, 
Pounds  per  Square  Inch. 


Steel. 


23,190 
24,000 

19,125 
11,260 
13,280 

1,075 
4,000 

8,500 

5,660 


Wood. 


22,880 
19,830 
17,540 
10,290 
10,850 

1,075 
4,000 

8,750 

6,730 


Lead. 


15,730 
14,480 
11,560 
7,380 
9,200 
1,075 
4,000 
7,250 
5,500 


Leather. 


15,730 


6,730 
8,190 
1,075 


3,640 


It  is  at  once  evident  that  the  polished  cubes  gave  con- 
siderably the  highest  resistances.  This  is  probably  due 
to  the  fact  that  the  splitting  action  of  the  wooden  cushions 
was  reduced  to  a  minimum  on  the  polished  surfaces. 

Table  V. 


Kind  of  Stone. 

Ultimate  Compressive  Resistance, 
per  Square  Inch. 

Polished. 

Unpolished. 

(iranite  Ouincv.  Mass 

Pounds. 

24,750 
25,000 
21,630 

23,750 
22,880 

19,830 
23,500 

17,540 
10,850 

Pounds. 
l7i7SO 

Granite  Staten  Island.  N.  Y 

111  \f^ 
22.2SO 

Granite.  Garrison's.  N.  Y 

I '^,'^80 

Granite  Tarrvtown.  N.  Y 

I8.2SO 

Granite  Millstone  Point.  Conn 

1 8,7  SO 

Granite  Keene  N  H 

12,750 
17.750 

Granite.  Westerly.  R.  I 

Marble.  East  Chester.  N.  Y 

12,950 

Marble.  Vermont 

8. 7  SO 

General  Gillmore's  experiments  show,  in  a  conclusive 
manner,    that    variety   in    circumstances   of   testing   will 
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produce  a  variety  of  results  for  the  same  section  of  stone 
specimen.  Attending  circumstances  and  dimensions  of 
specimens,  therefore,  should  always  be  given. 

The  results  found  in  Table  VI  are  taken  from  the  **  U.  S. 
Report  of  Tests  of  Metals  and  Other  Materials  ''  for  1894. 
They  relate  to  the  various  kinds  of  rock  indicated  and 
were  found  by  testing  4-inch  to  5 -inch  cubes  on  their  beds. 

Table  VI. 


State. 


Minnesota 
If 

fi 

tt 

fi 

tt 

tt 

tt 

tt 

Iowa 
II 

II 


Ortonville  granite.  . . . 
Kasota  pink  limestone, 

Faribault  marble 

Duluth  brownstone.  .  . 
Mankato  sandstone.  .  . 
Mantorville  sandstone. 
Frontinac  sandstone.  . 
Luveme  quartzite.  . . . 

Rubble  rock 

Firestone 

Gypsum,  Fort  Dodge.  . 


Ultimate 

Compressive 

Resistance, 

Pounds  per 

Square  Inch. 


20,415 
10,833 

17,780 

4,353 
9,606 

8,775 
10,114 

21,556 

19,875 

9,465 

4,834 
2,899 


The  ultimate  resistances  of  the  sandstones  are  relatively 
low,  while  the  higher  values  are  found  for  granites,  lime- 
stones, and  quartzites,  as  is  usual. 


Art.  57. — Timber. 

The  ultimate  compressive  resistance,  coefficient  of  elas- 
ticity, and  other  physical  properties  of  timber  in  com- 
pression are  affected  greatly  by  the  amount  of  moisture 
in  the  timber  and  by  the  size  of  stick.  The  investigations 
of  Professor  J.  B.  Johnson,  acting  for  the  Forestry  Division 
of  the  U.  S.  Department  of  Agriculture,  have  shown  that 
when  the  amount  of  moisture  exceeds  about  30%  by 
weight  of  the  timber  the  physical  properties  are  not  much 
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aflfected  by  any  increased    saturation.     The  walls  of  the 
wood  cells  at  that  point  seem  to  experience  their  maximum 
softening.     Green  timber  may  be  considered  as  carrying 
about  one  third  of  its  weight  in  moisture,  and  it  seems  to 
matter  little  whether  that  moisture  is  water  or  sap,  timber 
once  dried  and  resaturated  appearing  to  suffer  the  same 
diminished  resistance  as*  in  its  original  green  condition. 
Professor  Johnson's  tests  showed  that  the  Southern  pines 
increased  their  ultimate  compressive  resistance  in  some 
cases  as  much  as  75%  by  the  process  of  drying  or  seasoning 
from  33%  of  moisture  down  to  10%,  the  general  rule  being 
a  greatly  increased  compressive  resistance  with  a  decrease  of 
moisture.     It  follows  from  these  results,  therefore,  that  green 
timber  will  be  much  weaker  in  compression  than  seasoned 
timber.     Ordinary  air  seasoning  even  under  cover  seldom 
reduces  moisture  below  about  15%  in  weight  of  the  timber 
itself,  although  imder  favorable  circumstances  of  seasoning 
the  moisture  may  sometimes  drop  to  12%  of  that  weight. 
As  a  matter  of  precision,  therefore,  or  accuracy,  the  ulti- 
mate   compressive    resistance    of    timber    should    always 
be  stated  in  connection  with  the  percentage  of  moisture 
carried  by  the  timber.     This  will  be  found  to  be  the  case 
in  all  of  Professor  Johnson's  experimental  work,  to  which 
reference  has  already  been  made  and  the  results  of  which 
are  chiefly  found  in  bulletins  Nos.  8  and  1 5  of  the  Division 
of  Forestry  of  the  U.  S.  Department  of  Agriculture,  the 
former  being  dated  1893. 

The  earlier  tests  of  Professor  Johnson  were  made  on  a 
basis  of  15%  moisture,  but  in  his  later  work  a  basis  of  12% 
moisture  was  adopted,  and  he  states  in  Circular  No.  15 
that  in  reducing  the  moisture  from  15%  to  12%  the  corre- 
sponding increases  in  the  ultimate  compressive  resistance 
in  pounds  per  square  inch  of  Southern  pines  are  approxi- 
mately as  follows: 
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Across  Grain. 


Long-leaf  pine i  ,100  180 

Cuban  pine 800  220 

Loblolly  pine 900  150 

Short -leal  pine 600  60 


While  it  is  important  as  a  matter  of  physics  to  recognize 
clearly  the  effect  of  moisture  upon  the  compressive  re- 
sistance of  timber,  it  is  of  equal  importance,  and  possibly 
of  greater  importance,  to  recognize  the  fact  that  in  engineer- 
ing practice,  except  in  specially  protected  cases,  the  timber 
used  in  structures  is  more  or  less  exposed  and  can  seldom 
or  never  be  depended  upon  to  contain  even  as  little  as  15% 
of  moisture,  and  with  some  conditions  of  weather  and  at 
some  seasons  of  the  year  it  may  contain  considerably  more. 
It  follows,  also,  that  the  condition  of  timber  as  to  moisture 
in  most  structures  will  change  materially  from  time  to  time. 
It  would  be  unwise,  therefore,  and  perhaps  dangerous  to  use 
working  compressive  resistances  based  upon  the  results  of 
tests  of  small  pieces  with  moisture  reduced  to  15%  or  12%. 

Again,  it  has  been  frequently  stated  as  a  result  of  the 
timber  investigations  by  the  Forestry  Division  of  the 
U.  S.  Department  of  Agriculture,  that  the  ultimate  com- 
pressive resistance  of  large  sticks  may  be  taken  as  practically 
identical  with  that  belonging  to  small  selected  test  pieces, 
the  quality  of  the  material  being  the  same  in  both  cases. 
It  is  possible,  if  the  quality  of  material  throughout  all 
portions  of  every  large  stick  were  identical  with  the  quality 
of  small  selected  specimens,  that  the  ultimate  compressive 
resistance  per  square  inch  might  be  the  same;  but  that  is 
radically  different  from  the  facts  as  they  are.  There  is 
probably  no  stick  of  timber  whose  condition  is  permanent 
at  any  given  time.  If  it  is.  seasoning,  its  quality  is  im- 
proving, but  after  reaching  a  maximum  of  excellence  it 
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begins  to  depreciate  by  decay  or  from  other  causes.  Any 
large  stick  of  timber  as  used  by  the  engineer  is  seldom 
free  from  some  point  of  incipient  decay  and  it  is  never 
free  from  knots,  large  or  small,  wind  shakes,  cracks  from 
one  cause  or  another,  or  from  some  other  defective  con- 
dition, at  some  point.  Small  specimens  for  testing  are 
invariably  so  selected  as  to  eliminate  such  spots  as  militating 
against  a  comparatively  high  resistance.  The  inevitable 
result  for  full-size  sticks  is  a  decreased  resistance  materially 
below  that  of  the  small  specimen.  For  all  these  reasons, 
therefore,  in  engineering  practice  it  would  be  a  radical 
error  to  accept  the  ultimate  compressive  resistance  per 
square  inch  of  small  test  specimens  as  practically  identical 
with  that  of  large  sticks.  Values  for  the  latter  class  of 
timber  should  be  determined  upon  pieces  as  large  as  those 
used  in  structures  and  under  the  same  conditions  in  which 
they  are  used,  which  means  an  indefinite  amount  of  moisture 
ordinarily  sensibly  larger  than  12%  or  15%. 

In  the  **U.  S.  Report  of  Tests  of  Metals  and  Other 
Materials"  for  1896  and  1897  there  may  be  found  results 
of  compressive  tests  for  coefficients  of  elasticity  for  sticks  of 
timber  as  shown  in  Table  I.  Those  sticks  were  many  of 
them  large  enough  to  form  full-size  posts.  They  appear  to 
have  been  of  merchantable  timber  of  about  such  quality  as  is 
used  in  first-class  engineering  works.  They  had  the  Usual 
supply  of  knots  and  other  features  which,  while  not  material 
defects,  prevented  the  pieces  from  being  of  selected  quality. 

As  also  shown  in  the  table,  there  were  a  considerable 
number  of  tests  in  each  case.  **  Endwise*'  compres- 
sion means  compression  parallel  to  the  fibres  of  the 
timber,  while  **Tangentially*'  means  a  direction  tangent  to 
the  rings  of  growth.  That  compression  indicated  by 
** Radially'*  was  in  a  radial  direction,  i.e.,  passing  through 
the  centre  of  the  tree  trunk.     The  determinations  were 


The  fracture  of  a  piece  of  Douglass  fir  or  Oregon  pine  loaded  tangentially  t 
rhe  rings  of  growth.  The  ultimale  compressive  resistance  was  found  to  be  60 
lbs.  per  sq.  in. 
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Table  I. 

TIMBER  IN  COMPRESSION. 


Kind  of  Wood. 

Coefficient  of  Elasticity, 
Pounds  per  Sqiiare  Inch. 

(0 

0 

6 
Z 

4 

9 
6 

6 

4 

Remarks. 

Maximum. 

Mean. 

Minimum. 

Douglas  fir: 
Endwise 

3,461,000 
112,000 
207,000 

1,789,000 

1,890,000 
2,252,000 

1,655,000 

1,623,000 

2,300,000 

2,358,000 

74,600 

158,000 

1.554,000 

1,657,000 
2,175,000 

1,469,500 

1,531,000 

2,251,000 

1,915,000 

40,000 

134,300 

1,338,000 

1,488,000 
2,049,000 

1,202,000 

1,437,000 

2,207,000 

Not  well  seasoned. 

TangentiaUy 

Radially 

It      It           tt 

White  oak: 

Endwise 

<i       tt           « 

Long-leaf  pine: 

Endwise 

From  tons  of  trees 

(1 

4  From  butts  of  trees 

Short-leaf  pine:* 
Endwise 

6 

10 
12 

Not  well  seasoned 

Spruce:* 

Endwise 

Old  yellow-pine  posts:* 

Endwise 

tt       tt          tt 

• 

Very  dry. 

*  These  results  are  means  of  determinations  at  intensities  varying  from 
500  to  5 ,000  pounds  per  square  inch. 

made  at  intensities  of  pressure  varying  from  one  third  to 
one  half  the  ultimate  resistance.  It  will  be  noticed  that 
in  the  values  for  long-leaf  pine  the  highest  results  belong 
to  sticks  from  the  butts  of  trees,  while  those  from  the  tops 
give  materially  less  values.  It  will  also  be  observed  that 
the  values  for  the  very  dry  yellow-pine  posts  in  the  last 
line  of  the  table  are  high,  showing  the  increased  stiffness 
due  to  the  absence  of  moisture.  The  coefficients  of  elas- 
ticity in  the  last  five  lines  of .  the  table  were  computed 
from  the  resilience  of  the  compressed  columns  by  means 
of  a  formula  similar  to  eq.  (2)  of  Art.  29. 

Table  II  exhibits  the  results  of  compressive  tests  made 
by  Professor  Johnson  on  selected  specimens  of  various 
American  timbers  in  his  work  for  the  Division  of  Forestry. 
Most  of  the  test-pieces  were  4  inches  square  in  section 
by  8  inches  long.     The  tests,  therefore,  are  for  short  blocks 
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and  not  for  columns.  The  number  of  tests  for  each  kind 
of  timber  vary  from  lo  for  green  ash  up  to  1230  for  long- 
leaf  pine.  The  results  are  valuable  if  the  size  of  specimen 
and  the  amount  of  moisture  are  both  carefully  borne  in 
mind,  but  they  should  be  used  as  they  stand  as  representing 

Table  II. 

ULTIMATE  ENDWISE  AND   ACROSS^RAIN  COMPRESSIVE 

RESISTANCES  OF  TIMBER. 


No. 


I 

2 

3 
4 

5 
6 

7 
8 

9 
10 

II 

12 

13 

14 

15 
16 

17 

18 

»9 
20 

21 

22 

23 
24 
25 
26 

27 
28 

29 
30 
31 
32 


Species. 


Reduced  to  i^%  Moisture. 

Long-leaf  pine 

Cuban  pine 

Short -leaf  pine 

Loblolly  pine 

Reduced  to  12%  Moisture. 

White  pine 

Red  pine 

Spruce  pine 

Bald  cypress 

White  cedar 

Douglas  spruce,  a 

White  oak 

Overcup  oak 

Post  oak 

Cow  oak. 

Red  oak 

Texan  oak 

Yellow  oak 

Water  oak 

Willow  oak 

Spanish  oak 

Shagbark  hickory 

Mockernut  hickory 

Water  hickory 

Bittemut  hickory 

Nutmeg  hickory 

Pecan  hickory 

Pignut  hickory 

White  elm 

Cedar  elm 

White  ash 

Green  ash 

Sweet  gum 


Averafi[e 

Highest 

10  PerCt. 

of  Tests. 


Lbs.  per 
Sq.  In. 

8,600 
9.500 
7,600 
8,700 

6,800 

8,100 

8,800 

8,500 

6,000 

8,100 

11,300 

8,600 

8,100 

9,800 

9,200 

9,800 

8,300 

9,000 

8,700 

9»500 

10,900 

11,600 

9,600 

11,200 

11,000 

10,400 

12,700 

8,800 

10,100 

8,700 

9,800 

8,500 


Average 
Lowest 

Average 

of  All 

10  PerCt. 

Tests 

of  Teste. 

Lbs.  per 

Lbs.  per 
Sq.  In. 

Sq. In. 

5,700 

6,900 

6,500 

7,900 

4,800 

5,900 

5.400 

6,500 

4,000 

5,400 

4,900 

6,700 

5,600 

7,300 

4,200 

6,000 

4,400 

5.200 

4,200 

5,700 

6,300 

8,500 

6,000 

7,300 

6,000 

7,100 

5,600 

7,400 

5,500 

7,200 

6,900 

8,100 

5,800 

7,300 

6,300 

7,800 

5,500 

7,200 

5,100 

7,700 

7,500 

9,500 

8,000 

10,100 

7,000 

8,400 

7,800 

9,600 

7,100 

8,800 

7,300 

9,100 

8,900 

10,900 

5,000 

6,500 

6,500 

8,000 

5,700 

7,200 

6,600 

8,000 

5,600 

7,100 

Across 
Grain. 


Lbs.  per 
Sq.  In. 

1,000 

1,000 

900 

1,000 


700 
1,000 
1,200 
800 
700 
800 
2,200 
1,900 
3,000 
1,900 
2,300 
2,000 
1,800 
2,000 
1,600 
1,800 
2,700 
3,100 
2,400 
2,200 
2,700 
2,800 
3,200 
1,200 
2,100 
1,900 
1,700 
1,400 


a»  actual  tests  on  "dry"  material,  not  reduced  for  moisture. 
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ultimate  values  for  full-size  sticks  only  after  comparison 
with  the  results  of  tests  of  such  sticks. 

It  is  essential  to  observe  the  small  resisting  capacity 
of  the  various  timbers  when  compressed  across  the  grain, 
the  resistance  in  the  latter  condition  being  but  a  small 
fraction  of  that  along  the  grain. 

Table  III  contains  the  results  of  tests  by  Colonel  Laidley, 
U.S.A.,  **Ex.  Doc.  No.  12,  47th  Congress,  2d  Session.'* 
A  few  other  tests  of  short  blocks  from  the  same  source  will 
be  found  in  the  article  on  **  Timber  Columns.'*  Unless 
otherwise  stated,  all  the  specimens  were  thoroughly  sea- 
soned. 

In  this  table  the  ** length*'  of  all  those  pieces  which 
were  compressed  in  a  direction  perpendicular  to  the  grain 
might,  with  greater  propriety,  be  called  the  thickness,  since 
it  is  measured  across  the  grain. 

In  the  tests  (24-60)  the  compressing  force  was  dis- 
tributed over  only  a  portion  of  the  face  of  the  block  on 
which  it  was  applied;  thus  the  compressed  area  was  sup- 
ported, on  the  face  of  application,  by  material  about  it 
carrying  no  pressure.  In  some  cases  this  rectangular  com- 
pressed area  extended  across  the  block  in  one  direction, 
but  not  in  the  other.  In  all  such  instances  the  ultimate 
resistance  was  a  little  less  than  in  those  in  which  the  area 
of  compression  was  supported  on  all  its  sides. 

The  ''ultimate  resistance"  was  taken  to  be  that  pressure 
which  caused  an  indentation  of  0.05  inch. 

Nos.  (44-5  5 )  show  the  eflfect  of  varying  thickness  of  blocks. 
Within  the  limits  of  the  experiments,  the  ultimate  resistance 
is  seen  to  decrease  somewhat  as  the  thickness  increases. 

Tlie  best  series  of  values  of  the  ultimate  compressive  re- 
sistance of  timbers  as  actually  used  in  large  pieces  and  for 
engineering  structures  that  can  be  written  at  the  present 
time  is  that  given  in  Table  IV. 
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Table  III. 


No. 


Kind  of  Wood. 


3 

4 

5 

6 

7 
8 

9 

lO 

II 

13 

13 
»4 
IS 
i6 

17 
i8 

19 

30 
31 
33 
23 
24 

as 

36 

37 

38 
39 

30 
31 

32 
3S 
34 
3S 
36 

37 
38 
39 
40 

41 
4a 
43 
44 
45 
46 

47 
48 

49 
SO 
51 
52 
Si 
54 
55 
S6 
57 
5S 

59 
do 


Oregon  pine 

Oregon  pine 

Oregon  pine 

Oregon  maple 

Oregon  spruce 

Calitomia  laurel 

Ava  Mexicana 

Oregon  ash 

Mexican  white  mahogany 

Mexican  cedar 

Mexican  mahogany 

White  maple 

White  maple 

Red  birch 

Red  birch 

Whitewood 

Whiiewood 

White  pine 

White  pine 

White  oak 

White  oak 

Ash 

Ash 

Oregon  pine 

Oregon  maple 

Oregon  spruce 

Oregon  spruce 

Calitomia  laurel 

Ava  Mexicana 

Oregon  ash 

Mexican  white  mahogany 

Mexican  cedar 

Mexican  mahogany 

White  pine 

White  pine 

Whitewood 

Whitewood 

Black  walnut 

Black  walnut 

Black  walnut 

White  oak 

Spruce 

\  ellow  pine 

Black  walnut 

Black  walnut 

Black  walnut 

Black  walnut 

Black  walnut 

Black  walnut 

White  pine 

White  pine 

White  pine 

White  pine 

White  pine 

White  pine '. . 

Yellow  birch 

Yell')W  birch 

White  maple 

White  maple 

W'.iite  oak 


Length, 
Inches. 


16. 5 

19.9 
19.9 
8.0 
34.0a 
8.0 
8.0 
8.0 
8.0 
8.0 
8.0 

13. 0 


13 
13 
13 
13 
13 
13 
13 
13 
12 
13 
13 


O 
O 

o 
o 
o 
o 
o 
o 
o 
o 
o 

1-95 
3.63 

3-92 
3.92 
358 
3.69 
3.64 


3 
3 
3 
3 
2. 

3 


77 
75 
75 
06 

90 

15 
3-15 
0.875 
0.87s 
0.87s 
3.40 
70 
90 

75 
00 

25 

SO 

75 
06 

75 
00 

1.25 
1.50 

I -75 

3.  00 
4.25 
4.2s 
4.00 

4.00 

3  05 


Compressed 
Section 

in 
Inches. 


.46X3. 

.21X1. 

.21X1. 

.63X3. 

.92X5. 

.58X3. 

.69X3. 

.64X3. 

.77X3. 

.75X3. 

.75X3. 

.00X4. 

.  00  X  4 . 

.26X4- 

.26X4. 

.00X4. 

.  00  X  4  • 

.  00  X  4  • 

.00X4. 

.00X4. 

.  00  X  4 . 

•  00  X  4 . 

.00X4. 

•  45X3. 

•63X3. 

.75X4. 

.75X4. 

.58X3. 

•69X3. 

•  64X3- 

.77X3. 

•75X3. 

.75X3. 

•20X4. 

•75X4. 

75X6. 

•75X4. 

.75X4. 

.  00  X  3 . 

.  00  X  2 . 

•  75X4. 

.75X4. 

.  00  X  4  • 

.05X4. 

.05X4. 

.05X4. 

■05X4. 

.05X4. 

.05X4. 

.05X4. 

.05X4. 

.05X4. 

.05X4. 

.05X4. 

.05X4. 

.2.';X3. 

.08X3. 

.  0 «;  X  3 . 

.  oS  X  3 . 

.  o<>  X  3 . 

o 

31 
31 

63 

75 
S8 
69 
64 
77 
75 
75 
00 
00 

36 

36 
00 
00 
00 
00 
00 
00 
00 
00 
00 
00 

75 
00 
00 
00 
00 

CO 

00 
00 

75 
00 
20 
00 
00 

94 
50 
00 
00 
00 
00 
00 
00 
00 
00 
00 
00 
00 
00 
00 
00 
00 
00 
00 
00 
00 
00 


Ultimate 

Sx 

Resist- 

?^^ 

ance, 

c  fe  *-« 

Pounds 

Square 

Inch. 

cu 

8,496 

With 

9,041 

8253 

6,661 

S.772 

6.734 

6,383 

«« 

5.121 

6,155 

t« 

4,814 

«« 

10.043 

l« 

7.140 

7.210 

t« 

8,030 

t« 

7,830 

i« 

4.440 

4.330 

5,475 

5,760 

« 

7,375 

7  010 

7.940 

7.640 

1,150 

Perp. 

1.875 

710 

680 

•« 

ft 

3,000 

•« 

3,100 

3,200 

i« 

2,150 

tt 

1.950 

4.500 

87s 

it 

X,OI3 

«• 

900 

x.ooo 

2,450 

3,200 

2,525 

3.550 

970 

t< 

1.900 

3,800 

2.560 

«< 

2,400 

2,500 

2.400 

2.360 

«• 

I,130 

•( 

1. 100 

1,160 

«( 

1,070 

•• 

1,060 

•t 

1,000 

3,000 

M 

1.650 

M 

1.700 

1,900 

2.SOO 

1 
1 

Remarks. 


Unseasoned 
Worm-eaten 


Unseasoned 
Unseasoned 


Mean  of  two 
Mean  of  two 
Mean  of  four 
Mean  of  two 
Mean  of  two 
Mean  of  two 

Mean  of  four 


Mean  of  two 
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Table  IV 

TIMBER  IN  COMPRESSION. 


Kind  of  Timber. 


White  oak 

White  pine 

Southern   long-leaf   or  Georgia 

yellow  pine 

Douglas  (Oiegon)  and  yellow  fir. 
Washington  nr  or  pine  (red  fir) . 
Northern    or  short-leaf    yellow 

pine 

Red  pine 

Norway  pine 

Canadian  (Ottawa)  white^  pine. . 
Canadian  (Onta^o)  red  pine. .. . 

Spruce  and  eastern  fir 

Hemlock 

Cypress 

Cedar 

Chestnut 

Calfomia  redwood 

California  spruce 


Ultimate  Resistance, 
Pounds  per  Square  Inch. 

With  Grain. 

Across 
Grain, 

End 
Bearing. 

Cx>lumns 

Under  1 5 

Diams. 

7,000 
5.S00 

8,000 
8,000 

4.S00 
3,500 

5,000 
6,000 

a, 000 
800 

1,400 
x,aoo 

6,000 
6,000 
6,000 

4,000 
4,000 
4,000 
5,000 
5,000 
4,000 
4.000 
4,000 
4,000 
5,000 
4,000 
4,000 

1,000 
800 
800 

6,000 

700 
600 
700 
700 
900 
Soo 

6,000 
6,000 

Average  Working  Stresses, 
Pounds  per  Square  Inch. 


With  Grain. 

m 

End 
Bearing. 

Columns 

Under  1 5 

Diams. 

1,400 

X,IOO 

x,6oo 
x,6oo 

900 
700 

1,000 

x.aoo 

i,aoo 
x.aoo 
x.aoo 

800 

800 

800 

x,ooo 

1,000 

800 

800 

800 

800 

x.ooo 

800 
800 

i,aoo 

x.aoo 
i.aoo 

Across 
Grain. 


500 
aoo 

3SO 
300 


350 
aoo 
aoo 


aoo 
ISO 
aoo 
aoo 
a5o 
aoo 


That  table  is  taken  from  the  report  of  the  Committee  of 
the  Association  of  Railway  Superintendents  of  Bridges  and 
Buildings,  to  which  reference  was  made  on  page  384.  As 
stated  in  the  article  on  tensile  resistance,  the  values  are 
applicable  to  timber  as  actually  employed,  and  the  working 
resistances  are  those  of  common  use  in  connection  with  the 
design  and  construction  of  timber  structures.  As  in  the 
case  of  tension,  the  compressive  resistances  across  the  grain 
are  but  small  fractions  of  those  with  the  grain.  Values  are 
giveri  for  columns  under  15  diameters  in  length  for  the  rea- 
son that  such  columns  fail  essentially  by  compression  and 
without  the  bending  which  characterizes  long  columns.  The 
table  is  one  of  great  practical  value. 

Bauschinger' s  Relation, 

The  experimental  investigations  of  the  Department  of 
Forestry  conducted  by  Professor  Johnson  appear  to  confirm 
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at  least  approximately  for  small  selected  specimens  the  rela- 
tion between  the  ultimate  compressive  resistance  along  the 
grain  and  the  specific  gravity  found  by  Professor  Bauch- 
inger  in  his  timber  investigations.  If  c  is  the  ultimate  com- 
pressive resistance  of  timber  on  end,  i.e.,  along  the  grain 
in  pounds  per  square  inch,  and  if  g  is  the  specific  gravity  of 
the  timber.  Professor  Bauschinger's  empirical  relation  be- 
tween the  ultimate  compressive  resistance  and  the  specific 
gravity  of  the  timber  stands  as  follows : 

c  =  i38oog  — 900. 

It  is  doubtful  whether  this  empirical  relation  for  such 
timbers  as  pine,  larch,  and  fir  with  which  Professor  Bausch- 
inger  experimented  can  have  much  real  value  in  connection 
with  the  large  cross-sections  of  sticks  used  in  engineering 
practice. 

Miscellaneous  Results. 

Table  V  exhibits  results  of  limited  interest  taken  from 
the  *'  U.  S.  Reports  of  Tests  of  Metals  and  Other  Materials." 
They  have  possible  applications  only  in  unusual  circum- 
stances. 

Table  V. 

MISCELLANEOUS    ULTIMATE    COMPRESSIVE    RESISTANCES. 


IV"*        _f 

Dimensions,  Inches. 

Ultimate  Compres- 
sive Resistance, 
Lbs.  per  Sq.  In. 

Kind. 

Length. 

Breadth. 

Thickness. 

It^ 

Cabbage  palm,  Fla 

Redwood.  Cal 

109 

73 

24 
12 

9.6 

9.6 

7.8 

9.6 

8.6 
12.4 

6 
10 

9.7 
9-7 

8 

8 

Diam. 
II 

5 
8 

9.6 

9.6 

8 

8 

756  (Endwise) 

4,487     ;; 
8.738 
613 

600 

700 

800 

439 

Tron  baric    Alls 

Douglas  fir,  tangentially . 

II         II           (( 
II         II           II 

"    obliquely    to 
nngs 

I 

CHAPTER  Vm. 

COMPRESSION— LONG  COLUMNS. 

Art.  58. — Preliminary  Matter. 

There  is  a  class  of  members  in  structures  which  is 
subjected  to  compressive  stress,  and  yet  those  members 
do  not  fail  entirely  by  compression.  The  axes  of  these 
pieces  coincide,  as  nearly  as  possible,  with  the  line  of  action 
of  the  resultant  of  the  external  forces,  yet  their  lengths  are 
so  great  compared  with  their  lateral  dimensions  that  they 
deflect  laterally,  and  failure  finally  takes  place  by  com- 
bined compression  and  bending.  Such  pieces  are  called 
"long  columns,"  and  the  application  to  them,  of  the  com- 
mon theory  of  flexure,  has  been  made  in  Art.  24. 

.  Two  different  formulae  were  first  established  for  use  in 
estimating  the  resistance  of  long  columns ;  they  are  known 
as  ** Gordon's  Formula"  and  **Hodgkinson's  Formula/' 
Neither  Gordon  nor  Hodgkinson,  however,  gave  the  original 
demonstration  of  either  formula. 

The  form  known  as  Gordon's  formula  was  originally  dem- 
onstrated and  established  by  Thomas  Tredgold  C*  Strength 
of  Cast  Iron  and  other  Metals,"  etc.),  for  rectangular  and 
round  columns,  while  that  known  as  Hodgkinson's  formula 
(demonstrated  in  Art.  24)  was  first  given  by  Euler. 

In  1840,  however,  Eaton  Hodgkinson,  F.R.S.,  published 
the  results  of  some  most  valuable  experiments  made  by 
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himself  on  cast  and  wrought-iron  columns  (Experimental 
Researches  on  the  Strength  of  Pillars  of  Cast  Iron,  and 
other  Materials ;  Phil.  Trans,  of  the  Royal  Society,  Part  II, 
1840),  and  from  these  experiments  he  determined  empirical 
coefficients  applicable  to  Euler's  formula,  on  which  account 
it  has  since  been  called  Hodgkinson's  fonnula. 

Mr.  Lewis  Gordon  deduced  from  the  same  experiments 
some  empirical  coefficients  for  Tredgold's  formula,  since 
which  time  Gordon's  formula  has  been  known. 

The  latter  has  been  quite  generally  used,  but  it  has 
latiely  been  displaced  by  the  straight-line  formula  to  be 
given  later.  Hodgkinson's  coefficients  and  formula  will 
be  given  farther  on. 

Before  taking  up  either,  however,  it  will  be  useful  and 
convenient  to  determine  the  moments  of  inertia  and  squares 
of  the  radii  of  gyration  of  the  various  forms  of  cross-sections 
of  the  colimms  now  in  common  use. 

It  will  also  be  both  convenient  and  important  to  de- 
termine the  conditions  which  ex- 
ist with  an  isotropic  character  of 
section  in  respect  to  the  moment 
of  inertia. 

In  Fig.  I  a  let  BC  be  any  figure 
whose  area  is  A,  and  whose  cen- 
tre of  gravity  is  at  0.     In  the 
plane  of  that  figure  let  any  arbi- 
FiG.  I  a.  trary  system  of  rectangular  co- 

ordinates X\  y  be  chosen  and  let  XY  be  any  other 
system  having  the  same  origin ;  also,  let  x',  y'  and  ^,  y  be 
the  coordinates  of  the  element  D  of  the  surface  A  in  the 
two  systems.     There  will  then  result 

x  =  x^  cos  aA-y'  sin  a, 
y^^y  COS  a  —  x'  sin  a. 
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The  moments  of  inertia  of  the  surface  about  the  axes  y  and 
X  will  then  be 

Jx^dA^cos} afxf*dA+2  sin  a  cos  ajxfydA+^* afy^dA, 
Jy^dA  =cos*  ajy^dA  —  2  sin  a  cos aJx'ydA+sin*  ajxf^dA. 

If  X  and  y  are  to  be  so  chosen  that  they  are  principal 
axes,  then  must  jxydA  « o,  or 

o  «  JxydA  =  sin  a  cos  ajy^dA  +  (cos*  a  —  sin'  a)J^ydA 

— sin  a  cos  ajxf^dA ;    (la) 

2Jx!ydA 
.\  tan  2  a 


Hence,  since  tan  2a— tan  (180  + 2a),  there  will  always 
be  two  principal  axes  90°  apart. 

Now,  if  jx^ydA  =  o,  while  no  other  condition  is  imposed. 

tan  2a  =--0.     This  makes  a  — o  or  90®;   i.e.,  X'Y^  are  the 
principal  axes. 

If,  however,  jx^ydA  —  o,  while  a  is  neither  o  nor  90**, 

eq.  (la)  becomes 

Jy^dA-Jaf^dA^o\ 


or 


tan  2a  =-,  i.e.,  indeterminate, 
o 
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This  shows  that  any  axis  is  a  principal  axis ;  also  that 

JxHA  =fy^dA  ^j^^dA  ^fy^dA. 

Hence  the  surface  is  completely  isotropic  in  reference  to 
its  moment  of  inertia,  or  its  moment  of  inertia  is  the  same 
about  every  axis  lying  in  it  and  passing  through  its  centre  oj 
gravity. 

It  has  been  seen  that  this  condition  exists  where  there 
are  two  different  rectangular  systems,  for  which 

fxydA  ^JafydA  =o; 

but  the  first  of  these  holds  true  if  either  ^  or  y  is  an  axis  of 
symmetry,  and  the  latter  if  either  ^  or  y  is  an  axis  of  sym- 
metry. 

Hence,  if  the  surface  has  two  axes  of  symmetry  not  at  right 
angles  to  each  other,  its  moment  of  inertia  is  the  same  about  all 
axes  passing  through  its  centre  of  gravity  and  lying  in  it, 

Eqs.  (la)  and  the  two  preceding  it  also  show  that  the 
same  condition  obtains  if  the  moments  of  inertia  about  four 
axes  at  right  angles  to  each  other,  in  pairs,  are  equal. 

In  the  case  of  such  a  surface,  therefore,  it  will  only  be 
necessary  to  compute  the  moment  of  inertia  about  such  an 
axis  as  will  make  the  simplest  operation. 

Since  a  column  fails  partly  by  flexure,  it  is  manifest  that 
the  moment  of  inertia  of  its  cross^section  should  he  the  largest 
possible  about  an  axis  passing  through  its  centre  of  gravity 
and  normal  to  the  plane  of  flexure. 
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Box  Column  of  Plates  and  Angles, 


h-6- 


Fig.  I  shows  the  cross-section 
of  a  box  column  composed  of  4 
plates    and   4  or  8  equaWegged      |      ^ 
Ls.     FB  and  CD  intersect  at  the     <| 
centre    of    gravity  of    the  cross-    p. 
section. 

If  the   4  Ls  shown  in   dotted  F 

lines  are  omitted,  the  moment  of  -^— — ^— ' 
inertia  about  FB  will  be 


>t< 


'-I 

L 


r 


-8 


k 


Fig.  I. 


^_w*^j^^id+fy  ^  (s+t)d' 


\'(s-a)(d-2ay+a(d-2sy 


[ 


].    (0 


If  the  dotted  Ls  are  not  omitted 


jJIl+bif^l±DL+i^£+I>:^ 


-[ 


(s-  a)(d-  2ay  +  a(d-  2sy 


] 


(2) 


If  the  4  Ls  shown  in  dotted  lines  are  omitted,  the 
moment  of  inertia  about  CD  will  be 


-    fV     a(w+2t+2sy     (s-a)(w  +  2t  +  2ay 

/«  + Z + A 


(d-'2s){w+2t)^    dw^ 


12 


12 


(3) 
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If  the  dotted  angles  are  not  omitted 


fb*ci[{w+2t+2sy-(w-2sy] 


+ 


6    '  6 

{s-a)[(w+  2t+ 2a)*-  (w-  2a) ']    (d- 2s)[(w+ 20*-a'*] 


+ 


12 


(4) 


If  latticing  is  used  instead  of  the  two  plates  bf,  f  be- 
comes equal  to  zero,  and  the  first  term  in  the  second  member 
of  each  of  the  above  equations  disappears. 

If  A  represents  the  area  of  the  cross-section,  and  r  the 
radius  of  gyration, 


f»=- 


A 


(5) 


Box  Column  of  Plates  and  Channels. 


Fig.  2  shows  a  normal  cross- 
section  of  this  column.  FB 
and  CD  intersect  in  the  centre 
of  gravity  of  the  cross-section. 
As  in  the  preceding  figure, 
these  lines  are  lines  of  sym- 
metry. The  moment  of  in- 
ertia about  FB  is 


T    b^'  .  uAA+Dl  .  (s  +  t)(P-s(d-2ay 


.     (6) 


The  moment  of  inertia  about  CD  is 


fb^     2a(w+2t+2sy+(d-2a)(w+2ty-dw* 
i=-^  + — •  •     (7) 


12 
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If  latticing  takes  the  place  of  the  two  plates  hf,  all  terms 
in  the  second  members  of  eqs.  (6)  and  (7)  involving  t'  wiU 
disappear.     The  moment  of  inertia  about  FB  then  becomes 

{5+t)d'^s{d^2ay 
^=  6  ^^^ 

and  that  about  CD 

_     2a{w  +  2t+2sy+{d'-2a){w+2ty  —  dw^  ,  . 

1  =  — — .     .     (9) 

12  ^ 

{Radius  of  gyrationy  =  r^  ^-r,  in  which  A     ^  1        ?       , 

is  the  area  of  whole  section.  I       Hir 

Eqs.  (7)  and  (9)  may  also  take  the  forms      1 


pi  ; 

given  in  eqs.  (15)  and  (16).  j      "? 

Built  Column  of  Plates  and  Angles.  \ 


A. 


Fig.  3  shows  a  nonnal  cross-section  of  ""  j  t  U'"] 
this  column  with  the  two  axes  of  sym-  ^  ^"0  *** 
metry,    FB    and    CD,    intersecting    at    its  ^' 

centre  of  gravity.     The  moment  of  inertia  about  FB  is 


(s  +  it)(P 


6 

r(s-a)(d-2a)*-\-a(d-2sy\      ,    . 
-[ 6 J-     (^°> 


The  moment  of  inertia  about  CD  takes  the  value 

.    fb\a(2S  +  ty    (s-a)(2a-\-ty     Cd-2s)fi       .    . 
6  6  6  \2  ^     ' 

If  the  two  plates  ht'  are  omitted,  the  terms  involving  i 
in  eqs.  (10)  and  (11)  reduce  to  zero. 


454 


COMPRESSION--LONG  COLUMNS.  [Ch.  VIIL 


{Radius   of  gyrationy^r^^^-^,  in  which  A  is  area  of 
section. 


False  Channel  Section. 

Let  FB  and  CD  intersect  in  the  centre  of  gravity,  (7, 

of   the   section.      The   distance  x^   of   G 
from  the  back  of  the  channel  is 


4 


jp- 


J 


I 


H 


I 

Fig.  4, 

becomes 


^1  = 


^[b^d-^(b^^n(d-2f)] 


»   • 


(12) 


-B    in  which  A  is  area  of  the  cross-section  of 
the  channel.      This  is  usually  foxmd  by 
taking  one  tenth  of  the  weight,  in  pounds, 
■    per  yard  of  the  channel.     Analytically 

A=2bf  +  t(d^2f),     .     .     (13) 

The  moment  of  inertia  about  CD  then 


j,_  2f(b^x,y+dx,^^(d^2f)(x,-ty 


.  (14) 


About  FB  it  has  the  value 


/=« .      .    .    •    (-14a) 


12 


(Radius  of  gyrationy  =  r^  ^-j-. 

The  line  CD  can  be  very  quickly  and  accurately  located 
by  balancing  the  section,  cut  out  of  manilla  paper,  on  a 
knife  edge. 
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Eqs.  (7)  and  (9)  may  now  take  the  forms 

/  =  -g-  +  2/'  +  2>l(^-+a:,j  ,       .     .     .     (is) 
/..[/'  +  ^(f +  ..)'] (.6) 

In  eqs.  (15)  and  (16)   A  represents  the  area  of    one 
channel  section. 

Angle  Ir&n  Section. 

Fig.  5  represents  this  sec- 
tion with  the  two  axes  taken 
parallel  to  the  legs,  passing 
through  the  centre  of  graWty 
G.  The  area  of  cross-section  is 
usually  found  from  the  weight 
per  yard.    Analytically 

A-U+ff-t)l-(.l+V-l)t (i;) 


i[W-(l"-t'W-m 
A 


ilPl'-d'-tW-f)) 


"The  moment  of  inertia  about  CD  is 

^    l(l'-x,y+tx,'-(l-l)(x,-tr 
i 
About  FB 

,   i(;-.r')'-f;v-(i'-()y-i)' 


(18) 


'^--'^^^V^^^^' (■') 


(20) 


(jt) 
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If  the  angle  iron  is  eqiial  legged,  /  becomes  eqtial  to  l\ 

(Radius  of  gyraiiony  ^r^  =^'-^. 

As  in  the  case  of  the  C,  x^  and  of  may  easily  and  ac- 
curately be  f  otmd  by  balancing  a  model  of  the  L  section  on 
a  knife  edge. 


Latticed  Column  of  Four  Angles. 


r 


L  JU 


Y  The   four     Ls   are   held    in   the 

j     relative  positions  shown  in  Fig.  6  by 
^   }(    latticing,  the  latter  being  riveted  to 
®  the  legs  of  the  Ls,  but  not  shown  in 
the  figure.     The  Ls  are  equal  legged. 
From  either  eq.  (20)  or  (21)  the 
moment  of  inertia  of  the  section  of 
^'  any  one  L,  about    an   axis  passing 

through  its  centre  of  gravity  and  parallel  to  6,  is 

t{i^x,y+ix,^-{i-t){x,--ty 

3 

Hence  the  moment  of  inertia  of  the  coltimn  section  of 
Fig.  6,  about  F3,  is 

r^Ah+M—-^!) (22) 

A  is  the  area  of  the  column  section,  or  four  times  the  area 
of  one  L  section. 

If  6  is  different  from  ft',  the  moment  of  inertia  of  the  col- 
umn section  about  an  axis  passing  through  its  centre  and 
parallel  to  ft'  will  be  found  by  simply  changing  6'  to  6  in 
eq.  (22). 

r 

{Radius  of  gyration)  '  =  '''  =  -j  • 
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1 
c 


J 


r 


^=-^'+7(^V(fe'+0*). 


(23) 


I 


\L 


and   that   about   CZ),    remembering 
that  in  /',  b'  is  to  be  changed  to  b : 

ib^ 


^t 


Latticed  or  Closed  Columns  of  Plates  and  Angles. 

Fig.  7  represents  a  nomial  section 
of  one  of  these  columns.  By  the  aid 
of  eq.  (22),  the  moment  of  inertia  of 
the  section  about  FB  may  be  written 


^ 


A 


— *-t — 

Fig.  7. 


/=/'  + 


(24) 


If  the  plates  are  on  the  sides  parallel  to  b\  then  b  is  to  be 
changed  to  6'  and  6'  to  fe  in  eqs.  (23)  and  (24). 

Fig.  8  represents  the  normal  section  of  the  other  of  these 
columns,  in  which  there  is  no  latticing,  the  column  being 
perfectly  closed. 

c^t  Again,  using  eq.  (22),  the  moment 

of  inertia  about  the  axis  FB  is 

f{b'+2ty 


I 


>/ 


If 
I 

A. 


r 


TX 


k 


^ 


A 


H d-H 


t 


+ 


(25) 


Fig.  8. 


Tlie    moment    of    inertia    about 
CD  is 


/=/'  +  - 


f{b'+2t) 


j+(b+tr)+-^.  .  .  (26)i 


In  the  r  in  eq.  26,  b'  is  to  be  changed  to  b.      Ordinarily^ 
b==b'  and  t  =  t\ 

{Radius  of  gyrationY  ^r^  =^-t,  A  being  area  of  cross- 
section. 
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COMPRESSION— LONG  COLUMNS. 


[Ch.  VIIL 


Tee  Section. 

The  axis  FB  is  taken  parallel  to  the  head  of  the  tee 
section,  and  CD  perpendicular  to  it,  while  G  is  its  centre  of 
gravity.     Analytically  the  area  of  the  section  is 


A=bt  +  df, 


(27) 


1^ 


I' 


iiak. 


4 


Fio  9. 

The  area  may  also  be  taken  from  the  weight  in  the  usual 
manner. 

^l"  ^ (28) 

The  moment  of  inertia  about  FB  is 


.  ^  bx,>+f(d+t-x,y-ib-f)(x,-ty 

3 


The  moment  of  inertia  about  CD  is 


7  = 


ib*  +  df* 


12 


(30) 


{Radius  of  gyrationY  =r^  ^-r-- 

As  in  the  other  cases  FB  may  be  located  by  balancing 
on  a  knife  edge. 
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False  I  Section. 

If  the  area  ic  not  taken  from  the  weight  per  yard,  it  may 
be  written 

A^bd-{b-f){d-2t).     .     (31)      ,         |c 

r w- M 

N 


The  moment  of  inertia  about  CD  is 

2ib^+{d-2t)tf^ 


/  = 


12 


About  FB  it  has  the  value 
■      bd^-{b-1f){d-2ty 


12 


(32) 


•     • 


(33) 


:? 


.u-4 


r 


e 


t 


Fig.  10. 


(Radius  of  gyration)  ^  =  r '  =  -j . 


5tor  Section. 

Fig.  1 1  shows  this  section  with  the  different  dimensions. 

The   area   of  cross-section  is 


r 


4- i 


I 


■&-- 


> 


I 

I 

j     J 


7 

Fio.  II. 

Ordinarily  <=»^. 

{Radius  of  gyration)*  ^r**^-j, 


A=bt  +  l/f-tf.    .     (34) 

The  moment  of  inertia  about 
FB  is 

^ J^ •  •     (35) 

About    CD   the   moment    of 
inertia  has  the  value 

tb»+{b'-t)t'r     ,.. 
I — ■•  .   (36) 
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Solid  Rectangular  Section. 


In  Fig.  12  A  =  bh. 
The  moment  of  inertia  about 
FBis 


bh* 
12' 


i"v>.    12. 


and  about  CD, 


(37) 


/  = 


12 


(38) 


/     h' 


{Radius  of  gyration)  '=^=T°^  —  or  — . 
If  the  rectangular  section  is  square,  6=/t. 


Hollow  Rectangular  Sections. 

The  area  of  the  section  shown  in  Fig.  13  is  A  =»  6/t — 6'/i'. 

The   moment   of  inertia     6 

about  FB  is 


7  = 


bh^-b'h 


fhft 


12 


and  that  about  CD  is 


hb^^h'V* 


12 


(40) 


{Radius  of  gyration)* ''r*'--j: 
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,x. 


c4-. 


4> 


All  the  equations  of  this  case  (except  eq.  (40)),  just  as 
they  stand,  apply  directly  to  1  — 

the  rectangular  cellular  sec-       •       '    -  '  '    -•  '     ^ 
tion  of  Fig.  14,  considered  in      ~ 
reference  to  the  axis  FB.     If 
there  were  n  cells  instead  of  3, 
the  space  between  any  adja- 

6' 
cent  two  would  have  the  width  — . 

n 


Fig.  14. 


Solid  and  Hollow  Circular  Sections. 

First  consider  a  solid  cylindrical  column  whose  cross- 
section  has  the  radius  r^,  as  shown 
in  Fig.  15.  The  moment  of  inertia 
about  any  diameter  is 

•     .     (41) 


7  =  ^'-. 

4 


{Radius  of  gyrationy  = 


Ttr. 


\T^^ 


Fu;.  15. 


'2  3 


Next  consider  a  hollow  circular  column  whose  mterior 
and  exterior  radii  are  r^  and  r,  respectively.  The  moment 
of  inertia  about  any  diameter  is 


7.iE(^!zV)=.if!a!±V).(.4=ar.a).    .    (42) 

4  4 


(Radius  of  gyrationy==    ,^^_^i: 


r= *-  =  r'. 
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As  tables  of  circular  areas  are  easily  accessible,  it  may 
be  convenient  to  write 


TCTm 


= —       or      T  •■  — -— ^ '^ 

12.566'  12.566 


Phcenix  Section. 

Pig.  16  shows  the  section  of  a  four-segment  Phoenix  col- 
umn.    Let  CD  represent  any  axis  taken  through  the  centre 

of  the  column.  The  moments 
of  inertia  of  the  rectangles 
bl  about  axes  through  their 
centres  of  gravity  and  parallel 
to  CZ^will  be  very  small  in- 
deed compared  with  the 
moment  of  inertia  of  the 
whole  section.  The  moment 
of  inertia  of  any  one  of  these 
rectangles,  therefore,  about 
CD,  will  be  taken  as  equal  to 
the  product  of  its  area  by  the 
square  of  the  normal  distance 
from  its  centre  of  gravity  to  the  axis  CD.  The  moment 
of  inertia  of  the  section  about  CD  will  then  be 

J  ^  ^^''^'^" ^^'^  +  2bl[(r,  +  ~ysin»  a  +  (r,  +  j^cos^  a] ; 


(43) 


The  moment  of  inertia  is  thus  seen  to  be  the  same  about 
all  axes,  a  result  of  the  general  principle  established  in  the 
first  part  of  this  article. 
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The  area  of  the  cross-section  is 


A^n{r,'--r,')  +  ^hl. 


(43^) 


{Radius  of  gyration)  ^  =  r'  =  -j. 

The  moments  of  inertia  of  six-  and  eight-segment  columns 
may  be  found  in  precisely  the  same  manner.  The  moments 
of  inertia  of  the  rectangular  sections  of  the  flanges  about 
axes  passing  through  their  centres  of  gravity,  being  very 
small  indeed  when  compared  with  the  moment  of  inertia  of 
the  whole  section,  may  be  neglected  without  sensible  error. 


True  I  Section. 


Let  r  = 


2S 


b-h' 


r  is  then  the 


batter,  or  slope,  of  the  under 
side  of  each  flange  to  the  top 
or  bottom  of  the  beam ;  it  ranges 
from  about  one  third  to  essen- 
tially nothing. 

If  the  area  of  the  cross-section 
is  not  deduced  from  the  weight, 
Area  of  section 

=A  =26/+^+5(rf-^j).    (44) 

The  moment  of  inertia  about 
CD\s 


2tb^  +  hJ,\r(b*^t,') 

12  48 


(45) 
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If  t^  is  very  small  as  compared  with  6,  remembering  that 


-r  is  then  essentially  equal  to  s,  there  will  result 


/- 


(2^  +  i5)&«  +  Vj» 


12 


(46) 


This  formula  is  sufficiently  acctirate  for  all  wrought-iron 
and  steel  beams. 
.  The  moment  of  inertia  about  FB  is 


I ^ . 


12 


In  any  of  these  three  cases 


(Radius  of  gyrationY^-^, 


(47) 


•     • 


(48) 


True  Channel  Section. 


In  Fig.  18  let  t^t — r  ;  as  before, 

it  is  the  batter  or  slope  of  the  under 
side  of  the  flange. 

If  the  area  of  the  section  Is  not  de- 
B  duced  from  the  weight, 

Area  of  section 

=  A  =  26^  +  hi^  +  5(6  - 1^.     (49) 

The  centre  of  gravity,  G,  can  be 
found  by  balancing  a  manilla,  or 
other,  pattern  on  a  knife  edge;  or, 
analytically, 


^1^ 


~A 


(SO) 
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The  moment  of  inertia  about  CD  is 


j_i^l±M±ir»L-jn_A,.,.  .  .  (5,) 


If  t^  is  very  small  compared  with  6,  and  remembering 
that  br  is  then  essentially  equal  to  s,  this  last  equation  will 
become 

lJji±^l±i^-A.,'.  ....    (5») 
The  moment  of  inertia  about  FB  is 

I '^r, . (53) 

In  any  of  these  three  cases 

{Radius  of  gyratiov\  * = -j (54) 

Deck  Section. 

The  head  of  this  section  will  be  considered  circular  in 
outline,  as  shown  in  Fig.  19.  Let  a  be  the  area  ot  the 
circle  C. 

If  the  area  of  the  section  is  not  deduced  from  the  weight. 
Area  of  section 

If  the  centre  of  gravity,  G,  is  not  found  by  balancing  a 
pattern  on  a  knife  edge,  there  will  result,  analytically, 

^1 ^ •      (56) 
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The  moment  of  inertia  about  FB  is 


-i*r;^Hn 


+ 


t^(d-hr  (t+sy-t* 


+ 


6r 


-Ax^\   (57) 


2S 

In  which  equation  r = j—j . 


Fio.  19. 

The  moment  of  inertia  about  CD  is 


I. ' •     .     (S8) 


12 


6r 


If  t  is  small  as  compared  with  6,  so  that  essentially  —  =5, 

,    3ah*  +  4t,*(d-h-t-s)  +  {4t+s)b*  .    . 

/ ^8 '■ •   •     •     ^59) 


In  all  cases, 


(Radius  of  gyration)  * = -j. 


(60) 


Angle  Section  about  Oblique  Axis. 


The  angle  iron  is  here  supposed  to  be  equal  legged, 
and  the  axis  about  which  the  moment  of  inertia  is  taken 
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passes  through  the  centre  of  gravity  (before  found  in  this 
article)  and  cuts  the  sides  /  at  an  angle  of  45®.  In  Fig.  20, 
G  is  the  centre  of  gravity  and  HK  the  axis. 


Fig.  20. 

The  moment  of  inertia  about  HK  is 

3 
If  il  is  the  area  of  cross-section, 

{Radius  of  gyrationy^-x (62) 

If  a  long  column  has  the  same  degree  of  fixedness  or 
freedom  in  all  directions,  the  least  value  of  the  square  of 
the  radius  of  gjrration  must  be  taken  for  insertion  in  Gor- 
don's formula,  because  in  the  plane  of  that  radius  the 
column  will  offer  the  least  resistance  to  flexure. 

Art.  59. — Gordon's  Formula  for  Long  Columns. 

Since  flexure  takes  place  if  a  long  column  is  subjected 
to  a  thrust  in  the  direction  of  its  length,  the  greatest  in- 
tensity of  the  stress  in  a  normal  section  of  the  column  may 
be  considered  as  composed  of  two  parts.      In  fact  the 


468  COMPRESSION— LONG  COLUMNS^  [Ch.  YUI. 

condition  of  stress  in  any  normal  section  of  a  long  column 
is  that  of  a  imiformly  varying  system  composed  of  a  uni- 
fonn  stress  and  a  stress  couple.  In  order  to  determine 
these  two  parts  let  5  represent  the  area  of  the  normal 
cross-section ;  /,  its  moment  of  inertia  about  an  axis  normal 
to  the  plane  in  which  flexure  takes  place ;  r,  its  radius  of 
gyration  in  reference  to  the  same  axis ;  P,  the  magnitude 
of  the  imposed  thrust;  /,  the  greatest  intensity  of  stress 
allowable  in  the  coltmin,  and  J,  the  deflection  correspond- 
ing to  /.  Let  f/  be  that  part  of  /  caused  by  the  direct 
effect  of  P,  and  f/'  that  part  due  to  flexure  alone.  Then, 
if  h  is  the  greatest  normal  distance  of  any  element  of  the 
column  from  the  axis  about  which  the  moment  of  inertia 
is  taken,  by  the  "conmion  theory  of  flexure," 

(/PJ^^;    .-.    //' J-.      .    .    .     (i) 

If  the  column  ends  are  rotmd,  (^  =  i ;  but  if  the  ends 
are  fixed,  the  value  of  </  will  depend  upon  the  degree  of 
fixedness. 

Also 

P'-^;  .-./''+/'"=/ •=|(x+^).     .   (2) 


Hence 


1  + 


fS 

c'SJh (3) 


Eq.  (3)  may  be  considered  one  form  of  Gordon's  formula. 
Before  deducing  the  more  common  and  useful  fonn,  it 
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will  be  necessary  to  show  that  J^a-r,  in  which  expression 

a  is  considered  constant. 

Let  p  be  the  greatest  intensity  of  bending  stress  in 
any  section  whose  greatest  value  in  the  column  is  //'. 
By  the** common  theory'*  (taking  the  origin  of  coordinates 
at  the  centre  of  gravity  of  the  cross-section  at  one  end  of 
the  column,  and  the  axis  of  x  along  the  centre  line  before 
flex\are) 


^^  dx'      h  • 


Also 


Mh  ,       ,,    MJi 

p — J-,     and    /?"  =  --p;  ....     (4) 


in  which  equations  E  is  the  coefficient  of  elasticity,  M  the 
bending  moment  for  any  section,  and  M^  the  value  of  M 
corresponding  to  /?". 
Hence 

P'=P  ITT.     and 


M.'    dx*    Eh  M; 


Consequently 


The  section  located  by  /©  is  that  at  which  the  deflection 

dy  /?" 

is  greatest,  and  for  which  j"  =  o,  while  ^  is  considered  con- 
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M 

stant.   The  ratio  jr-  is  numerical,  though  variable,  being  one 

between  quantities  of  the  same  degree.  Mq  is  exactly  the 
same  as  M,  except  that  x,  in  the  latter,  is  displaced  by  l^ ; 
there  are  the  same  number  of  terms  in  each,  and  those  terms 
are  multiplied  by   the  same  coefficients.     The  quantity 

f  j^Mdx^  may  be  so  arranged  as  to  have  the  same  number 

.  of  terms  as  Mq,  but  the  coefficient's  of  those  terms  will  be 
different,  and  the  exponefits  of  l^  in  the  former  will  be  greater 
by  2  than  the  exponents  of  /©  in  M^.  Hence  l^^^cH^  (c  be- 
ing some  constant)  will  be  a  factor  in  all  the  terms  of 
the  definite  double  integral.  From  these  considerations 
it  follows  that 


Mdx^ 


Jo   Ju 


-olJ}, (6) 


Mo 
in  which  a'  is  some  constant.    Consequently 

It  is  seen,  therefore,  that  the  quantity  a^  depends  upon 
both  p"  and  £,  but  it  is  ordinarily  considered  constant. 
Since  I^Sr^,  eqs.  (i)  and  (7)  give 


//'-a.^-a|^p;    /.  /-/^+//'-f  ('+a^). 


(8) 


Eq.  (8)  shows  that  it^^a. 
Hence 

p— ^. (S) 
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The  integration  by  which  eq.  (7)  is  obtained,  being 
taken  between  limits,  causes  eveiything  to  disappear 
which  depends  upon  the  condition  of  the  ends 
of  the  column.  Consequently  eq.  (9)  applies 
to  all  colimins,  whether  the  ends  are  rotinded 
or  fixed.  Let  the  latter  condition  be  assumed, 
and  let  it  be  represented  in  the  adjoining  figure. 
Since  the  column  must  be  bent  symmetrically, 
there  must  be  at  least  two  points  of  contraflexure. 
Two  such  points  only  may  be  supposed,  since 
such  a  supposition  makes  the  distance  between 
any  two  adjacent  points  the  greatest  possible 
and '  induces  the  most  unfavorable  condition 
of  bending  for  the  coltmin.  Fig.  i7 

If  B  and  C  are  the  points  of  contraflexure  supposed, 
then  BC  will  be  equal  to  a  half  of  AD,  for  each  half  of  BC 
must  be  in  the  same  condition,  so  far  as  flexure  is  concerned, 
as  either  AB  or  CD,  Also  the  bending  moment  at  the 
section  midway  between  B  and  C  must  be  equal  to  that 
at  A  or  D.  Consequently  the  free-  or  roimd-end  column 
BC  must  possess  the  same  resistance  as  the  fixed-  or  flat- 
end  coltunn  AD.    In  eq.  (9),  therefore,  let  /  =  2SC  — 2/^, 


(10) 


Eq.  (10)  is,  consequently,  the  formula  for  free-  or  round- 
end  coltmins  with  length  l^. 

The  flat-  or  fixed-end  column  AD  is  also  of  the  same 
resistance  as  the  column  ACj  with  one  end  flat  and  one 
end  free  or  round.  Hence  in  eq.  (9)  let  there  be  put 
/=fi4C=|/',  and  there  will  result,  nearly. 
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P ^,T (II) 

I  + 1 .8a-i 

Eq.  (ii)  is,  then,  the  formula  for  a  column  with  one  end 
flat  and  the  other  round.  A  slight  element  of  approxima- 
tion will  ordinarily  enter  eq.  (i  i)  on  account  of  the  fact  that 
C  is  not  found  in  the  tangent  at  A  just  as  eqs.  (9)  and  (10) 
are  based  on  the  supposition  that  A  and  D  lie  exactly  in  the 
line  of  action  of  the  imposed  load. 

Eqs.  (10)  and  (11)  have  been  and  are  now  generally 
accepted  as  representing  the  resistances  of  coliunns  with  the 
end  conditions  to  which  they  are  intended  to  apply.  -As  a 
matter  of  fact,  however,  tests  of  full-size  members  have 
demonstrated  that  those  conditions  are  not  realized  in  the 
actual  use  of  coltimns.  They  have  further  shown  that 
essentially  but  one  condition  of  column  ends  need  be 
recognized,  and  that  is  the  actual  pin-end  condition,  as 
realized  in  pin-connected  structures.  In  that  condition 
the  end  of  the  column  is  not  free  to  turn.  The  compression 
between  the  pin  and  the  metal  bearing  against  it  caused 
by  the  load  carried  by  the  column  creates  a  considerable 
surface  of  contact  over  a  substantial  portion  of  which  the 
intensity  of  pressure  is  high.  This  produces  a  condition  of 
great  f rictional  resistance  to  any  motion  between  the  pin  and 
the  end  of  the  column,  but  not  sufficient  probably  to  induce 
a  fixed-end  condition.  It  has  been  foimd  by  test  that  flat- 
end  colimins,  as  a  rule,  give  less  ultimate  resisting  capacity 
than  pin-end  colunms  of  the  same  length  and  same  radius 
of  gyration  of  cross-section.  This  is  doubtless  due  to  the 
practical  impossibility  to  secure  a  central  application  of 
loading  when  flat  ends  are  employed,  the  resulting  eccen- 
tricity reducing  the  ultimate  carrying  capacity  of  the 
members.     \^Tiile,  tht^refore,  the  classes  of  columns  repre- 


Art.  59.]      GORDON'S  FORMULA  FOR  LONG  COLUMNS.  473 

sented  by  eqs.  (10)  and  (ii)  are  still  recognized,  it  would 
be  more  rational  and  more  in  accordance  with  experience 
to  use  only  the  general  form  of  eq.  (9)  with  a  determined 
from  actual  pin-end  tests. 

In  the  eariy  days  of  pin-connected  bridge  building  it 
was  thought  that  increased  column  resistance  cotdd  be 
secured  by  swelling  the  coliunn,  i.e.,  by  making  its  central 
cross-section  of  larger  exterior  dimension  than  at  the  ends, 
the  actual  sectional  area  of  metal  remaining  the  same. 
This  meant  the  bending  of  the  component  parts  of  the 
column  in  order  to  attain  the  swelled  form.  It  was  found 
by  actual  test  with  the  component  parts  usually  sprung  or 
bent  cold  into  the  desired  shape,  that  the  swelling  resulted 
in  decreased  resistance  in  consequence  of  the  initial  bending 
stresses  induced.  The  swelling  of  columns  was,  therefore, 
abandoned.  Latterly,  in  some  cases  where  special  columns 
of  great  length  and  size  are  required,  swelling  is  again 
resorted  to,  but  imder  such  circumstances  that  the  initial 
bending  stresses  are  entirely  eliminated.  Such  swelling  of 
form  is  legi  timate  and  will  give  the  increased  resistance  due 
to  the  further  removal  of  the  metal  from  the  neutral  axis 
of  the  section. 

If  the  column  should  be  swelled  the  resulting  moments 
of  inertia  of  section  will  obviously  vary  throughout  the 
length,  and  the  expression  for  the  deflection  given  in  eq. 
(5)  will  become 


Jo  Ju 


o^'-^o 


By  using  this  value  of  the  deflection,  the  preceding 
general  demonstration  will  be  in  no  way  changed  in  form 
and  eq.  (9)  will  still  represent  Gordon's  formula  for  such 
columns,  but  the  quantity  a  would  have  to  be  determined 
for  swelled  columns  if  great  accuracy  were  required. 
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Although  the  quantities  /  and  a,  in  eqs.  (9),  (10),  and  (11) 
are  usually  considered  constant,  they  are  strictly  variable. 
Eq.  (7)  shows  that  a  is  a  function  of  f/'  -^E.  It  is  by  no 
means  certain  that  //'  is  the  same  for  different  forms  of 
cross-section,  or  even  for  different  sections  of  the  same 
form,  and  the  coefficient  of  elasticity  is  known  not  to  be 
perfectly  constant.  It  (the  latter)  is  known  not  only  to 
vary  slightly  with  the  products  of  different  steel  mills,  but 
even  with  the  different  products  of  the  same  mill. 

Again,  the  greatest  intensity  of  stress,  /,  which  can 
exist  in  the  coliunn  varies  not  only  with  different  grades  of 
material,  but  there  is  some  reason  to  believe  that  it  mtist 
also  be  considered  as  varying  with  the  length  of  the  column. 
The  law  governing  this  last  kind  of  variation,  for  many 
sections,  still  needs  empirical  determination.  It  is  clear, 
therefore,  that  both  /  and  a  must  be  considered  empirical 
variables. 

The  expense  necessarily  attending  experimental  re- 
searches on  the  ultimate  resistance  of  long  columns  built  of 
structural  steel  or  wrought  iron,  has  prevented  the  attain- 
ment of  many  desirable  results.  Yet  much  valuable  work 
of  this  kind  has  been  done. 

The  earlier  adaptation  of  the  preceding  formulae  to 
bridge  or  other  coltmins  took  place  when  wrought  iron 
was  the  main  structural  material  and  consequently  the 
resulting  forms  of  Gordon's  formula  were  so  employed  in 
American  practice  as  to  apply  to  wrought  iron.  The 
latter  metal  has  for  some  time  been  displaced  by  structural 
steel,  but  the  great  mass  of  full-size  column  tests  have  been 
made  with  wrought  iron  and  a  considerable  number  of 
those  results  must  be  given  in  this  and  succeeding  articles. 
As  wiU  be  indicated  at  another  point,  these  formulae  for 
wrought  iron  may  be  adapted  to  structural  steel,  with  at 
least  a  close  degree  of  approximation,  by  a  suitable  change 
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of  the  empirical  quantities  which  enter  them  and  whose 
values  may  be  approximately  deduced  from  the  considera- 
tion of  the  tensile  and  compressive  resistances  of  the  grades 
of  steel  involved. 

Among  the  earliest  tests  of  full-size  wrought  iron  columns 
were  those  made  by  Thomas  D.  Lovett,  in  connection 
with  bridge  construction  on  the  Cincinnati  ^uthem  Rail- 
way. These  results  were  reported  in  November,  1875, 
and  they  were  used  for  the  determinations  of  the  quantities 
/  and  a  in  eqs.  (9),  (10),  and  (11)  in  the  following  manner: 

If  the  number  of  experiments  were  sufficiently  great, 
the  results  would  be  combined  by  the  "  Method  of  Least 
Squares/*  In  the  present  instance,  however,  the  use  of  the 
method  is  altogether  impracticable  in  consequence  of  the 
small  number  of  experiments  of  any  given  class.  It  will 
be  seen,  however,  that  the  combination  of  the  experimental 
results  is  not  altogether  of  a  random  nature. 

Since  /  and  a  are  to  be  considered  variable  quantities, 

p 
let  y  take  the  place  of  /  and  x  that  of  a ;   also,  let  p^^ 

represent  the  mean  intensity  of  stress.  Eq.  (9)  then  takes 
the  form 

in  which  c^l^-^ r'.  For  round-  or  free-end  columns  x  will 
take  the  place  of  4a,  and  of  i.8a  for  columns  with  one 
end  rotmd  and  one  end  flat. 

In  eq.  (13)  there  are  two  unknown  quantities,  y  and  Xy 
consequently  two  equations  are  required  for  their  deter- 
mination. If  two  columns  of  dififerent  ultimate  resistances 
per  unit  of  section,  and  with  different  values  of  c,  are  broken 
in  a  testing  machine,  and  the  two  sets  of  data  thus  estab- 
lished separately  inserted  in  eq.  (13),  two  equations  will 
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restilt  which  will  be  stifficient  to  completely  give  y  and  x. 
Those  two  equations  may  be  written  as  follows : 

y^fii+c/x), (14) 

y =//'(! +c"^) (15) 

The  simple  elimination  of  y  gives 

^^TpTTTyT- (16) 

Either  eq.  (14)  or  (15)  will  then  give  y. 

In  selecting  experimental  results  for  insertion  in  eq? 
(16),  care  should  be  taken  to  make  the  differences  p"  —  p' 
and  d  —  d*  as  large  numerically  as  possible,  in  order  that 
the  errors  of  experiment  may  form  the  smallest  possible 
proportion  of  the  first. 

By  employing  eqs.  (14),  (15),  and  (16)  in  the  manner 
indicated  in  connection  chiefly  with  Lovett's  tests  of 
wrought-iron  columns,  the  following  set  of  formulae,  eqs. 
(17)  to  (21),  inclusive,  were  established.  They  represent 
very  closely  long  column  practice  in  wrought  iron  when 
that  material  was  used  for  bridge  and  other  structures. 


CLOSED 


KEYSTONE 


OPEN 


SQUARE 


PHOENIX 


AiyUBR.CO. 


1 


^ 


TOP  CHORD  LATTICED. 


Z-BAR. 


fV 


SQUARE-LATTICED.  PLATE  AND  ANGLES 
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Keystone  Columns. 

36000 
Flatends — swelled p=^ ^ — p;  .     .    .     (17) 

^■^l83ooP 

Flat  ends—  ( Open    \  ._     395QQ      .  /ox 

Straight.,  j Closed} ^""  i      P'  '     '     '     ^"' 

^■^  18300  r» 

36000  ,  . 

Pin  ends — swelled p  = 75-  .  .  .  (19) 

1 5000  r* 

Square  Columns. 

30000  ^    . 

Flatends /?  = ^ — p;  .    .    .    (20) 

35000  r* 

^                                                39000  ,     . 

Pin  ends p^ — p.    .    .     .     (21) 

1 7000  r' 

All  values  of  x  for  round-end  columns  are  found  by 
multiplying  the  corresponding  flat-end  quantities  by  4, 
according  to  eq.  (10). 

Eqs.  (17)  to  (2 1),  inclusive,  give  the  ultimate  resistances 
of  the  various  classes  of  columns.  With  great  variations 
of  stress  a  safety  factor  as  high  as  six  or  eight  may  be  used, 
or  it  may  be  as  low  as  three  or  four  if  the  condition  of  stress 
is  uniform  or  essentially  so. 

A  glance  at  these  formxilae  shows  that  the  quantity  / 
in  eqs.  (9),  (10),  and  (11)  is  considerably  less  than  the 
ultimate  resistance  of  wrought  iron.  It  is  in  reality  the 
average  working  intensity  of  stress  on  the  normal  cross- 
section  of  the  column,  and  is  or  may  be  considerably  less 
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than  the  maximum  intensity  on  that  section  existing  in  the 
extreme  fibre  on  that  side  or  part  of  the  column  subjected  to 
compression  by  bending.  This  average  intensity  is  seen 
to  vary  materially  with  the  form  of  cross-section,  it  being 
substantially  affected,  doubtless,  by  the  influence  of  tfle 
form  of  cross-section,  those  sections  which  are  able  to  sus- 
tain the  greatest  intensity  of  compression  without  buckling 
giving  the  greatest  value  of  /. 

A  consideration  of  these  experiments  would  also  seem 
to  indicate  that  a  closed  column  is  somewhat  stronger  than 
an  open  one.  This  is  imdoubtedly  due  to  the  fact  that  the 
edges  of  the  segments  are  mutually  supporting  if  they  are 
brought  in  contact  and  held  so  by  complete  closure,  but 
not  otherwise.  Thus  the  crippling  or  buckling  of  the 
individual  parts  of  the  column  is  delayed  and  the  ultimate 
resistance  increased. 

The  general  principles  which  govern  the  resistance  of 
built  columns  may,  then,  be  summed  up' as  follows: 

The  material  should  he  disposed  as  far  as  possible  from 
tlte  neutral  axis  of  the  cross -section,  thereby  increasing  r; 

TJiere  should  be  no  initial  internal  stress; 

The  individual  portions  of  the  column  should  be  mutually 
supporting; 

The  individual  portions  of  the  column  should  be  so  firmly 
secured  to  each  other  that  no  relative  motion  can  take  place,  in 
order  that  the  column  may  fail  as  a  whole,  thus  maintaining 
the  original  value  of  r. 

These  considerations,  it  is  to  be  borne  in  mind,  affect  the 
resistance  of  the  column  only;  it  may  be  advisable  to 
sacrifice  some  elements  of  resistance,  in  order  to  attain 
accessibility  to  the  interior  of  the  compression  member,  for 
the  purpose  of  painting.  This  point  may  be  a  very  im- 
portant one,  and  should  never  be  neglected  in  designing 
compression   members.     It    may   be    observed,    however. 
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that  the  sole  object  is  to  prevent  oxidation  in  the  interior 
of  the  column,  and  if  the  column  is  perfectly  closed  this  ob- 
ject is  attained.  Phoenix  columns  which  have  been  in  the 
most  exposed  situations  (in  one  case  submerged  in  water 
at  one  time  for  several  hours)  during  periods  varying  from 
twelve  to  twenty  years,  without  the  sHghtest  oxidation  in 
the  interior  of  the  columns,  have  come  within  the  observa- 
tion of  the  writer.  Different  results,  however,  in  other 
cases  have  been  found. 

Art.  60. — Experiments  on  Phoenix  Columns^  Latticed  Channel 

Columns^  and  Channels. 

There  are  given  in  this  article  in  full  detail  the  results  of 
many  tests  of  wrought-iron  columns,  in  spite  of  the  fact 
that  structural  steel  has  completely  displaced  that  metal. 
This  is  due  to  the  fact  that  no  series  of  tests  of  steel  riveted 
columns  has  yet  been  made.  A  few  isolated  tests  of  the 
latter  class  are  available,  quite  insufficient  for  the  basis  of  a 
law  or  formula.  Again,  the  general  features  of  ultimate 
resistance  of  steel  columns,  including  those  varying  with 
the  ratio  /  5-  r,  are  practically  the  same  as  those  of  wrought- 
iron  columns.  Hence,  in  the  absence  of  tests  of  full-size 
steel  members,  it  is  reasonable  to  use  for  such  members 
the  formulae  for  wrought  iron  with  the  empirical  factors  in 
them  so  increased  (or  decreased)  as  to  add  about  20  per 
cent,  to  the  computed  ultimate  resistance  for  steel  having 
an  ultimate  tensile  resistance  of  60,000  to  65,000  pounds 
per  square  inch,  or  about  25  per  cent,  for  steel  of  65,000 
to  70,000  pounds  ultimate  tensile  resistance.  The  following 
results  for  wrought-iron  columns,  therefore,  possess  distinct 
value,  not  only  as  disclosing  essential  features  of  resistance 
of  all  metal  columns,  but  also  as  forming  a  basis  of  reason- 
able inference  for  formulae  applicable  to  steel  columns. 

The  modem  straight-line,  long-column  formula,  eq.   (3), 
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is  given  as  originally  written.  This  form  of  formula,  was 
first  proposed  and  used  independently  by  Mr.  Theodore 
Cooper,  C.E.,  and  the  author  at  the  Washington  conven- 
tion of  the  American  Society  of  Civil  Engineers  in  1881. 
It  has  since  found  its  way  into  extended  use.  It  is  simpler 
and  more  nearly  represents  the  results  of  tests  of  full-size 
columns  within  the  limits  of  use  in  engineering  structures 
than  Gordon's  formula. 

In  May  and  July,  1873,  some  experiments  were  made  at 
Phoenix ville,  Penn.,  on  full-size  Phoenix  coltmins  by  the 
Phoenix  Iron  Co.  The  results  of  these  experiments  are 
given  in  Table  I,  in  column  headed  *'  Experiment,*'  while 
the  coltmin  headed  **/>'*  contains  the  results  of  the  follow- 
ing formula  established  by  the  methods  of  the  preceding 
article : 


P- 


42000 


1  + 


r 


or     = 


42000 


50000  r' 


4      I'' 
5oooc>  r* 


.  (I) 


according  as  the  ends  are  '*flat"  or  "rotmd."    All  colimins 
are  '*4-segment"  ones. 

Table  I. 


Date. 


May  3,  1873. . 
May  3,  1873. , 
May  3,  1873.. 
May  3,  x«73.  . 
July  19,  1S73. 
July  19,  1873. 


Ends. 

Area. 

Length. 

r^. 

P+r^. 

Exp»ripeaC 

Sq.  In.s. 

Feet. 

Lbe. 

Flat. . . 

5.84 

23.81 

4.10 

19,950 

30,274 

Round. 

5.95 

24.00 

4.10 

20,230 

16,387 

Flat. .  . 

10.21 

23.38 

8.68 

9,065 

36,419 

Flat. . . 

8.50 

22.71 

8.00 

9,282 

38,235 

Flat. . . 

13.31 

23.20 

8.47 

9,151 

32,742 

Flat. . . 

12.85 

23.20 

8.47 

9,151 

35,408 

p. 


hbfi. 

30,000 
16,040 

35,600 

35,430 
35,500 
35,500 
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In  applying  the  formula  the  length  was  reduced  to 
inches,  in  order  to  bring  it  to  the  same  imit  as  that  in  which 
the  radius  of  gyration,  r,  is  expressed. 

The  columns  *  *  Experiment ' '  and  *  *  p "  are  each,  of 
course,  per  square  inch. 

It  is  seen  that  the  experimental  results,  and  those  by 
Gordon's  formula,  give  a  very  close  and  satisfactory  agree- 
ment. It  is  also  seen  that  the  analytical  relation  between 
fiat  and  round  ends  is  partially  confirmed. 

The  square  of  the  radius  of  gyration,  4.10,  was  taken 
the  same  for  the  first  and  second  columns  because  their 
normal  sectional  areas  are  so  nearly  the  same.  The  value 
4.10  belongs  to  a  4-segment  column,  whose  area  is  5.88 
square  inches. 

The  same  observation  applies  to  the  last  two  columns. 
The  value  8.47  belongs  to  a  column  whose  area  of  cross- 
section  is  13.08  square  inches. 

A  most  valuable  and  instructive  set  of  experiments  on 
Phoenix  columns  was  also  made  in  the  large  testing  machine 
at  the  U.  S.  arsenal  at  Watertown,  Mass.,  under  the  direc- 
tion of  Messrs.  Clark,  Reeves  &  Co.,  the  results  of  which 
were  presented  to  the  American  Society  of  Civil  Engineers 
at  the  thirteenth  annual  convention,  June  15,  1881.  The 
value  of  these  experiments  is  enhanced  by  the  fact  that 
they  were  made  on  full-size  columns,  such  in  reality  as 
are  used  in  ordinary  bridge  construction. 

In  the  following  table  are  given  the  results  of  these  ex- 
periments, as  well  as  those  of  several  formulae  presently  to 
be  explained. 

The  following  is  a  portion  of  the  notation : 
Z  =  length  in  inches; 
r = radius  of  gyration  in  inches ; 
E,  L.  =  elastic  limit  in  pounds  per  square  inch ; 
Exp.  =  ultimate  resistance  in  pounds  per  square  indL 
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In  determining  r'  for  Nos.  i  to  20,  inclusive,  a  column 
whose  area  of  cross-section  was  12.23  square  inches  was 
taken.  The  areas  of  the  actual  cross-sections  varied  so  little 
from  this  quantity  that  the  resulting  value  of  r*  was 
assumed  to  belong  to  all  of  the  first  20  columns.  All  the 
columns  were  tested  with  flat  ends. 


Table  II. 


i>+r>. 

P«et. 

Sq-In- 

Ins. 

Lbs. 

Lbs. 

Lbs. 

Lbs 

Lbi. 

.8 

>1.54« 

J4,48S 

.i4,48S 

.7.960 

I 

11 

j" 

M 

'IS 

'V!tZ 

JslsTo 
.i*.j6o 
35,36s 

isij^ 

"'°t° 

715 

5!j76 

36,800 

36!.  44 

I 

i,ri6 

36,900 

36,800 

36,144 

J6,s&. 

38,130 

36,696 

4:096 

36,180 

38,. 30 

36,696 

i8j 

J6,SS7 

J7..48 

J7."4S 

.48 

l!6oo 

361480 

tin.* 

'.it 

90.1 

H 

38 

"1 

J  9.590 
J8.0S0 

]6,397 
38,1SJ 

IS 

II 

.16,666 

4^0 
40,360 

S7!i40 

8's" 

.8,jo= 

'"■" 

"• 

'"" 

.9.S.0 

ll'.«T= 

.>..6o 

An  application  of  eq.  (i)  to  these  columns  reveals  con- 
siderable discrepancies  between  the  results  of  that  formula 
and  the  quantities  given  in  the  column  "  Exp."  of  the  table, 
when  the  values  of  /-;-r  become  comparatively  small,  as 
was  anticipated  in  the  preceding  article.  Instead  of  the 
constant  42,000  in  the  numerator  of  Gordon's  formula, 
these  experiments  show  that  a  variable  quantity  must  be 
used  which  shall  increase  as  /  -;-  r  decreases,  or  as  r  -i-  I 
increases. 

After  several  trials  it  was  found  that  the  following 
modified  form  of  Gordon's  formula  would  give  reasonable 
results  throughout  the  entire  range  of  the  experiments: 
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f' V-T « 

50000  r' 

The  results  of  eq.  {3)  are  given  in  the  column  of  the 
table  headed  p^.  The  agreement  between  the  two  columns 
is  not  as  close  as  could  be  desired,  yet  the  discrepancies  are 
not  sufficiently  great  to  vitiate  the  safe  use  of  the  formula. 

In  the  following  figure  the  Watertown  experiments,  as 
well  as  those  of  Mr.  Bouscaren  and  the  Phcenix  Iron  Co. 
(given  in  this  and  the  preceding  article),  are  shown  by 


diagram.  The  different  classes  of  experiments  are  indi- 
cated as  shown.  The  experimental  curve  is  drawn  with 
particular  reference  to  the  Watertown  experiments,  for  it 
is  then  found  to  be  properly  located  in  reference  to  the 
others.  The  other  curve  expresses  Gordon's  formula  ac- 
cording to  eq.  (2).  It  would  not  be  difficult  to  find  an 
equation  which  would  fit  the  experimental  curve  very 
closely  throughout  the  range  of  the  experiments,  but  it 
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would  not  be  as  simple  as  eq.  (2),  or  as  two  others  to  be 
shortly  given. 

It  is  important  to  observe  that  each  experimental 
value  in  the  diagram  (which  is  a  mean  of  two,  belonging 
to  columns  of  the  same  length,  in  the  table)  lies  on  or 
exceedingly  close  to  the  curve,  with  the  exceptions  of  those 
shown  at  a  and  b,  a  corresponds  to  a  mean  of  Nos.  1 7  and 
18,  and  is  abnormally  high;  b  shows  the  mean  of  Nos.  13 
and  14,  and  is  abnormally  low. 

It  may  be  observed  that  the  experimental  curve  is 
nearly  a  straight  line  from  a  point  just  above  b  to  the 
extreme  left  of  the  diagram.  For  that  portion  of  the 
curve,  therefore,  the  following  formula  applies  very  closely : 

/ 
P'  =  39,640 -46- (3) 

The  results  of  this  formula  are  given  in  the  column 
headed  **/>'.*'  The  table,  in  connection  with  the  diagram, 
shows  that  this  formula  may  be  used  with  accuracy  for 
values  oi  l^r  lying  between  30  and  140,  and  further  ex- 
periments may  possibly  show  that  it  is  applicable  above 
the  latter  limit. 

For  values  of  /-nr  less  than  30,  the  following  formula 
will  be  found  to  give  results  approximating  very  closely  to 
the  experimental  curve: 

/?"=64,7oo-4,6oo>J- (4) 

The  results  of  the  application  of  this  formula  are  given 
in  the  column  headed  *'/?".** 

The  extreme  simplicity  of  eqs.  (3)  and  (4)  makes  it  a 
matter  of  great  interest  to  determine,  by  other  experiments 
covering  extended  ranges  of  /  -^  r,  whether  those  forms,  with 
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different  constants,  may  not  apply  to  shapes  other  than 
that  of  the  Phoenix  column. 

The  inapplicability  of   the  true  long-column  formulae, 

when  -  is  found  below  certain  limits,  which  is  shown  in  Art. 
r 

24,  furnishes  a  proper  foundation  for  thoroughly  empirical 

formulae,  such  as  those  expressed  in  eqs.  (3)  and  (4). 

By  eq.  (4),  the  ultimate  resistance  of  Phoenix  wrought 
iron  to  pure  compression  would  be  about  60,000  pounds  per 
square  inch. 

The  results  of  the  application  of  eqs.  (3)  and  (4)  to 
Bouscaren's  and  the  Phoenix  experiments  are  not  given,  but 
the  diagram  shows  clearly  that  they  would  be  satisfactory. 
Data  sufficient  for  the  application  are  given  in  this  and  the 
preceding  article. 

The  following  is  the  record  of  the  Phoenix  tests  of  the 
very  short  columns  shown  at  c,  d,  and  e  in  the  diagram. 
It  is  a  question  whether  the  degree  of  distortion  which 
accompanied  the  extremely  high  result  of  65,867  pounds 
per  square  inch  was  not  considerably  greater  than  that 


No. 

/. 

Area. 

r». 

/+r. 

i»+r«. 

Exp, 

P\- 

^". 

Z 

Ins. 
8 

Sq.  Ins. 
6.98 

4. II 

3.95 

15.6 

60,573 

51,500 

t 

55,500 

2 

8 

6.98 

4. II 

3.95 

15.6 

60,387 

5^500 

55,500 

3 

4 

5.63 

2.37 

2.6 

6.76 

65,867 

55,800 

57,300 

4 

4 

5.63 

2.37 

2.6 

6.76 

65,867 

55,800 

57,300 

5 

4 

2.93 

2.25 

2.67 

7.13 

56,889 

55,500 

57,200 

6 

4 

2.93 

2.25 

2.67 

7.13 

55,555 

55,500 

57.200 

which  would  characterize  the  condition  of  '* failure"  in  an 
actual  structure.     This  important  point  cannot  receive  too 
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much  attention  in  connection  with  short-column  tests, 
where  the  relative  distortion,  in  the  condition  of  **  failure/' 
is  far  greater  than  that  in  long  columns. 

Latticed  Columns  and  Channels. 

During  1880  and  1881  Col.  T.  T.  S.  Laidley,  U.S.A., 
tested  a  large  number  of  long  columns  composed  of  two 
channel  bars  latticed  in  the  ordinary  manner  (Ex.  Doc. 
No.  12,  47th  Cong.,  ist  Session).  These  columns  were 
furnished  with  3i-inch  pin  ends,  and  were  tested  at  Water- 
town,  Mass.,  in  the  large  government 
machine.  The  adjoining  figure  shows 
the  relative  positions  of  the  channels 
and  pin.      6",    8",    10",   and    12"    Cs 


were  employed,  and  all  the  coltunns,  the  results  of  whose 
tests  are  given  in  Table  III,  preserved  the  uniform  dis- 
tance of  8  inches  between  the  channels. 

The  radius  of  gj^ation,  r,  of  the  cross-section,  given  in 
that  Table,  is  in  reference  to  the  axis  of  the  pin. 

All  the  posts  were  single  latticed,  and  the  pitch  of  the 
latticing  (the  distance  apart  of  rivets  in  the  same  flange  of 
a  C)  was  18  inches  for  the  6-  and  8-inch  channels,  and  22 
inches  for  the  10-  and  12-inch.  2"Xi"  latticing  was  used 
for  the  6-inch  Cs:  2"xf"  for  the  8-  and  lo-inch,  and 
2Vxi!"  for  the  12-inch. 

The  area  of  cross-section  for  the  Cs  of  the  same  depth 
in  different  columns  varied  slightly,  consequently  about  an 
average  area  was  taken. 

All  these  columns  failed  as  wholes,  and  each  result  is  a 
mean  of  two.  Other  columns  of  the  same  set,  and  tested 
at  the  same  time,  failed  by  buckling  of  the  channels; 
they  cannot,  consequently,  be  classed  among  long  col- 
umns which  are  so  constructed  as  to  fail  as  wholes. 
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The  values  of  p 
in  Table  III  are 
shown  graphically  in 
Plate  I.  The  ratio 
l-i-r  is  laid  off  along 
the  horizontal  line 
and  the  ultimate  in- 
tensity p  on  the  ver- 
tical line,  as  shown. 
The  full  curved  line 
is  then  the  experi- 
mental curve  and 
possesses  great  value 
of  a  practical  nature. 
Within  the  limits  of 
the  diagram,  when 
the  ratio 

is  known,  the  ulti- 
mate resistance  of  the 
column  per  square 
inch  ip)  can  be  at 
once  accurately  read 
from  the  plate  with- 
out calculation  or 
scale. 

The  following 
equation, 

p--^—.  (5) 

i-\ i 

30000  r' 

probably     gives    as 

accurate    results  as 

any  form  of  Gordon's 
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Table  III. 

PIN  ENDS.— 3i"  PIN. 


No. 

C 

Area  of 
Section  in 
Sq.  Inches 

(a  Cs). 

Lenitth  in 
Inches. 

Radius  of 

Gyration, 

Ins. 

Length 

over 

Radius;  or 

l+r. 

P- 

Inches. 

Pounds. 

I 

8 

7.65 

160 

300 

53-3 

35,025 

2 

lO 

9.70 

200 

3.65 

54.8 

33,920 

3 

6 

4.65 

144 

2.35 

61.3 

34,450 

4 

6 

4.65 

150 

2.35 

639 

34,130 

5 

8 

7.65 

200 

300 

66.7 

33,790 

6 

lO 

9.70 

250 

3.65 

68.5 

33,770 

7 

6 

4.65 

180 

2.35 

76.7 

34,180 

8 

8 

7.65 

240 

3.00 

80.0 

32,375 

9 

12 

12.00 

360 

4.44 

81.0 

3>,475 

lO 

lO 

9.70 

300 

3.65 

82.2 

33,015 

II 

6 

4.65 

210 

2.35 

89.5 

31,935 

12 

8 

7.65 

280 

300 

93-3 

31,800 

13 

lO 

9.70 

350 

365 

95-9 

30,780 

14 

6 

4.65 

240 

2.35 

102.2 

30,085 

15 

8 

7.65 

320 

3.00 

106.7 

29,600 

i6 

6 

4.65 

270 

2.35 

1150 

30,820 

17 

8 

7.65 

360 

3.00 

120.0 

25,885 

i8 

6 

4.65 

300 

2.35 

127.8 

24.355 

19 

6 

4.65 

330 

2.35 

140.6 

21,330 

20 

6 

4.65 

360 

2.35 

153-4 

15,320 

"/>"  is  the  ultimate  resistance  per  square  incii,  lu  pounus. 

formula.  The  dotted  curve  is  constructed  from  it.  Its  re- 
sults are  seen  to  be  onlv  tolerably  approximate  between  the 

limits  -  =  50  and  135.  It  possesses  little  value  when  com- 
pared with  the  plate. 

Table  IV  contains  results  for  columns  of  the  same  set 
which  failed  by  buckling  of  the  individual  channels  of 
which  they  were  composed. 

If  /  is  the  radius  of  gyration  in  reference  to  an  axis 

through  the  centre  of  gravity  of  a  single  channel  section, 

and  parallel  to  the  web,  the  following  values  will  hold  for  the 

present  cases: 

C;  /  ^0.58  inch. 

C;  7^=  0.48  inch. 

C;  /=  0.69  inch. 

12"   C;  r'  =  0.87  inch. 


6" 
8" 


10 


ff 
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Table  IV. 


No. 

C 

Length, 
Inches, 

Radius  of 

Gyration 

in  Inches, 

r. 

/ 
r' 

Ultimate  p 

in  Pounds 

per  Sq.  Inch. 

Condition  of  Ends. 

Inches. 

I 

6 

120 

2.35 

51. 1 

36,025 

Flat. 

2 

6 

120 

2.35 

51. 1 

33,740 

One  flat ;  one  pin. 

3 

10 

126 

3.65 

34.5 

35,450 

Pin. 

4 

12 

120 

4.44 

27.0 

34,245 

Pin. 

5 

12 

180 

4.44 

40.5 

34,660 

Pin. 

6 

12 

240 

4.44 

54.0 

33,985 

Pin, 

7 

12 

300 

4.44 

67.5 

33,590 

Pin. 

Although  the  lattice  rivets  were  alternate  in  the  same 
channel,  each  flange  was  unsupported  for  a  distance  equal 
to  the  pitch,  i.e.,  18"  for  the  6"  and  8"  Cs,  and  22"  for  the 
10"  and  12"  Cs.     Hence 


For  6"  C ; 
For  8"  C ; 
For  10"  C; 


i8~r'  =  3i.o. 
i8h-/  =  37.4. 

22-5-?^  =  31.9. 
22-h/  =  25.3. 


Cs  commenced 


For  12"  C; 

Table  IV  shows  that  the  column  of  10" 

to  fail  by  buckling  of  the  Cs  when 

/^r  =  34.s, 
and  also  when 

22-^/  =  3I.9; 

that  the  column  of  1 2"  Cs  commenced  to  fail  similariy  when 

the  length  became  so  small  that 

/-^r  =  27.o, 
while 

22-^r'  =  2S.3. 

These  results  would  seem  to  show  that  pin-end  columns 
with  single  but  alternate  latticing  will  begin  to  fail  by  buck- 
ling of  the  channels,  when  /  4-  r,  for  the  column  as  a  whole. 
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becomes  so  small  that  it  is  about  equal  to  the  same  ratio  for  a 
single  channel  between  two  adjacent  rivets  in  the  same 
flange. 

Nos.  I  and  2  of  Table  IV  show  that  if  the  ends  possess  a 
greater  degree  of  fixedness,  the  value  of  /  -r  7-  is  much  greater 
when  buckling  begins  to  take  place,  but  the  number  of 
experiments  is  not  sufficient  to  indicate  the  exact  amount. 

As  would  be  anticipated  under  the  circumstances,  p 
maintains  about  the  same  value  for  all  the  columns  in  Table 
IV.  Hence  when  /  -3-  r  becomes  so  small  that  buckling  takes 
place,  the  ultimate  resistance  of  the  column  is  independent 
of  the  length. 

The  graphical  representations  of  the  results  given  in  this 
article  show  that  the  curve  of  ultimate  resistances  has  a  very 
sharp  declivity  for  small  values  of  /  -J-  r,  but  that  it  becomes 
nearly  straight  and  horizontal  for  larger  values,  and  that  it 
again  increases  in  declivity  with  a  still  farther  increase  in  that 
ratio.  These  phenomena  seem  to  be  much  more  pronounced 
in  the  tubular  variety  of  columns.  They  find  a  simple  and 
obvious  explanation  in  the  fact  that  in  columns  of  moderate 
length  the  deflection  at  the  centre  of  the  column  about  keeps 
pace  (in  the  same  direction)  with  the  movement  of  the 
tentre  of  pressure  at  the  ends. 

Plate  I  shows  (what  was  to  be  anticipated)  that  this 
effect  is  also  much  less  pronounced  with  pin  ends  than 
wdth  flat  ones,  it  being  borne  in  mind  that  the  phenomena 
here  considered  do  not  produce  the  horizontal  straight  line 
which  would  be  seen  if  Plate  I  included  less  values  of  /  4  r 
than  50.  The  latter  represents  the  buckling  of  the  individ- 
ual parts  of  the  column,  and  not  the  failure  of  the  column 
as  a  whole. 

A  few  experiments  by  Col.  Laidle\''  with  columns  of  the 
same  Cs  as  the  above,  but  with  pins  only  three  inches  in 
diameier,  gave  uniformly  less  ultimate  resistance  than  those 
with  three  and  a  half  inch  pins.    Although  this  result  was  to 
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be  expected,  the  number  of  experiments  was  not  sufficient 
to  justify  any  quantitative  conclusions;  it  can  only  be 
stated  that  the  smaller  the  pin  the  less  will  be  the  ultimate 
resistance. 

Table  V. 

FLAT-END  CS. 


No. 

C 

Area  of 

Section  in 

Sq.  Inches. 

;. 

r". 

■  ■    • 

Ultimate  Re- 
sistance,  in 
Lbs.  per  Sq 
Inch,  — p. 

Inches. 

Inches. 

Inches. 

I 

6 

2.33 

6.00 

0.58 

10.3 

42,293 

2 

6 

2.33 

1 7. -60 

0.58 

30.3 

36,835 

3 

6 

2.33 

23.90 

0.58 

41. 1 

33,910 

4 

6 

2.33 

48.00 

0.58 

82.6 

28,140 

5 

8 

3.80 

8.00 

0.48 

16.6 

43.295 

6 

8 

3.80 

17.90 

0.48 

37.2 

35,280 

7 

8 

C   80 

23.90 

0.48 

49.7 

35,975 

8 

8 

380 

29.90 

0.48 

62.2 

33,400 

9 

8 

3.80 

48.00 

0.48 

99.8 

30,620 

10 

10 

4.85 

10.00 

0.69 

14.5 

35,080 

II 

10 

4.85 

17.90 

0.69 

26.0 

33,820 

12 

10 

4.85 

23.90 

0.69 

34-7 

34,355 

13 

10 

4.85 

29.90 

0.69 

43.4 

34.050  , 

14 

10 

4.85 

48.00 

0.69 

69.6 

34,080  1 

15 

12 

6.00 

12.00 

0.87 

X3.8 

37.240 

16 

12 

6.00 

17.80 

0.87 

20.5 

36,590 

17 

12 

6.00 

23.90 

0.87 

27.5 

36,695 

18 

12 

6.00 

29.90 

0.87 

34.4 

35,"  50 

19 

12 

6.00 

48.00 

0.87 

55.2 

36,040  : 

Table  V  contains  the  results  of  Col.  Laidley's  tests  of 
portions  of  the  Cs  used  in  the  columns  which  have  just 
been  treated.     These  portions  had  flat  ends. 

The  moment  of  inertia  of  the  section,  from  which  the 
radius  of  gyration  r'  was  computed,  was  taken  about  an 
axis  parallel  to  the  web  of  the  channel  and  passing  through 
its  centre  of  gravity. 

Many  of  the  results  are  means  of  two  tests  each. 

The  results  given  in  Table  V  are  shown  graphically  in 
Plate  II.  The  values  of  the  ratio  l-^r  are  laid  off  on  the 
horizontal  base  line  to  the  left  from  0,  while  the  values  of 
p  in  pounds  per  square  inch  are  laid  off  vertically  from  O, 
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as  shown.  The 
full  curve  then 
represents  with 
great  accuracy 
the  experimental 
results. 

The  dotted 
curve  represents 
the  following 
form  of  Gordon's 
formula  for  the 
tiltimate  resist- 
ance in  pounds 
per  square  inch: 

This  formula 
is  sufficiently  ac- 
curate for  all  or- 
dinary purposes 
between  the 
limits 

i  +  r'-.S 
and 

but  does  not 
compare  in  value 
with  the  experi- 
mental  (full) 
curve. 
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Addendum  to  Art.  6o. 

Tests  of  Full-size  Wrought-iron  Columns — Tests 
OF  Steel  Angles,  Tees  and  Other  Forms  of  Columns. 

The  observations  made  at  the  beginning  of  Art.  60  are 
applicable  to  the  results  of  tests  of  wrought-iron  columns 
found  in  this  Addendum,  while  the  results  of  tests  of  steel 
struts  by  Mr.  James  Christie  are  of  exceptional  value  in 
the  most  advanced  structural  practice. 

Since  the  issue  of  the  first  edition  of  this  book,  the 
series  of  tests  of  full-sized  columns,  of  which  Table  III 
gives  the  results  of  the  first  20,  has  been  continued  at 
Watertown,  Mass.,  and  the  test  records  are  given  in  **Ex. 
Doc.  No.  5,  Senate,  48th  Congress,  ist  Session,*'  and  **Ex. 
Doc.  No.  35,  Senate,  49th  Congress,  ist  Session.**  Table  VI 
shows  the  digested  records  put  in  shape  to  be  of  some  value 
to  engineers.  These  columns  had  3j-inch  pin  ends,  and 
the  results  belong  to  failures  in  the  plane  normal  to  the  pin- 
axes. 

Columns  21,  22,  23,  24,  25,  26,  and  37  to  48  inclusive 
were  closed  box  columns  composed  of  two  channels  and 
two  plates;  the  remaining  columns,  except  those  of  the 
Wilson  section,  were  composed  of  two  channels  latticed 
together  in  the  usual  manner.  The  word  *' built**  in  the 
Table  indicates  that  the  channels  were  built  of  plates  and 
angles;  otherwise  they  were  rolled.  The  Wilson  column 
is  that  formerly  used  so  frequently  by  Jas.  M.  Wilson, 
C.E.,  while  Eng*r  of  Bridges  and  Buildings,  Penna 
R.  R.  It  has  the  section  shown  by  the  sketch  in 
the  margin.  In  these  columns  the  pin  was  always 
placed  parallel  to  the  plate  between  the  channels,  i.e., 
normal  to  the  webs  of  the  channels  and  as  shown  by 
the  broken  lines. 

In  columns  25,  26,  39,  40,  41,  42,  47,  and  48,  the  pins  were 
placed  through  (i.e.,  normal  to)  the  webs  of  the  channels, 
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as  shown  in  the  figure  on  page  486 ;  in  all  the  other  channel 
coliimns  the  pins  were  placed  parallel  to  the  webs  of  the 
channels. 

The    results    given  in  Tables  III  and  VI    are  showxi 
graphically  on  Plate  A.    All  restdts  are  brought  together 

Table  VI. 

31-INCH  PIN-END  COLUMNS. 


No. 

Inches. 

Section, 
Sq.  Ins. 

Len^h 

in 
Inches. 

Radius 

of 

Gyration, 

Inches. 

Length 
over 

Radius, 
l+r. 

Ultimate 

in  Lbs.  per 

Sq.  In., 

P- 

Remarks. 

I 

8 

7.6 

x6o 

45 

36 

33,9x0 

a 

8 

8.1 

x6o 

4.5 

36 

36,580 

3 

8 

7.6 

160 

5.23 

31 

34.340 

Swelled. 

4 

8 

7.6 

x6o 

5. 23 

31 

33,530 

•< 

5 

10 

XX. 9 

300 

4.6 

44 

33,740 

6 

xo 

13.3 

300 

4.6 

44 

34,670 

7 

xo 

X3.4 

300 

5.98 

34 

3X,X30 

Swelled. 

8 

10 

xa.7 

300 

5.98 

34 

31.990 

ti 

9 

8 

7.5 

340 

5.23 

46 

33,390 

(t 

10 

8 

7.5 

340 

5.23 

46 

34,390 

M 

IX 

8 

7.6 

340 

45 

53 

34,120 

xa 

8 

7.6 

340 

45 

53 

33,410 

13 

10 

X3.X 

300 

4.6 

6S 

33,630 

14 

10 

13.3 

300 

4.6 

65 

32.440 

IS 

xo 

XI. 9 

300 

5.98 

SO 

32,830 

Swelled. 

x6 

10 

XX. 9 

300 

5.98 

50 

32,740 

•  t 

17 

8 

7.7 

3ao 

4.5 

71 

31,610 

x8 

8 

7.7 

320 

4.5 

71 

29,870 

19 

8 

7.7 

320 

5.23 

6x 

30,840 

Swelled. 

ao 

8 

7.7 

330 

5.23 

61 

30,770 

ii 

31 

8 

x6.  3 

320 

3.78 

85 

a8,oao 

Built. 

33 

8 

16.3 

320 

3.78 

85 

37,910 

•• 

»3 

8 

3X  .0 

330 

3.8 

84 

a5,770 

tt 

»4 

8 

30. 6 

320 

3.8 

84 

25.950 

•• 

as 

8 

X7.9 

320 

3.7 

X19 

36,480 

36 

8 

19.4 

320 

3.7 

X19 

35,390 

37 

6 

9.8 

lao 

1.87 

64 

30,330 

38 

6    ^ 

X0.3 

xao 

X.87 

64 

31,380 

29 

6    • 

xo.o 

180 

1.87 

96 

35,160 

30 

6 

10. 0 

180 

x.87 

96 

31,050 

3x 
3a 

8 
8 

16. 1 
x6.3 

340 
340 

2.44 
2.44 

98 
98 

26,430 
33,540 

fc 

Wilson  column. 

33 

6 

9.7 

340 

X.87 

xa8 

>9,38o 

34 

6 

9.8 

340 

x.87 

138 

i6,a30 

35 

8 

X6.3 

320 

2.44 

131 

19,700 

36 

8 

16. 1 

320 

2.44 

131 

17.570  J 

37 

S.6 

9.31 

180 

2.9 

6a 

31,650 

Built. 

38 

5.6 

9-44 

x8o 

3.9 

6a 

30,730 

44 

39 

6.0 

XI.  43 

x8o 

a. 73 

66 

33,aos 

40 

6.0 

11.43 

180 

a. 73 

66 

32,329 

41 

s*° 

17.8 

340 

3.6 

67 

32,077 

43 

8.0 

17. a 

340 

3.6 

67 

32,253 

43 

8.0 

X3.65 

340 

3.6 

76 

37,668 

44 

8.0 

X3.76 

340 

3.6 

76 

30,596 

45 

5.6 

9.34 

340 

3.9 

83 

a8,950 

Emit. 

46 

5.6 

9.36 

340 

a. 9 

83 

39.879 

tt 

47 

6.0 

XX. 43 

340 

a. 73 

88 

29.947 

48 

6.0 

XX. 31 

340 

a. 73 

88 

39,186 

49 

8.0 

15-34 

160 

4. a 

38 

30.965  i 

31.494  S 

Wilson  columt^ 

50 

8.0 

15.40 

x6o 

a. 5 

64 
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Table  Via. 

FLAT-END  CHANNEL  COLUMNS. 


T                   .4 

Radius 

Length 

Ultimate 

No. 

Ins. 

Section, 
Sq.  Ins. 

Length 

in 
Inches. 

of 
Gyra- 
tion, 

over 
Radius, 

in  Lbs.  per 
Sq.  In., 

Inches. 

w     *     w  • 

I 

8 

17.0 

168 

3-6 

47 

34,950 

2 

8 

17.8 

168 

3.6 

47     . 

35,595 

3 

7.2 

21  .0 

168 

3.26 

51. 5 

33,682  1 

4 

7.2 

21.5 

168 

3.26 

51.5 

33,061 

5 
6 

7.5 
7.5 

15.7 
15.6 

248 
248 

3.32 
3.32 

75 
75 

33,003 
34,505 

Built  channels. 

7 

7.2 

21  .2 

248 

3.26 

76 

33,019 

8 

7.2 

21.5 

248 

3.26 

76 

33,943 . 

9 

TO 

17 

308 

4.02 

76.6 

34,279' 

These   columns   lat- 

10 

10 

17.4 

308 

4.02 

76.6 

33,333  . 

ticed  on  one  side.     All 

II 

8 

12.6 

248 

3.16 

78.5 

32,666 

above  are  complete  box 

12 

8 

12.7 

248 

3.16 

78.5 

33,862  ^ 

columns. 

13 

6 

4.8 

121 

2.3 

53 

36,720  ) 
35,330  ) 

Rolled  channels  lat- 

14 

6 

4.7 

121 

2.3 

53 

ticed  both  sides. 

The  results  given  in  this  table  are  a  digest  of  the  records  of  fiat-end  column  tests  given 
in  "Senate  Ex.  Doc.  No.  35,  49th  Congress,  ist  Session."  Within  the  limits  of  these 
testSj  a  comparison  with  the  jt-inch  pin-end  results  shows  that  the  difference  in  the  end 
conditions  exerts  no  influence  on  the  ultimate  compressive  resistance  per  square  inch 
up  to  at  least  /-»-r">8o.  The  number  of  tests  in  this  table  is  qtiite  insufficient  to  estab- 
lish any  law  between  pin-  and  flat-end  columns  of  this  character.  Hence  no  diagram  is 
drawn  or  formula  given. 

on  one  plate  in  order  to  obtain  the  most  probable  curve  for 
ordinary  wrought-iron  columns  with  3i-inch  pin  ends. 

The  various  kinds  of  columns  covered  by  these  experi- 
ments are  seen  to  possess  about  the  same  resistance,  except 
the  Wilson  column,  which  falls  from  lo  to  20  per  cent, 
below  the  others.  This  is  due  to  the  fact  that  in  this 
section  the  greater  portion  of  the  metal  is  but  slightly 
supported. 

The  full  line  on  the  Plate  is  drawn  as  a  mean  of  the 
channel  columns  only,  and  is  of  great  practical  value.  The 
upper  broken  line  expresses  eq.  (5)  of  page  487,  which 
is  probably  as  good  a  pin-end  formula  for  channel  columns 
as  can  be  devised. 

Results  of  experiments  will  be  given  below  which  show 
that  the  resistance  per  square  inch  of  a  pin-end  column 
increases  with  the  diameter  of  the  pin,  and  inasmuch  as 
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pins  ordinarily  used  in  columns  of  the  dimensions  of  those 
tested  usually  considerably 
exceed  3  J  inches,  the  mean 
value  of  these  tests  may 
probably  be  a  little  too  low 
for  ordinary  bridge  practice. 

Tables  VII  and  VIII  con- 
tain the  mean  of  a  large  num- 
ber of  most  valuable  tests  of 
full-size  iron  and  steel  angle, 
tee,  channel,  and  beam  struts, 
with  the  various  end  condi- 
tions indicated,  by  James 
Christie,  Esq.,  Supt.  of  the 
Pencoyd  Iron  Co.  The  de- 
tailed account  of  this  com- 
plete- series  of  tests  should  be 
carefully  consulted;  it  may 
be  found  in  the  "Trans,  of 
the  Am.  Soc.  of  C.  E.,"  Vol. 
XIII,  1884.  All  sizes  of 
angles  and  tees  up  to  4  inches 
by  4  inches  by  I  inch  and  over 
15  feet  in  length  were  used 
in  these  tests.  The  "hinged 
ends"  were  either  one-inch 
or  two-inch  pins  in  semi- 
cylindrical  bearings  or  one- 
inch  or  two-inch  balls  in 
sockets.  The  "round  ends" 
were  the  above-described  balls 
resting  on  flat  or  plane  sur- 
faces. 

The  "flat  ends"  were  se- 
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cured  by  simply  resting  the  carefully  faced  ends  of  the 
struts  on  the  plane  bearing  surfaces  of  the  testing  machine, 
while  .the  **  fixed*'  strut  **  ends''  were  obtained  by  clamping 
the  ends  of  the  struts  rigidly  to  those  bearing  surfaces. 

Every  imaginable  means  was  taken  by  Mr.  Christie  to 
secure  the  utmost  accuracy  in  all  details  of  these  tests. 

In  Tables  VII  and  VIII,  Hs  the  length  of  strut  and  r  the 
least  radius  of  gyration  of  its  normal  cross-section .  In  order 
to  get  the  least  radius  of  the  angle  sections,  the  moment  of 


Table  VII. 

MEAN  RESULTS  OF  WROUGHT-IRON  STRUT  TESTS. 


• 

I 

r 

Flat-end 
Angles. 

Hinged- 

end 
Angles. 

Fixed-end 
Angles. 

Flat-end 
Tees. 

Hinged- 
end 
Tecs. 

Round- 
end 
Tecs. 

Flat-end 
Channels 

and 
Beams. 

20 
40 
60 
80 
100 
120 
140 
160 
180 
200 
220 
240 
260 
280 
300 
320 

340 
360 

380 

49,000 

40,000 

35,000 

32,000 

29,000 

26,000 

23,500 

21,000 

19,000 

16,500 

14,000 

12,000 

10,500 

9,000 

7,500 

6,000 

4,800 

3,800 

3,200 

2,900 

2,500 

2,200 

2,000 

1,900 

45,000 

40,000 

36,000 

32,000 

29,000 

26,000 

22,000 

17,000 

13,000 

11,000 

9,000 

8,000 

7,000 

6,000 

5,000 

4,500 

4,000 

3,500 

3,000 

2,500 

2,300 

2,100 

1,900 

1,700 

45,000 
38,000 
34,000 
32,000 
30,000 
28,000 
25,500 

2  3, COO 
20,C00 
17,500 
15,000 
13,000 
11,000 
10,000 

9,oco 

8,000 
7,000 
6,500 
5,800 
5,200 
4,800 
4,300 
3,800 

49,COO 
42,000 
38,000 
35,000 
3^500 
27,000 
23,000 
20,OCO 

17,000 
14,000 

1 2, coo 

11,000 

IO,COO 

8,500 

7,000 

5,500 

4,500 

4,000 

3,500 

3,000 

2,500 

47,000 

41,000 

36,000 

31,000 

27,000 

22,500 

18,500 

15,500 

12,500 

10,500 

8,500 

7,oco 

6,cco 

5,500 

5,cco 

4,500 

4,coo 

?.5co 

i.cco 

2,500 

2,:CO 

44,oco 

36,500 

30,500 

25,000 

20,500 

16,500 

12,800 

9.500 

7,500 

6,000 

5,000 

4,300 

3,800 

3,200 

2,800 

2,500 

2,100 

1,900 

1,700 

1,500 

1,300 

38,000 

35,000 

34,000 

31,500 

29,000 

26,000 

24,000 

21,000 

i8,coo 

15,000 

12,500 

11,000 

10,000 

9,000 

7,500 

,     6,000 

5,000 

4,000 

400 

420 

440 
460 
480 

inertia  was  taken  about  an  axis  through  the  centre  of 
gravity  of  the  cross-section  and  parallel  to  a  line  through 
the  extremities  of  the  legs. 


Soo 


COMPRESSION-LONG  COLUMNS.  [Ch.  VIII. 


« 


All  results  in  Table  VII  belong  to  wrought-iron  struts, 
while  Table  VIII  belongs  to  struts  of  Bessemer  steel.  The 
"mild"  steel  contained  from  o.ii  to  0.15  per  cent,  carbon, 
but  0.36  per  cent,  carbon  was  foimd  in  the  "high  steel." 
The  ultimate  tensile  resistance  of  the  former  varied  from 

Table  VIII. 

FLAT-END  STEEL  ANGLE  STRUTS. 


Ultimate  Resistance,  Pounds 

Ultimate  Resistance,  Pounds 

/ 

per  Square  Inch. 

^   • 

r 

per  Square  Inch.    - 

r 

Mild  Steel. 

High  Steel. 

Mild  Steel. 

High  Steel. 

20 

72,000 

100,000 

170 

21,000 

26,000 

30 

51,000 

74,000 

180 

19.500 

23,800 

40 

46,000 

65,000 

190 

18,000 

2L,800 

50 

43,000 

61,000 

200 

16,500 

20,000 

60 

41,000 

58,000 

210 

15,200 

18,400 

70 

39,000 

56,000 

220 

14,000 

16.900 

80 

38,000 

54,000 

230 

13,000 

15,400 

90 

36,500 

51,000 

240 

12,000 

14,000 

100 

35,000 

47,000 

250 

11,100 

12,800 

no 

33.500 

43.500 

260 

10,300 

11,800 

120 

31,500 

40,000 

270 

9,600 

11,000 

130 

29,000 

36,500 

280 

9,000 

10,200 

140 

27,000 

33.500 

290 

8,400 

9,500 

150 

25,000 

30,800 

300 

7,900 

9,000 

160 

23,000 

28,300 

60,000  to  66,000  pounds  per  square  inch  with  26  to  24  per 
cent,  stretch  in  8  inches,  while  the  high  steel  possessed  an 
ultimate  tensile  resistance  of  about  100,000  pounds  per 
square  inch  and  a  stretch  of  about  16  per  cent,  in  8  inches. 

It  is  to  be  observed  that  up  to  80  radii  of  gyration  the 
resistance  of  the  fixed -end  angles  falls  below  that  of  both  the 
hinged-  and  flat-end  struts,  but  beyond  that  limit  it  ex- 
ceeds them  both  until  it  reaches  over  double  their  values  at 
and  about  400  radii  of  ^ration. 

The  flat-  and  hinged -end  conditions  approach  each  other 
in  their  resistances  until  they  become  nearly  equal  at  the 
highest  values  of  l-^-r. 
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Plates  B  and  D  repre- 
sent graphically  the  re- 
sults given  in  Tables  VII, 
VIII,  and  IX;  Plate  D 
being  devoted  wholly  to 

,  Table  VIII.     The  curve 

'  for  flat-end  channels  and 
beams  has  been  moved 
to  the  right  in  order  to 
separate  it  from  the 
others.  This  curve  in- 
cludes not  only  Mr. 
Christie's  data,  but  that 
of  Table  V  and  results  of 
later  tests  found  in ' '  Sen- 
ate Ex.  Doc.  No.  1,  47th 
Congress,  2d  Session , ' ' 
and  given  in  Table  IX. 
Plates  B  and  D  and 
the  preceding  Tables 
show  that  at  and  above 
200  radii  of  gyration  the 
iron  and  mild  steel  angle 
struts  possess  the  same 
ultimate  resistance  per 
square  inch.  The  iron 
and  high  steel  continu- 
ally approach  each  other, 
and  undoubtedly  become 
equal  in  unit  resistance 
at  a  length  a  little  above 
300  radii  of  gyration. 
This  is  due  to  the  fact 
that  the    coefficients  of 
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elasticity  for  the  three  metals  are  essentially  identical,  since 
it  has  been  shown  in  Art.  24  that  long-column  resistance 
varies  directly  with  the  coefficient  of  elasticity. 

Table  IX. 

FLAT-END  I-BEAM  STRUTS. 


No. 

Beam. 

Area  of 

Section, 

Square 

Inches. 

Length  in 
Inches. 

r 

Least  Radius 

Gyration, 

Inches. 

/ 

r 

Ultimate 

Resistance 

in  Lbs.  per 

Sq.lnch*^. 

I 

6" 

4.18 

120 

0.6 

.200 

24,210 

2 

3 

4 

5 
6 

7 
8" 

8" 

6.05 
6.65 

6.59 

180 
192 

0  75 
0.8 

240 
241 

13.990 
",540 

193 

0.8 

242 

14,000 

9 

9" 

9" 

lOj" 
_     \  n 

14.4 
6.85 

7.15 

57 

1.24 

46 

37,850 

7 
8 

192 
192 

0.72 
0.72 

267 
267 

12,460 
11,920 

10.26 

155 

0,92 

169 

20,170 

9 

9-3 

216 

0.92 

234 

l6,020(?) 

10 

10.19 

264 

0.93 

284 

11,100 

1 1 

s 

10.46 

264 

0  93 

284 

10,300 

12 

15 

14.8 

264 

1 .00 

264 

12,400 

^3 

15 

14.74 

264 

1. 00 

264 

12,690 

Table  VII  also  shows  that,  from  40  to  120  radii  of 
gyration,  the  resistance  per  square  inch  of  hinged-  and  flat- 
end  angle  struts  are  identical. 

Although  no  formulae  can  be  foimd  that  will  exactly  fit 
the  curves  of  Plates  B  and  D,  those  of  the  form  of  eq.  (3), 
on  page  484,  most  nearly  accomplish  that  result.  Inasmuch 
as  it  is  generally  impossible,  in  engineering  design,  to 
separate  the  conditions  of  flat  and  fixed  ends,  one  formula 
only  is  given  for  these  two  conditions,  the  influence  of  the 
former  predominating.  Round -end  members  are  seldom 
or  never  found  in  engineering  structures,  hence  a  formula 
is  given  for  pin-  or  hinged-end  angles  and  tees.  If  round-end 
members  should  be  used,  the  Table  and  Plate  will  show  how 
much  the  pin-end  resistance  must  be  reduced  for  a  given 
value  of  /  -5-  r,  in  order  to  get  the  round-end  resistance. 
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The  straight  broken  lines  on  Plates  B  and  D  represent 
the  following  formulae:* 

Flat'  and  fixed-end  iron  angles  and  tees: 

/>  =  44,000 -1 40- (7) 

Hinged-end  iron  angles  and  tees: 

/>=46,ooo~i7S- (8) 

Eqs.  (7)  and  (8)  are  to  be  used  only  between  the  limits 
of  /■^r  =  40  and  Z-Hr  =  2oo. 

Flat-end  iron  channels  and  I  beams: 

/>  =  40,000 -1 10^ (9) 

Eq.  (9)  is  to  be  used  only  between  the  limits  of  Z-J-r  =  20 

and /-Hr  =  24o.  ,  ^  jj   c^-^^^*'^ 

Flat-end  mild  steel  angles:    ^^^  y'^  '^^';^  ^  -^.  ^   ^C 

/>  =  52,000— 180- (10)      ^  v^r^ 

*  Although  the  above  formulae  possess  great  advantages,  both  in  accuracy 
and  simplicity,  over  the  old  Gordon  or  Tredgold  forms,  it  is  not  amiss  to  state 
that  the  curved  broken  lines  on  Plate  B  represent  the  following  formulae : 

Flat-  and  fixed-end  iron  angles  and  tees: 

40000  f. 

1^30000 
Hinged-end  iron  angles  and  tees: 

p 40ooo_ ^jj 

r' 20000 

These  formula  can  be  used  with  fairly  good  results  between  the  limits  of 
/  -s-  f  «  40  and  /  -^  r  ■«  180.  They  are  given  simply  in  deference  to  an  old  usage, 
with  the  decided  opinion  that  they  should  be  abandoned. 
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Flat-end  high  steel  angles: 


I 
p  =  70,000  —  290— 


(II) 


Eqs.  (10)  and  (11)  are  to  be  used  only  between  the 
limits  of  /-5-r  =  4o  and  /-Hr  =  2oo. 

Table  X. 

SOLID  3-INCH  SQUARE  COLUMNS— li-INCH  PIN  ENDS. 


Ultimate 

( 

1 

Ultimate 

/ 

Compres- 

/ 

1 

Compres- 

Length. 

sive  Re- 

'  Length, 

/ 

sive  Re- 

Inches. 

d 

r 

sistance, 

Lbs.  per 

Sq.  In. 

1    Inches. 

1 

d' 

r 

sistance, 

Lbs.  per 

Sq.  In. 

30 

10 

35 

30,125 

137.6 

46 

160 

17,780 

42 

14 

49 

28,160 

143-8 

48 

167 

17.600 

54 

18 

63 

26,515 

149.8 

50 

174 

17,180 

60 

20 

70 

26,475 

155-7 

52 

181 

17,670 

66 

22 

77 

25,430 

161. 8 

54 

188 

16,725 

72 

24 

84 

27,245 

167.8 

56 

195 

16,900 

78 

26 

91 

26,800 

1736 

58 

202 

14.525 

84 

28 

98 

24,630 

1795 

60 

210 

14.355 

90 

30 

105 

24,705 

95-5 

32 

111 

25,050 

Flat 

ends. 

101.7 

34 

118 

23,365 

89.6 

30 

104 

26,180 

•     107.6 

36 

125 

21.415 

119. 4 

40 

139 

22,730 

113.6 

38 

132 

20,395 

119.6 

40 

139 

20,430 

On 

e  flat  and 

one  pin  end. 

125.6 

42 

146 

19,085 

89.7  * 

30 

104 

25,155 

131-7 

44 

153 

20,150 

"9  5 

40 

139 

22,160 

Plate  E  shows  the  results  of  tests  of  solid  3 -inch  square 
wrought-iron  columns  with  ends  bearing  on  pins  1.5  inches 
in  diameter,  as  given  in  Table  X,  which  has  been  digested 
from  the  records  of  tests  found  in  **  Senate  Ex.  Doc.  No.  5, 
48th  Congress,  ist  Session."  According  to  the  usual 
notation,  /  in  the  Table  is  the  length  in  inches;  r  the 
radius  of  gjTation  (in  inches)  of  a  normal  section,  and  d 
the  length  of  a  side  (3  inches).  As  all  bars  are  here  3 
inches  square,  there  is  a  constant  ratio  between  d  and  r. 
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The  formula  shown  by  the  broken  line  on  Plate  E  is  as 
follows,  for  pin-end  solid  wroughUiron  columns: 


^   I 
/>  =  32,000-   80- 

/>  =  32,000- 277^ 


(12) 


Eq.  (12)  is  to  be  used  only  between  the  limits  of  /  -s-r  «  20 
and  Z-^r  =  22o,  or  l-^d  =  6  and  l-^d=6^. 


Table  XI. 

THREE-INCH  SQUARE  SOLID  COLUMNS. 


Pin  Diameter, 
Inches. 

Length,  Inches. 

/ 
d 

/ 

r 

Ultimate 

Resistance.  Lbs. 

per  Sq.  In. 

120 

40 

139 

16,285 

li 

120 

40 

139 

18,335 

>J 

120 

40 

139 

20,430 

li 

120 

40 

•139 

21  440 

2i 

120 

40 

139 

22,250 

The  ** flat-end*'  and  '*one  pin- and  one  flat-end*'  results 
in  Table  X  are  both  interesting  and  important — as  showing 
that  the  resistance  of  the  latter  end  condition  is  essentially 
a  mean  between  those  for  pin  and  flat  ends. 

Table  XI,  taken  from  the  same  source  as  Table  X,  also 
possesses  no  little  importance  as  showing  the  influence  of 
pin  diameter.  An  increase  of  ^  inch  in  pin  diameter  below 
i^  inches  increases  the  column  resistance  over  2000  pounds 
per  sq.  in.  Above  that  limit  the  increment  of  resistance 
for  the  same  increase  in  pin  diameter  is  continually  less, 
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although  very  material.  As  a  general  principle,  it  may  be 
said  that  an  increase  in  pin  diameter  will  produce  a  corre- 
sponding increase  in  column  resistance. 


FormulcB  for  Engineering  Practice, 

If  the  greatest  allowed  working  stresses  in  coltunns  be 
taken  at  one  one-fifth  the  ultimate  resistance,  as  is  usual  for 
railway  structures,  the  following  formulae  will  result : 

Flat-end  latticed  channel  columns: 

8000  ,       ^ 

P- T-p ('3) 

I  J 

40000  r* 

Pin-end  latticed  channel  columns: 

8000  ,     . 

P'^ 1 — jt (14) 

30000  r* 
Or  p  =  8500 -28- :     (15) 


Eqs.  (13),  (14),  and  (15)  should  be  used  only  between 
the  limits  of  /-^r  =  4o  and  /-^r  =  i4o;  and  eq.  (13)  is  given 
only  as  a  formula  which  is  quite  generally  used  among 
engineers,  but  which  as  yet  has  no  foimdation  on  a  series 
of  tests  of  full-size  columns;  it  gives  results  which  are 
probably  too  high. 

Flat"  and  fixed-end  iron  angles  and  tees: 

I 
/?  =  88oo-28- (16) 
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Hinged-end  iron  angles  and  tees: 

I  ,    , 

p  =  920o-3S- (17) 

Eqs.   (16)  and  (17)  are  to  be  used  only  between  the 
limits  of  /^r  =  4o  and  Z-^r  =  200. 

Flat-end  iron  channels  and  I  beams: 

I 
/?  =  8000— 22- (18) 

Eq.  (18)  is  to  be  used  only  between  the  limits  of  /  ^  r  =  20 
and  Z-5-r  =  24o. 

Pin-end  solid  wrought-iron  square  columns: 


/>  =  6400— 16— 

I 
p- 6400 -55  J 


(19) 


Eq.  (19)  is  to  be  used  only  between  the  limits  of  /  -^  r  =  20 
and  /-f-r  =  22o,  or  l-^d^t  and  /-5-(i  =  6s. 
Flat-end  mild-steel  angles: 

I 
/?  =  10,400 -36-.   ......     (20) 

Flat-end  high-steel  angles: 

p  =  15,200- 58- (21) 

Eqs.  (20)  and  (21)  are  to  be  used  only  between  the 
limits  of  /-^r  =  4o  and  /^r  =  2oo. 

For  columns  with  one  -flat  and  one  pin  end,  in  all  cases  use 
a  mean  of  two  pin  ends  and  two  Hat  ends. 
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For  hinged-end  angles  of  steel,  in  the  absence  of  experi- 
mental data,  the  proper  reduction  from  fiat-end  angles  of  the 
same  material  may  be  assumed  to  be  the  same  percentage 
or  ratio  as  that  between  flat-  and  hinged-end  iron  angle 

coltimns  with  an  equal  value  of  -. 

It  is  important  to  observe  that  the  new  form  of  column 
formula  (eqs.  (15)  to  (21)  inclusive)  is  better  adapted  to 
forms  of  section  in  which  the  metal  is  near  the  neutral 
axis  than  to  those  in  which  the  metal  is  placed  at  the 
greatest  possible  distance  from  that  axis.  It  is  yet  a 
question  whether  the  old  Tredgold  form  (eqs.  (13)  and  (14)) 
is  not  the  best  for  channel  columns  and  those  of  similar 
section.  The  new  form,  on  the  other  hand,  is  much  the  best 
for  angles,  tees,  I  beams,  solid  sections,  etc.  No  formula, 
however,  which  can  be  devised,  is  to  be  compared  in  value 
with  the  experimental  diagram,  like  Plates  A  to  E. 

Steel  Latticed  Channel  Columns. 

Although  some  interesting  tests  of  full-size  pin-end  chan- 
nel columns  of  Bessemer  steel  have  been  published  by  Mr. 
James  Dagron  in  the  **  Trans,  of  the  Am.  Soc.  of  C.  E.  for 

/ 

1887,"  yet  the  number  was  only  8,  and  the  range  of  -  too 

limited  for  the  deduction  of  any  law  or  formula,  had  the 
design  of  the  columns  been  satisfactory.  Again,  it  is  not 
stated  whether  the  rivet  holes  were  drilled  or  punched, 
or  punched  and  reamed,  while  the  resistance  of  the  columns 
would  probably  be  materially  affected  by  those  processes. 
Tests  of  full-size  steel  latticed  columns  are  therefore  still 
needed  in  order  positively  to  fix  their  resistance. 

Such  tests  as  have  been  made,  however,  indicate  that 
properly  designed  and  fabricated  steel  columns,  of  metal 
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ranging  in  tensile  strength,  in  specimens,  from  65,000  to 
73,000  pounds  per  sq.  in.,  will  give  a  resistance  from  20  to 
25  per  cent,  in  excess  of  that  of  wrought-iron  columns  with 

the  same  value  of  -,  provided  that  ratio  does  not  exceed 

135  to  140.  The  working  stresses  for  such  columns,  there- 
fore, can  be  foimd  by  increasing  those  given  for  wrought 
iron  20  per  cent,  for  ordinary  railway  practice  and  usual 
lengths  of  span,  or  25  per  cent,  for  spans  of,  say,  300  feet  and 
over. 

Details  of  Columns, 

In  addition  to  the  data  already  given  in  another  portion 
of  this  article,  the  tests  cited  in  this  addendum  show  that 
the  unsupported  width  of  no  plate  in  a  compression  member 
should  exceed  30  to*35  times  its  thickness.  These  tests  have 
usually  been  made  with  plates  or  metal  }  to  ^  inch  in  thick- 
ness, and  it  is  altogether  probable  that  the  above  ratio 
of  width  over  thicki^ess  would  be  increased  with  greater 
thicknesses. 

In  built  columns,  however,  the  transverse  distance  between 
centre  lines  of  rivets  securing  plates  to  angles  or  channels,  etc., 
should  not  exceed  35  times  the  plate  thickness.  If  this  width 
is  exceeded,  longitudinal  buckling  of  the  plate  takes  place, 
and  the  column  ceases  to  fail  as  a  whole,  but  yields  in  detail. 

The  same  tests  show  that  the  thickness  of  the  leg  of  an 
angle  to  which  latticing  is  riveted  should  not  be  less  than  ^  of 
the  length  of  that  leg  or  side,  if  t'  ^  column  is  purely  and 
wholly  a  compression  member.  The  above  limit  may  be 
passed  somewhat  in  stiff  ties  and  compression  members 
•designed  to  carry  transverse  loads. 

The  panel  points  of  latticing  should  not  be  separated  by  a 
greater  distance  than  60  times  the  thickness  of  the  angle  leg  to 
which  the  latticing  is  riveted,  if  the  column  is  wholly  a  com- 
pression member. 
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The  rivet  pitch  should  never  exceed  i6  times  the  thickness 
of  the  outside  thinnest  metal  pierced  by  the  rivet,  and  if  the  plates 
are  very  thick  it  should  never  nearly  equal  that  value. 


Art.  6i. — Complete  Design  of  Pin-end  Steel  Columns. 

In  actual  design  it  is  necessary  not  only  to  make  appli- 
cation of  the  preceding  formulae  for  ultimate  resistance  of 
columns,  but  also  to  proportion  a  considerable  number  of 
details  as  matters  largely  of  judgment  and  experience.  If 
the  column,  like  the  section  shown  as  the  latticed  channel 
or  latticed  upper  chord  in  the  preceding  article,  has  two 
open  sides  as  in  the  former  or  one  open  side  as  in  the  latter 
latticed,  i.e.,  has  small  bars  of  iron  running  diagonally 
across  those  open  sides  in  order  to  hold  the  parts  of  the 
column  in  their  proper  relative  positions,  those  lattice 
bars  vary  in  size  with  the  size  of  column..  While  the  dimen- 
sions vary  somewhat  among  engineers,  the  following  table, 
which  has  been  largely  used,  illustrates  effectively  sizes 
that  may  properly  be  employed. 
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These  bars  or  lattices  may  be  used  in  single  system,  in 
which  case  each  one  should  make  an  angle  of  about  60°  with 
the  centre  line  of  the  side  of  the  coliunn  on  which  they  are 
placed.  If  they  are  used  in  double  system  each  pair  of 
bars  will  intersect  at  their  mid-points,  and  in  this  case  the 
bars  may  make  angles  of  45°  with  /the  centre  line  of  the  side 
of  the  colimin  on  which  they  are  employed.  In  the  case 
of  double  latticing  the  intersecting  pairs  of  bars  are  riveted 
at  their  intersections.  Lattice  bars  are  held  at  their  ends 
by  one  rivet  or  by  two  rivets  according  to  the  size  of  the 
column,  as  shown  in  the  next  table. 

Figs.  I,  2,  and  3  illustrate  different  modes  of  riveting 
the  ends  of  lattice  bars.     The  size  and  number  of  rivets 
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Fig.  I. 


Fig.  2. 


Fig.  3. 


will  obviously  depend  upon  the  size  of  the  lattice  bars 
employed  and  to  some  extent  upon  the  manner  in  which 
their  ends  are  held. 

The  following  table  has  been  used  in  actual  structural 
practice  and  exhibits  good  practice  in  the  design  of  single 
latticing.  It  is  based  on  the  supposition  that  the  lattice 
bars  are  flats.     In  very  large  columns  or  in  some  exposed 
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situations  it  is  necessary  to  use  steel  angles  for  latticing, 
the  ends  of  which  must  be  secured  by  rivets  proportionate 
in  number  and  diameter  to  the  size  of  angle. 


Size  of  Lattice. 


iJXTVandl 


2XiV 

2X 
2X 
2X 

2iXi 

2iX| 

2JXt', 

2JXJ 

2jXi 

3X1 
3Xi 
7X1 

'    7 

3XA 

3Xi 

3Xi 

3Xi 

3Xi 

4XtV 

4XtV 

4XtV 


Rivets:   Number 
and  Size. 


Number  of  Rivets 
at  Lattice  Point. 


Limiting  Length  of 

Lattice  Centre  to  Centre 

of  Inner  Rivets. 


I, 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

2 

I 

1, 

2.. 

I. 

I. 

2. 

I 

I. 

2. 

2. 

I. 

2. 

2. 


I 
I 
I 
I 

I 

or  2 

"    2 
2 

2 
2 
2 

4 
or  2 

"  2 

4 
or  2 

"  2 

4 
or  2 

"  2 

4 

4 
or  2 

4 
4 


fC 

II 


13  inches 

16 

10 

23 
16 

20 

15 
20 

17 
26 

24 

15 
18 

16 

9 

25 
22 

15 
32 

29 
21 

II 
28 
22 
15 


If 

tt 

tt 

(I 

If 

fi 

If 

f( 

tf 

ft 

ff 

If 

ff 

tf 

ft 

<t 

tt 

tt 

t 

t 

t% 

tt 

tt 

tt 


At  each  end  of  the  open  or  latticed  sides  of  the  column 
are  placed  batten  plates  which  limit  the  latticing.  The 
width  of  these  batten  plates  is  determined  evidently  by  the 
width  of  the  column,  but  the  lengths  vary  somewhat  under 
different  specifications.  A  good  and  convenient  rule  is 
to  make  the  length  of  a  batten  plate  at  least  equal  to 
its  width.  The  thickness  of  a  batten  plate  will  depend 
upon  the  size  of  column ;  it  is  seldom  made  less  than  ^  in. 
and  usually  not  more  than  J  in.  for  large  columns.  The 
size  of  rivet  will  also  depend  upon  the  size  of  columns. 
Rivets  less  than  f  in.  in  diameter  are  seldom  used  in  railroad 
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work  and  rarely  more  than  i  in.,  the  prevailing  diameter 
being  J  in. 

One  of  the  most  important  details  of  a  column  is  the 
jaw  or  extension  of  one  side  at  the  end.  The  two  jaws 
contain  the  pjn,.  holes  through  which  are  transferred  to  the 
pin  the  total  load  carried  by  the  column.  These  jaws  or 
extensions  are  formed  so  as  to  fit  in  between  the  parts  of 
intersecting  members,  usually  the  upper  or  lower  chords 
and  eye-bars. .  -  It»  is,  therefore,  imperative  to  make  them 
as  thin  as  the  bearing  upon  the  pins  and  the  carrying 
capacity  of  the  jaws  themselves  acting  as  short  columns 
will  permit.     Figs.  4,  5,  6,  and  7  exhibit  some  types  of 


Fig.  4. 

these  post  jaws  as  they  commonly  occur.  As  the  figures 
show,  they  are  formed  by  cutting  away  the  flanges  of  the 
angles  or  channels  forming  parts  of  the  posts  and  riveting 
on  the  pin  or  thickening  plates  required  to  strengthen 
the  detail.  The  jaws  form  short  columns  whose  lengths 
should  be  taken  from  the  centre  of  the  pin  hole  to  the  last 
centre  line  of  rivets  in  the  body  of  the  column  back  of  the 
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cut  in  the  angle  or  in  the  flange  of  the  channel.     This 
length  indicated  by  /  is  shown  in  each  of  the  figures. 
There  have  been  but  few  tests  made  to  determine  the 
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Fig.  7. 

resisting  capacities  of  this  particular  detail,  but  those  which 
have  been  made  form  the  basis  of  the  following  formula 
for  meditun  steel  columns.     Obviously  there  will  usually 
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be  at  least  two  jaws  at  the  end  of  each  coltimn.  The  width 
of  the  side  of  the  column  will  be  represented  by  fe,  as  shown 
in  Figs.  4  and  6,  and  t  will  represent  the  total  thickness  of 
metal  whose  width  is  6,  also  as  indicated  in  the  same  figures. 
If  P  represents  the  total  load  on  one  jaw  of  the  post,  usually 
one  half  the  total  load  carried  by  the  post  or  column, 
the  average  working  intensity  of  pressure  on  the  section  of 
metal  bt  may  be  written 

^^  =  8ooo-3ooj.    ......     (i) 

r 

The  thickness  t  of  metal  is  usually  the  quantity  desired, 
and  eq.  (i)  gives 

^  =  0-^  +  -^ (2) 

80006     27       ,    .  ^  ^ 


•+     M 


In  these  equations  P  should  be  taken  in  pounds,  with 
6,  t,  and  /  in  inches. 

Eq.  (2)  has  been  used  to  a  considerable  extent  in  the 
design  of  steel  railroad  bridges,  and  it  is  probably  as  reason- 
able and  safe  a  value  of  the  thickness  t  as  can  be  written 
with  the  experimental  data  and  experience  now  available. 
It  is  applicable  to  steel  with  ultimate  tensile  resistance 
running  from  60,000  to  68,000  pounds  per  square  inch. 
For  higher  steel  or  for  highway  bridges,  or  for  other  struc- 
tures where  less  margin  of  safety  may  be  justifiable,  the 
value  of  t  may  be  made  correspondingly  less  than  that 
given  in  eq.  (2). 

Prob.  I.  It  is  required  to  design  a  mild-steel  pin-end 
column  45  feet  long  between  centres  of  pins  to  carry  a  load 
of  232,000  poimds.  The  column  formula  to  be  used  is 
essentially  that  given  as  eq.  (20)  of  Art.  60 : 

/ 
p«=  10,000 -40- (3) 


5l6  COMPRESSION-LONG  COLUMNS  [Ch.  VIII. 

This  equation  gives  the  greatest  mean  intensity  allowed 
on  the  column,  so  that  p  multiplied  by  the  area  of  cross- 
section   to   be   determined   must   be 
f  equal  or  nearly  equal  to  232,000. 


*A  C 1— 

..i..J     i 


'/Jfr^  The  least  diameter  or  width  of  a 

built  column  should  not  exceed  about 


— ^  one  thirty-fifth  of  its  length,  except 

L    where  posts  or  columns  are  used  as 
lateral  members,  when  the  length  may 
Pj^  g  reach  as  much  as  40  times  the  least 

diameter  or  width  of  cross-section. 
In  this  case  the  column  is  to  be  built  of  two  plates  and 
four  angles,  as  shown  in  Fig.  8,  and  the  width  of  plate 
F(j  must,  therefore,  not  be  less  than  about  16  inches.  A 
width  of  18  inches  will  make  a  well-proportioned  column 
and  that  dimension  will  be  assumed.  The  separation  of 
the  plates  is  preferably  made  such  that  the  moment  of 
inertia  of  the  section  about  the  axis  AB  will  be  a  little  larger 
than  the  moment  about  the  axis  CD.  The  pin  will  pierce 
the  two  plates  so  that  its  axis  will  be  parallel  to  CD.  Under 
these  conditions,  if  the  column  is  designed  so  as  to  be  strong 
enough  with  the  moment  of  inertia  of  section  taken  about 
CI),  it  will  be  still  stronger  in  reference  to  the  axis  AB,  and 
no  further  attention  need  be  given  to  possible  failure  about 
the  latter  axis. 

If  columns  of  this  type  are  proportioned  in  the  general 
manner  indicated,  the  radius  of  gyration  of  the  section 
about  the  axis  CD  will  be  approximately  .35  of  the  width. 
In  Ihfs  case  that  trial  radius  will,  therefore,  equal  6.3 
inclios.  Hence,  inserting  the  values  of  /  =  54o  inches  and 
r  6.3  inches  in  eq.  (3),  there  will  result  p^dsi^  pounds 
])tT  sciuare  inch.  The  total  area  of  section  required, 
therefore,  will  be  closely  232,000-^6572  =35.3  sq.  ins.  The 
distribution  of  this  metal  between  the  plates  and  angles  is 
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largely  a  matter  of  judgment.     Let  there  be  assumed 


Two    i8"X  I"  plates « 22 . 5  sq.  ins. 

Four  3}"X  3i"X  i  i-pound  angles -13 


C<  (C 


Total -35 . 5  sq.  ins. 

This  is  a  tentative  composition  of  section  which  must  be 
tested  by  eq.  (3)  to  determine  whether  it  is  as  nearly 
accurate  as  it  should  be.  In  order  to  do  this,  the  moments 
of  inertia  of  the  section,  as  indicated,  must  be  taken  abotit 
the  two  axes  AB  and  CD. 

MoMBNT  OP  Inbrtia  about  CD: 

Two    i8"Xf"  plates -2X|Xtl*-  607.50 

Four  3i"X  3i''X  i  i-lb  angles  about  own  axis —     14. 20 

Four  3i"X  3i"X  i  i-lb.angles  about  CD  -=4X  3.25X  (799)'  -  829 .  92 

Moment  of  inertia — 1451 .  62 

Moment  of  Inbrtia  about  AB: 

Two    i8"X I"  plates  about  own  axis 2X — ^^  —  "      .74 

12 

Two    i8"Xi"  plates  about  i4B 2Xii.25X(6.o6)»-.  758.70 

Four  3i''  X  3i"  X  1 1  -lb.  angles  about  own  axis «     1 4 .  20 

Four  34"X34"Xii-lb.an5lesabout>lB«4X3.25X(7.38)'=  708.38 

Moment  of  inertia — 1482 .02 

These  comptitations  show,  first,  that  the  moment  of 
inertia  about  AB  is  a,  little  larger  than  that  about  CD, 
which  is  a^/it  should  be.  They  also  show  that  the  radius  of 
gyration  ^  is  6.39  inches.  The  approximate  rule  gives  r  = 
6.3  inch<5s.  These  two  values  are  sufficiently  near  to  accept 
the  fopjner.  The  trial  composition  of  section  may,  there- 
fore, t)e  considered  satisfactory  and  final.  The  thickness 
of  thfe  side  plates,  .625  inch,  is  sufficient  to  insure  no  buckling 
^  tlie  unsupported  width  between  rivets.  Similarly  the 
le^^^h  of  leg  of  the  3i-inch  angles  is  also  far  within  safe  or 
pro'per  limits.  All  features  of  the  cross-section  are,  there- 
for^, so  arranged  as  to  meet  all  the  requirements  of  suitable 
resistance  in  detail. 
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The  details  of  the  ends  of  the  coltimns  where  they  are 
formed  into  jaws,  as  shown  by  Figs.  9  and  10,  still  remain 
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to  be  designed.  The  diameter  of- pin  will  be  taken  at  7 
inches,  as  shown  in  Fig.  9.  The  pepnissible  intensities 
of  shearing  and  of  the  bearing  on  the  walls  of  rivet  and  pin 
holes  will  be  taken  as  follows : 


X 


Shearing  on  rivets  —  9000  pounds  per  sc}^-  in. 
Bearing  on  rivets  and  pins  =  16,000  pounds  peF  sq.  in. 

The  total  thickness  of  metal  in  the  two  post  jV^s  will, 
therefore,  be 

Thickness  of  metal  =  — :^—z =2.1  inches. 

7X10000 

I 
The  thickness  of  metal  in  each  jaw  must  therefor^  be 

at  least   i^^  inches.     Inasmuch  as  the  thickness  of  |Side 

plates  of  the  column  is  f  inch,  the  pin  plates  to  be  rivetejsi  ^0 

the  side  plates  must  be  at  least  iV  inch  thick  to  supply  (^1^® 
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proper  bearing  surface  for  the  pin ;  but  that  thickness  must 
be  decided  by  the  formula  for  the  jaws,  eq.  (2).  In  that 
equation,  P  =  116,000  pounds,  while  6  =  18  inches  and  /, 
from  Fig.  9,  is  9  inches.     Making  these  substitutions  in  eq. 

(2), 

/  =  i.i3  inches. 

In  order  to  meet  the  requirements  of  the  post-jaw  for- 
mula, therefore,  the  pin  plate  must  be  at  least  ^  inch 
thick,  it  is  essential  however  to  make  these  details 
specially  stiff  and  strong  and  the  thickness  will,  therefore, 
be  taken  at  iV  inch,  as  shown  in  Fig.  9. 

The  number,  of  rivets  required  above  the  pin  hole 
would  ordinarily  be  computed  for  the  thickness  of  plate 
required  for  bearing  on  the  pin,  i.e.,  with  the  thickness  of 
pin  plate  of  -A  inch.  Assuming  that  thickness  for  this 
purpose,  the  rivets  being  taken  |  inch  in  diameter,  the 
bearing  value  of  a  single  rivet  will  be 

I  XiVX  16,000  =  6125  lbs. 

The  single  shear  of  one  J-inch  rivet  at  9000  pounds  per 
square  inch  has  a  value  of  5412  pounds  which  is  less  than 
the  bearing  value;  the  shear  will,  therefore,  decide  the 
number  of  rivets  required.  The  bearing  value  of  the  f-inch 
side  plate  on  the  pin  is  7X^X16,000  =  70,000  pounds. 
Hence  the  number  of  rivets  required  in  the  pin  plate  on 
each  side  of  the  coltmin  will  be 

1 16000  — 70000        .        .     ^     , 

=  nine  nvets  (nearly). 

5412  ^^ 

These  nine  rivets  must  be  found  above  the  pin.  That 
number,  however,  is  far  too  small  for  the  pin  plate  acting 
as  a  part  of  the  jaw,  and  it  will  be  judicious  to  make  the 
total  number  of  rivets  above  the  pin  12,  as  shown  in  Fig.  o- 
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The  jaw  plates  will  extend  5  inches  beyond  the  pin,  as 
shown.  The  two  batten  plates  above  which  the  latticing 
begins  will  each  be  taken  ^  inch  thick,  and  they  will  be 
placed  as  shown  in  both  Figs.  9  and  10. 

It  is  assumed  that  the  ends  of  the  column  are  to  fit 
into  or  between  other  members  of  the  truss,  so  as  to  require 
cutting  away  the  legs  of  the  steel  angles,  as  shown,  as  this 
is  a  common  requirement. 

The  length  of  a  batten  plate  should  not  be  less  than 
its  width.  In  the  present  instance  the  width  of  batten  will 
be  19.75  inches;  the  length  will,  therefore,  be  taken  as 
20  inches. 

As  indicated  in  the  tabular  statement  at  the  beginning 
of  this  article,  the  lattice  bars,  fully  shown  in  Fig.  10,  will 
be  2jXt  inches,  and  the  latticing  will  be  taken  as  double, 
although  this  is  not  always  done  for  the  size  of  column  in 
this  particular  instance.  The  lattice  bars  will  be  riveted 
at  their  intersections  also  as  shown  in  Fig.  10.  The  length 
of  lattice  bar  between  rivets  will  be  about  11  inches,  as 
the  angle  made  by  each  lattice  bar  with  the  side  of  the 
column  will  be  about  45  degrees.  A  single  |-inch  rivet, 
therefore,  at  the  end  of  each  bar  will  be  sufficient,  as  shown 
by  the  second  table,  of  this  article.  At  each  panel  point 
of  latticing  a  single  J-inch  rivet  will  hold  the  ends  of  both 

lattice  bars. 

The  complete  bill  of  material  for  the  entire  column  will 

be  as  follows: 

Four   3i''X3i"Xii-lb.  angles,  46.42  ft.  long.  .  185.7X11-2,043^8. 

Two    i8"Xf"  plates,  46.42  ft.  long 93X38. 25 «=  3,557   " 

Four   27"Xii"X  A"  plates 9X21-    189   " 

Four   2o"X 2o"Xi"  battens 6JX34=    227   " 

24oUn.ft.  of  2i" XI"  latticing. 240X3.  i9"=    766   " 

1060  i"  rivets 10.6X54*    572   " 

Total  weight  of  one  column —  7.354  ^bs. 
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Prob.  2.  Let  it  be  required  to  design  a  mild-steel 
column  with  pin  ends,  36  feet  long  between  centres  of  pins, 
to  cany  a  load  of  225,500  pounds.  It  is  supposed  that 
the  column  is  a  member  of  a  railroad  bridge,  so  that  the 
load  given  includes  a  full  allowance  for  impact.  Gordon's 
formula  in  the  form  employed  in  the  American  Bridge 
Company's  specification  will  be  used: 
17000 

P p— • 

1+ , 


In  this  formula  p  is  the  greatest  mean  intensity  of 

working  pressure  allowed  on  the  section  of  the  column,  /  the 

length  between  centres  of  pins  in  inches, 

and  r  the  radius  of  gyration  of  the 

column  section  in  inches.     As  the  length 

of  the  column  is  but  36  ft.  "=432  inches 

two    rolled     15-inch    channels  latticed 

may  be  taken  as  the  principal  parts,  as 

shown  in  Fig.  11.     By  turning  to  the 

tables  at  the  end  of  the  book,  it  will  be 

found  that  the  radius  of  gyration  of  a 

15 -inch  channel  about  the  axis  AB  varies  from  about  5,6 

inches  to  nearly  5.2  inches.     The  larger  of  the  two  values 

will  be  tentatively   employed.     Substituting  ^=432  and 

r-s.6  in  the  above  formula  for  p, 

^-=11,000  pounds  per  sq.  in. 

Hence  the  total  area  required  is 

22t;soo 

— — —  =20.5  sq.  ms. 
1 1000  -■    ^ 

The  table  of  steel  channels  at  the  end  of  the  book  shows 
that  the  combined  area  of  two  15-inch  35-pound  channels 
is  2o.g8  sq.  in.,  and  they  will  be  accepted  as  correct.     The 
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same  table  gives  the  radius  of  gyration  r  about  the  axis 
AB,  Fig.  II,  as  5.57  inches,  which  is  essentially  equal  to  the 
trial  value  5.6  inches. 

As  shown  in  Prob.  i ,  it  is  desirable  to  have  the  moment 
of  inertia  of  the  section  about  AB,  Fig.  11,  a  little  less  than 
that  about  CD,  the  former  (AB)  being  parallel  to  the  axis 
of  the  pin.  Let  the  separation  of  the  channels  be  made 
10  inches  in  the  clear.  By  using  the  values  of  the  table, 
the  moments  of  inertia  about  the  two  axes  may  be  written : 

About  Axis  AB: 
Moment  of  inertia  « 320X2^640. 
^1      640 


Hence 


-31.02;    .-.  r-5.57ins. 


20.58 

About  Axis  CD: 

Moment  of  two  channel  sections  each  about  axis  parallel  to 

CD  and  through  centre  of  gravity .2X8.48-*  16.96 

2X  10.29X579' -689.84 

Moment  of  inertia ■-706.80 
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These  results  are  all  satisfactory  ancj  show  that  no 
revision  of  the  section  as  given  in  Fig.  1 1  is  needed. 

The  end  details  and  latticing  shown  in  Figs.  12  and  13 


Is 
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remain   to   be   considered.     The   following   data   will   be 
required : 

Thickness  of  channel  web ■■.43  inch. 

Allowed  shearing  on  rivets  and  pins =  10,000  lbs.  per  sq.  in. 

Allowed  bearing  on  rivets  and  pins -» 20,000  lbs.  per  sq.  in. 

Diameter  of  rivets «}  inch. 

Diameter  of  pin «6  inches. 

Value  of  one  {-inch  rivet  in  single  shear »«6,oi3  lbs. 

Bearing  of  pin  on  channel  web — 6X  .43  X  20,000 

■«5i,6oolbs. 

Bearing  to  be  carried  by  pin  plate-" — — 5i,6oo->6i,i50  lbs. 

Thickness  of  pin  plate «  ^,  "^^ -  ■*. 51  inch. 

6X20000     ^ 

Bearing  value  of  one  }-inch  rivet  on  )-inch  plate « 

iX}X  20,000-  8,750  lbs. 

Hence  one  pin  plate  needs  -^--^— —ten  }-inch  rivets. 

It  is  assiimed  that  the  ends  of  the  column  must  be 
formed  into  the  jaws  shown  in  Figs.  12  and  13.  As  indi- 
cated in  Fig.  12  the  mean  or  effective  length  of  the  jaw  is 
12  inches.  The  load  carried  by  one  jaw  is  112,750  potmds; 
hence  the  thickness  of  that  jaw  is  by  eq.  (2) 

II275O  ,12  ,         .  ,         ,  IV 

t  =  -5 -7—  +  —  =  itV  Mich  (nearly). 

8000X15     27  ^         -^^ 

The  thickness  of  the  jaw  or  pin  plate  to  be  riveted  to 
the  jaw  must  therefore  be  itV— .43=1!  inch.  In  order 
that  these  plates  may  be  firmly  made  a  solid  extension  of 
the  post  or  column  they  should  be  riveted  to  the  webs  of 
the  channels  with  the  rivets  shown  in  Fig.  12.  The  proper 
design  of  the  jaw,  therefore,  requires  a  much  longer  and 
thicker  plate  and  more  rivets  than  the  simple  consideration 
of  the  pin  and  rivet  bearing  and  shearing. 

The  width  of  channel  flange  is  3.43  inches,  hence  .the 
total  width  of  column  over  these  flanges,  as  shown  in  Fig. 


«« 
«( 
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13,  is  16 J  inches.  Each  batten  plate  is  therefore  taken  as 
17  inches  by  18  inches. 

The  length  of  each  lattice  bar  of  the  single,  30-degree 
latticing  will  be  about  16  inches  between  centres  of  rivets 
at  their  ends.  Lattice  bars  2^  inches  by  |  inch  in  section 
will,  therefore,  be  used. 

The  complete  bill  of  material  for  one  colunm  will  then  be 

Two  15"  35-lb.  channels  37^  ft.  long 2X35X37i  =  2|6o2  lbs. 

Four         i3"X3o"XiS"plates 10X4144     «    415    " 

Four         i7"Xi8"Xi"plates 6X28.9       «    173    " 

Forty-six  2j"Xi"X  19"  bars 72X   3-  '9     —    230 

Two  hundred  and  twenty-five  J"  rivets 2JX54  ■■    122 

Total  weight  of  one  column —  3i542  lbs. 

Art.  62. — Cast-iron  Columns. 

Cast  iron  was  the  earliest  form  in  which  the  metal 
iron  was  used  for  columns,  and  it  is  natural,  therefore, 
that  the  first  long-column  formulae  for  cast  iron  should  have 
been  among  the  earliest  for  that  class  of  members.  The 
first  experimenter  was  Eton  Hodgkinson,  who  published 
the  results  of  his  tests  on  small  cast-iron  columns,  the 
greatest  length  of  which  was  but  60.5  inches,  in  the  **  Philo- 
sophical Transactions  of  the  Royal  Society  of  London  for 
1840.''  He  not  only  recognized  the  round-  and  fixed-end 
conditions,  but  he  also  made  the  distinction  between  long 
columns  and  short  blocks,  the  length  of  the  latter  being 
from  4  to  5  times  the  diameter  or  least  cross-section  dimen- 
sion. If  d  be  the  diameter  of  the  column  in  inches  and  / 
the  length  in  feet,  and  in  the  case  of  hollow  round  columns 
if  D  be  the  exterior  diameter  in  inches  and  d  the  interior 
diameter  in  the  same  unit,  while  P  is  the  total  or  ultimate 
load  in  pounds  on  the  column,  Hodgkinson  established 
the  following  formulae  for  long  cast-iron  columns: 

J3.76 
P  =  33f379-iTT '  (^^^  roimded  ends).      .     .     .     (i> 
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■^  =  98,922-7^;  (for  fixed  ends) (2) 

For  hollow  cylindrical  columns  of  cast  iron 

2)3.76  _  ^3.76 
P  =  29, 1 20 j^^ ;  (for  rounded  ends) .     .     (3) 

P  =  99,32o  --—u.^  — ;  (for  fixed  ends) .     .     .     (4) 

The  working  or  maximum  load  allowed  in  any  design 
of  cast-iron  columns  would  be  found  by  taking  one  fifth  to 
one  eighth  of  the  values  given  in  eqs.  (i)  to  (4)  inclusive. 
It  will  be  observed  that  Hodgkinson's  formulae  expressed 
in  the  preceding  qq^ations  are  simply  Euler's  formulae 
as  given  in  eqs.  (6)  and  (9)  of  Art.  24.  with  the  introduction 
of  an  empirical  coefficient  and  with  the  indices  of  d  and  / 
changed  to  harmonize  with  the  experimental  results. 

As  Hodgkinson's  experiments  were  made  on  ver\^ 
small  columns  of  diflferent  metal  from  that  used  in  cast- 
iron  columns  of  the  present  day,  his  formulae  cannot  safely 
be  used  for  practical  purposes  at  the  present  time. 

A  correct  formula  for  cast-iron  columns  must  be  based 
upon  tests  of  full-size  columns  cast  with  the  metal  ordi- 
narily employed  in  structural  practice.  Such  tests  have 
been  made  at  the  U.  S.  Arsenal  at  Watertown,  Mass.,  and 
will  be  found  reported  in  H.  R.  Ex.  Doc.  No.  45,  50th  Con- 
gress, 2d  Session,  and  in  H.  R.  Ex.  Doc.  No.  16,  50th 
Congress,  ist  Session.  A  valuable  series  of  tests  was  also 
made  at  Phcenixville,  Pa.,  at  the  works  of  the  Phoenix 
Bridge  Co.,  under  the  auspices  of  the  Department  of 
Buildings  of  New  York  City  in  1896-97.  Although  the 
entire  series,  including  both  the  tests  at  Watertown  and 
Phoenixville,  do  not  cover  the  variety  of  sectional  forms 
and  range  of  ratio  of  length  to  diameter  that  could  be 
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desired,  the  results  are  sufficiently  extended  to  show  closely 
what  may  be  considered  the  proper  ultimate  values  for 
hollow  round  cast-iron  colunms  of  full  size. 

Table  I. 


Diameter 

in  Inches. 

Area  of 

Length 

Ultimate 

No. 

Length  in 
Inches. 

Large 

iEnd. 

Small  End. 

Section 
in 

over 
Exterior 

Resistance 
in  Pounds 

Square 
Inches. 

Diameter 

per  Square 
Inch. 

Ext. 

Int. 

Ext. 

Int. 

» 

I 

2 

3 

190.25 

15 

15 

15 

I5i 

15 

15 

13 

12.75 

12.75 

12.75 

12.66 

12.63 

43.98 
49.03 
49.03 
49.48 
50.91 
51.52 

12.7 

12.7 
12.7 

12.7 
12.7 
12.7 

30,830 
27,126 

24,434 
25,182 

35,435 
40,411* 

4 

5 
6 

7 

160 

8 

6 

21.99 

20 

29,604 

8 

160 

8 

5.91 

22.87 

20 

28,229 

9 
10 

II 

12 

«3 
14 

120 
120 

147 . 75 

150 

162 

159.75 

6.06 
6.09 
8 

9 
12 

14 

3.78 

3.96 

6.5 

7 
10 

12 

17.64 

17.37 
17.08 

25.14 

34-55 
40.84 

20 

25,805 
26,205 

25.973 
21,183 

30,813 

18. 5 
16.7 

13.5 

II. 4 

25,400 

15 
16 

17 
18 

169 
157 
157 
156 

5 

7.17 
6.35 
5.8 

4.54 
4.83 

3.9 
4.03 

3-5 
21.8 

17.28 

34 

29,854 

22 

25,470 

• 

25 

27,210 

13.22 

27 

25,100 

>9 

142.6 

7.68 

5.52 

5.94 

4.3 

17.49 

26.7 

29,310 

20 

146.8 

8.01 

5.58 

5.9 

4.35 

18.65 

21.3 

28,520 

21 

150 

6.17 

4.85 

5.09 

3.48 

12.08 

27 

33,500 

22 

145.5 

6 

4.35 

4.74 

2.73 

12.81 

37.1 

24,620 

23 

133.6 

6.02 

4.36 

4.84 

2.88 

12.87 

24.6 

28,060 

24 

129.3 

6.03 

4.35 

4.87 

2.95 

12.87 

23.7 

27,350 

25 

127.6 

7.47 

5.97 

5.72 

4.62 

12.13 

193 

46,660 

26 

118. 5 

3.98 

1.96 

2.97 

1.49 

7.16 

34-1 

23,090 

27 

119 

398 

1.96 

2.98 

1.47 

7.17 

34.3 

22,040 

28 

118 

3.97 

1.95 

2.99 

1.39 

7.3^ 

34-2 

25,060 

29 

84.6 

4.88 

3  03 

4.27 

2.08 

11.25 

18.5 

31,190 

*  Not  broken. 

Table  I  shows  the  results  of  all  these  tests,  while  the 
Plate  exhibits  the  same  results  graphically.  The  tests 
Nos  T  to  10  inclusive  were  made  at  Phoenixville  in  De- 
cember,  1897,  and  Nos.   11  to  14  inclusive  in  1896;    the 
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V^tmfit  group  under  the  immediate  direction  of  Mr.  W.  W. 
Ewjng,  and  the  latter  under  the  immediate  direction 
of  Mr.  (jfus  C,  Henning-  The  results  shown  for  tests  15  to 
18  inclusive  were  taken  from  H.  R.  Ex.  Doc.  Xo.  45,  50th 
Omgrcss,  2d  Session,  but  those  for  Xos.  19  to  29  inclusive 
are  either  taken  or  digested  from  H.  R.  Ex.  Doc.  Xo.  16, 
50th  Omgress,  ist  Session,  being  portions  of  reports  of 
UrstH  of  metaLs  and  other  materials  at  the  United  States 
Arw.'nal,  VVatertc^wn,  Mass, 

A»  Table  I  shows,  the  columns  Xos.  19  to  29  inclusive 
were  slightly  comical,  although  probably  not  enough  so  to 
iii'hcX  api^reciably  their  resistances.  The  areas  of  section 
in  K^juare  inches  for  these  columns  were  taken  at  mid- 
<liHtance  l)etween  their  ends.  As  the  area  of  section  varied 
i'(mM(\crd\)ly  in  sc^me  columns, that  operation  may  be  a 
funjrce  of  a  little  error  in  determining'  the  ultimate  resist- 
ance* [)er  sc}uare  inch  from  the  result  of  the  tests,  but  if  the 
ttrror  exists  at  all  it  must  be  very  small.  The  mid-external 
diameter  was  alscj  taken  for  these  columns  in  determining 
tlie  ratio  of  the  length  over  the  diameter  shown  in  the 
'lublc  and  in  the  Plate. 

As  will  be  observed  both  in  the  Table  and  in  the  Plate, 
thi*'  ultimate  resistances  per  square  inch  determined  by 
tl)c  tests  are  quite  variable,  even  for  the  same  ratio  of 
length  over  diameter.  Indeed,  in  a  number  of  cases  they 
are  (|uite  erratic.  In  Nos.  i  to  6,  for  which  the  ratio  of 
lt*ngth  over  diameter  was  12.7,  the  ultimate  resistances 
viiry  from  a  little  over  24,000  lbs.  per  square  inch  to  over 
40,000  lbs.  j)er  square  inch  with  no  failure  at  the  latter 
vahje.  Again,  the  ultimate  resistance  per  square  inch 
for  No.  35,  which  shows  a  ratio  of  length  over  diameter  of 
li'ss  than  20.  is  nearly  47,000  lbs.  per  square  inch,  which  is 
oxt^ossively  high  as  compared  with  other  ultimate  resist- 
aiu'es  with  the  same  or  less  ratio  of  length  over  diameter. 
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These  erratic  results  are  not  surprising  in  view  of  the 
ordinary  character  of  the  metal.  It  should  be  remembered 
that  the  failures  of  these  columns  are  frequently  recorded 
with  such  ** remarks"  as  the  following:  ** Foundry  dirt  or 
honey-comb  between  inner  and  outer  surfaces/'  **bad 
spots,"  **  cinder  pockets  and  blow  holes  near  middle  of 
column,"  **  flaws  and  foundry  dirt  at  point  of  break." 
In  other  words,  it  was  no  uncommon  feature  to  observe  that 
defects,  flaws,  or  blow  holes  or  thin  metal  had  determined 
the  place  of  failure.  There  is  considerable  uncertainty  in 
platting  the  results  of  tests  affected  by  these  abnormal  con- 
ditions, but  a  more  or  less  satisfactory  law  for  the  generality 
of  cases  may  be  determined  from  a  graphical  representation 
of  the  results,  as  shown  on  Plate  I.  On  that  Plate  the 
ultimate  resistances  in  pounds  per  square  inch,  as  shown 
in  Table  I,  have  been  platted  as  vertical  ordinates,  while 
the  ratios  of  length  over  diameter  given  in  the  same  Table 
are  represented  by  the  horizontal  abscissas,  all  as  clearly 
shown.  The  full  straight  line  drawn  in  about  a  mean 
position  among  the  results  of  the  tests  probably  represents 
as  near  as  any  that  can  be  found  a  reasonable  law  of  variation 
of  ultimate  resistance  with  the  ratio  of  length  over  diameter. 
It  is  evident  that  within  the  range  of  these  experiments  a 
straight  line  will  represent  the  ultimate  resistances  fully 
as  well  as  any  curve,  if  not  better,  although  the  results  for 
the  lengths  of  thirty-four  times  the  diameter  begin  to 
indicate  a  little  curvature.  The  formula  which  represents 
this  straight  line,  i.e.,  which  gives  the  ultimate  resistance 
per  square  inch,  is  as  follows:  /       - 

/>  =  30,500 -160J (s) 

It  is  to  be  borne  in  mind  that  these  coltmms  were  round 
and  hollow,  and  that  they  were  tested  with  flat  ends  in  all 
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cases.  The  ordinary  formula,  based  upon  Hodgkinson's 
tests,  and  frequently  used  in  cast-iron  coltimn  construction, 
is  as  follows: 

80000 

P' TT <^> 

400  a* 

The  curve  corresponding  to  this  particular  form  of 
Tredgold's  formtila  is  also  shown  on  the  Plate.  It  will  be 
seen  that  at  the  ratio  of  length  over  diameter  of  10  to  12 
(not  an  uncommon  ratio)  the  tiltimate,  as  given  by  this 
formula,  is  just  about  double  that  shown  by  actual  test.  In 
other  words,  if  a  safety  factor  of  5  were  required,  as  is  the  case 
in  some  building  laws,  the  actual  safety  factor  would  be  but 
2  J.  The  curve  represented  by  eq.  (6)  is  seen  to  cross  the  true 
ctirve  at  a  ratio  of  length  over  diameter  of  about  29.  A 
glance  at  the  Plate  will  show  how  erroneous  and  dangerous 
is  the  use  of  the  usual  formula  for  hollow  round  cast-iron 
columns;  indeed,  that  formula  is  grossly  wrong,  both  as  to 
the  law  of  variation  and  the  values  of  ultimate  resistance. 

In  view  of  the  working  resistances,  which  have  been 
used  in  the  design  of  cast-iron  columns,  it  is  no  less  interest- 
ing than  important  to  compare  the  ultimate  resistances  per 
square  inch  of  mild-steel  columns,  as  determined  by  actual 
tests,  with  the  ultimate  resistances  of  cast-iron  columns, 
as  shown  by  the  tests  imder  consideration.  The  broken 
line  of  short  dashes  represents  the  formula 

/ 
/7  =  52,000 -180J (7) 

determined  by  actual  tests  of  mild-steel  angles  made  by 
Mr.  James  Christie  at  the  Pencoyd  Bridge  Works,  and 
given  in  Art,  60.  This  line  or  formula  shows  that  the 
ultimate  resistances  per  square  inch  of  mild-steel  columns 
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are  from  40  to  50%  greater  than  the  corresponding  quanti- 
ties for  cast-iron,  the  same  ratio  of  length  over  diameter 
being  taken  in  each  comparison. 

When  the  erratic  and  unreliable  character  of  cast-iron 
colunms  is  considered,  it  is  no  material  exaggeration  to 
state  that  these  tests  show  that  the  working  resistance 
per  square  inch  may  be  taken  twice  as  great  for  mild-steel 
columns  as  for  cast-iron;  indeed,  this  may  be  put  as  a 
reasonably  accurate  statement. 

The  series  of  tests  of  cast-iron  columns  represented  in 
the  Plate  constitute  a  revelation  of  a  not  very  assuring 
character  in  reference  to  cast-iron  columns  now  standing, 
and  which  may  be  loaded  approximately  up  to  specification 
amoimts.  They  further  show  that  if  cast-iron  coltmms 
are  designed  with  anything  like  a  reasonable  and  real  margin 
of  safety  the  amotint  of  metal  required  dissipates  any 
supposed  economy  over  columns  of  mild  steel. 

If  the  average  working  stress  per  square  inch  is  one 
fourth  of  the  ultimate  resistance,  eq.  (5)  gives 

/ 
/>  =  76oo-40^ (8) 

If  the  working  stress  is  to  be  taken  at  one  fifth  the 
ultimate,  eq.  (5)  gives 

/ 
/?  =  6ioo-32^ (9) 

In  these  equations  p  is  the  average  working  intensity 
of  pressure  in  potinds  per  square  inch.  The  length  /  and  the 
exterior  diameter  d  must  be  taken  both  in  the  same  unit, 

ordinarily  the  inch. 

/ 
These  formute  may  be  used  between  the  limits  of  10-7 

/  / 

and  35-7  or  even  40-7-    They  may  also  be  applied  to  hollow 
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rectangiilar  columns  with  reasonably  close  approximation, 
d  being  taken  as  the  smaller  exterior  side  of  the  rectangular 
cross-section. 

Art.  63. — Timber  Columns. 

Tests  of  this  class  of  members,  the  results  of  which  have 
been  published,  although  of  great  value,  have  not  been 
made  with  sufficiently  large  ratios  of  length  to  radius  of 
gyration  to  produce  true  ** long-column"  failures.  This 
renders  impossible  the  establishment  of  a  long-column 
formula  or  diagram  for  practical  use  in  connection  with 
the  use  of  long  timber  columns. 

Some  valuable  experiments,  however,  have  been  made 
with  full-size  columns  having  lengths  as  great  as  four- 
teen feet.  The  first  results  to  be  given  are  those  of  a 
large  niunber  of  tests  by  Prof.  Lanza,  of  Boston,  in  which 
he  used  the  United  States  testing  machine  at  Watertown, 
Mass.  These  tests  were  made  during  1881,  on  such  mem- 
bers as  are  commonly  used  in  the  construction  of  cotton 
and  woollen  mills. 

Table  I  contains  the  results  of  Prof.  Lanza's  tests. 
A  large  majority  of  the  columns  had  cores  bored  out  of  the 
centre,  which  varied  in  diameter  from  1.5  to  2.0  inches. 
The  absence  of  material  did  not  affect  in  any  way,  so  far  as 
could  be  observed,  the  resistance  per  square  inch. 

Column  20  had  the  force  applied  2\  inches  out  of  centre 
at  one  end,  and  column  35,  1.9  inches.  These  tests  were 
made  in  order  to  observe  the  effect  of  eccentricity  in  the 
application  of  loads.  They  show  a  marked  decrease  in 
ultimate  resistance. 

Although  the  ends  of  Nos.  39  and  44-51  were  flat,  they 
were  not  parallel. 

All  the  columns  indicated  by  ** Round"  were  tapered, 
and  they  almost  invariably  gave  way  by  the  crushing  of 
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Table  I. 

TIMBER  MILL  COLUMNS. 


No. 


T 
2 

3 

4 
5 
6 

7 
8 

9 

(O 

II 
12 
13 
»4 


16 


17 
18 

19 
30 
ai 

22 
23 


84 


a6 

27 
38 

39 

30 
31 
32 

33 
34 
35 


Ponn. 


Round. . . 


Cylindrical 


Square  . . . 
«• 

Cylindrical 


Rotind 

Cylindrical. 


Cylindrical 
•« 

Sqtiare 


•  a 
i( 
«« 


Round. 


Round. 


Cylindrical 


% 
b 


to 

c 


13. 
13. 
12. 
13. 
13. 
II  , 
II  . 

3. 

2. 

3. 

3. 
13, 
13. 
II. 


01 
03 
01 
02 
00 
92 
98 
01 
00 
01 
00 

44 
57 
93 


13-99 

a.  00 


11.93 
1.98 

11.93 
13.94 

13.8s 
3.00 
a. 01 


la.oi 
11.97 


13. 01 
13. 01 
13. 01 


13. 

13. 

6. 

3. 

3. 

I  . 

II. 


01 
00 

33 
00 
00 
98 
93 


Diameter  in  Inches  at 


Top. 


Mid. 


Base. 


Section  Area 
in  Sq.  Ins.  at 


Top. 


Base. 


Yellow  pine;  partially  seasoned. 


9.31 
8.30 

7.54 
6.40 

10.45 
8.96 
7.70 

10.46 
9.98 
8.91 

7.79 
8.43 
8.30 
9.93 


10.65 
9.71 
8.88 
7.80 


10. 55 
10.07 

8.99 

7.79 

10. 45 

8.96 

7.70 
10.46 
9.98 
8.91 
7.79 
8.40 
8.30 
9.93 


65. 

51 

42. 

29 

83. 

61. 

44  < 

8S 


89 
84 
38 
98 
75 

19 
72 
92 


78.23 

62.35 
47.66 
68.80 
63.10 
75. 45 


85.22 
77.36 
61 .21 

45.47 


Yellow  pine;  air  seasoned. 


7.70 
7.70 


7.90 
7.90 


Yellow  pine;  dock  seasoned. 


8.00 

7.93 
8.08 

8.75 
10.05 

398 
10.20 


8.00 

7.98 
8.08 
8.92 
10. 13 
9.02 


48.26 
48.00 
63.28 
76.04 
99.79 
81 .00 


10.07  102.71 


White  wood;  partially  seasoned. 

8.461    9.61  I    9.65  I  54.02  I  70.95 
6.38I     7.4o|     7.72  I  29.78  I  44.62 


White  oak;  partially  seasoned. 


9.13 

10.  IS 

II  .01 

63.28 

39.01 

8.37 

0.40 

10.  23 

52.83 

80.00 

7.55 

8.75 

9.0s 

42.58 

62. 14 

6.60 

7.79 

8.06 

32.02 
76.70 
76.70 

48.83 

10  .00 

10.00 

9.08 

78.23 

8.18 

52.55 
46.93 

7-73 
8.20 

50.92 

4,098 

3,665 

4.719 
4,602 

4,657 
4.086 

4.584 
4,422 

4.705 
4.330 
4.511 
5.451 
3.804 

3,512 


44.561  47.01  I  4,488 
44.56  I I  4,892 


5.452 


3,333 
2.687 


3.003 
3.786 
3.758 
3.435 
2.478 
2,738 
3.132 
3.140 
3.303 
1.964 


Ends. 


Flat. 


•• 
•• 
*« 
•« 
•• 
•• 
•t 
•• 

M 


M 


One  flat*  one  round. 

Flat. 

One  flat;  one  round. 

One  flat;  one  round. 

Flat,  pintle. 

Flat. 


u 
(« 
•• 
•« 
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Table  I, — Continued. 


No. 


Form. 


36 
37 
38 
39 
40 
41 
42 


43 
44 
45 

46 

47 
48 

49 

50 

51 
52 

53 


54 
55 
56 


Round. 


«4 
<t 
«t 
>• 


s 

b 


Diameter  in  Inches  at 


Top. 


Mid. 


Base. 


Section  Area 
in  Sq.  Ins.  at 


Top. 


Base. 


•     M       * 


Ends. 


White  oak;  used  in  miU  6^  years. 


Cylindrical 


Round 

Cylindrical. 


Round. 


Cylindrical. 


I  a.  08 
I  a.  08 
za.  II 
ia.05 
11.7a 
la.oi 
ia.07 


13.87 
14.00 
13.89 
13.80 

13.92 
13.89 

"3.67 
13.85 
13.65 
13.90 
II. 51 


5. 85 
5. 85 
5. 87 
6.0a 
6. 10 
5- 97 
5-75 


6.84 
6.85 
6.70 

6.75 
6.83 
6.74 
6.88 


23.89 
34.05 
23.92 
25.47 
a6.o8 
25  09 
aa.  98 


33.76 
34.0a 
32.1a 

32.79 
33.50 
32.78 
34.19 


White  oak;  usedin  mill  25  years. 


10.56 

10.54 
10.54 

10.50 

10.  ao 

10.80 

9.25 

9.55 

9.40 

9.35 
5.98 


9.50 

7.ao 

84.74 
84-83 
84-40 
83-75 
79-17 
8a.  68 
64.36 
68.65 
66.56 
65.8a 
26.03 

68.04 
38.66 

4.604 

6,oa9 
4.680 
2.945 
3.451 
4,225 
3,264 


4.60a 

4.951 
4,266 
3,881 

4,674 
4,838 

3,434 
4.618 

3,981 
3,266 
6,147 


Plat, 
•t 


White  oak;  thoroughly  masoned;  1  year  old. 


I  a.  00 

11 .  la 

3.00 


7.74 
10.95 
10.91 

45.04 

91 .  16 

95.48 

3.319 

1,865 
4.450 


Flat,  pintle. 
Flat. 


•« 


Pintle  ends. 
Plat 


Plat. 

One  flat;  onexxnmd. 

Plat. 


the  fibres  at  the  small  end.  In  all  such  columns  the  ulti- 
mate resistance  is  per  square  inch  of  the  small  end. 

Some  of  the  square  columns  had  their  comers  slightly 
beveled. 

In  his  report  to  the  Boston  Manufacturers*  Mutual 
Fire  Ins.  Co.,  Prof.  Lanza  says:  *'The  immediate  location 
of  the  fracture  was  generally  determined  by  knots;  .  .  ." 
but  states  that,  whether  knotty  or  straight  grained,  failure 
took  place  in  the  tapered  columns  at  the  small  ends.  Taper- 
ing a  column,  therefore,  to  the  extent  shown  in  these  cases, 
is  a  source  of  weakness. 

Tables  II  and  III  contain  the  results  of  Col.  Laidley's 
tests,  some  of  which  belong  to  short  blocks.     These  tests 
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No. 


I 

2 

3 

4 

5 
6 

7 
8 

9 
10 

II 

12 

13 

14 

15 
16 

17 
18 


Length, 
Inches. 


20.4 

119.95 
119.90 

20.0 

16.0 

8.0 

3.0 

6.0 

6.0 

3.0 

3.0 

3.0 

14.0 

17.2 

19. 1 
180.0 
180.0 
180.0 


Table  II. 

YELLOW  PINE. 


Form  of  Section. 


Circular. 
Square. 


<< 
f( 
<( 
« 

« 

« 
« 
«< 
l< 
it 


Rectangular. 


it 


it 


Section  Dimensions, 
Inches. 


10.2  diam. 
II     Xii 
II     Xii 
10. 4X10.4 

8X8 

4X4 
1.5X    1.5 
3X3 
3X3 
1.5X    1.5 
1.5X    1.5 
1.5X    1.5 
4.6X  4.6 
4.6X   4.6 
5.3X   5.3 

16  X  13.65 

16. 2X     7.0 

17  X  8.75 


Ultimate  Resistance 
per  Sq.  In. 


Lbs. 
6,676 
6,230 
6,552 
7,936 
8,165 
7,394 

5,533 
8,644 

8,133 
8,389 
8,302 

6,355 

9,947 
10,250 

7.820  J 

3,070 

2,795 
3,180 


Nos.  13,  14,  and  15  were  pine  of  very  slow  growth. 
Nos.  16,  17,  and  18  were  very  green  and  wet. 


Table  III. 

SPRUCE  THOROUGHLY  SEASONED. 


No. 

Lenjgth, 
Inches. 

Form  of  Section. 

Section  Dimensions, 
Inches. 

Ultimate  Resistance 
per  Sq.  In. 

Lbs. 

I 

24 

Rectangular. 

5.4X5.4 

4,946 

2 

24 

5.4X5.4 

4,8n 

3 

36 

5.4X5.4 

4,874 

4 

36 

5.4X5.4 

4,500 

5 

60 

5.4X6.4 

4,451 

6 

60 

5.4X6.4 

4,943 

7 

120 

5.4X5.4 

3,967 

8 

120 

5.4X5.4 

4,908 

9 

60 

5.4X5.4 

5,275 

10 

30 

5.4X5.4 

5,372 

II 

15 

5.4X5.4 

5,754 

12 

121. 2 

Circular. 

i2.4diani. 

4,681 
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were  made  during  1881,  and  a  detailed  account  of  them 
is  given  in  **Ex.  Doc.  No.  12,  47th  Congress,  ist  Session." 

These  experiments  give  some  important  deductions. 

In  the  first  place,  within  the  limits  of  the  ratio  of  length 
to  diameter,  or  shortest  side  of  rectangular  section,  appear- 
ing in  these  tests,  the  ultimate  resistance  is  essentially 
independent  of  the  length.  This  is  the  result  of  the  action 
of  causes  noticed  in  the  consideration  of  wrought-iron 
columns  composed  of  Cs.  The  ultimate  resistance  of 
any  such  column,  therefore,  is  to  be  obtained  by  multi- 
plying the  area  of  its  cross-section  by  the  ultimate  re- 
sistance, per  square  inch,  of  short  blocks. 

In  Prof.  Lanza's  experiments  the  greatest  ratio  of 
length  to  radius  of  gyration  was  about  86.  Below  this 
value  the  general  conclusion  just  given  may  be  expected 
to  hold,  but  probably  not  much  above  it. 

In  Col.  Laidley's  tests  the  greatest  value  of  the  same 
ratio  was  about  90  (No.  17  of  Table  II),  at  which  there 
seemed  to  be  a  little  decrease  in  ultimate  resistance. 

Again,  it  is  to  be  observed  that  Prof.  Lanza's  results  are 
much  less  than  those  of  Col.  Laidley  for  the  same  timber. 
The  columns  of  the '  former  were  of  ordinary  merchant 
material,  with  the  usual  accompaniment  of  knots,  weak 
spots,  crooked  grain,  etc.,  while  the  latter  experimented 
with  fine,  straight-grained  timber. 

The  slow-growth  specimens  (13,  14,  and  15  of  Table  II) 
gave  much  the  highest  results,  while  the  wet  and  unseasoned 
ones  (16,  17,  and  18)  gave  the  lowest  of  all. 

Hence  the  ultimate  resistance  of  timber  columns  will 
depend  upon  quality  and  condition  of  material,  mode  of 
growth,  degree  of  seasoning,  etc.,  etc. 

Table  II  also  shows,  what  has  been  observed  elsewhere, 
that  smaller  specimens  give  higher  results  than  larger  ones. 
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Formula  of  C.  Shaler  Smith,  C.E. 

During  the  winter  of  1861-62,  Mr.  C.  Shaler  Smith 
conducted  a  series  of  over  1200  tests  of  full-size  yellow- 
pine  square  and  rectangular  columns  for  the  Ordnance 
Dept.  of  the  Confederate  Government.  The  results  of 
these  tests  have  never  been  published,  but  Mr.  Smith  has 
kindly  furnished  the  writer  with  the  following  summary. 

The  tests  were  grouped  as  follows: 

**  ist.  Green,  half -seasoned  sticks  answering  to  the 
specification  *good,  merchantable  lumber.' 

'*2d.  Selected  sticks  reasonably  straight  and  air-sea- 
soned under  cover  for  two  years  and  over. 

**3d.  Average  sticks  cut  from  lumber  which  had  been 
in  open-air  service  for  four  years  and  over." 

If  /  =  length  of  column  in  inches, 

d  =  least  side  of  column  section  in  inches, 
and  p  =  Ult.  Comp.  resistance  in  lbs.  per  sq.  in. ; 

then  the  formulae  found  for  these  three  groups  were : 

^  ^400 

For  No.  I :  />  = — — — tj. 

250  a' 

■r^  ■i.T  8200 

For  No.  2 :  />  = j^-. 

300  a' 

^000 
For  No.  3:/^=         ^   ^^. 

But  in  order  to  provide  against  ordinary  deterioration 
while  in  use,  as  well  as  the  devices  of  unscrupulous  builders, 
Mr.  Smith  recommends  the  formula  for  group  No.  3  as  the 
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proper  one  for  general  application.     He  also  recommends 

n 

that  the  factor  of  safety  shall  be  \J-7  tmtil  25  diameters  are 

reached,  and  five  thenceforward  up  to  60  diameters.     This 
last  limit  he  regards  as  the  extreme  for  good  practice. 

Mr.  Trautwine  computed  his  tables  from  tests  of  group 
No.  3. 

Addendum  to  Article  63. 

Tables  IV  and  V  have  been  formed  by  digesting  the 
results  of  tests  of  timber  columns  made  at  Watertown, 
Mass.,  and  found  in  "Ex.  Doc.  No.  i,  47th  Congress,  2d 
Session." 

Each  result  in  both  Tables  is  usually  a  mean  of  from 
two  to  four  tests,  although  a  few  belong  to  one  test  only. 
All  timber,  both  of  yellow  and  white  pine,  was  ordinary 
merchantable  material,  with  about  the  usual  defects,  knots, 
etc.,  and  failure  frequently  took  place  at  the  latter ;  it  was  all 
well  seasoned,  and  all  coltmins  were  tested  with  flat  ends. 


Table  IV. 

YELLOW-PINE  COLUMNS  WITH  FLAT  ENDS. 


Ultimate 

Ultimate 

Length. 

Size  of  Stick, 
Inches. 

/ 
1' 

Compres- 
sive Re- 
sistance, 

Length. 

Size  of  Stick, 
Inches. 

"3" 

Compres- 
sive Re- 
sistance, 

Lbs.  per 
Sq.  In. 

Lbs.per 
Sq.  In. 

Ft.  Ins. 

Ft. 

Ins. 

15     0 

8.25X16.25 

21.7 

3.445 

15 

0 

5.0X12 

35.6 

3,764 

10     0 

5.5  X  5.5 

22 

4.738 

23 

4 

7.7X   9.7 

36.4 

3,304 

16     8 

7.7  X  9.7 

26.7 

4.384 

17 

6 

5.5X   5-5 

38.2 

3,242 

15     0 

6.6  XI5-6 

27.0 

3.593 

15 

0 

4.5XXI.6 

41 

2,462 

12     6 

5.5  X   5-5 

27.3 

5,077 

26 

8 

7.4X   9.4 

43 

2,893 

15     0 

5.9  X12.0 

30.8 

3,546 

15 

0 

4.0XXI.4 

44 

3,065 

20     0 

7.6  X  9-6 

31.2 

3.496 

20 

0 

5.4X   5.4 

44.3 

2,867 

15     0 

5.7  X11.7 

31.9 

3,106 

22 

6 

5.5X   5.5 

50 

2,065 

15     0 

5.6  X15.6 

32.1 

3.656 

25 

0 

5.5X   5-5 

55 

1.856 

15     0 

5.5  X  5.5 

32.8 

3,962 

27 

6 

5.3X   5-3 

62.3 

1,709 
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Flat-end  yellow-pine  columns  were  observed  to  begin  to 
fail  with  deflection  at  a  length  of  about  22c/,  d  being  the 
width  or  least  dimension  of  the  normal  cross-section.  All 
columns  were  of  rectangular  section,  and  /  in  the  following 
table  is  the  length.  Table  IV,  therefore,  includes  no  short 
column,  i.e.,  one  which  failed  by  compression  alone  with 
no  deflection. 

About  sixteen  of  the  latter  were  tested  with  the  follow- 
ing results : 

Short  yellow.pine  columns;  (  T^^'^Z^/''^^  ^^?  ^^  ^'.^ 
/-i-/f  helnw 'J5  •<  mean  « 4,442 

I  .  a  Deiow  22 J  minimum  -3,430    "     " 

Each  of  the  preceding  tests  was  made  on  a  single  rectan- 
gular stick.  A  number  of  tests,  however,  were  made  on 
compound  columns  formed  by  bolting  together  from  two 
to  three  rectangular  sticks,  with  bolts  and  packing  or 
separating  blocks  at  the  two  ends  and  at  the  centre.  The 
bolts  were  parallel  to  the  smaller  sectional  dimensions  of 
the  component  sticks.  As  was  to  be  expected,  those 
compound  columns  possessed  essentially  the  same  ultimate 
resistance  per  square  inch  as  each  component  stick  con- 
sidered as  a  column  by  itself,  as  the  following  results  show. 
/  is  the  length  of  the  column  and  d  the  smallest  dimension 
or  width  of  one  member  of  the  composite  column.  All 
had  flat  ends. 

/+rf.        Number  of  Tests. 

I  maximum  «4,559  lbs.  per  sq.  in. 

32.1 18 •<  mean         =3,841    "      "        '* 

(minimum  =2,756    "      "        " 

(maximum  =3.357    "      "        " 

36 18 -jmean         =3,122    "     **        " 

(minimum  =2,942    **     "        " 


Table  V  gives  the  results  for  white-pine  columns,  and 
corresponds  with  Table  IV  in  that  it  shows  only  the  failures 
with  deflection,  which  was  observed  to  begin  with  those 
columns  at  a  length  of    3  2d.      /  and  d  possess  the  same 
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Table  V. 

WHITE-PINE  COLUMNS  WITH  FLAT  ENDS. 


Length. 


Ft.  Ins. 
15    O 


20 
15 


3 
o 

3 

4 
o 


Size  of  Stick, 
Inches. 


d 


5.6X15.6 
7-4X  9.3 
5.6X11.5 
5-4X  5-4 
7.7X  9-6 
4.5X1 1.6 


32 
32 
32. 

33 

36. 

40 


4 
7 


Ultimate 
Compres- 
sive Re- 
sistance, 
Lbs.  per 
Sq.  In. 


Length. 


1.874 
2,448 

2,432 

2,744 
2,072 

1,672 


Ft.  Ins. 
17     6 
26     8 
20    o 


22 
25 
27 


6 
o 
6 


Size  of  Stipk. 

/ 

Inches. 

d' 

5-4X5.4 

40 

7.5X9-3 

42.7 

5-3X5.3 

45 

5.2X5.2 

52 

5.3X5.3 

57 

5.4X5.4 

62 

Ultimate 
Compres- 
sive Re- 
sistance, 
Lbs.  per 
Sq.  In. 


1,841 
2.113 

1.455 

1,501 

952 

1,081 


signification   as  in   Table  IV,  the    column  l-^d  showing 
the  ratios  between  the  lengths  and  least  widths. 

Thirty  columns  with  lengths  less  than  32 J  were  tested 
to  destruction.  These  sticks  failed  generally  at  knots  by 
direct  compression  and  without  deflection.  The  results 
of  these  thirty  tests  were  as  follows: 

Short  white-pine  columns;]  'T^T'^'^'l'lV.  ^^'  ^'  '^'^^' 
/-^dbelow32 ^""^^         ""^'^'^ 


minimum  =1,687 


All  the  preceding  white-pine  columns  were  single  sticks, 
but  a  large  number  of  built  posts  composed  of  two  to  four 
white-pine  sticks  bolted  together,  with  spacing  blocks  at  the 
two  ends  and  at  the  centre,  were  also  tested  with  the  results 
shown  below.  /  n-rf  is  the  ratio  of  length  over  least  width  of 
a  single  stick  of  the  set  forming  the  composite  coltmin. 


/+rf.  Number  of  Tests. 

^^•A* •• •• •• vA^* •• •• ■ 


36. 


40. 


I  . 

5maxir 
mean 
minin 


maximum  «  2,273  lbs.  per  sq.  in. 
mean         =1,980 
minimum  =1,661 

maximum  =  2,255 
mean  ^i»999 
minimum  =1,804 

maximum  =  2,02 1 

-1,830 

minimum  =1,419 


fi 
« 

it 

II 
II 
II 
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A  comparison  of  these  results  with  those  given  in  Table 
V  shows  that  these  composite  or  built  columns  were  the 
same  in  strength  per  square  inch  with  the  single  sticks 
of  which  they  were  composed,  the  latter  being  considered 
single  columns. 

All  the  white-pine  composite  columns  were  tested  with 


flat  ends  and  were  built  up  with  the  greatest  widths  of 
individual  sticks  adjacent  to  each  other. 

The  results  in  Tables  IV  and  V  are  shown  graphically 
in  Plate  F.  One  ordinate  gives  the  values  oi  l-^d,  and  the 
other  the  ultimate  resistance  in  pounds  per  sq.  in. 

The  full  curved  lines  running  into  horizontal  tangents  at 
the  left  represent  about  mean  lines  through  the  points 
indicating  the  actual  column  tests. 

The  broken  lines  represent  the  following  empirical  for- 
mute ;  in  which  p  is  either  the  ultimate  resistance  or  work- 
ing stress  in  pounds  per  sq.  in. 
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For  yellow  pine    .     .     .    ^  =  5800— 7o(/^(i) 
•*    white       •*       .     .     .     />  =  38oo-47(/-^d) 

For  wooden  railway  structures  there  may  be  used : 

For  yellow  pine     .     .     .     p^75o  —  g(l-i-d) 
"    white       **      .     .     .     p  =  5oo-6(/^d) 

For  temporary  structures,  such  as  bridge  false  works 
carrying  no  traffic: 

For  yellow  pine     .     .     .     />  =  i5oo— I8(/-^d) 
"    white       **      .     .     .     p  =  iooo-i2(/^rf) 

The  preceding  formulcB  are  to  be  used  only  between  the 

II  II 

limits  of  20  T  and  6oj  for  yellow  pifte  and  30-7  and  6oj  for 

white  pine. 

I  I 

For  short  coliunns  below  20t  and  30^  there  are  to  be 

used  for  yellow  and  white  pine  respectively: 

Ultimate.  Railway  Bridge..  ISSSSS! 

Yellow  pine p^AAOO 55^ i loo lbs.  per  sq.  in. 

White      " />  =  2400 300 600"     " 

All  the  preceding  values  are  applicable  to  good  average 
lumber  for  the  engineering  purposes  indicated. 

Table  VI  exhibits  a  number  of  results  of  the  tests  of 
short  timber  columns  taken  from  the  **  U.  S.  Reports  of 
Tests  of  Metals  and  Other  Materials"  for  1894,  1896,  1897, 
and  1900.  It  will  be  observed  that  the  ratios  of  length  over 
thickness,  i.e.,  minimtun  dimension  of  cross-section,  are 
less  than  22,  and  with  two  exceptions  much  less.  These 
coltmins  do  not,  therefore,  come  within  the  range  of  appli- 
cation of  such  formulae  as  those  given  on  the  preceding 
page  for  yellow  pine  and  white  pine. 


Art  63.] 


TIMBER  COLUMNS. 


543 


Table  VI. 

SHORT  TIMBER  COLUMNS. 


Timber. 


Long-leaf  x>ine 

(I  •• 

•  •    >    > 

Short-leaf  pine. .  . 
•i  <• 

(i  It 

•  •  • 

Spruce 

Long-leaf  pine  * . . . 

Cypress 

White  pine 

Red  oak..  \...... 

Douglas  fir. . «... . 
ti        it 

ti        ti 
Whiteoak."'. !!!!! 

•  1  •! 

tl  It 

tt  II 


Dimensions,  Inches. 

Ultimate  Compressive 

• 

w 

1. 

Resistance. 

4^ 

Lbs 

.  per  bq.  In. 

Leng'h 

Bre'dth 

Thick- 

d 

d 

■ 

0 

.Max. 

Mean. 

Min. 

Z, 

xao 

9.8 

9.8 

xa 

4.976 

4.574 

4,300 

5 

lao 

9.8 

9.8 

xa 

3.800 

3.558 

3,369 

5 

lao 

9.8 

9.8 

xa 

4,300 

3.957 

3,714 

a 

xao 

9.8 

9.8 

xa 

3.935 

3.481 

3,037 

a 

xao 

9.8 

9.8 

xa 

3.400 

3,000 

a, 600 

a 

xao 

9.8 

9.8 

xa 

4,000 

3.568 

3,135 

a 

xao 

9.6 

9.6 

xa 

3.174 

3.589 

1,900 

xo 

13X 

2-5 

9.5 

M 

7.354 

6,093 

4.960 

xa 

xao 

8 

8 

IS 

3,457 

3.308 

3,H3 

3 

58 
71 

95 

7.9 

99      tfk 

8 

3.653 

0-5 

7.9 

9 

3.9  J  7 

48 

4to6 

3-5 

»4 

6.347 

5.160 

3.917 

5 

60 

14 

a. 8 

aa 

6,axi 

60 
60 

8&X4 

3 

ao 

7.88a 

6,735 
6,aao 

3.697 

S.568 

2 

1 2 

4«  ' 
8 

15 

* 

I  31 

10 

15 

106 

10&  xa 

10 

II 

4,330 

4.314 

4,197 

74 
69 

7-5 

7.9 
8 

xo 

4.373 

10 

9 

4.043 

Butt 

Top 

Middle 

Butt 

Top 

Middle 


sticks. 
It 


It 
II 
tl 
I* 


Old  posts. 

)  Probably 
>  X  70  years 
)oid. 


*  Well  seasoned  and  dry;  la  years  old.  Had  been  in  a  fire  and  comers  were  partially 
charred. 

All  posts  represented  in  this  table  contained  probably  15  to  18  per  cent,  of  moisture,  or 
perhaps  more. 

The  long-leaf  and  short-leaf  pine  tests  show  that  columns 
taken  from  the  butts  of  trees  are  stronger  than  those 
taken  either  from  the  middle  or  the  tops,  the  top  sticks, 
as  a  rule,  having  the  least  ultimate  resistance  per  square 
inch  of  all.  The  white-pine  and  red-oak  sticks  yield  interest- 
ing results  on  account  of  their  age,  as  they  were  taken  from 
some  wooden  trusses  of  the  Old  South  Church,  Boston, 
Mass.,  a  building  constructed  in  1729.  The  timber  was  .so 
housed  as  to  be  completely  protected  and  kept  very  dry. 
The  results  show  no  loss  of  resistance  as  compared  with 
tests  of  the  same  kind  of  timber  at  the  present  time. 

The  effect  of  immersion  in  water  on  the  resistance  of 
timber  is  illustrated  by  tests  made  at  the  Watertown 
Arsenal.  A  post  similar  to  one  of  the  old  long-leaf  pine 
columns,  12  of  which  were  tested  in  a  seasoned  condition 
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giving  the  average  shown  in  the  Table  of  6093  pounds  per 
square  inch,  was  submerged  in  water  for  a  period  of  130 
days  and  then  tested  with  the  result  of  failing  at  3800 
pounds  per  square  inch. 

The  values  shown  in  Table  VI  correspond  closely  to  the 
results  shown  for  yellow  pine  and  white  pine  on  pages 
539  and  540,  so  far  as  they  may  properly  be  compared. 


CHAPTER  IX. 

SHEARING  AND  TORSION. 

Art.  64. — Coefficient  of  Elasticity. 

It  has  already  been  shown  in  some  of  the  articles  of  the 
first  portion  of  this  book  on  shearing  and  torsion  that  the 
coefficients  of  elasticity  for  those  two  stresses  are  the  same; 
and,  indeed,  that  those  two  stresses  are  identical  in  charac- 
ter. The  coefficients  of  elasticity  given  in  this  article 
are  then  derived  chiefly  from  experiments  in  torsion. 

A  considerable  number  of  coefficients  of  elasticity  for 
torsion  may  be  found  in  Table  III  of  Art.  66.  These  values 
belong  chiefly  to  a  wide  range  of  steel,  wrought  iron,  and 
cast  iron.  It  is  important  to  observe  that  the  value  of  the 
coefficient  does  not  change  perceptibly  with  the  grade  of 
steel ;  it  is  essentially  the  same  for  rivet  and  crucible  steel. 
Indeed  it  is  practically  the  same  for  steel  and  wrouc^ht  iron. 
This  is  in  accordance  with  the  general  theory  of  elasticity 
in  amorphous  solid  bodies.  The  values  of  G,  both  in  this 
article  and  in  Art.  66,  Table  III,  indicate  as  a  close  ap- 
proximation 

G^  =  .45E. 

In  '*Der  Civilingenieur,"  Heft  2.  1881,  the  results  of 
some  interesting  and  important  experiments  on  cast- 
iron  rods  or  prisms  of  various  cross-sections,  by  Prof. 
Bauschinger,  are  given  in  full  detail.     The  rods  or  prisms 
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were  about  40  inches  long,  and  were  subjected  to  torsion, 
while  the  twisting  of  two  sections  about  20  inches  apart, 
in  reference  to  each  other,  was  carefully  observed.  The 
results  for  four  different  cross-sections  will  be  given — i.e., 
circular,  square,  elliptical  (the  greater  axis  was  twice  the 
less),  and  rectangular  (the  greater  side  was  twice  the  less). 
In  each  case  the  area  of  cross-section  was  about  7.75  square 
inches.  The  angle  a  is  the  angle  of  torsion — i.e.,  the 
angle  twisted  or  turned  through  by  a  longitudinal  fibre 
whose  length  is  unity  and  which  is  at  unit's  distance  from 
the  axis  of  the  bar. 


Section. 
Circular. .. 


G. 


)  0.007  degree 7,466,000  lbs.  per  sq.  in. 
0.07        '•      6,157,000 


EBipticai )°:^  ::  :::::::i:5fi: 

Square 


Rectangular. . . 


0.008 
0.073 
o.oi 
0.08 


II 


II 


If 


000 
000 
7,039,000 
5,987,000 
6,996,000 
5,716,000 


The  formula  by  which  G  is  computed,  when  the  torsional 
moment  and  angle  a  are  given,  is  the  following: 


(I) 


in  which  M  is  the  twisting  moment,  A  the  area  of  the  cross- 
section,  Ip  the  polar  moment  of  inertia  of  that  cross-section, 
and  c  a  coefficient  which  has  the  following  values: 

4^^  =  39.48  for  circle  and  ellipse, 
42.70  '*  square, 
42.00  **  rectangle, 

as  shown  in  Appendix  I. 

Bauschinger's  experimenits  show  that  the  coefficient  of 
shearing  elasticity  for  cast  iron  may  be  taken  from  6,000,000 
to  7,000,000  pounds  per  square  inch;  also  that  it  varies  for 
different  ratios  between  stress  and  strain. 
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It  has  been  shown  in  Art.  5,  that  if  E  is  the  coefficient  of 
elasticity  for  direct  stress,  and  r  the  ratio  between  direct 
and  lateral  strains,  for  tension  and  compression,  that  G 
may  have  the  following  value: 

G  =  -t4-T (2> 

2(1 +r)  "^  ^ 

Prof.  Bauschinger,  in  the  experiments  just  mentioned, 
measured  the  direct  strain  for  a  length  of  about  4  inches, 
and  the  accompanying  lateral  strain  along  the  greater  axis 
of  the  elliptical  and  rectangular  cross-sections,  and  thus 
determined  the  ratio  r  between  the  direct  and  lateral  strains 
per  unit  in  each  direction.     The  following  were  the  results : 

Compression. 
Section.  r.  G. 

Circular 0.22 6,541,000  lbs.  persq.  in 

ElUptical 0.23 6,541,000    *•     " 

Square 0.24 6,442,000    "     "        " 

Rectangular o. 24 6,499,000   " 


«        « 


Tension. 

Circular o. 23 6,570,000  lbs.  per  sq.  in. 

Elliptical 0.21 6,811,000 

Square 0.26 6,399,000 

Rectangular 0.22 6,527,000 


II  II  tt 
It  II  II 
II     II       II 


The  values  of  E  are  not  reproduced,  but  they  can  be 
calculated  indirectly  from  eq.  (2)  if  desired. 

It  is  seen  that  the  values  of  Gy  as  determined  by  the 
different  methods,  agree  in  a  very  satisfactory  manner, 
and  thus  furnish  experimental  confirmation  of  the  funda- 
mental equations  of  the  mathematical  theory  of  elasticity 
in  solid  bodies. 

The  fact  that  G  is  essentially  the  same  for  all  sections  is 
also  strongly  confirmatory  of  the  theory  of  torsion  in 
particular. 

These  experiments  show  that,  for  cast  iron,  the  lateral 


it  <(  (f 

tt  <(  « 

(I  (I  <( 

(f  ((  « 

«(  «  <i 


ff  l<  ^  <( 

II  II  CI 

II  «  «l 

II  II  II 
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Strains  are  a  little  less  than  one  quarter  of  the  direct  strains. 
If  r  were  one  quarter,  then  G^=f£,  or  £=|6^. 

In  the  "Journal  of  the  Franklin  Institute,"  for  1873, 
Prof.  Thurston  gives  the  following  values  of  G,  as  deter- 
mined from  experiments  with  his  torsion  machine: 

White  pine G—  220,000  lbs.  per  sq.  in. 

Yellow  pine,  sap G=»  495,000 

Yellow  pine,  heart G—  495,000 

Spruce G«»  211,000 

Ash G-*  410,000 

Black  walnut G^  582,000 

Red  cedar G=«  890,000    **     "       " 

Spanish  mahogany G=  660,000    "     "       " 

Oak G=-  570,000 

Hickory G«  910,000 

Locust G«  1,225,000 

Chestnut G-*  355,000 

The  specimens  w^ere  small  ones,  and  the  timber  was 
seasoned. 

Art.  65. — ^Ultimate  Resistance. 

Before  considering  the  ultimate  shearing  resistance  of 
special  materials  it  will  be  well  to  notice  the  two  different 
methods  in  which  a  piece  may  be  ruptured  by  shearing. 

If  the  dimensions  of  the  piece  in  which  the  shearing  force 
or  stress  acts  are  very  small,  i.e.,  if  the  piece  is  very  thin, 
the  case  is  said  to  be  that  of  ** simultaneous''  shearing.  If 
the  piece  is  thick,  so  that  those  portions  near  the  jaws  of 
the  shear  begin  to  be  separated  before  those  at  some  dis- 
tance from  it,  the  case  is  said  to  be  that  of  "shearing  in 
detail.''  In  the  latter  case  failure  extends  gradually,  and 
in  the  former  takes  place  simultaneously  over  the  surface 
of  separation.  Other  things  being  the  same,  the  latter 
case  (shearing  in  detail) ,  will  give  the  least  ultimate  shearing 
resistance  per  unit  of  the  whole  surface. 

In  reality  no  plate  used  by  the  engineer  is  so  thin  that 
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the  shearing  is  absolutely  simultaneous,  though  in  many 
cases  it  may  be  essentially  so. 

Wrought  Iron. 

The  following  averages  (each  result  being  an  average  of 
six  tests)  are  from  Chief  Engineer  Shock's  experiments,  in 
1868,  on  ordinary  commercial  ** rounds'*  (** Steam  Boilers/' 
by  Wiliam  H.  Shock,  Chief  Engineer,  U.  S.  N.),  in  which 
5  is  the  ultimate  shearing  resistance  in  pounds  per  square 
inch: 


s. 


Diam.  of  Round.                   ^ngle  Shear.                     Double  Shear. 
0.5     inch 44, 150  lbs 41,090  lbs. 


0.625 

0.75 

0.875 
1. 00 


it 


i< 


tt 


n 


39250 
39,550 
41,500 
40,700 


II 


ti 


l< 


tt 


38,670 
39,770 

37,890  " 

37,650 


tt 


tt 


Although  these  figures  show  some  irregularities,  the 
general  result  is  tmmistakable,  and  shows  a  decrease  of  5 
with  an  increase  of  diameter. 

The  results  of  experiments  at  Bristol,  England,  by  Mr. 
Jones  (**Proc.  Inst.  Mech.  Engrs.,"  1858),  on  ptmching 
plate  iron,  are  as  follows : 

Thickness  of  Plate.  Diam.  of  Hole.  5. 

0.437  inch 0.250 54, 700  lbs.  persq.  in. 

0.625     "    0.500 60,900    "     " 

0.625    "    0.750 52,900    **     " 

0.875    "    0.875 51,700 


tt     tt 


tt 


u 


It 


1. 000 


l< 


1. 000 55,100 


tt        tt 


«( 


Mr.  C.  Little  found  the  following  for  English  **  ham- 
mered scrap  bars  and  tolled  iron,'*  with  parallel  cutters  or 
shears : 

Area  Cut.  Direction.  S. 

0.50X3. 00  ins Flat 49,950  lbs.  persq.  in. 

0.50X3.00  " Edge 51,750 

1.00X3.00  " Flat 51,750 

1.00X3.00  " Edge 50,850 

1.00X3.02  " Flat 44,350 

1.00X3.02  " Edge 46,150 

1.80X5.00  " Edge 46,150 


<( 


tt 


tt 


tt 


tt 


tt 
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In  these  experiments  the  edges  of  the  shears  were  always 
parallel  to  each  other,  thus  tending  to  produce  simultaneous 
shearing.  In  ordinary  workshop  practice,  however,  the 
jaws  of  the  shears  make  a  constant  angle  with  each  other, 
thus  shearing  successive  portions  of  the  material  as  the 
jaws  approach,  whatever  may  be  the  dimensions  of  the 
piece,  and  consequently  always  producing  shearing  in 
detail.  In  the  experiments  (by  the  same  authority,  i.e., 
Mr.  C.  Little,  **Proc.  Inst.  Mech.  Engrs.,"  1858)  from  which 
the  following  results  were  deduced,  the  angle  between  the 
jaws  of  the  shears  was  an  inclination  of  i  in  8 : 

Bars.  Flatways.  Edgeways. 

3       X  1 . 5      ins 5=40,800 45.000  lbs.  per  sq.  in. 

4.5X1.375    " 5=32,000 40,100    '•      "        '* 

3.0X1.00      " 5  =  35,200 47,300    "     "        " 

5.25X1.75      " 5  =  37,400 50,600    "      "        " 

6.00X1.50      " 5=33,600 41,200   "      "       ** 

As  was  to  be  expected,  the  ** edgeways"  results  are 
much  the  largest,  as  with  that  position  of  the  bar  the 
shearing  approached  more  nearly  the  simultaneous  con- 
dition. 

There  will  be  found  in  the  articles  on  riveted  joints  a 
large  number  of  results  of  tests  of  wrought-iron  rivets  in 
shearing.  Those  tests  show  that  the  ultimate  shearing 
resistance  of  wrought-iron  rivets  may  range  from  about 
34,000  to  about  43,000  pounds  per  square  inch  when  the 
diameter  of  rivet  varies  from  f  inch  to  i  inch.  The  entire 
range  of  experimental  investigation  shows  that  the  ultimate 
shearing  resistance  of  wrought  iron  may  run  from  .75  to 
.8  of  the  ultimate  tensile  resistance. 

Cast  Iron. 

Very  few  experiments  on  the  resistance  of  cast  iron  to 
shearing  have  been  made,  as  this  metal  is  seldom  or  never 
used  to  resist  such  a  stress. 
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Mr.  Bindon  B.  Stoney  (**  Theory  of  Strains  in  Girders 
and  Similar  Structures,*'  p.  357  of  2d  Edit,)  has  found, 
by  experiment,  that  the  ultimate  shearing  resistance  of  the 
cast  iron  with  which  he  experimented  varied  from  about 
17,900  to  20,200  poimds  per  square  inch.  He  concluded 
that  the  shearing  and  tensile  resistances  might  be  taken 
the  same.  •   . 

Steel. 

The  results  of  Prof.  Ricketts'  shearing  tests  on  both  open 
hearth  and  Bessemer  steel  rounds  with  different  grades  of 
carbon  are  given  in  Table  II  of  Art.  43.  The  elastic  limit 
is  the  point  at  which  the  metal  first  fails  to  sustain  the  scale 
beam.  The  double-shear  resistance  in  one  case  exceeds  the 
single  by  over  six  per  cent.  According  to  these  tests,  the 
ultimate  shearing  resistance  of  mild  steel  may  be  taken 
at  three  quarters  of  its  ultimate  tensile  resistance.  Each 
shear  result  is  a  mean  of  three  tests. 

The  rivet  steel  was  low,  containing  but  .09  per  cent,  of  car- 
bon. While  the  specimens  of  Bessemer  steel  were  a  little 
iiigher  in  carbon,  ranging  from .  1 1  to .  1 7  per  cent.,  except  the 
last  six,  they  were  also  of  low  or  medium  steel.  It  should 
be  carefully  noted  that  the  results  in  that  table  show  that 
the  ultimate  shearing  resistances  for  the  low  or  medium 
steels  running  from  44,600  pounds  per  square  inch  up  to 
53,260  pounds  per  square  inch  are  closely  three  fourths 
the  corresponding  ultimate  tensile  resistances.  On  the 
other  hand,  the  six  specimens  of  high  steel  give  ultimate 
shearing  resistances  but  little  over  two  thirds  of  the  corre- 
sponding ultimate  tensile  resistances.  This  is  a  feature  of 
the  relation  between  the  ultimate  shearing  and  ultimate 
tensile  resistances  of  different  grades  of  steel  which  is 
commonly  exhibited  in  tests.     The  high  steel  appears  to 
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yield  an  ultimate  shearing  resistance  of  sensibly  less  per- 
centage of  the  tensile  ultimate  than  low  steel. 

Mr.  Kirkaldy  investigated  the  ultimate  shearing  re- 
sistance of  four  grades  of  Fagersta  steel,  and  the  following 
results  are  taken  from  *  *  Experimental  Enquiry  into  the  Me- 
chanical Properties  of  Fagersta  Steel/'  by  David  Kirkaldy » 
1873.  The  test-piece,  in  each  case,  was  turned  from  a  2 -inch 
square  bar,  to  a  diameter  of  i .  1 28  inches,  and  each  result  is  a 
mean  of  three  experiments.  5  is  the  ultimate  resistance  to 
shearing  in  pounds  per  square  inch;  r  is  the  ratio  of  ulti- 
mate shearing  over  ultimate  tensile  resistance  of  the  same 
steel;  while  ''d''  is  the  detrusion  or  relative  movement  of 
one  part  of  the  specimen  in  respect  to  the  other  at  the  instant 
of  separation  over  the  entire  surface. 

Mark.  5.  r.  d. 

1.2 61,400.00  lbs.. 0-73 0.19  inch. 

0.9 71,740.00    " 0.75 0.25    " 

0.6 71,650.00    " 0.70 0.28    " 

0.3 45,410.00    " 0-54 0.32    " 

As  is  evident,  the  lower  *'  Mark''  numbers  belong  to  the 
softer  steels. 

In  each  case  two  surfaces  were  sheared,  as  the  **roimd'* 
was  a  pin  for  three  links,  two  of  which  pulled  one  way  and 
one  the  other. 

All  of  Mr.  Kirkaldy 's  experiments  seem  to  show  that  the 
ultimate  shearing  resistance  of  steel  is  about  three  quarters 
the  tensile. 

Table  I  contains  the  results  of  the  experiments  of  Prof. 
A.  B.  W.  Kennedy,  as  given  in  **  Engineering"  for  May  6, 
1881.  The  tensile  resistance  of  the  same  steel  was  given  in 
the  chapter  on  **  Tension." 

The  specimens  were  round  and  of  mild  rivet  steel.  The 
ratio  of  the  ultimate  resistance  to  shearing  over  that  to 
tension  varied  from  6.80  to  0.89. 
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Table  I. 

RIVET  STEEL. 


Ultimate  Resistance 

• 

Ratio  of  Ultimate 

Diameter  in  Inches. 

in  Lbs.  per  Sq.  In. 

Mean. 

Shear  over 
Ultimate  Tension. 

I.OO 

54»iiO 

I.OO 

54,930 

I.OO 
I.OO 

55,240 
52,830 

» 

54,550 

0.89 

I.OO 

56,660 

I.OO 

53,530. 

0.62 

60,260 

0.62 

59,400 

0.62 

59,600 

■ 

59,640 

0.87 

0.62 

59,220 

0.62 

59,740 . 

.  0.62 

53,670  1 

0.62 

51,290 

0.62 

52,670   ' 

52,450 

0.80 

0.62 

53,000 

0.62 

51.620J 

In  the  ** Journal  of  the  Franklin  Institute"  for  March, 
1881,  Charles  B.  Dudley,  Ph.D.,  gives  the  results  of  192 
tests  of  rail  steel,  the  specimens,  0.625  inch  round,  having 
been  taken  from  rails  which  had  been  subjected  to  service 
for  considerable  periods  of  time  on  the  Penn.  R.  R.  The 
tests  were  made  by  Mr.  J.  W.  Cloud,  engineer  of  tests  for 
the  Penn.  R.  R.  Co.  The  following  is  a  summary  of  the 
results : 

163,560.00  pounds  per  sq.  in.  {greatest). 
59,880.00  pounds  per  sq.  in.  {mean), 
53,380.00  pounds  per  sq.  in.  {least). 

The  percentages  of  carbon  varied  from  .282  to  .438, 
showing  that  the  steel  was  rather  high.  The  ultimate 
tensile  resistances  were  such  that  the  values  of  the  shearing 
resistances  5  were  about  three  fourths  of  the  former. 

Table  II  exhibits  the  results  of  the  shearing  tests  of  the 
various  grades  of  steel  indicated  at  the  left-hand  side  of  the 
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1 

No.  of 
'Tests.  ■ 

• 

Lbs.  per  Sq.  In. 

Ultimate 
Shearing. 

Ratio  of 

Shearing,  io 

Ultimate 

Ten.«dle. 

Kind  of  Steel. 

Tension. 

Elastic' 

Ultimate. 

Landore  Siemens.  . . . 
it             i< 

•  •  •  • 

•     •  •  1  • 

Weardale  Bessemer.  . 
Bessemer 

2 
2 

3 
6 

6 

4 
4 

2 

2 

37,500 
40,000 
37,000 
40,600 
44,000 
51,500 
62,000 
69,500 
70,000 

57,000 
63,500 
64,000 
69,000 
71,000 
78,000 
82,000 
116,000 
118,000 

47.500 
51,000 

52;ooo 
56,000 
51,000 
64,000 
59iOoo 
74,000 
79.000 

.829 
.800 
.811 
.807 

.715 
.823 

.721 

.632 

.670 

11 

Crucible 

Bessemer 

table.  The  ultimate  tensile  resistances  run  from  57,000 
pounds  per  square  inch  for  the  low  steel  up  to  118,000 
pounds  per  square  inch  for  the  high  steel.  It  is  noticeable 
that  the  ratio  of  the  ultimate  shearing  resistance  over  the 
ultimate  tensile  varies  from  about  .83  for  the  low  steel 
down  to  about  .63  for  the  high  steel,  confirming  the  results 
alreadv  indicated.  The  results  of  Table  II  are  taken  from 
the  *'  Proceedings  of  the  Institution  of  Mechanical  Engineers 
for  1885/'  the  tests  having  been  made  by  Prof.  A.  B.  W. 
Kennedy.  On  the  whole,  it  may  be  stated  that  in  the 
low  rivet  steels  the  ultimate  shearing  resistance  may  be 
taken  at  .8  of  the  ultimate  tensile  resistance,  but  in  the  high 
steels  that  ratio  may  fall  bel(;W  .65.  As  an  average  the 
ratio  of  the  ultimate  shearing  intensity  over  the  ultimate 
tensile  intensity  may  be  taken  at  .75  for  the  usual  grades 
of  structural  steel. 

Further  results  of  the  shearing  of  steel  in  rivets  may 
be  found  in  the  articles  on  riveted  joints;  they  confirm 
those  given  in  this  article. 
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Copper, 

From  some  English  experiments,  Mr.  Bindon  B.  Stoney 
concluded  that  the  ultimate  shearing  resistance  of  copper 
was  about  two  thirds  of  that  of  wrought  iron,  but  the 
shearing  resistance  of  copper  must  necessarily  depend  on  the 
grade  of  metal,  i.e.,  whether  cast,  wrought,  cold  drawn,  or 
otherwise  treated.  .  ,  . 


Timber, 

In  treating  the  shearing  resistance  of  timber,  it  is 
necessary  to  consider  whether  the  shearing  takes  place 
along  the  fibres  or  in  a  direction  v.ormal  to  them. 

Table  III. 

ACROSS  FIBRES. 


Kind  of  Wood. 

Ash 

Beech 

Birch 

Cedar,  white 

Cedar,  Central  American 

Cherry 

Chestnut 

Dogwood 

Ebony 

Gum 

Hemlock 

Hickory 


6,280 
5,223 

5,595 
1,372  to  1,519 

3,410 

2,945 

1,535 
6,510 

7,750 

5,890 

2,750 

6,045107,285 


Kind  of  Wood. 

Locust 

Maple 

Oak,  white 

Oak,  live 

Pine,  white 

Pine,  yellow,  Northern . 
Pine,  yellow,  Southern . 
Pine,  yel.,  very  resinous 

Poplar 

Spruce 

Walnut,  black 

Walnut,  common 


7,176 
6,355 

4,425 
8,480 

2,480 

4,340 

5,735 

5,053 

4,418 

3,255 
4,728 

2,830 


Table  III  contains  the  results  of  experiments  by  Mr.  John 
C.  Trautwine  on  round  specimens  0.625  inch  in  diameter, 
and  across  the  fibres  (**  Journal  of  the  Franklin  Institute/' 
Feb. ,  1 880) .  As  before,  5  is  the  ultimate  shearing  resistance 
in  pounds  per  square  inch. 

Table  IV  has  been  condensed  from  the  results  of  Col. 
Laidley's  tests  at  the  Watertown  arsenal  (**  Ex.  Doc.  No.  12, 
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47th  Congress,  ist  Session").  Usually,  two  such  results 
have  been  selected  as  will  give  a  correct  idea  of  the  resistance. 
In  all  cases  except  Nos.  19,  20,  23,  and  33,  the  smaller 
resistance  belongs  to  the  larger  shearing  surface.  In  No. 
33  the  smaller  resistance  belongs  to  an  imsatisfactory 
experiment. 

Table  IV. 


No. 


I 

a 
3 
4 
5 
6 

7 
8 

9 

10 
II 
li 
1:, 
M 
15 
16 

17 
18 

»9 

20 

31 
23 

23 
24 
25 
36 

27 
28 
39 
30 
31 
32 

33 
34 
35 


Kind  of  Material. 


Oregon  pine 

Oregon  pine 

Oregon  maple 

Oregon  maple 

CaliTornia  laurel 

Ava  Mexicana 

Ava  Mexicana 

Oregon  ash 

Oregon  ash 

Mexican  white  mahogany 

Mexican  cedar 

Mexican  cedar 

Mexican  mahogany 

Mexican  mahogany 

Oregon  spruce 

Orejjon  spruce 

White  pine 

White  pine 

Whitewood 

Whitewood 

Whitewood 

Yellow  pine 

Yellow  pine 

Ash 

Ash 

Red  oak 

Red  oak 

White  oak 

White  oak 

Yellow  birch 

Yellow  birch 

White  maple 

White  maple 

Spruce 

Spruce. .  . .  •. 


Shearing  Area 

in  Square 

Inches. 


5.0  and  14.0 

10.7 

Z4-4 
lo.p 
II  .0  and  14.2 
14. S 
II  .0 
14.6 
8.3 
II  .0  and  15. 1 
150 
9.8 
15.0 
II .  I 
9  and  34. S 

5.5 
o  and  16.0 


32. 

3- 
i6. 

7- 
10. 
21 
U 
17 
16 
16 
16 
16 
16 
15 
17 
25 

15 

IS 
16 


o  34.0 

3  "  11.0 

8  ••  21.9 

6  ••  32.3 

o  "  13.1 

o  *•  25.4 

3  **  24.4 

2  ••  16.0 

o  "  23.9 

o  "  24.0 

2  "  34.0 

8  *'  24.0 

o  *'  17.0 

6  ••  25.6 

16.0 
,  9  and  34 .  o 

,8  ••  33.8 

.0  "  34.0 


Ultimate  Shear 

in  Lbs.  per  Sq. 

Inch. 


443  and  1,096 

830 

436 
1,038 
549  and  i,304 

346 

700 

443 
1,136 
438  and  1 ,000 

423 
814 
566 

r,333 
a6i  and  ^56 

315 
381  and  433 


324 
137 

328 
333 

317 
386 

S92 
458 
743 
736 
803 
752 
563 

61  3 


352 

370 
481 

385 

399 
409 
600 
700 
745 
999 
966 
846 

8x5 
673 


647 
399  and  537 
335  '*  347 
316    •      374 


Directions  to  Rings  of 
Growth. 


Perpendicular  (3  exps.^ 
Obhque 
Perpendicular 
Oblique 

Oblique  (  2  exps.) 
Perpendicular 
Parallel 
Parallel 
Perpendicular 
Oblique  ( 3  exp6.) 
Perpendicular 
Parallel 
Parallel 
Perpendicular 
Parallel  ( 3  exps.) 
Perpendicular 
Perpendicular  (  3  exps.V 
Parallel  (2  exps.) 
Oblique  ( 3  exps.) 
Parallel  (3  exps.) 
Perpendicular  ( 2  exps.)- 
Oblique  ( 2  exps.) 
Perpendicular  (2  exp.) 
Parallel  (2  exps.) 
Perpendicular  (3  exps.V 
Perpendicular  (3  exps.) 
Parallel  ( 2  exps.) 
Parallel  (3  exps.) 
Perpendicxilar  (2  exps.)* 
Oblique  ( 3  exps.) 
Perpendicular  (3  exps.) 
Oblique 

Perpendicular  (3  exps.) 
Parallel  (2  exps.) 
Perpendicular  (  2  exps.) 


The  direction  of  shear  is  seen  to  be  either  along  the 
fibres  or  tangential  to  the  rings  of  growth,  in  the  latter 
case  being  either  perpendicular  or  oblique  to  the  fibres. 
When  the  shear  is  along  the  fibres  the  results  are  generally 
reasonably  in  harmony,  for  the  same  timber,  with  those 
in  Table  V. 
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The  values  shown  in  Table  V  were  found  by  Prof. 
J.  B.  Johnson  in  his  experimental  work  for  the  Department 
of  Agriculture,  and  they  have  been  taken  from  **  U.  S. 
Forestry  Circular,  No.  15/'  As  indicated  in  the  table  the 
results  belong  to  unseasoned  timber,  although  the  specimens 
were  selected  and  were  not  large.  Each  value  is  a  mean 
of  a  number  of  tests. 


Table  V. 

SHEARING  RESISTANCE  OF  TIMBER  ALONG  FIBRES. 


No. 


I 

2 

3 
4 
5 
6 

7 
8 

9 
10 

II 

12 

13 

14 

15 
16 


dpCClC3« 


Shearing 

with 
Grain  not 
Reduced 

for 
Moisture. 


Long-leaf  pine.  . . 

Cuban  pine 

Short-leaf  pine.  . . 
Loblolly  pine. . .  . 

White  pine 

Red  pine 

Spruce  pine 

Bald  cypress. . . . 

White  cedar 

Douglas  spruce.  . 

White  oak 

Overcup  oak. .  . . 

Post  oak 

Cow  oak 

Red  oak 

Southern  red  oak 


700 

700 

700 

700 

400 

500 

800 

500 

400 

500 

1,000 

1,000 

1,000 

900 

1,100 

900 


No. 


17 
18 

19 
20 
21 
22 

23 

24 

25 
26 

27 
28 

29 
30 
31 
32 


species. 


Black  oak.' 

Water  oak 

Willow  oak 

Spanish  oak 

Shagbark  hickory, 
White  hickory.  . . 
Water  hickory. .  . 
Bitternut  hickory 
Nutmeg  hickory.  . 
Pecan  hickory.  .  . 
Pignut  hickory. .  . 

White  elm 

Cedar  elm 

White  ash 

Green  ash 

Sweet  gum 


Shearing 

with 
Grain  not 
Reduced 

for 
Moisture. 


1,100 
1,100 

900 

900 
1,100 
1,100 
1,000 
1,000 
1,100 
1,200 
1,200 

800 
1,300 
1,100 
1,000 

800 


All  the  preceding  values  belong  to  small  specimens  or 
selected  sticks,  as  has  been  observed;  consequently  they 
are  generally  somewhat  higher  than  can  be  justified  for 
use  in  engineering  practice.  The  amount  of  reduction 
necessary  to  meet  the  requirements  of  that  usage  is  a 
matter  of  judgment  based  on  experience.  Probably  as 
reasonable  values  as  can  be  assigned  both  for  ultimate 
resistances  and  for  working  stresses  under  ordinary  cir- 
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ctimstances  are  those  given  in  Table  Vf.     They  are  taken 
from  the  **  Report  of  the  Committee  on  Strength  of  Bridge 

Table  VI. 

ULTIMATE  RESISTANCES  AND  WORKING  STRESSES  FOR  TIM- 
BER IN  SHEARING. 


Pounds  per  Square  Inch. 


Timber. 


Ultimate  Resistance. 


White  oak 

White  pine 

Southern  long-leaf  or  Georgia  yellow 

pine 

Douglas  and  yellow  fir 

Northern  or  short-leai  yellow  pine 

Canadian  (Ottawa)  white  pine 

Canadian  (Ontario)  red  pine 

Spruce  and  Eastern  fir 

Hemlock 

Cedar 

Chestnut 

California  redwood 


Across 
Grain. 


4,000 
2,000 

5,000 

4,000 


3,000 
2,500 
1,500 
1,500 


With 
Grain. 


800 
400 

600 
600 

400 

350 
400 
400 
350 

600 
400 


Working  Stresses. 


Across 
Grain. 


1,000 
500 

1,250 
1,000 


750 
600 
400 
400 


With 
Grain. 


200 
100 

150 

150 
100 

100 

100 

100 

100 

150 
100 


and  Trestle  Timbers/'  for  1895,  of  the  Association  of 
Railway  Superintendents  of  Bridges  and  Buildings  to 
which  allusion  has  been  made  in  preceding  articles.  The 
working  stresses  (i.e.,  greatest  permissible  in  design)  are 
taken  at  one  fourth  of  the  ultimate.  This  fraction  needs 
to  be  varied  for  different  classes  of  work. 


Natural  Stones. 

The  ultimate  shearing  resistance  of  stones  has  not  as 
great  practical  value  as  the  ultimate  compressive  or  the 
ultimate  bending  resistance,  yet  there  are  occasional 
structural  conditions  under  which  it  is  necessary  to  ascer- 
tain what  shearing  capacity  may  be  relied  upon.     Valuable 
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data  for  this  pinpose  are  shown  in  Table  VII  taken  from  the 
**  U.  S.  Report  of  Tests  of  Metals  and  Other  Materials' '  for 
1894  and  1899.  The  sheared  surfaces  were  about  ^  inches 
by  4  inches  in  area.  Generally  one  such  surface  was 
sheared,  but  occasionally  two. 

Table  VII. 

SHEARING  RESISTANCE  OF  NATURAL  STONES. 


Stone. 


Brandf ord  granite,  Conn 

Milford  Granite,  Mass 

Troy  granite,  N.  H 

Milford  pink  granite,  Mass. .  . . 
Pigeon  Hill  granite,  Mass.    . . . 

Creole  marble,  Ga 

Cherokee  marble,  Ga 

Etowah  marble,  Ga 

Kennesaw  marble,  Ga 

Marble  Hill  marble,  Ga 

Tuckahoe  marble,  N.  Y 

Mount  Vernon  limestone,  Ky. . 

Cooper  sandstone,  Oregon 

Maynard  sandstone.  Mass 

Kibbe  sandstone,  Mass 

Worcester  sandstone,  Mass. . . . 
Chuckanut  sandstone.  Wash.  . . 
Yammerthal  limestone,  Buffalo. 


Ultimate  Shearing  Resistance,  Lbs. 
per  Sqtiare  Inch. 


Maximum. 


1,925 
2,872 

2,231 
2,047 


1,501 

1,554 
2,016 

1,287 
1.308 
1,383 

2,518 


Mean. 


1,834 

2,554 
2,219 

1,825 
1,549 
1,369 
1,237 
1,411 
1,242 

1,332 
1,490 

1,705 
1,831 
1,204 

1,150 

1,243 
1,352 
2,127 


Minimum. 


1,742 
2,236 
2,197 

1,052 


1,163 
1,426 

1,389 

1,120 

992 
1,102 

1,735 


All  the  results  except  the  last  are  taken  from  the  Report 
for  1894.  Where  but  one  value  appears  in  the  table  one 
test  only  was  made.  .In  the  other  cases  two  tests  were 
made  and  the  mean  values  are  means  of  the  two  shown  in 
the  columns  containing  the  greatest  and  least.  It  will  be 
observed  that  the  ultimate  shearing  resistance  is  scarcely- 
more  than  ten  per  cent,  of  the  ultimate  compressive  re- 
sistance of  the  various  stones  tested. 

The  greatest  permissible  working  stresses  for  natural 
stones  in  shear,  in  design  work,  will  necessarily  depend 
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on  the  duty  to  be  performed.  In  view  of  the  variable 
character  of  even  the  best  of  natural  stones  as  delivered 
ready  for  use,  one  eighth  to  one  tenth  of  the  ultimate  is  as 
much  as  should  be  taken  in  ordinary  cases,  and  materially 
less  than  that  under  some  conditions. 

Bricks, 

The  shearing  resistance  of  bricks,  like  that  of  natural 
stones,  is  seldom  employed,  but  it  is  sometimes  needed. 
The  ultimate  resistances  of  bricks  in  shearing  shown  in 
Table  VIII  are  taken  from  the  **  U.  S.  Report  of  Tests  of 
Metals  and  Other  Materials"  for  1894. 

Table  VIII. 

BRICKS  IN  SHEARING. 


Kind  of  Brick. 


Hydraulic  Press  Brick  Co.,  St.  Louis,  No.  6 

4<  <<  II  II  II  II       CTT 

brown.  .' .'.'.". . . . . . ." . ."  .* 

"     Chicago,  red 

Northern  Hydraulic  Press  Brick  Co.,  Minneapolis,  dark  red.  . 

Eastern  "  "         "       "   Philadelphia,  210 

220 

(I  11  II         II        II  II 

Philadelphia  and  Boston  Face  Brick  Co.,  Boston,  gray 

It  II        II  II        <i        II        II  ti 


Ultimate 
Shearing 
Resist- 
ance, Lbs. 
per  S<iuare 
Inch. 


Number 
of 

Sheared 
Sur- 
faces. 


I 

2 
I 
I 
I 
I 
I 
2 
2 
I 


In  these  shearing  tests  the  sheared  surfaces  were  each 
about  2.25  by  4  inches  in  dimensions. 

The  ultimate  shearing  resistances  in  Table  VIII  range 
scarcely  10  per  cent,  of  the  ultimate  compressive  resistances 
of  the  same  materials  shown  in  Table  II  of  Art.  55. 

Working  shearing  stresses  for  design  operations  should 
not  be  taken  more  than  one  eighth  to  one  tenth  of  the 
ultimate  values  found  in  Table  VIII. 
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Art,  66. — Torsion. 

Coefficients  of  Elasticity. 

The  coefficients  of  elasticity  for  torsion  or  shearing 
can  be  found  either  in  Art.  64  or  in  the  Addendum  to  this 
article. 

Ultimate  Resistance  and  Elastic  Limit. 

Wrought  Iron. 

In  1866  Mr.  Kirkaldy  tested  four  hammered  Swedish 
iron  bars  turned  to  a  diameter  of  i .  5  inches  for  a  length  of 
seven  diameters.  The  average  ultimate  moment  of  torsion 
was  produced  by  a  weight  of  2,677  pounds  with  a  leverage 
of  12  inches;  hence,  in  eq.  (20)  of  Art.  8,  M  =  2,677X12  = 
32,124.  Putting  2ro=d  =  1.5  inches  in  that  equation,  there 
will  result 

'M 
^m  =  5-1^  =  48*540  potmds  per  square  inch. 

This  is  the  greatest  intensity  of  torsional  shear  in  the 
section. 

If  r^  be  taken  at  48,000  the  diameter  of  a  wrought-iron 
shaft  required  to  resist  an  ultimate  moment  M  will  be 

d-=-o,o^^^M. (i) 

If  the  working  moment  be  taken  at  one  eighth  the  ulti- 
mate, the  diameter  required  will  be 

d  =  o.047i^8Af7  =  o.o94i^M^,   ....     (2) 

in  which  Mx  is  the  working  moment. 

If  H  is  the  number  of  horse-powers  per  minute  to  be 
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transmitted  by  the  shafting,  and  n  the  number  of  revolutions 
which  it  is  to  make, 

X2X33000  H 

Putting  this  value  in  eq.  (2),    ■ 

^  =  3-742<J-; (4) 

This  value  of  d  will  be  much  too  small  in  the  case  of  long 
shafting  required  in  the  distribution  of  power,  in  consequence 
of  the  bending  caused  by  the  belting. 

The  mean  torsional  moment  at  the  elastic  limit,  in  Mr. 
Kirkaldy's  four  experiments,  was  about  0.4  the  ultimate. 

In  1846  Major  Wade  (** Experiments  on  Metals  for  Can- 
non") tested  three  wrought-iron  circular  cylinders  about  1.9 
inches  in  diameter  and  15  inches  long,  with  the  following 
results : 

S.iM  • 

r^=-^  =28,325  lbs.  per  sq.m. 

=    27,525 


( i       <<  <C 


=  27,800 
83,650 


Mean  =  27,900  (nearly). 


If  the  mean  be  taken  at  28,000, 


d^o,os6VM (5) 

It  is  seen  that  Major  Wade  fotmd  T^  much  less  than 
Kirkaldy's  value  for  Swedish  iron,  and  rf  in  eq.  (5)  is  cor- 
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respondingly  greater.     If  H  and  n  cany  the  same  significa- 
tion as  before,  and  if  8  is  the  safety  factor, 


d 


-4.49<1^ (6) 


In  aU  these  results,  the  moments  are  supposed  to  be  given 
in  inch-pounds,  and  the  resulting  values  of  d  are  conse- 
quently in  inches. 

Cast  Iron. 

Major  Wade  also  made  tests  on  circular  cylinders  of  cast 
iron  about  1.9  inches  in  diameter  and  15  inches  long. 

If  d  is  the  diameter  =  2ro  in  eq.  (20)  of  Art.  8,  he  foimd 
the  following  results  with  the  grades  of  iron  shown: 

2d  fusion TiK  =-31,500  l)t)s.  per  sq.  in. 

3dfusion 7^«-44,775    "     "  " 

2d  and  3d  fusion T',* -49,735    "     "  " 

2d  fusion rw-40,020   "     "  " 

3dfusion 7^-.-53,38o    "     "  " 

2d  fusion. ri-49,526    "     "  " 

3d  fusion. r«=46,230   "     "  " 

Mean  »  45,000  (nearly). 

Hence  the  diameter  in  inches  for  the  ultimate  moment 
M  in  inch-pounds  is: 

These  values  of  T^  are  very  high,  because  the  iron  with 
which  Major  Wade  experimented  was  evidently  of  a  special 
character  and  extraordinarily  strong. 

The  same  experimenter  tested  some  square  sections,  for 
which,  by  the  exact  theory  of  Appendix  I : 

M 
^  =  5X8';  (b  ==  side  of  square) .      .     .     ,     (8) 
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The  following  are  from  Major  Wade's  restilts: 

6si.cx3inches;  A/=«  8,750 inch-pounds;  Tm— 43, 7 50 pounds. 
6  » 1 .  42  inches ;  M  —  23,000  inch-pounds ;  Tw — 40, 2 1 o  pounds. 
*  =  I  •  75  inches ;  M  —  54,000  inch-pounds ;  Tm  =  50,370  pounds. 

The  mean  of  these  results  is:    7  =  44,800  (nearly). 
Hence  for  the  ultimate  moment  in  inch-pounds 


^  =  >ld^  =  °-°48xW (9) 

It  is  to  be  observed  that,  according  to  these  experiments, 
r^  is  the  same  for  circular  and  square  sections;  a  result 
very  different  from  that  of  Prof.  Bauschinger's  experiments, 
as  will  presently  be  seen. 

Four  of  Major  Wade's  experiments  on  hollow  circular 
cylinders  are  next  to  be  given. 

By  referring  to  eq.  (20)  of  Art.  8,  the  resisting  moment 
of  such  a  cylinder,  if  d  is  the  external  and  d^  the  internal 
diameter,  will  be 

T  d^-T   d^     T 
^^  5.1  °^^^'-^>')'      •     •     ('^^ 

For  the  first  case: 
rf  =  3.2S  ins.;    rfi«2.6i  ins.;    Af  =95,000  in.-lbs. 

Substituting  in  eq.  (11): 

7^  =  24,170  lbs.  per  sq.  in.  (nearly). 

For  the  second  case: 
(i  =  2.2i  ins.;   ^1  =  1.54  ins.;   M  =  49,500  in.-lbs. 

Substituting  in  eq.  (11): 

7^=30,610  lbs.  per  sq.  in.  (nearly). 
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For  the  third  case: 

(i  =  i.8i  ins.;  ^1=0.91  in.;  M  =  37,250  in.-lba 

Substituting  in  eq.  (11): 

r^  =  34,220  lbs.  per  sq.  in.  (nearly). 

For  the  fourth  case: 

d  =  1.30  ins. ;  rfi  =  0.65  in. ;  M  =  13,000  in. -lbs. 

Substituting  in  eq.  (11): 

7^=^32,180  lbs.  per  sq.  in.  (nearly). 

These  results  indicate  that  T  ^  decreases  as  the  thickness 
of  the  wall  of  the  hollow  cylinder  decreases  and  as  the 
exterior  diameter  increases. 

Professor  Bauschinger  (**Der  Civilingenieur,''  3881,  Heft 
2)  tested  cylinders  about  40  inches  long,  and  with  the  fol- 
lowing cross-sections  and  approximate  dimensions: 

Circle Diameter  =    3.25  inches. 


EUipse Diameters^  |  ^'^ 

Square Sides  ^  ]  a  ! 

Rectangle Sides         •=  |  ^'' 


.00 

.00 

.04 

10 

Rectangle Sides  "  "J  4.  10 


The  ultimate  twisting  moments  substituted  in  eqs.  (83;, 
(41),  (73).  (7S)»  and  (77)  of  Art.  6,  Appendix  i,  give 

For  circle T«  =»27,730  lbs.  per  sq.  in. 

Forellipse r«-36,i20    "     " 

For  square r«-37,i6o    "     "       " 

For  rectangles  (sides  2  to  1). . .  T«  =36,370    **     "       " 
For  rectangles  (sides  4  to  i). . .  T^  —37,090 


it     «        « 


These  experiments  give  T  ^  considerably  less  value  for 
the  circular  cross-section  than  for  the  others. 

The  U.  S.  Board,  however,  found  the  following  values  for 
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four  cast-iron  cylinders  one  inch  long  and  0.565  inch  in 
diameter : 

T^  =  3S»98o»  34»iio,  34,280,  and  33,770  lbs.  per  sq.  in. 
Elas.  Lim.  -■  60,  55,  64,  and  62  per  cent,  of  Tm^  respec- 
tively. 

Stbbl. 

In  connection  with  the  torsional  resistance  of  steel,  tests 
of  circular  cylinders  only  are  to  be  considered.  Those 
first  to  receive  attention  were  made  by  Mr.  Kirkaldy  on 
English  steel,  in  1866-1870,  and  the  results  have  been 
deduced  from  his  data. 

As  the  sections  are  all  circular,  eq.  (20)  of  Art.  8  is  the 
only  one  needed: 

^-"^ <") 

In  this  equation  Tm  is  the  greatest  intensity  of  torsional 
shear,  in  any  section,  in  pounds  per  square  inch,  **  rf"  the 
diameter  of  the  shaft  or  cylinder  in  inches,  and  M  the 
twisting  moment  in  inch-pounds. 

^  In  all  the  following  experiments  the  lever  arm  of  the 
twisting  couple  was  1 2  inches ;  hence  if  P  is  the  twisting 
force,  M  •■  12P,  and  eq.  (12)  becomes 

^  61. 2P  ,  V 

^-"-^ <^3) 

The  mean  of  four  experiments  with  Bessemer  steel  gave 
for  the  ultimate  resistance 

P  «  2,307  lbs.,  with  d  =  1.25  inches; 

.'.  Tm  =  72,298  lbs.  per  sq.  in.    (14) 

The  length  was  10  inches. 
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.  The  mean  of  some  results  with  Krupp's  cast  steel  in 
specimens  1.25  inches  in  diameter,  and  2 . 5  inches  for  torsion 
length,  gave 

P  =  2,867lbs;    /.     7^  =  89,847  lbs.    .     .     (15) 

The  following  set  of  results  were  obtained  from  2 -inch 
square  bars  turned  down  to  1.382  inches  in  diameter  for  a 
length  of  1 1  inches,  and  gives  the  means  of  the  number  of 
tests  indicated. 


Specimens. 


P  (Ultimate).     Tm  (Ultimate).    Elastic  Strain. 


5  Hammered  tires, 
5  "  axles, 

4  "  rails, 

4  Rolled  tires,axles, 

and  rails. 

5  Hammered  tires, 
A  "        .  axles, 

I  Rolled  rail. 


u 

v 


3,450  lbs.. 

3i293 

^  |S 3,248 


«( 


tt 


.  80,006  lbs, 

.  76,365 
.75,321 


it 
«i 


SCO 

PQ 


.3,226 
■  3,562 
.3,786 

.  4,054 
.3,002 


ti 
tt 
<f 
<f 
(I 


.  .74,811 
. .  82,603 

.•87,797 
.  .94,012 

.  .69,616 


If 
f« 
« 
If 


.0.014  -^ 

.0.0x1 

.0.012 

.0.008 
.0.014 
.0.013 
,0.016 
,0.012  ^ 


(16) 


The  elastic  strain  is  the  fraction  of  a  complete  turn 
made  by  the  specimen  at  the  elastic  limit. 

The  mean  of  the  Bessemer  steels  in  (14)  and  (16)  give 

Mean  T^  =  75,760  lbs.  per  sq.  in. 

Hence  if  M  is  the  breaking  moment  of  the  twisting 
couple  in  inch-pounds,  the  following  will  be  the  diameter 
of  the  shaft  in  inches: 


d=\^-o.o407VM-;  .     .     .     .     (i 


75760 


7) 


or  if  n  is  the  safety  factor,  and  M^  the  greatest  working 
moment, 

rf  =  o.o407'?^nMj. (18) 

The  mean  of  the  crucible  steel  results  in  (16),  with  the 
exception  of  the  last,  is 

Mean  T^  =88,140  lbs. 
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Hence  the  diameter  (in  inches)  of  the  shaft  which  will  just 
sustain  the  breaking  moment  M,  in  inch-pounds^  is 

'^'Vl^-^'-sSy^;   ....   (19 

or,  if  n  is  the  safety  factor,  and  M^  the  greatest  working 
moment, 

rf  =  o.o387i^nM, (20) 

In  all  the  preceding  experiments  the  elastic  limit  varied 
from  40  to  47  per  cent,  of  T^  (ultimate)  as  given  in  (14), 
(i5)»  and  (16). 

In  1873  Kirkaldy  made  some  experiments  on  speci- 
mens of  Fagersta  steel  which  possessed  a  length  of  about 
9  inches  and  a  diameter  of  1.128  inches,  the  length  of  the 
twisting  lever  being  still  12  inches.  Eq.  (13)  then  gives 
the  following  results,  each  being  a  mean  of  three  tests : 

Mark.  P  (Ultimate).  Tm  (Ultimate).  Stmin. 

1.2 2, 1 20 lbs 90,397  lbs 0..9 

0.9 2,336    " 99,607    " 0.79 

0.6 2,261    " 96,409    " 1.02 

0.3 1,520    " 64,813    " 3.22 

The  * '  strain  * '  is  the  number  of  complete  turns  made  by 
the  specimen  at  the  place  and  instant  of  rupture. 

The  specimens  with  the  higher  **mark"  nimibers  were 
the  higher  steels. 

The  elastic  limit  varied  from  46  to  58  per  cent,  of  the 
ultimate  T^. 

The  diameter  of  a  shaft  for  any  of  these  grades  may 
readily  be  computed  by  the  use  of  these  values  of  T^  in 
equations  similar  to  eqs.  (17)  to  (20). 

The  following  values  were  determined  by  the  Com- 
mittee on  Chemical  Research  of  the  U.  S.  Board,  **Ex.  Doc. 
23,  House  of  Rep.,  46th  Congress,  2d  Session,*'  with  speci- 
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mens  i  inch  long  turned  to  diameters  of  0.625  and  0.565 
inch,  and  tested  in  a  Thurston  machine : 


Tn,. 


Elastic  Limit  in 
PerCent.of  r, 


M. 


Ultimate  Angle 
of  Torsion. 


142^3 


100,990  lbs.  per  sq.  in 34 i49**.o 

95.230 
110,260 

115,780 

52.375 
71,420 

88,210 

55.885 
119,040 

75,430 
91,690 

96,450 
109,010 

107,315 
109,590 


i< 


«« 


«« 


« 


<« 


i< 


<f 


«< 


(« 


<« 


«« 


«f 


«« 


<« 


<i 


<« 


<< 


(f 


«< 


f« 


«f 


«f 


<« 


«f 


« 


<< 


<4 


«4 


.34 

.33 68«.4 

.42 56^1 

.34 278^2 

.45 220®.8 

.39 99^5 

35 i6s^o 

.40 84®.9 

.44 180^7 

39 53*'toii3*» 

,36 48^*10    84® 

29 61®  to  I43<» 

32 42®  to  123** 

32 73**  to  141® 


10 


o  o 


Each  of  the  last  five  results  is  a  mean  of  eight  tests. 

The  first  portion  of  these  results  would  possess  more 
value  if  the  test  specimens  had  been  larger. 

With  these  values  of  T^,  the  diameter  of  a  shaft,  with 
the  torsion  moment  M  in  inch-pounds,  becomes 


Copper,  Tin,  Zinc,  and  their  Alm)ys. 

The  following  values  of  T  ^  have  been  computed  by  the 
aid  of  eq.  (i^)  from  data  determined  by  Prof.  R.  H.  Thurs- 
ton, and  given  by  him  in  the  works  already  cited  in  connec- 
tion with  tension  and  compression.  The  test  specimens 
were  0.625  V^^^  ^^  diameter,  with  a  torsion  length  of  i.oo 
inch,  and  were  tested  in  his  torsion  machine.  The  ultimate 
shearing  resistances  of  these  alloys  in  torsion  are  thus  seen 
to  vary  as  Widely  as  their  tensile  resistances. 
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Composition. 

Ultimate  Torsive 
Shear,  T^- 

Elastic  Limit, 
Percent  of  r,». 

Ultimate  Torsion 

Angle. 

Cu. 

Sn. 

Pounds. 

Degrees. 

lOO 

00 

35,910 

35 

153.0 

lOO 

00 

28,430 

40 

52  to  154 

OO 

ICX) 

3,196 

45 

557.0 

OO 

100 

3,297 

33 

691.0 

90 

10 

43,943 

41 

"45 

80 

20 

47,671 

62 

16.3 

70 

30 

4,407 

100 

1.5 

62 

38 

1,770 

100 

I.O 

52 

48 

686 

100 

x.o 

39 

61 

5,881 

100 

1.7 

29 

71 

5,257 

100 

2.34 

10 

90 

5,761 

63 

131. 8 

90 

xo 

25,027 

49 

57.2 

90 

10 

31,851 

57 

72.6 

Tm  is  in  pounds  per  square  inch. 

Table  I  relates  to  alloys  of  copper  and  tin,  and  Table  II 
to  alloys  of  copper  and  zinc. 

None  but  specimens  with  circular  sections  were  tested. 


Table  II. 


Percentage  of 

Ultimate  Torsive 

Elastic  Limit, 

Ultimate  Torsion 

Shear,  T^. 

Per  Cent  of  Tj^. 

Angle. 

Copper. 

Zinc. 

Pounds. 

Degrees. 

90.56 

9.42 

35,100 

17.2 

458.0 

81.90 

17.99 

41,575 

27.5 

345.0 

71.20 

28.54 

41,000 

24.0 

269.0 

60.94 

38.65 

48,520 

29.4 

202.0 

55.15 

44.44 

52,320 

32.7 

109.0 

49.66 

.   50.14 

43,154 

36.0 

38.0 

41.30 

58.12 

4,588 

100. 0 

1.8 

32.94 

66.23 

7,241 

100.0 

1.2 

20.81 

77.63 

16,374 

100. 0 

0.8 

10.30 

88.88 

22,500 

85.6 

7.1 

0.00 

100.00 

9,186 

38.1 

141.5 
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With  the  preceding  values  of  T^,  the  following  expres- 
sion for  the  diameter  in  inches  may  be  written,  if  M  is  given 
in  inch'pounds: 


a  =  ^^= —  =  1.721^/:=^. 


Timber. 

In  the  July,  1873,  number  of  Van  Nostrand's  Magazine, 
Prof.  Thurston  gave  the  results  of  some  experiments  on 
timber  test  specimens  of  circular  section,  0.875  inch  in 
diameter.     Eq.  (12)  may  be  written  as  follows: 

M^^d'^Cd' (21) 

Prof.  Thurston  determined  the  values  of  C,  and  the 
values  of  T  ^  =  5 .  i  C  have  been  computed  from  them : 

T^  (Per  Eq.  In.X 

White  pine 1,530  lbs. 

Yellow  pine,  sap 2,142  ** 

Yellow  pine,  heart 2,448  " 

Spruce 1,836  " 

Ash 2,632  " 

Black  walnut 3,366  " 

Red  cedar 1,958  " 

Spanish  mahogany 3,97^  *' 

Oak 3,244  " 

Hickory 5,202  " 

Locust 4,896  " 

Chestnut 2, 142  ** 

It  is  prestimed  that  the  axis  of  torsion  was  parallel  to 
the  fibres,  which  would  cause  the  shear  to  take  place  across 
the  latter. 

It  is  interesting  to  observe  that  T  ^  is  generally  con- 
siderably less  than  the  ultimate  resistance  to  simple  shear 
as  given  in  Table  III  of  Art.  65. 
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If  (i  is  in  inches  and  M  in  inch-pounds^  there  may  again 
be  written 


,     s  I5.1A/  8  [aT 

a  =  -^  y —  =1.721-^^^. 


If  M  is  given  in  foot-pounds,  1 2 A/  is  to  be  written  for  M. 
If  i\/i  is  the  greatest  w^orking  moment,  and  n  the  safety 
factor,  nM^  is  to  be  written  for  M. 

Relation  between  Ultimate  Resistances  to  Tension  and 

Torsion, 

In  the  "Trans.  Am.  Soc.  of  Civ.  Engrs.,"  Vol.  VII,  1878, 
Prof.  Thiu^ton  gave  the  results  of  some  of  his  experiments 
which  were  made  with  a  view  to  the  determination  of  this 
relation.  If  M  is  the  ultimate  torsional  moment  in  foot- 
pounds  of  specimens  one  inch  long  and  0.625  inch  in  diam- 
eter; 0  the  angle  of  torsion  corresponding  to  this  greatest 
moment  M\  and  T  the  ultimate  tensile  resistance  in  poimds 
per  square  inch,  he  deduced  from  a  large  niunber  of  steel 
^  specimens  of  wide  range  in  grades  the  following  formula : 


=-C-T-0- 


No  experiments  were  made  in  which  0  was  greater  than 
300^ 

T  is  thus  seen  to  increase  as  M  increases  and  as  0  de- 
creases. 

Addendum  to  Article  66. 

There  may  be  found  in  Vol.  XC  of  the  "  Proceedings  of 
the  Institution  of  Civil  Engineers  "  for  1886-87  ^  paper  by 
Messrs.  J.  Piatt  and  R.  F.  Hayward,  containing  compara- 
tive experimental  values  of  the  elastic  limits  and  ultimate 
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Table  III. 

TORSION  AND  SHEARING. 


Metal. 


Wrought  iron:  Crown  best 

Bessemer  steel 

Crucible  steel 

Landore  rivet  steel:  .18  C, 

.6  Mg 

Crown  rivet  iron. 

Steel  casting 

Siemens-Martin  steel 

Wrought  iron :  S.  C.  Crown 

Muntz  metal 

Gun  metal:  Cu,  64;  zinc, 

2 ;  tin,  8 

Cast  iron,  turned 

it       (f  <i 

"       "     skin  on.  V..!!!! 
<«       «        <f     <( 


All  Values  are  in  Pounds  per  Square  Inch. 


E.L. 


20,530 
45,400 
43,300 

22,900 

23,250 
23,400 
22,600 
22,920 
19,500 

12,100 


T 


56,400 

100,000 

94,900 

66,970 
64,630 
77,820 
62,960 
66,160 
58,500 

35,500 

33,040 
38,200 
40,600 
34,330 


G. 

Ultimate 
Tensile 
Resist- 
ance. 

12,800,000 
12,880,000 
1 3,660,000 

13,070,000 
13,700,000 
13,040,000 
13,400,000 
13,920,000 
(6,790,000 

5,610,000 
7,163,000 
6,602,000 
7,620,000 
7,050,000 

48,400 
116,930 
116,850 

64,060 
56,020 
85,720 
57,700 
55,010 
57,020 

30,720 
25,610 

5. 


42,050 
78,880 
74,500 

51,570 
47,870 
60,160 
46,900 
46,510 
42,000 

27,960 

11,860 

11,420 

8,810 


E.L.  indicates  elastic  limit  in  tor^on; 
Tm  "         ultimate  toraon  shearing  resistance; 

G  *'         coefficient  of  elasticity  in  torsion; 

S  "         ultimate  resistance  in  simple  shear. 


resistances  in  tension,  torsion,  and  shearing,  as  well  as  the 
coefficients  of  elasticity  in  torsion  of  steel,  wrought  iron, 
and  other  metals,  and  Table  III  contains  the  principal 
results.  Each  value  in  the  table  is  the  mean  of  two  to  six 
or  more  tests.  All  the  torsion  specimens  except  those  in 
cast  iron  were  |  inch  in  diameter  for  a  length  of  13  inches. 
Some  of  the  cast-iron  specimens  were  H  ii^ch  in  diameter 
and  were  tested  as  cast,  i.e.,  they  were  not  turned  down. 
The  remaining  cast-iron  specimens  were  turned  down  to 
f  inch  in  diameter. 

It  will  be  observed  that  the  ultimate  shearing  resist- 
ance, 5,  is  about  three  fourths  only  of  the  ultimate  torsion 
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shear  T  ^,  although  it  might  reasonably  be  anticipated 
that  they  would  be  the  same.  Messrs.  Piatt  and  Hayward 
made  their  simple  shearing  tests  by  turning  grooves  one 
inch  apart  in  inch  rounds  with  a  round-nosed  tool,  thus 
securing  double  shear  at  two  adjacent  sections  located  by 
the  grooves.  This  arrangement  would  produce  some 
bending  at  each  section  of  failure  and  almost  certainly 
prevent  equal  division  of  the  total  shearing  loads  between 
the  two  sections,  thus,  in  a  measure,  producing  failure  in 
detail.  Both  these  influences  would  reduce  the  appar- 
ent ultimate  shearing  intensities  5.  The  latter  intensities 
(given  in  Table  III)  cannot,  therefore,  be  accepted  as  cor- 
rect. 

The  high  values  of  the  ultimate  tensile  resistance  of  the 
cast  iron  and  of  the  ultimate  T^,  in  the  same  table,  show 
conclusively  that  the  cast  iron  employed  in  these  tests 
was  of  far  greater  resistance  than  that  ordinarily  used 
in  engineering  structures  which  has  an  ultimate  tensile 
resistance  of  16,000  to  18,000  poimds  per  square  inch. 
It  is  probably  essentially  correct  to  take  the  ultimate 
torsion  shear  T  ^  proportionate  to  the  ultimate  tensile 
resistance. 

The  coefficient  of  torsion  elasticity,  G,  was  computed 
by  eq.  (17)  of  Art.  8,  P^  being  the  twisting  moment  i\/j 
and  the  strain  ^0  being  measured  on  the  specimen  when 
under  test. 

These  and  other  similar  tests  show  that  G  may  be 
taken  as  .j^$E  {E  being  the  coefficient  of  elasticity  for 
tension)  with  essential  accuracy. 

Table  IV  contains  experimental  values  of  the  elastic 
limit  and  ultimate  torsion  shearing  resistance  of  the  alloys 
of  .aluminimi,  tin,  and  copper  shown  in  the  table.  They  were 
determined  by  Messrs.  Gebhardt  and  Ward  in  1896  in 
the  mechanical    laboratory  of   Sibley  College    at    Cornell 
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University  and  reported  to  the  Am.  Soc.  Mech.  Engrs.  in 
1898. 

Table  IV. 

ALUMINUM  ALLOYS—TORSIONAL  RESISTANCE. 


Coxnpotition  Pet  Cent. 

Angle  of 

Ultimate 

Shearizig  Stress 

perSq.  In. 

by  Weight. 

Torsion  Deg. 

Al. 

Tn. 

Cu. 

Elastic 
Limit. 

Maxi. 
mum. 

Elastic 
Limit. 

Maxi. 

mum. 

zoo 

a 

130 

4,300 

a  5, 000 

a.S 

a.S 

05 

4 

aoo 

10,710 

33,07s 

3. 75 

3.75 

Oa.5 

6 

198 

11.827 

35,80a 

5 

5 

90 

7 

175 

iS,S»S 

45,155 

6.2s 

6.  as 

87.5 

4 

37 

3o,a8a 

63,440 

7-5 

75 

8S 

3.5 

aa 

as»447 

37.06a 

8.75 

8.75 

!*s 

7 

10 

18,413 

18,413 

10 

10 

80 

6 

8 

15, 930 

15,230 

IZ 

zz 

78 

5.8 

5.8 

13,717 

13,717 

ao 

ao 

60 

I 

z 

a,3ai 

2.321 

General  Character. 


Scattering. 


a 
zo 
la 
13 

8S 
a?. I 
zoo 


zo 

z 
a 
a 

7.5 
119 


88 

3 

89 

5 

86 

9 

8S 

8 

75 

3 

69.6 

a. 

a 

147 
52 

0 
za 

37 

ao 

160 


z  4,000 

21,740 

32,984 

32,723 

8.703 

a. 800 

4,005 


43,987 
50,000 

32,984 
37,003 
17,630 
a,  800 
12,911 


Very  soft;  ductile. 
Soft;  ductile. 
Slightly  tot^h;  ductile. 
Tough:  medium  ductility. 
Very  tough;  rather  hard. 
Hard:  somewhat  brittle. 
Very  hard;  brittle. 

"      exceed' gly  brittle. 


Somewhat  soft;  ductile. 
Tough;  medium  ductility. 
Very  tough;  hard. 


Very  soft,  somewhat  ductile, 
spongy. 


§• 


*  Could  not  be  machined. 


The  results  of  the  table  show  that  the  alloys  yielding 
other  resistances  of  considerable  value  will  also  exhibit 
proportionate  torsion  resistances,  as  might  be  anticipated. 


CHAPTER  X. 

BENDING  OR  FLEXURE. 

Art.  67.— Coefficient  of  Elasticity. 

The  coefficient  of  elasticity,  as  determined  by  experi- 
ments in  flexure,  can  scarcely  be  considered  other  than  a 
conventional  quantity.  If  the  coefficients  of  elasticity  for 
pure  tension  and  compression  were  exactly  equal  to  each 
other,  and  if  all  the  hypotheses  involved  in  the  common 
theory  of  flexure  were  true,  then,  indeed,  the  coefficient  of 
elasticity  for  flexure  would  possess  actual  existence  and  be 
the  same  as  that  for  either  tension  or  compression. 

These  conditions,  however,  never  exist,  and  the  quanti- 
ties found  in  this  chapter  under  the  name  "coefficient  of 
elasticity"  possess  value  chiefly  as  empirical  factors  which 
enable  the  deflections  in  the  different  cases  to  be  estimated 
with  sufficient  accuracy  for  all  ordinary  purposes. 

The  formulae  to  be  used  in  the  determination  of  the 
coefficients  of  elasticity  for  flexure  have  already  been 
established,  and  their  use  will  be  shown  in  succeeding 
articles. 

Art.  68. — ^FormulA  for  Rupture. 

As  with  the  formulae  for  the    coefficient  of  elasticity, 

so  with  the  formube  for  rupture  in  bending;   they  are  all 

deductions   from   the   common    theory   of    flexure,    and, 
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Strictly  Speaking,   are  subject  to  all  the  limitations  in- 
volved in  it.  . 

If  K  and  K'  are  the  greatest  intensities  of  stress  in  the 
section  of  rupture  and  at  the  instant  of  rupture;  y  the 
variable  normal  distance  of  any  fibre  from  the  neutral  sur- 
face; y^  and  y  the  greatest  values  oi  y\  b  the  variable 
width  of  the  section  (normal  to  y) ;  and  M  the  resisting 
moment  at  the  instant  of  rupture;  then  the  general  for- 
mula for  rupture  by  bending,  as  given  by  eq.  (i)  of  Art. 
26,  is 

^^^yj.  y'^dy  +  y J ,yy'bdy.  .  .  .  d) 

This  equation  is  based  on  the  supposition  that  the 
coefficients  of  elasticity  for  tension  and  compression 
are  not  equal.  Although  this  supposition  is  strictly  true, 
yet  equality  is  almost  invariably  assumed,  particularly 
in  the  treatment  of  solid  beams.  Fortunately  this  assump- 
tion  is  not  far  wrong  in  those  materials  which  are  most 
valuable  to  the  engineer. 

Eq.  ( I ) ,  however,  will  hereafter  be  applied  to  some  cast- 
iron  flanged  beams. 

If  the  tensile  and  compressive  coefficients  of  elasticity  are 

K    K' 
equal,  —  =  — > ;  or  if  /C  is  the  greatest  intensity  of  stress  in 

the  section  which  exists  in  the  fibre  at  the  greatest  normal 

K    K 
distance,  d^,  from  the  neutral  surface,  then  —  =x»  ^^^  ^Q-  (^) 

becomes 

^-f « 

This  is  eq.  (10)  of  Art.  9,  and  is  the  one  almost  invariably 
used  in  engineering  practice. 

In  eq.  (2)  /  is  the  moment  of  inertia  of  the  cross-section  of 
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the  beam  about  its  neutral  axis.  By  introducing  the  value 
of  /  for  each  particular  shape  of  section,  simple  working 
forms  of  eq.  (2)  may  easily  be  obtained.  This  will  be  done 
for  two  sections  in  the  following  article. 


Art.  69. — Solid  Rectangular  and  Circular  Beams. 

While  the  rectangular  form  of  cross-section  almost 
invariably  characterizes  timber  beams,  similar  ones  of  iron, 
steel,  and  other  metals  are  only  occasionally  seen.  Beams 
of  iron  and  steel  with  circular  cross-sections,  however,  are 
quite  common  as  pins  in  pin  connection  bridges. 

If  iPx  represents  the  moment  of  the  external  forces 
about  the  neutral  axis  of  any  section,  eq.  (2)  of  the  preced- 
ing article  becomes 

-^^-=f (^) 

The  following  are  the  values  of  /  and  rf,  for  rectangular 
and  circular  sections,  h  being  the  side  of  the  rectangle  normal 
and  b  that  parallel  to  the  neutral  axis,  while  r  is  the  radius 
of  the  circular  section  and  A  the  area  in  each  case : 


Rectangular: 


12 


AW 
12 


(i.=-. 


Circular:  - 


/  = 


2 


nr 


Ar' 


d^^r. 

If  the  beams  are  supported  at  each  end  and  loaded  by  a 
weight  W  at  the  centre  of  the  span  (or  distance  between 
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supports) ,  which  may  be  represented  by  /,  then  the  moment 
at  the  centre  of  the  beam  becomes 

Wl 

IPx^M^— (2) 

4 

There  will  then  result  from  eq.  (i): 
For  rectangular  sections: 

,^    Wl    Kbh^    KAh 

^  =  T^"^6 6- (3) 

For  circular  sections: 

,,     Wl    nKr*    KAr 

^=— — (4) 

4  4  4 

The  quantity  K  is  called  the  modulus  of  rupture  for 
bending,  and  if  experiments  have  been  made,  so  that  W 
is  known,  eq.  (3)  gives 

3^^3W7 

^~2Ah     2bh^ ^5) 

and  eq.  (4) 

Wl    Wl 

A:  =  -^  =  — 3 (6) 

Ar     nr^  ^  ^ 

If  the  rectangular  section  is  square,  bh^^b*-h*. 


Wrought  Iron, 

If  the  beam  is  simply  supported  at  each  end  and  carries 
a  load  W  at  the  centre,  while  E  is  the  coefficient  of  elasticity 
and  w  the  deflection  at  the  centre,  eq.  (28)  of  Art.  22  gives 

8 


Wl 
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If,  in  any  given  experiment,  w  is  measured,  E  may  then 
be  foimd  by  the  following  form  of  eq.  (7) : 

WP 
^=^0 ^*> 

If  the  section  is  rectangular 

WP 

^"^^viM^ (9) 

These  equations  enable  the  coefficient  of  elasticity  E  to 
be  computed  readily  from  experimental  observations.  It 
is  only  necessary  to  measure  accurately  the  deflection  w 
produced  by  the  load  or  weight  W  and  then  introduce  all  the 
known  quantities  in  eq.  (8)  or  eq.  (9). 

A  bar  of  wrought  iron  3  inches  deep  and  i  inch  wide 
was  placed  on  supports  48  inches  apart  and  loaded  with  a 
weight  of  400  pounds  at  mid-span.  The  measured  de- 
flection was  .0155  inch.     Hence 

_         400X48X48X48 

is  = =20,4^0,000. 

4X1X3X3X3X.0155  '"^^  ' 

Other  applications  may  be  made  in  precisely  the 
same  way. 

In  testing  short  solid  wrought-iron  or  other  beams  to 
failure,  it  has  been  observed  that  when  the  beams  are  very 
short  the  ultimate  extreme  fibre  stress  K  is  far  greater  than 
the  ultimate  resistance  to  tension,  and  that  the  difference 
increases  rapidly  where  the  length  of  span  decreases  to  a 
few  times  the  depth  of  beam.  This  feature  of  the  flexure 
of  solid  beams  is  fully  illustrated  by  what  follows. 

Kirkaldy   tested    four    square    Swedish   iron  bars  to 


Art.  69.]   SOLID  RECT/INGULylR  AND  CIRCULAR  BEAMS.  581 

rupture.     By  the  aid  of  eq.  (5)  and  the  data  given  above, 
the  greatest,  mean,  and  least  results  were  as  follows : 

W.  K.  Final  Deflection. 

Greatest 151885  lbs. 74i475  lbs.  per  sq.  in. 5.85  ins. 

Mean 14,516    " 68,044    "     "       "     5.35    •* 

Least 13,338    " 62,522    "     "       "     4.98    " 


The  ultimate  tensile  resistance  of  the  same  iron  was 
about  45,000  pounds  per  square  inch.  These  experiments 
would  seem  to  show  that  A',  for  square  bars  under  similar 
circumstances  of  span  and  depth,  may  be  taken  about  1.5 
times  the  ultimate  resistance  to  tension. 

The  results  in  the  following  table  were  computed  by  the 
aid  of  eq.  (6)  for  some  circular  beariis  of  **  Burden's  Best" 
iron  which  were  tested  at  the  Rensselaer  Polytechnic 
Institute  in  November,  1882.  As  beams  cannot  be  actually 
broken  imder  such  circumstances,  the  ''ultimate*'  value  of 
K  was  taken  with  a  final  deflection  of  one  to  one  and  one 
quarter  the  diameter. 

CIRCULAR  BEAMS  OF  "BURDEN'S  BEST"  WROUGHT  IRON. 


Kind. 


Turned. 
Turned, 
Turned. 
Tiu-ned. 
Rough. 
Rough. 
Turned, 
Turned, 
Rough. 
Rough. 
Turned, 
Turned 
Turned. 
Turned. 


rHameter. 


Ins. 

1.25 
1.25 

1.25 

1.25 
1 .00 

1.00 

1. 00 

1 .00 

1 .00 

1 .00 

0.75 
0.75 
0.75 
0.75 


span. 


Ins. 
12 

8 
12 

8 
12 

8 
12 

8 
12 

8 
12 

8 
12 

8 


W. 


Elastic. 


Lb6. 

3»ooo 
4,400 


1,700 
2,800 

700 
1,200 

700 
1,300 


Ultimate. 


Lbs. 
6,000 
10,500 


3,000 
4,800 
1,100 
1,900 
1,100 
1,900 


K, 


Elastic. 


Lbs. 
46,950 
45,900 
54,760 

52,150 
55,000 
57,000 
55,000 


51,950 
57,000 
47,100 
53,880 
47,100 
58,370 


Ultimate. 


Lbs. 
93,900 

109,500 
93,870 

114,700 
91,700 

101,900 
91,600 

107,000 
91,680 
97,800 
74,050 
85,310 
74,050 
85,310 
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The  "elastic  limit"  is  taken  at  that  point  beyond  which 
the  metal  "flows,"  and  is  indicated  by  the  incapability  oi 
the  specimen  to  hold  up  the  scale  beam  beyond  it,  under  a 
small  incrtiise  of  stress;  in  other  words,  it  is  that  point  at 
which  the  specimen  **  breaks  down." 

These  exjx^ments  show  conclusively  that  "ultimate" 
K  decreases  as  the  ratio  of  span  over  diameter  increases,  but 
they  are  not  sufficiently  extended  to  establish  the  limits  of 
application  of  the  obser\'ation. 


Cast  Iron. 

All  the  following  results  for  cast-iron  beams  are  foimd 
from  Major  Wade's  experiments  ("Strength  and  Other 
Properties  of  Metals  for  Cannon,-'  1856).  His  test  bars 
were  nearly  two  inches  square  in  section  or  two  inches  in 
diameter,  and  were  twenty-four  inches  long.  They  were 
loarled  at  the  centre,  and  the  distance  between  supports 
was  twenty  inches.  The  following  table  gives  results  for 
square  bars.  K  is  given  in  pounds  per  square  inch,  and 
is  found  by  the  aid  of  eqs.  (5)  and  (6).  *'  Defy  is  the  final 
deflection. 

Although  Major  Wade  made  many  other  experiments  of 
the  same  kind,  these  may  be  considered  representative  ones. 

It  is  highly  interesting  to  observe  that  K  and  the  final 
deflection  are  materially  larger  for  circular  beams  than 
for  s^iuare  ones. 

By  comparing  these  values  of  K  with  the  ultimate  tensile 
resistances  found  by  Major  Wade,  and  which  have  been 
given  under  the  head  of  "Tension,'*  it  will  be  seen  that  no 
great  error  will  be  involved  if  K  is  taken  at  twice  the  ultimate 
tensile  resistance  for  square  bars,  and  two  and  a  quartet 
times  the  same  quantity  for  bars  with  circular  section. 
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BARS  WITH  SQUARE  SECTION,  EQ.  (5). 


Kind  of  Iron. 


Richmond  iron ;  2d  fusion. 


Stockbridgeiron;  2d  fusion. 


Franklin  iron;  3d  fusion. 


Hours  in 

VT 

JC 

Fusion. 

Lbs. 

Lbs. 

0 

",587 

42,130 

I 

12,487 

45,110 

2 

15,019 

52,870 

2 

15,525 

55,930 

i 

11,812 

42,760 

I 

14,512 

52,670 

li 

16,481 

60,500 

2 

19,462 

69,680 

0 

12,987 

49,070 

0 

13,365 

50,120 

I 

15,363 

57,330 

I 

14,616 

54,550 

2 

13,788 

48,730 

2 

14,850 

50,720 

3 

16,056 

56,050 

3 

16,722 

60,410 

Def. 


In. 
0.156 
0.152 
0.152 
0.147 
0.162 

0.195 
0.202 

0.230 

0.250 

0.217 

0.220 

0.195 
0.152 

0.170 

0.175 
0.170 


BARS  WITH  CIRCULAR  SECTION,  EQ.  (6). 


Franklin  iron;  3d  fusion. 


Franklin  iron;  2d  fusion. 


' 

i 

10.437 

70,600 

4 

li 

8,665 

57,720 

3 

11,112 

70,740 

h 

3i 

10,606 

71,740 

I 

7,920 

52,360 

4 

2 

9,270 

63,670 

1 

3 

9,481 

64,820 

I 

4 

7,920 

52,360 

C.237 
0.166 

0.254 

0.240 

.240 
.262 


Whether  these  ratios  will  hold  for  iron  of  inferior  quality 
to  that  used  by  Major  Wade  can  only  be  determined  by 
further  experimenting. 


Steel. 

Some  circular  Bessemer  steel  beams  with  12-  and  8-inch 
spans  were  tested  at  the  Rensselaer  Polytechnic  Institute 
in  November,  1882,  with  the  results  which  are  given  in  the 
next  table.  The  '* elastic  limit"  is  that  point  at  which  the 
specimen  ** breaks  down.**     The  ** ultimate*'  value  was  that 
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for  which  the  deflection  was  equal  to  one  or  one  and  a 
quarter  the  diameter. 

CIRCULAR  BESSBMER  STBBL  BEAMS,  EQ.  (6). 


Diameter. 


Turned. 

»* 

*4 
M 
M 
M 
M 
M 


In. 
I. CO 
I.OO 
I.OO 
I.OO 

0.75 
0.75 
0.75 
0.75 


Ins. 
12 

8 
12 

8 
12 

8 
12 

8 


iC. 


Lbs. 


2,500 
3.750 
1. 150 
1,800 

1. 150 
1,800 


Ultimate. 

Elastic. 

Lbs. 

Lbs. 

86,000 
85.300 

4.500 

76,400 

7.500 

76,400 

1,800 

77.400 

3.300 

80,800 

1,700 

77.400 

3.300 

8o,8no 

Ultimate. 

Lbs. 
146,750 
152,800 
"37,520 
152,800 
122,200 
148,200 
114,400 
148,200 


The  "ultimate"  K  is  seen  to  decrease  as  the  ratio  of 
length  over  diameter  increases. 

The  following  table  contains  results  computed  from  the 
experiments  of  the  ** Steel  Committee"  of  the  British  Insti- 
tution of  Civil  Engineers;  the  experiments  were  made  in 
r868.  The  bars  were  1.9  inches  square  in  section,  and  the 
distance  between  supports  was  twenty  inches. 

BESSEMER  STEEL,  EQ.  (5). 


Kind  and  Number  of  TesU. 

K. 

Elastic  over 
Ultimate. 

Pinal  Deflection 
in  Inches. 

K  tires  hammered. 

Lbt.  per  Sq.  In. 
129,030 

129,325 
125,900 

115,120 

0.573 
0.615 
0.612 

0.563 

3.82 
4.08 

3-94 
4-03 

K  axles.         "        

^Sis     "    ::::.... 

4,  tires,  axles,  rails;  rolled 

CRUCIBLE  STEEL,  EQ.  (5). 


5,  tires,  hammered. 
4,  axles,        " 
I,  rail, 
I,  axle,  rolled 


•  ••••• 


143,530 
152,055 
175,470 
118,160 
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Each  result  is  an  average  of  the  number  of  tests  shown 
in  the  left  column. 

The  ratio  ** elastic  over  ultimate"  is  the  value  of  K  at 
the  ** elastic  limit*'  divided  by  its  ultimate  value  as  given 
in  the  table. 

A  comparison  of  the  results  found  in  the  preceding 
table  with  the  ultimate  tensile  resistances  of  the  same 
materials  (not  given)  shows  that  K  is  about  1.66  times  the 
ultimate  tensile  resistance  for  square  Bessemer-steel  bars,  and 
about  1.85  times  the  same  quantity  for  square  crucible-steel  bars. 

Mr.  J.  W.  Cloud,  of  the  Penn.  R.  R.  Co.,  made  bending 
tests  of  the  Bessemer  rail-steel,  whose  ultimate  shearing 
resistances  are  given  in  Art.  65.  His  test  pieces  were  12 
inches  long,  1.5  inches  wide,  and  0.5  inch  thick.  The  load 
was  applied  in  the  direction  of  the  thickness,  and  midway 
between  supports  10  inches  apart.  The  greatest,  mean, 
and  least  results  of  all  his  tests,  with  carbon  ranging  from 
.282  to  .438  per  cent.,  are  the  following: 

W.  K. 

Greatest 3,349  lbs 133,960  lbs.  per  sq.  in. 

Mean 3,026    " 121,040    "     " 

Least 2,765    " 110,600   "     "       " 

With  these  rectangular  specimens  of  Bessemer  rail-steel, 
supported  flatwise,  therefore,  K  may  be  taken  about  1.6 
the  ultimate  tensile  resistance. 

The  following  table  contains  the  results  of  Kirkaldy's 
experiments  on  square  bars  of  Fagersta  steel.  These  bars 
were  1.9  inches  square  in  section,  and  rested  on  supports  20 
inches  apart.  W  is  the  breaking  weight  at  centre,  and  K  is 
computed  by  the  aid  of  eq.  (5).  The  column  ''Elastic  o^wr 
ultimate''  contains  the  ratios  of  the  values  of  K  at  the 
"elastic  limit"  divided  by  the  ultimate  values  given  in  the 
table. 
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FAGERSTA  STEEL  SQUARE  BARS. 


llATk. 

Pounds. 

• 

K,                             Elastic  over 
Pounds  per  Scitiare  nrh.;           Ultimate. 

Pinal 

Deflection, 

Inches. 

'^        30,496)     Mean 
1.2        32,896.            g 
1-2     ,    35,376)      ^  '^  ^ 

ltf&     Mean 

°**9)     Mean 

0.75 
0.72 

0.87 

0.9        43,820)     Mean 
0.9       44,552  r  _  .r^„ 
0.9     1  43,128)  -43.833 

WAtl     Mean       °-5~)     Mean 
;'«l:Sf-9..7oo    -^it[  -0.496 

1.46 
1.62 
1.38 

0.6 
0.6 
0.6 

4°'^^)     Mean 
36,200  V  _  g  " 

38,120)  -38.H5 

'76.'<»)     Mean 

S?:^  i -^7.04. 

°-467)  Mean 
0.491  f  =0  ^ 
0.482)       °*" 

3.15 
3  56 
3  22 

0.3 
0.3 
0.3 

li'f^l     Mean 
23.280  >•            J. 

28,150)  -25,283 

'°t'!^)     Mean 

°56i)  Mean 
Cl^slf   -°-^^3 

5.22 
5  05 
5-05 

The  ** Mark''  shows  the  character  of  the  steel;  1.2  is  the 
hardest,  and  0.3  the  softest. 

A'  is  about  1.6  times  the  ultimate  tensile  resistance  for 
the  grades  1.2  and  0.6,  and  1.8  times  the  same  quantity  for 
the  grades  0.9  and  0.3. 


Comparison  of  Modulus  of  Rupture  for  Bending  with  Ultimate 

Resistances. 

The  experiments  on  solid  steel  and  iron  beams  which 
have  been  cited  show  the  somewhat  remarkable  result  that 
in  general  the  ultimate  intensity  of  stress  K  in  the  extreme 
fibres  has  the  value  neither  of  the  ultimate  resistance  to 
tension  nor  of  that  to  compression ;  nor,  indeed,  does  there 
seem  to  be  anything  like  a  well-defined  relation  between 
those  quantities.  If  those  resistances  have  widely  different 
values,  K  may  be  found  between  them,  but  in  other  cases 
it  ttiay  considerably  exceed  the  greater  of  the  two.  In  no 
case,  how^ever,  is  it  found  less  than  the  least  of  the  two 
ultimate  resistances.     These  investigations  also  show  that 
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K  varies  to  some  extent  with  the  shape  of  cross-section, 
although  it  varies  chiefly  with  the  length  of  span.  In  the 
absence  of  experiments  conducted  in  a  manner  proper  to 
the  solution  of  this  problem,  it  is  difficult  to  assign  defi- 
nitely the  reason  for  the  facts  as  they  appear.  The  expla- 
nation is  probably  due  to  a  number  of  causes. 

It  has  been  shown  conclusively,  as  will  appear  by 
referring  to  the  exact  theory  of  flexure,  that  the  common 
theory  of  flexure  does  not  apply  even  approximately  to  very 
short  beams.  In  the  preceding  cases,  where  the  results 
of  tests  of  solid  steel,  cast-  and  wrought-iron  beams  are 
shown,  the  spans  have  ranged  from  five  or  six  to  ten  or 
twelve  times  the  depth  of  beam,  and  within  those  limits 
the  value  of  K  has  ranged  from  possibly  one  and  one-half 
to  nearly  two  and  one-half  times  the  ultimate  resistance 
to  either  direct  tension  or  compression.  In  engineering 
practice  the  spans  of  solid  circular  steel  beams,  as  in  the 
case  of  pins,  may  be  found  considerably  less  than  the  depth 
of  the  beam.  In  all  these  exceedingly  short  beams  the 
distribution  of  stress  according  to  the  common  theory  of 
flexure  no  longer  holds ;  at  the  same  time  the  supporting 
effect  of  the  direct  transverse  shear  acts  in  a  high  degree. 
The  greatest  intensity  of  direct  stress  of  tension  or  com- 
pression in  the  normal  cross-section  of  greatest  bending, 
as  shown  by  the  ordinary  formulae,  must  be  much  different 
from  (i.e.,  greater  than)  the  actual.  Again,  the  varying  in- 
tensity in  adjacent  fibres  prevents  perfect  freedom  in  lateral 
strains  and  causes  a  corresponding  increase  of  resistance. 
In  the  cases  considered  the  volume  of  greatest  intensity  of 
stress  is  small,  thus  placing  the  part  first  ruptured  some- 
what in  a  condition  of  a  very  short  specimen.  After  the 
elastic  limit  is  passed  it  is  highly  probable  in  consequence 
of  the  flow  of  the  material  that  the  law  of  the  variation  of 
stress  intensity  changes,  becoming  such  that  with  the  same 
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greatest  intensity  at  the  surface  of  the  solid  beam  the  resist- 
ing moment  is  considerably  increased. 

Finally,  it  has  been  shown  that  the  experimentally 
determined  ultimate  resistances  to  tension  and  compres- 
sion are,  in  reality,  mean  intensities,  and  not  the  greatest 
which  the  material  is  capable  of  exerting  at  any  one  point, 
or  along  any  one  line,  as  in  the  extreme  fibres  of  a  bent 
beam.  On  this  ground  alone,  K  ought  to  be  considerably 
greater  than  either  T  or  C,  as  determined  from  the  usual 
cross-sections. 

All  these  influences  act  to  produce  the  results  observed 
in  the  preceding  tests  of  solid  steel  and  iron  beams,  but 
experimental  investigations  have  not  yet  been  carried  far 
enough  to  give  quantitative  values  to  them. 

Ahhough  the  preceding  observations  have  been  applied 
to  steel  and  iron  beams  only,  the  same  general  features  may 
be  expected  to  characterize  short  solid  beams  of  any 
material.  In  the  case  of  timber  and  stone  the  varying 
character  of  the  material,  especially  the  fibrous  nature  of 
timber,  will  either  partially  or  wholly  obscure  the  charac- 
teristic features  of  the  tests  of  very  short  beams. 

Alloys  of  Aluminum. 

Table  IX  of  Art.  44,  in  the  fifth  coltimn  from  the  left 
side,  exhibits  values  of  the  ultimate  stress  in  the  extreme 
fibres  of  small  beams  of  varying  proportions  of  altiminimi- 
zinc  alloys.  As  might  be  anticipated,  beams  of  either  of 
those  metals  showed  comparatively  low  resistance,  but 
with  aluminum  varying  from  80  down  to  50  per  cent,  and 
zinc  from  20  up  to  50  per  cent,  the  resistance  was  excel- 
lent, the  maximum  being  found  with  >!/  75  and  zinc  25. 

Table  XII  of  Art.  44  exhibits  the  ultimate  fibre  stresses 
in  small  beams  of  the  alloys  of  aluminum  with  copper,  zinc^ 
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manganese  and  chromium.  The  rolled  bars  of  i4/  96  and 
Cu  4  give  excellent  results;  as  does  the  cast  bar  oi  Al  75.7, 
Cu  3,  zinc  20  and,  Man  1.3.  The  remaining  values  of  the 
transverse  resistances  in  the  table  are  self-explanatory. 

Copper,  Tin,  Zinc,  and  their  Alloys, 

In  the  following  table  are  given  the  data  and  the  results 
of  the  experiments  of  Prof.  R.  H.  Thurston,  as  contained  in 
his  various  papers,  to  which  reference  has  already  been 
made.  The  distance  between  the  points  of  support  was 
twenty-two  inches,  while  the  bars  were  about  one  inch 
square  in  section,  and  of  cast  metal. 

The  modulus  of  rupture,  K,  is  found  by  eq.  (5),  in 
wl  ich,  however,  in  many  of  these  cases,  W  is  the  weight 
applied  at  the  centre,  added  to  half  the  weight  of  the  bar. 
When  K  is  large  and  the  specimens  small,  this  correction 
for  the  weight  of  the  bar  is  unnecessary ;  otherwise  it  is  ad- 
visable to  introduce  it. 

The  coefficient  of  elasticity,  E,  is  found  by  eq.  (9),  in 
which  W  is  the  centre  load  added  to  five  eighths  of  the 
weight  of  the  bar. 

The  manner  in  which  both  these  corrections  arise  is  com- 
pletely shown  in  Case  2  of  Art.  22. 

E,  for  any  particular  bar,  has  a  varying  value  for  dif- 
ferent degrees  of  stress  and  strain.  Those  given  in  the  table 
may  be  considered  average  values  within  the  elastic  limit. 

As  usual,  * '  elastic  over  ultimate ' '  is  the  ratio  of  K  at  the 
elastic  limit  over  its  ultimate  value. 

An  examination  of  the  ultimate  tensile  and  compressive 
resistances  of  these  same  alloys,  as  given  in  preceding  pages, 
shows  that  the  ratio  of  K  over  either  of  those  resistances  is 
very  variable.  It  is  usually  foimd  between  them,  but  occa- 
sionally it  exceeds  both. 
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Timber  Beams. 

As  timber  beams  are  always  rectangular  in  section,  eq. 
(3)  only  will  be  needed.  Retaining  the  notation  of  that 
equation,  if  the  beam  carries  a  single  weight  W  at  the  centre 
of  the  span  /, 

^--^—r ('^^ 

If  the  total  load  W  is  uniformly  distributed  over  the 
span, 

W^'=^^f (II) 

As  K  is  supposed  to  be  expressed  in  pounds  per  square 
inch,  all  dimensions  in  eqs.  (10)  and  (11)  mtist  be  expressed 
in  inches. 

In  the  use  of  timber  beams  it  is  usually  convenient  to 
take  the  span  /  in  feet,  and  the  breadth  (6)  and  depth 
{h)  in  inches.  Placing  12/  for  /,  therefore,  in  eqs.  (10) 
and  (11), 

in  which  formulae  /  must  be  taken  in  feet  and  A  and  h  in 
inches. 

If  B  be  put  for  -^,  eq.  12  becomes 

Ah  Ah 

W  =  B^\     and     W'^2B^.    .    .     .     (13) 

Hence  when  W  and  W^  have  been  determined  by  ex- 
periment, 
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For  single  load  W  at  centre 

^    Wl        ,     Wl      i8Wl       IWl  \Wl        .    . 

For  total  load  W  uniformly  distributed 

_   w'l      ,    Wl    gWT    wn     \wn    , 

If  the  beam  has  a  section  one  inch  square  and  is  one  foot 

W 
long,   B^W^ — .     B,  therefore,  may  be  considered  the 

unit  of  transverse  rupture ;  it  is  sometimes  called  the  coefficient 
for  centre-breaking  loads. 

If  the  depth  h  of  the  beam  is  given  and  the  breadth  is 
desired,  eq.  (14)  gives 

^      Wl     18M 

^^Bh-^lChF <'^^ 

Eq.  15  also  gives 

^      W'l       gW'l  ,    , 

^=^BF=TF ^'7) 

In  general,  whatever  may  be  the  distribution  of  the  load- 
ing, if  the  bending  movement  is  M  (in  inch-poimds),  eq. 
(3)  gives 

*  =  >f^  =  "-^5\-S;    ....     (18) 

or 

^       M       6M  f    . 

^^YBh'^Kh} ^'9^ 

The  general  observations  which  have  already  been  made 
in  connection  with  the  ultimate  resistances  of  timber  in 
tension  and  compression  are  equally  applicable  to  the  flex- 
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ure  or  bending  of  timber  beams.  The  ultimate  resistance 
of  the  timber  as  exhibited  by  the  intensity  of  stress  in  the 
extreme  fibre  can  only  safely  be. taken  when  determined 
from  tests  of  full-size  beams  as  actually  used  in  engineering 
structures.  Such  resistances  or  moduli  when  determined 
from  small  pieces  selected  for  the  purpose  of  test  are  liable 
to  be  largely  in  error  for  the  reasons  given  in  detail  in  Art.  57. 

Table  I. 

LASLETT'S  TESTS. 

Sections  a  X  a  inches  with  span  of  6  feet. 


Kind  of  Timber. 


Oak,  English 

Oak,  English 

Oak,  English 

Oak,  French 

Oak,  French 

Oak,  Tuscan 

Oak,  Sardinian 

Oak,  Dantzic 

Oak,  Spanish 

Oak,  American,  white.  .  .  . 
Oak,  American,  Baltimore 
Oak,  African  (or  teak).  .  . 

Teak,  Moulmein 

Teak,  Motilmein 

Ironwood,  Burmah 

Chow,  Borneo. 

Greenheart,  Guiana 

Sabicu,  Cuba. . . ., 

Mahogany,  Spanish 

Mahogany,  Honduras.  .  . . 

Mahogany,  Mexican 

Eucalyptus,  Australia: 

Tewart 

mahogany 

iron-bark 

blue-^m 

Ash,  Enghsh 

Ash,  Canadian 

Elm,  English 

Rock  elm,  Canada 

Fir,  Dantzic 

Fir,  Riga 

Fir,  spruce,  Canada 

Larch,  Russia 

Cedar,  Cuba 

Red  pine,  Canada 

Yellow  pine,  Canada 

Yellow  pine,  Canada 

Yellow  pine,  Canada 

Pitch  pme,  American.  .  .  . 
Pitch  pine,  American.  .  . . 
Pitch  pine,  American.  .  .  . 
Kauri  pine,  New  Zealand. 


W,  in  Lbs. 

B,  in  Lbs. 

Final  Deflec- 
tion. 

Coefficient 
of  Elas.,  or  E. 

Inch^. 

Pounds. 

56a 
407 

4aa 

305 

5. 10 
3.95 

813 

610 

7.71 

90  a, 600 

877 

658 

6.00 

X, 536.800 

831 

6a3 

7.58 

1,440,000 

7S8 

569 

7.66 

605,000 

758 

569 

6. so 

87 1 ,400 

474 

356 

6.46 

56a 

4aa 

6.6a 

804 

603 

8.83 

1,184,600 

723 

54a 

7.13 

1,547,200 

1,108 

831 

5x4 

X, 01 0,880 

913 

68s 

3.38 

X. 378,500 

843 

632 

6.49 

1,173,400 

i.«73 

955 

4.25 

2,369.300 

975 

731 

a. 83 

a,47a,3oo 

^,333 

1,000 

4.6a 

X, OS  7, 900 

1,293 

970 

3-75 

a.369,300 

856 

64  a 

3-45 

i,88a,8oo 

80  a 

60  a 

4.06 

1,187,100 

783 

587 

3.9a 

a, 0  a  1, 800 

I, cap 

77a 

4. 75 

1,791,000 

686 

51S 

4.71 

1,407 

I. OS  5 

3.8x 

a,4ao,ooo 

71a 

534 

4.21 

1, 80s,  100 

86a 

647 

8.63 

1,404,000 

638 

479 

7.37 

393 

«9S 

5.29 

pao 

690 

8.79 

i,a99.7oo 

877 

p58 

S.14 

X, 395, 400 

600 

450 

3.63 

i.763,aoo 

670 

S03 

5. 19 

i,849,aoo 

6a6 

470 

4-33 

560 

4ao 

4-37 

653 

490 

4.63 

6a7 

470 

4.66 

483 
304 

36a 
aa8 

3-39 
3-45 

x,049 

787 

4-79 

a,o3o,8oo 

930 

698 

4.67 

X, 834.300 

744 

558 

4.42 

1.60  a, 000 

719 

539 

4.00 

1,636,300 

E  has  been  computed  only  for  those  cases  in  which  W  exceeds  700. 
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Tables  I,  II,  III,  and  IV  contain  values  of  B  and  E 
which  have  been  computed  from  data  determined  by  the 
English  experiments  of  Messrs.  Laslett,  Maclure,  Fincham, 
Edwin  Clark,  and  G.  Graham  Smith. 

In  all  these  tables  W  is  the  total  load  applied,  including 
the  weight  of  the  beam,  wherever  that  correction  is  made. 

In  Table  I  the  coefficient  of  elasticity  is  computed,  in 
all  cases,  for  a  centre  load  of  390  potmds.  In  Table  II  the 
centre  load  for  the  same  computation  is  1680  pounds,  and 
in  Table  VII  the  elastic  load  had  different  values  for  dif- 
ferent beams. 


Table  II. 

FINCHAM'S  TESTS. 

3X3  inches,  section:  4  feet  span;  very  dry  timber. 


Kind  of  Timber. 

W, 

B, 

Coefficient  of 
Elasticity. 

Risa  fir 

Pounds. 

4,530 
3.780 

2,756 
3»292 
2,520 
4,110 

Pounds. 
670 

559 
408 

487 

373 
608 

Pound.s. 

2,293,760 
X. 593.000 
1,550,000 
1,850,000 
925,000 
1,977,400 

Red  Dine 

Yellow  pine 

Norwav  fir 

Scotch  Dine 

ICauri  Dine 

In  all  cases  except  the  four  noted  in  Table  IV  the  ap- 
plied loads  were  placed  at  the  centre  of  the  span. 

Although  these  experiments  do  not  embrace  a  great 
variety  of  cross-section  for  all  kinds  of  timber,  yet  Tables  I, 
III,  and  IV  give  much  larger  values  of  B  for  small  depths 
of  pine  and  fir  beams  than  for  large  ones.  This  is  a  very 
important  consideration  in  connection  with  the  ultimate 
resistance  of  beams,  and  probably  obtains  for  all  kinds  of 
timber. 

These  experiments  also  showed  that  the  coefficient  of 
elasticity,  E,  varied  materially  in  the  same  specimen  for  dif- 
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ferent  deflections,  and  that  values  among  the  greatest  may 
be  found  with  large  deflections;  also  that  the  ** elastic 
limit ' '  for  flexure  in  timber  beams  is  more  conventional 
than  real,  since  with  loads  about  half  the  breaking  weight, 
not  only  the  deflection  but  the  *  *  set ' '  varied  with  the  time. 

Table  III. 

MACLURE'S  TESTS. 

specimens  of  Memel  Fir — 1849. 


Breadth. 

Depth. 

Span. 

W. 

B. 

Pinal  Deflection, 
Inches. 

Inches. 

Inches. 

Feet. 

Pounds. 

Pounds. 

I 

I 

li 

483 

644 

0.75 

I 

I 

l^ 

450 

600 

0.75 

2 

2 

2% 

1,910 

637 

1. 00 

2 

2 

2§ 

^3" 

437 

1. 125 

3 

3 

9 

1,104 

368 

3.5 

3 

3 

9 

1,482 

494 

4-5 

6 

12 

12 

34,720 

482 

2.0 

9 

12 

12 

38,080 

353 

2.5 

12 

12 

12 

61,600 

428 

3.25 

Table  IV. 

TESTS  BY  EDWIN  CLARK  AND  G.  GRAHAM  SMITH. 


Timber. 


American  red  pine. 
American  red  pine. 
American  red  pine . 

Memel  fir 

Memel  fir 

Baltic  fir 

Baltic  fir 

Pitch  pine 

Pitch  pine 

Pitch  pine 

Pitch  pine 

Red  pine 

Red  pine 

Quebec  yellow  pine 

Quebec  yellow  pine 

Quebec  yellow  pine 
Quebec  yellow  pine 


Br'dth. 


Inches, 
xa 
la 
6 

13. 5 

13. S 

6 

6 

6 

6 

14 

14 
6 

6 
14 

14 

14 
14 


Depth. 


Inches. 

12 

xa 
6 

13s 

xa 
xa 
xa 
xa 
15 
IS 
xa 

xa 

15 

IS 
IS 


Span. 


Feet. 
IS 
IS 
7.5 


10 


ip-S 


xa, 
la. 
la. 
xa. 
xo. 
xo. 
xa, 
xa. 


as 

as 
as 

2S 

s 
s 

^$ 

as 


xo.s 

10. s 

10. s 
lo.s 


W. 


Pounds. 
33,497 

29,908 

7.370 

Distrib'd 

68,560 
Distrib'd 

68.560 

19.145 
33.625 
33,030 
33,700 

X  34,400 

132,610 

16,800 

19,040 

Distrib'd 
68,600 

Distrib'd 
68.600 
85.79a 
76,160 


B. 


Lbs. 
291 
260 
256 

■  a93 

■  893 

271 

335 

3a6 

336 

448 

44  a 

.338 

270 

-  229 

■  aa9 

a86 
a54 


Pinal 
Deflec- 
tion. 


Inches. 

4 

00 

3 

10 

X 

68 

XX 

93 
31 
31 
14 


1.94 


Coefficient 

of 
Elasticity. 


Pounds.  ^ 
1,443,830  1  53 
i.iSS.ioo  }-rt 
X, 01 5.900  J    . 

2,x50.500     "^ 


1,561,300 

1.573,400 
1,443.300 
3,125.000 
1,431.300 
1,935.400 
1,093,400 
1,247,000 
X,  24 7, 000 

1,339,750 

1,329,750 
1,270,000 


a 

CO 

•§ 

O 

d 
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The  quantity  ordinarily  termed  the  load  at  the  '  *  elastic 
limit"  may  be  taken  from  0.5  to  0.6  the  breaking  weight. 
In  Table  IV  it  varied  from  0.50  to  0.78. 

Valuable  tests  on  timber  beams  have  been  made  by  Col. 
Laidley  and  Prof.  Lanza;  both  experimented  during  1881. 
Col.  Laidley's  results  are  given  in  Table  V. 

As  was  to  be  expected,  in  accordance  with  conclusions 
already  drawn,  the  sticks  of  Oregon  pine  with  the  smallest 
depths  gave  values  of  K  and  B  considerably  larger  than  the 
others.  These  results  emphasize  the  fact  that  for  large 
beams  K  or  B  must  be  taken  from  tests  on  beams  equally 
large,  if  accurate  computations  are  to  be  made.  With  these 
considerations  in  view.  Prof.  Lanza's  results  for  large  spruce 
beams,  given  in  Table  VI,  possess  much  value.  With  the 
exception  of  Nos.  11  and  12  the  material  was  common  mer- 
chantable lumber. 

Table  V. 

SEASONED  STICKS.   LOADED  AT  CENTRE. 


No. 


I 
2 
3 
4 
5 
6 

7 
8 

9 

xo 


Kind  of  Wood. 


Oregon  pine 

Oregon  pine 

Oregon  pine '. . . . 

Oregon  maple 

Caiitomia  laurel 

Ava  Mexicana 

Oreffon  ash 

Mexican  white  mahogany 

Mexican  cedar 

Mexican  mahogany.  . . 


A'-iSfi. 

Span. 

Width. 

Depth. 

Lbs.  per  Sq. 
Inch. 

B. 

Ins. 

Ins. 

Ins. 

44 

3.48 

3.48 

11,900 

661 

aa 

z  .22 

1-23 

i3.aio 

734 

aa 

X .  ai 

I .  ao 

16,570 

9ai 

44 

363 

3.^3 

10,560 

587 

44 

358 

3.58 

8,920 

496 

44 

3.69 

3.6g 

9.930 

552 

44 

3.64 

3.64 

8,460 

470 

44 

3.77 

3.77 

9,6io 

534 

44 

3.7s 

3. 75 

7.935 

441 

44 

3.75 

3.7s 

15,830 

879 

Remarks. 


Cross-grained 

Worm-eaten 
Crofis-srained 


Table  VII  exhibits  the  values  of  the  ultimate  intensity 
of  stress  in  the  extreme  fibres  of  timber  beams  as  determined 
by  Prof.  J.  B.  Johnson  for  the  Division  of  Forestry  of  the 
U.  S.  Department  of  Agriculture.  He  used  some  large  beams 
but  they  were  mostly  small,  4  inches  by  4  inches  in  section 
and  60  inches  long.  The  values  in  the  table  are  subject 
to  the  same  limitations  of  use  which  have  been  set  forth  in 
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Table  VI. 

SEASONED  SPRUCE  BEAMS. 


No. 


X 

a 
3 
4 
5 
6 

7 
8 

9 
xo 

IX 

12 
13 
14 
IS 


Span. 

Width. 

Depth. 

Feet. 

Inches. 

Inches. 

15  00 

2.00 

12.00 

6.60 

a.  00 

9.00 

IS- 00 

a.  00 

I  a.  00 

6.67 

a. 75 

9.00 

4.00 

3.00 

9.00 

xo.oo 

3-00 

9.00 

15-00 

3.00 

9.00 

ao.oo 

3-90 

I  a.  00 

10.00 

a.  50 

13.50 

x6.oo 

3.75 

12.00 

7.00 

7.00 

2.00 

7.00 

1-75 

6-7S 

6.67 

3.00 

9.00 

6.67, 

3.00 

9.00 

16.00 

3 -90 

xa.oo 

At  centre. 


•4.5  feet  from  one  end. 
At  centre. 

At  4  points,  x6  ins.  apart. 
4.5  feet  from  one  end. 


A'-x8B. 

Lbs.  per  Sq. 

Inch. 


S,sa6 
5,389 
5.237 
4,08a 

3.285 
4.508 
5,651 
4,253 
3,787 
3,271 
8.748 
7.56a 
4,931 
4,961 
5,218 


307 
299 
291 
aa6 

183 
a50 

314 
237 
aio 
i8a 
486 
4ao 

274 
a76 

a89 


previous  articles  on  tension  and  compression  of  timber. 
The  results  for  such  small  selected  pieces. are  far  too  high 
for  the  full-size  beams  which  are  employed  in  engineering 
practice  and  they  should  be  tised  only  after  having  been 
subjected  to  a  suitable  reduction.  It  will  be  noticed  that 
the  first  four  values  in  the  table  belong  to  a  condition  in 
which  the  amotmt  of  moisture  is  15%  by  weight  of  the  tim- 
ber, while  the  remaining  values  are  for  a  12%  moisture. 

The  results  shown  in  Table  VIII  possess  much  value  for 
the  reason  that  they  belong  largely  to  full-size  beams  of 
Oregon  Pine,  although  the  span  in  no  case  exceeds  84 
inches. 

The  tests  were  made  under  the  supervision  of  Mr.  Wm. 
Hood,  chief  engineer  of  the  Southern  Pacific  R.  R.  Co.  at 
San  Francisco,  Cal.  in  1895.  The  material  was  fairly  well 
air-seasoned,  corresponding,  perhaps,  to  15  or  18  per  cent, 
of  moisture,  and  of  good  merchantable  quality  not  selected. 
Naturally  the  small  sticks  two  or  three  inches  only  in  depth 
with  24-inch  spans  were  better  in  quality  than  the  larger 
beams,  since  knots  and  other  defects  not  sufficient  to  cause 
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the  rejection  of  the  latter  might  easily  exclude  the  former 
from  acceptance. 

Table  VII. 

JOHNSON'S  TESTS. 


No. 


I 

2 

3 
\ 


7 

8 

9 

lO 

II 

12 

13 
>4 
15 
i6 

l8 
19 

20 
21 
22 

23 
24 
25 
26 
27 
28 
29 

30 

31 
32 


Species. 


Reduced  to  15%  Moisture. 

Longleaf  pine 

Cuban  pine 

Shortleaf  pine 

Loblolly  pine 

Reduced  to  12%  Moisture, 

White  pine 

Red  pine 

Spruce  pine , 

Bald  cypress , 

White  cedar , 

Douglas  spruce,  a , 

White  oak , 

Overcup  oak , 

Post  oak 

Cow  oak    

Red  oak , 

Texan  oak 

Yellow  oak 

Water  oak 

Willow  oak 

Spanish  oak    

Shagbark  hickory 

Mockemut  hickory  . .  . . 

Water  hickory 

Bitternut  hickory 

Nutmeg  hickory 

Pecan  hickory 

Pignut  hickory 

White  elm 

Cedar  elm 

White  ash 

Green  ash 

Sweet  gum 


Average 

Highest 

10  Per  Cent. 

of  Tests. 


Average 

Lowest 

xo  Per  Cent. 

of  Tests. 


Average  of 
AU  Tests. 


Pounds  per  Square  Inch  in 
Extreme  Fibre. 


14,200 
14,600 
12,400 

13,100 


10,100 
12,300 
i3»6oo 
11,700 
8,400 
12,000 
18,500 
14,900 
15,300 
12,500 
15,400 
16,900 
14,600 
15,700 
13,800 
15,600 
20,300 
19,700 
17,300 
19,300 
15,600 
18,100 
24,300 
13,600 
17,300 
14,200 
16,000 
12,700 


8,800 
8,800 
7,000 
8,100 


5,000 
4,900 
5,800 
5,000 
4,000 
4,100 
7,600 
6,300 
7,400 
6,500 
9,100 
10,000 
5,700 
7,200 
5.400 
6,900 
9,400 
7,900 
5,400 
8,700 
8,100 
10,300 
11,500 
7,300 
8,500 
6,300 
5,100 
6,000 


10,900 

11,900 

9,200 

10,100 


7,900 
9,100 
10,000 
7.900 
6,300 
7,900 
13,100 
11,300 
12.300 
11,500 
11,400 
13,^00 
10,800 
12,400 
10,400 
12,000 
16,000 
15,200 
12,500 
15,000 
12,500 
15,300 
18,700 
10,300 
13,500 
10,800 
11,600 
9,500 


a  Actual  tests  on  "dry"  material  not  reduced  for  moisture. 
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The  values  in  Table  VIII  illustrate  in  a  clear  manner  the 
variations  to  be  expected  between  large  and  small  beams. 
The  lower  half  of  the  table  belongs  to  practically  full-size 
beams  and  the  upper  portion  to  small  beams.  The  coeffi- 
cients of  elasticity  and  elastic-limit  stresses  in  extreme  fibres 
for  the  smallest  beams  are  about  75  per  cent,  greater  than 
for  the  largest  full-size  beams,  while  the  ultimate  stress  in 
the  extreme  fibres  is  about  twice  as  great.  This  difference 
is  not  accidental,  but  it  is  seen  to  vary  with  some  approach 
to  regularity  throughout  the  table. 

Table  VIII. 

TESTS  OF  OREGON  PINE  BEAMS,  UNTREATED,  NOV.,  DEC,  1895. 

Summary  of  Values  Calculated  from  Tests. 

Modulus  of  Elasticity  £, 
Pounds  per  Square  Inch. 


I 

II 

III 

IV 

V 

VI 

VII 

VIII 

IX 


Span 

Breadth 

Depth 

Ratio  of 

m 

m 

m 

Len^h  to 

Inches. 

Inches. 

Inches. 

Depth. 

24 

3 

2 

12 

24 

2 

3 

8 

36 

3 

4 

9 

48 

4 

6 

8 

84 

13 

7 

12 

84 

6 

8 

10.5 

84 

8 

10 

8.4 

84 

6 

12 

7 

84 

4  and  7 

16 

5.25 

Least. 


1,651,155 
1,168,366 
1,330,841 
1,443,880 
1,677,670 

1,347,448 

1,281,167 

1,105,217 

959,046 


Greatest. 


2,159,738 
1,618,438 

1,871,446 

1,814,433 
1,867,363 

1 ,860,960 

1,435,930 
1,496,196 
1,181,250 


Average. 


,793,761 

,473,334 
,620,333 

,590,239 

,784,945 
,642,521 

,356,035 

,347,364 
,074,334 


Outer  Fibre  Stress  at  Elastic  Limit. 

Outer  Fibre  Stress  at  Failure. 

Pounds  per  Square 

Inch. 

Pounds  per  Square  ] 

[nch. 

Least. 

Greatest. 

Average. 

Least. 

Greatest. 

Average. 

I 

6,600 

7,282 

6,953 

10,574 

12,677 

",215 

11 

4,489 

8,415 

5,887 

9,887 

12,538 

",358 

III 

6,040 

7,251 

6,818 

10,193 

13,145 

11,678 

IV 

5,675 

8,127 

6,467 

10,840 

11,715 

11,205 

V 

4,076 

5,340 

4,859 

7,486 

10,049 

8,294 

VI 

3,890 

4,986 

4,560 

7,616 

9,912 

8,575 

VII 

3,123 

4,120 

3,679 

5,477 

7,782 

6.856 

VIII 

3,617 

4,772 

3.937 

5,406 

6,824 

6,198 

IX 

2,446 

5,673 

3,769 

4,104 

6,961 

5,592 
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Table  IX  contains  ultimate  resistances  and  working 
stresses  for  the  extreme  fibres  of  full-size  beams  as  compiled 
by  the  Committee  of  the  Association  of  Railway  Superin- 
tendents of  Bridges  and  Buildings,  which  has  already  been 
drawn  upon  in  previous  articles  on  the  tension  and  compres- 
sion of  timber. 


Table   IX. 

ULTIMATE  AND  WORKING  STRESSES  OF  TIMBER  BEAMS. 


Timber. 


Extreme 
Fibre  Stress. 


Coefficients 
ut  Elasticity. 


Working 
Fibre  Stress. 


Pounds  per  Square  Inch. 


White  oak 

White  pine 

Southern  long-leaf  or  Georgia  yellow  pine. 

Douglas,  Oregon,  and  yellow  nr 

Washington  hr  or  pine  (red  fir) 

Northern  or  short-leaf  yellow  pine 

Red  pine 

Norway  pine 

Canadian  (Ottawa)  white  pine 

Canadian  (Ontario)  red  pine 

Spruce  and  Ea  tern  fir 

Hemlock 

Cypress 

Cedar 

Chestnut 

California  redwood 

California  spruce 


6,000 
4,000 
7,000 
6,500 
5,000 
6,000 
5,000 
4,000 

5,000 
4,000 
3,500 
5,000 
5,000 
5,000 
4,506 
5,000 


1,100,000 
1,000,000 
1,700,000 
1,400,000 

1,200,000 
1,200,000 

I,2OO,O0p 

1,400,000 

1,200,000 
900,000 
900,000 
700,000 

1,000,000 
700,000 

1,200,000 


1,000 
700 

1,200 

1,100 
800 

1,000 
800 
700 

800 
700 
600 
800 
800 
800 
750 
800 


The  working  stresses  given  in  the  fourth  column  are 
those  regularly  employed  in  engineering  practice  in  the 
design  and  construction  of  full-size  timber  beams  under 
ordinary  circumstances.  It  is  evident  that  the  working 
stress  must  vary  to  some  extent  with  the  duty  to  which  the 
beam  is  to  be  subjected.  The  coefficients  of  elasticity  are 
such  as  may  reasonably  be  employed  in  the  cases  where  it 
is  desired  to  compute  the  deflections  of  beams,  but  it  is 
to  be  remembered  also  in  making  such  computations  that 
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the  elastic  properties  of  timber  are  extremely  variable  and 
that  the  results  may  not  prove  to  be  as  acctirate  as  might 
be  expected. 


Failure  of  Timber  Beams  by  Shearing  Along  the  Neutral 

Surface. 

In  the  preceding  treatment  of  timber  beams,  it  has  been 
asstimed  that  when  broken  tinder  test  the  extreme  fibres 
will  fail,  either  in  tension  or  compression.  As  a  matter  of 
fact,  failure  of  such  beams  usually  takes  place  at  some  weak 
spot,  as  a  knot,  point  of  incipient  or  active  decay,  or  at  some 
other  point  where  abnormal  weakness  is  developed.  This 
latter  observation  holds  true  whether  the  failure  of  the  beam 
takes  place  by  tension  or  compression  in  the  extreme  fibres 
or  by  shearing  in  the  neutral  surface. 

In  Art.  10  it  was  shown  that  the  greatest  intensity  of 
either  transverse  or  longitudinal  shear  in  any  normal  sec- 
tion of  a  beam  takes  place  at  the  neutral  stirface,  and  hence 
that  the  tendency  of  the  fibres  there  is  to  separate  by  longi- 
tudinal movement  over  each  other.  This  is  precisely  the 
kind  of  failure  which  actually  takes  place  in  some  short  tim- 
ber beams.  If  the  total  transverse  shear  at  any  normal  sec- 
tion of  the  beam  is  S,  eq.  (8)  of  Art.  10  shows  that  the 
maximum  intensity,  s,  of  shear  in  the  neutral  surface  is 

In  this  equation,  b  is  the  breadth  or  width  of  the  beam 
and  d  the  depth,  usually  taken  in  inches. 

If  W  is  a  single  weight  or  load  at  the  centre  of  span  of  a 
beam  simply  supported  at  each  end,  the  shear  s,  as  far  as 
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mgle  load  is  concerned,  is  constant  thtougfaout 
length  of  the  beam  with  the  value 

3^^ 


5  = 


^bd' 


(21) 


If,  again,  the  beam  is  uniformly  loaded  with  the  total 
load  W\  the  intensity  of  shear  s  in  the  neutral  surface  has 
a  value  which  varies  from  zero  at  the  centre  of  span  to  the 
value  given  by  eq.  (21)  after  making  W  —  W.  Whenever 
the  value  of  the  intensity  s  exceeds  the  ultimate  intensity 
of  shear  along  the  fibres  lying  in  the  neutral  surface,  the 
beam  will  fail  by  the  separation  of  its  two  halves  or  parts 
at  the  neutral  stuiace. 

Table  X. 

FAILURE  OP  TIMBER  BEAMS  BY  SHEARING  IN  THE 

NEUTRAL  SURFACE. 


Timber. 


Spruce 

Yellow  pine. 
White  oak. . 
White  pine. 


No  of 
Tests. 


14 
10 

2 
3 


Ultimate  Shearing  Resistanoe  in  Pounds 
per  Square  Inch  in  Neutral  Sorfaoe. 


Max. 


273 
389 

379 
180 


Mean. 


200 
224 
266 

151 


"7 

151 

152 
119 


These  beams  were  generally  about  12  inches  deep,  with  spans  from  7  to 
20  feet. 

Professor  G.  Lanza  has  made  a  considerable  number  of 
tests  of  full-size  beams  of  spruce,  yellow  pine,  white  pine, 
and  white  oak  at  his  laboratory  in  the  Massachusetts  Insti- 
tute of  Technology  at  Boston,  a  number  of  which  failed 
by  shearing  in  the  neutral  surface.  Table  X  (Professor 
Lranza's  **  Applied  Mechanics,"  page  697)  exhibits  a  sum- 
mary of  those  tests  and  shows  the  intensities  of  the  ulti- 
mate shearing  resistance  found  in  full-size  beams.  Those 
values  are  seen  to  be  low,  so  that  in  the  design  of  timber 
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beams  it  is  essential  that  there  should  be  a  proper  margin 
of  safety  against  failure  in  this  way.  While  this  pre- 
cautionary computation  should  be  made,  the  ordinary 
procedures  of  design  of  timber  beams  are  based  upon  eqs. 
16  to  19,  in  which  the  failure  of  extreme  fibres  by  tension 
or  compression  are  the  controlling  influences. 

It  has  been  fotmd  in  many  cases,  and  possibly  in  nearly 
all,  that  wind-shakes,  season  cracks,  and  other  influences 
which  induce  at  least  partial  separation  of  the  fibres  at  the 
neutral  surface,  are  the  sources  of  incipient  failure  by  shear- 
ing in  the  neutral  surface.  The  presence  of  those  elements 
of  the  case  probably  accotmts  for  the  lowvalues  of  the  shear- 
ing intensities  parallel  to  the  fibres,  shown  in  Table  X. 

Influence  of  Time  on  the  Strains  of  Timber  Beams. 

It  has  been  foimd  by  actual  observation  that  if  a  timber 
beam  is  loaded  to  no  greater  extent  than  one  fourth  of  its 
ultimate  load,  the  resulting  deflection  will  continue  to  in- 
crease under  continued  loading  for  a  long  period  of  time. 
Sufficient  investigations  have  not  yet  been  made  to  express 
thece  results  quantitatively  with  much  accuracy.  Enough 
has  been  ascertained,  however,  to  show  that  the  influence 
of  time  is  most  important  in  determining  the  deflection  of 
timber  beams  tmder  loads  applied  for  a  considerable  period 
of  time,  and  that  when  the  loading  becomes  a  large  portion 
of  the  ultimate,  i.e.,  perhaps  75  per  cent.,  the  beam  may 
fail  if  the  application  be  sufficiently  continued.  Indeed, 
some  experiments  indicate  that  failure  may  possibly  take 
place  at  .6  or  .7  of  the  ultimate  of  a  single  application,  if 
that  amount  be  imposed  a  sufficient  length  of  time. 

It  should  be  understood,  therefore,  that  in  using  the  co- 
efficients of  elasticity  given  in  this  article  for  the  purpose 
of  computing  deflections,  such  computations  are  applicable 
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only  when  loads  are  applied  for  short  periods  of  time.  For 
long  periods  of  application  it  may  be  necessary  in  some 
cases  to  take  only  one  half  of  those  coefficients  of  elas- 
ticity for  the  piirpose  of  computing  desired  deflections. 

Timber  Beams  of  Natural  and  Prepared  Wood, 

Table  XI  contains  the  results  of  some  experiments  by 
A.  M.  Wellington,  C.E.  C*R.  R.  Gazette,"  Dec.  17,  1880), 
on  small  specimens  i\  inches  square  and  15  inches  between 
supports.  **A11  the  woods,  except  as  specified,  had  been 
cut  six  to  eight  months  and  were  partially  seasoned. ' ' 

Table  XI. 

SPECIMENS,  1.25  INCHES  SQUARE,  16  INCHES  LONG. 


Kind  of  Timber. 


White  oak,  well  seasoned.  .  .  . 

White  ash 

Beech 

Elm 

Pin  oak 

White  oak,  green 

Soft  maple 

Black  ash 

Sycamore 


Natural. 

Prepared. 

W,  in  Lbs. 

5,  in  Lbs. 

W,  in  Lbs. 

B,  in  Lbs. 

989 

633 

926 

593 

825 

527 

864 

553 

801 

513 

763 

489 

763 

489 

941 

602 

755 

482 

747 

479 

742 

476 

643 

411 

685 

439 

640 

409 

628 

401 

550 

332 

Loss  Per 
Cent. 


II. 2 
7.2 
0.0 

20.0 

13.7 

6.9 
17.2 


The  ** prepared"  specimens  had  been  treated  by  the 
Thilmeny  (sulphate  of  baryta)  process;  and  all  specimens 
of  the  same  kind  of  wood  were  cut  from  the  same  stick. 

The  column  *  *  Loss  * '  is  the  per  cent,  of  loss  caused  by 
the  preservative  process  employed. 

The  results  of  testing  creosoted  Oregon  pine  beams  by 
Mr.  William  Hood,  Chief  Engineer  of  the  Southern  Pacific 
Railroad  Co.,  in  1895,  ^^^  shown  in  Table  XII.  Correspond- 
ing values  for  the  same,  but  imtreated  timber,  are  given  in 
Table  VIII.  The  amount  of  creosote  in  the  timber  was 
about  1 1  pounds  per  cubic  foot. 
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Table  XII. 

OREGON  PINE  BEAMS— CREOSOTED 


c 

c  . 

—  w 

ft*^ 

4 
6 

8 

10 

16 

Ratio  of 
Length 

to 
Depth. 

Coefficient  of  Elasticity  E. 

Span  ii 
Inches, 

II 

n 

6 

4 
10 

8 

4 
and 

7 

Pounds  per  Square  Inch. 

Ratio  of  Creosoted  to 
Untreated. 

Greatest. 

Mean. 

Least. 

Gr'test.    Mean. 

Least. 

36 
48 

84 

84 

84 

9 

8 

10.5 
8.4 

5.25 

1,607,813 
1,190,972 

1,543,113 
1,715,788 

1,195,183 

1,531,250 

979,940 

1,412,167 

1,319,536 

975,754 

1,378,125 

676,974 

1,262,175 

896,399 
770,772 

1.036 
0.656 
0.829 

1.195 
1  .Oil 

0.945 

0.616 

0.8G0 

0.973 
0.970 

0.859 
0.469 

0.937 
0.700 

0.842 

ex 

ftC 


36 
48 
84 
84 

84 


c  . 

:S8 

'^t 

Ratio  of 

^•?' 

Q.  0 

Length 

1^ 

to 
Depth. 

6 

4 

9 

4 

6 

8 

10 

8 

10.5 

8 

10 

8.4 

4 

and 

16 

5.25 

7 

Extreme  Fibre  Stress  at  Elastic  Limit. 


Potmds  per  Square  Inch. 


Greatest. 


4,6ox 
4,380 
4,422 
3,776 

2,498 


Mean. 


4,382 
3,505 
4,341 
3,038 

1,998 


Least. 


3,944 
2,629 

4,282 
2,334 

1,484 


Ratio  of  Creosoted  to 
Untreated. 


kjt  test. 


0.653 

0.542 
1. 101 

0.917 
0.607 


Mean. 


0.643 

0.539 
0.952 
0.826 

0.530 


Least. 


0.635 

0.463 
0.887 

0.747 
0.440 


II 

6 

4 
10 

8 

4 
and 

7 

il 

4 
6 

8 

xo 

16 

Ratio  of 
Length 

to 
Depth. 

Outer  Fibre  Stress  at  Failure. 

Span  in 
Inched 

Pounds  per  Square  Inch. 

Ratio  of  Creosoted  to 
Untreated. 

Greatest. 

Mean. 

Least. 

Gr'test. 

Mean. 

Least. 

36 
48 

84 

84 

84 

9 

8 

10.5 
8.4 

525 

6,570 
5,692 
5,572 
4,802 

4,707 

6.351 

4,671 
5,262 

4,158 
4,157 

5,913 
3,942 
4,712 
3,793 

3,634 

0.580 
0.486 
0.619 
0.693 

0.884 

0.544 
0.417 

0.614 

0.617 

0.774 

0.500 
0.364 
0.562 
0.606 

0.678 

Note. — 4-inch  and  6-inch  creosoted  beams  were  cut  from  interior  of  8- 
inch  by  lo-inch  beams. 
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With  four  exceptions  (three  in  connection  with  the  co- 
efficient of  elasticity)  the  creosoted  timber  gave  less  values 
of  the  coefficient  of  elasticity  and  of  the  extreme  fibre 
stresses  than  the  untreated  and  in  most  cases  much  less. 
This  might  reasonably  be  anticipated  in  consequence  of  the 
operations  to  which  the  timber  is  subjected  in  the  process 
of  creosoting.  Preservative  treatments  appear  to  reduce 
the  resistance  of  the  timber. 

Concrete  Beams, 

When  a  concrete  or  a  natural  stone  beam  is  subjected  to 
transverse  loading  it  fails  by  tearing  apart  on  the  tension 
side.  The  failure  of  the  beams,  therefore,  indicates  to  some 
extent  the  ultimate  tensile  resistance  of  the  material.  Ob- 
viously, in  the  case  of  concrete  beams  the  ultimate  carrying 
capacity  will  depend  upon  a  number  of  elements,  such  as 
the  kind  and  quality  of  cement,  sand  and  broken  stone  used, 
and  the  proportions  of  the  mixture.  Table  XIII  contains 
results  of  tests  of  a  considerable  number  of  concrete  beams 
6  ins.  by  6  ins.  in  cross-section  and  six  months  of  age.  For 
three  months  these  beams  were  frequently  wetted  though 
kept  in  air.  During  the  remaining  three  months  they  were 
kept  in  air  without  wetting.  The  length  of  span  for  some 
of  these  beams  was  42  ins.  and  18  ins.  for  the  remainder. 
Within  the  limits  of  the  tests  this  difference  in  span  appeared 
to  make  no  essential  difference  in  the  ultimate  intensities 
of  stress  in  the  extreme  fibres.  With  the  cross-sections  of 
the  beams,  i.e.,  6  ins.  wide  and  6  ins.  deep,  the  ratio  of  span 
length  divided  by  the  depth  was  either  7  or  3,  making  the 
beams  very  short.  The  different  columns  of  the  table  show 
the  character  of  the  ingredients  of  the  concrete  as  well  as 
the  greatest,  mean,  and  least  values  of  the  intensities  of  ex- 
treme fibre  stress  K.     As  would  be  anticipated,  the  values 
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CONCRETE  BEAMS  SIX  MONTHS  OLD. 


607 


B'klyn  Bridge  Rosendale 


( < 

1 1 
I  < 


Atlas  Portland, 

<  I  K 


<  I 

<  I 
l< 
t  I 


<  I 

<  t 
€  t 
I  f 


Silica  Portland 
f  <  <  < 


«i 
1 1 
1 1 
i« 


<  ( 
I  ( 
it 


Alsen  Portland , 
« <  <  < 


I  < 
<i 


( I 
<i 


B'klyn  Bridge  Rosendale 
Atlas  Portland 


f  i 


( t 


Silica  Portland. 


( ( 


i  I 


Alsen  Portland 
<  I  <  I 


Concrete. 


5.  br. 
-2-4 

-3-5 
-2-4 

-3-5 
-2-4 

-3-5 
-2-4 

-3-5. 
-2-4 

-3-5 
-2-4 

-3-5 
-2-4 

-3-5 
-2-4 

-3-5 
-2-4 

-3-5 
-2-4 

-3-5 
-2-4 

-3-5 
-2-4 

-3-5 
-2-4 

-3-5 
-2-4 

-3-5 
-2-4 

-3-5 
-2-4 

-7-5 


Size  of 

Stone  in 

Inches. 


0-2} 

<  < 

<  ( 

O-I 

0-2J 

i  I 
l-2i 

I  t 

O-I 
« I 

0-2J 

<  < 
I-2i 

<  I 

O-I 

<  < 

0-2J 

I-2J 

<  < 

O-I 

I  < 

Gravel. 

I  < 

« I 
( < 

<  < 

<  I 

<  f 

<  ( 


No.  of 
Tests. 


6 

5 

4 

3 
6 

3 
6 

6 

6 

6 

6 

6 

5 
6 

6 

6 

6 

5 
6 

6 

6 

6 

6 

6 

6 

I 

6 

6 

6 

6 

5 
6 


Ultimate  Stress  in 
Extreme  Fibres. 
Lbs.  per  Sq.  in. 


Max. 


140 
128 

153 
140 

i?4 
1.8 

647 

516 
510 

458 
560 

516 

385 

329 

554 
297 

423 

329 
560 

491 

574 
460 

654 

541 
192 

554 

417 

379 

279 
460 

373 


Mean. 


103 

80 

128 

136 

125 
126 
526 

449 
452 
402 

503 
420 

349 
283 

424 
268 

377 
272 

472 

404 

493 
419 

566 

484 

171 

157 
481 

352 

344 

245 
382 

314 


Min. 


76 

33 
109 

134 
120 

122 

460 

360 

335 
360 

458 

355 
282 

238 
326 
224 
297 
238 
404 

341 

453 

391 
466 

414 
147 

414 

2«5 
312 

195 
326 

266 


*'c."  indicates  cement;  "s."  indicates  sand;  "6r. "  indicates  broken  stone 
or  gravel.  An  excellent  limestone  was  used  for  broken  stone. 

for  the  Portland  cement  beams  are  much  higher  than  those 
for  the  Rosendale  cement.  The  table  exhibits  the  usual 
variations  in  the  results  for  such  material,  but  on  the  whole 
those  for  gravel  are  seen  to  be  somewhat  less  than  those  for 
broken  stone,  the  proportions  of  mixture  being  the  same 
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for  the  two  materials.  Even  with  Portland  cement,  and 
with  as  rich  a  mixture  as  1-2-4,  the  restdts  show  that 
working  values  of  the  greatest  intensity  in  extreme  fibres 
should  not  exceed  40  to  60  pounds  per  square  inch. 

The  investigations  from  which  the  results  in  Table  XIII 
have  been  taken  were  conducted  by  Messrs.  George  C. 
Saunders  and  Herbert  D.  Brown,  graduating  students  in  the 
class  of  Civil  Engineering  of  Columbia  University  in  1898. 

The  results  of  tests  of  twelve  Giant  Portland  cement 
concrete  beams  with  30-  and  68-inch  spans  are  given  in 
the  **  U.  S.  Report  of  Tests  of  Metals  and  Other  Materials" 
for  1900,  and  they  are  shown  in  Table  XIV. 

Table  XIV. 

TRANSVERSE  TESTS  OF  GIANT  PORTLAND-CEMENT 

CONCRETE  BEAMS. 
Composition:  i  c,  3  s.,   5  br.  st. 


Span, 
Inches. 

Breadth, 
Inches. 

Depth, 
Inches. 

No.  of 
Tests. 

Ultimate  Stress,  K,  in  Extreme 
Fibres,  Pounds  per  Square  Inch, 

Max. 

Mean. 

Min. 

68 
30 
30 

6 
6  and  4 
6  and  4 

6 
6 
6 

I 
7 
4 

564 
454 

472 
493 
415 

348 
367 

The  age  of  these  beams  was  made  up  of  2  days  in  air, 
2  months  in  water,  and  then  i  one  month  in  air,  making  a 
total  of  3  months  and  2  days.  The  broken  stone  included 
all  sizes  passing  a  2i-inch  ring,  and  retained  on  a  sieve  with 
i-inch  meshes.  In  these  tests  the  ratio  of  length  over  depth 
was  5,  except  in  the  first  where  it  was  11.  There  seems  to 
be  little  difference  in  the  values  of  K  for  the  two  ratios,  but 
the  number  is  much  too  small  to  yield  any  law  of  variation. 

The  values  of  the  ultimate  extreme  fibre  stresses  (AT), 
shown  in  Table  XV,  are  the  results  of  testing  to  failure  short 
Portland  cement  concrete  beams  by  Mr.  H.  Von  Schon^ 
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Chief  Engineer  of  the  Michigan  Lake  Superior  Power  Com- 
pany, at  Satilt  Ste.  Marie,  Mich.,  and  they  are  taken  from 
his  paper  in  the  **  Transactions  of  the  American  Society  of 
Civil  Engineers  "  for  December  1899.  The  beams  were  6 
inches  by  6  inches  in  cross-section,  with  a  span  of  18  inches. 
The  ratio  of  length  over  depth,  therefore,  was  3. 

Table  XV. 

PORTLAND-CEMENT  CONCRETE  BEAMS.  6  INS.  BY  6  INS.  SECTION, 

18  INS.  SPAN. 


Ultimate  Fibre  Stress,  K, 

Pounds  per  Square  Inch. 

Cement. 

Broken  Stone. 

Mixture. 

No.  of 
Tests. 

Max. 

Mean. 

Min. 

E 

Sandstone 

A 

2 

178 

176 

174 

f  1 

B 

2 

225 

217 

209 

1 1 

C 

2 

288 

280 

272 

it 

D 

2 

329 

325 

321 

n 

E 

2 

108 

102 

97 

Boulder  stone 

A 

2 

354 

326 

298 

1 1 

B 

2 

358 

328 

299 

II 

C 

2 

390 

373 

356 

1 1 

D 

2 

420 

410 

400 

1 1 

E 

2 

350 

330 

310 

R 

Sandstone 

A 

2 

181 

169 

158 

1  ( 

B 

2 

183 

175 

167 

«i 

C 

2 

266 

262 

258 

1 1 

D 

2 

328 

308 

288 

1 1 

E 

2 

195 

182 

169 

Boulder  stone 

A 

2 

390 

347 

204 

1 1 

B 

2 

423 

406 

390 

1 1 

C 

2 

410 

392 

374 

1 1 

D 

2 

411 

393 

375 

1 1 

E 

2 

332 

322 

312 

Mixture  A, . .  . 

"       B 

**        C 
•*       D 

**        E 

1^ .  • .  • 


cement,  2.4  sand,  5.3  broken  stone. 

2.4    "      4.8 
2.4    **      4.4 

2.4    "      4 

0.3  lime,  3.1  sand,  5.3  broken  stone. 


1 1 


1 1 


1 1 


1 1 


II 


i« 


1 1 


1 1 


II 


1 1 


The  beams  were  left  from  two  to  eight  days  in  their 
forms  or  moulds  after  being  made,  and  then  tested  at  the 
age  of  60  days  in  air. 
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The  chief  elements  in  the  composition  of  the  Portland 
cements  indicated  by  E  and  R  in  the  Table  were  as  foUows: 

Cement  E,  Cement  R. 

lime 62.38  63.55 

SUica 23.08  21.70 

Altimina 5.69  8.76 

Magnesia 1.21  2.96 

Iron  oxide 5.35  1.27 

Potash  and  soda 1.66  1.12 

The  sand  used  in  Mr.  Von  Schon's  tests  was  from  St. 
Mary's  River,  the  broken  sandstone  was  the  native  Pots- 
dam variety,  while  the  broken  boulder  stone  was  granitic 
in  character.  All  broken  stone  would  pass  through  a  i^ 
inch  ring  and  be  retained  on  a  i-inch  ring;  the  material 
was,  therefore,  little  balanced. 

In  the  constructions  executed  under  the  super\Tsion  of 
the  Boston  Transit  Commission,  large  amounts  of  concrete 
were  needed,  and  in  the  report  of  the  Commission  for  the 
year  ending  June  30,  1902,  there  are  exhibited  a  large  num- 
ber of  tests  of  Portland-cement  concrete  beams  6  inches 
by  6  inches  in  cross-section  with  30-inch  spans.  The  ratio 
of  length  of  span  over  depth  of  beam  in  this  case  is,  there- 
fore, 5.  Table  XVI  gives  the  greatest,  average,  and  least 
results  of  these  tests  with  the  ntmiber  of  beams  broken. 

Table  XVI. 

PORTLAND-CEMENT  CONCRETE  BEAMS,  6  INS.  BY  6  IN&  SECTION, 

30  INS.  SPAN. 


Composition  by 
Volume. 

Hours  in 
Compressed 

Air  Pressure, 

Lbs.  per 

Sq.  In. 

No.  of 
Tests. 

Ultimate  Fibre  Stress.  K, 
Lbs.  per  Sq.  In. 

Cement. 

Stone 
Dust.* 

Broken 
Stone.* 

Max. 

Mean. 

Min. 

I 
I 
I 

I 

1.7 

1.9 

2 

2 

2.75 
2.6 

2.4 
2.4 

24 

24 
48 

28-30  days 

7-12 
12-18 
18-25 
20-25 

12 

50 

30 

100 

999 
924 
904 
900 

851 
850 

731 
728 

677 
590 
622 

523 

*  Approximate  volumes. 
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The  concrete  was  machine  mixed  and  Vulcanite-Port- 
land cement  was  used.  The  stone  dust,  to  which  reference 
is  made  in  the  table,  was  finely  crushed  stone  varying  from 
impalpable  powder  up  to  \  inch  diameter,  the  broken  stone, 
on  the  other  hand,  being  of  ordinary  size.  It  will  be  noticed 
that  these  teams  were  kept  a  part  of  the  time  in  compressed 
air  at  pressures  varying  from  7  to  25  pounds,  presumably 
for  the  reason  that  some  of  the  material  was  to  be  used  imder 
such  conditions. 

Table  XVII  contains  results  of  a  number  of  tests  of 
concrete  beams  6  inches  by  6  inches  in  cross-section  and 
with  30-inch  spans,  made  for  the  purpose  of  comparing  the 
resistances  of  concretes  made  with  stone  dust  and  sand. 
This  table  is  also  taken  from  the  Report  of  the  Boston 
Transit  Commission  for  the  year  ending  June  30,  1902. 

Table  XVII. 

PORTLAND-CEMENT  CONCRETE  BEAMS,  6  INa  BY  6  INS.  SECTION, 

30  INS.  SPAN. 


Composition  by  Volume  (Approximate). 

No.  of 

Ultimate  Fibre  Stress.  AT, 
Pounds  per  Square  Inch. 

Tests. 

Cement. 

Sand. 

Stone 
Dust. 

Broken 
Stone. 

Max. 

Mean. 

Min. 

I 

— 

2 

2.4 

4 

947 

848 

760 

I 

.9 

•9 

2.7 

4 

846 

784 

704 

I 

1.6 

— 

3 

4 

773 

711 

656 

I 

.9 

.9 

2.7 

4 

862 

806 

759 

This  concrete  was  also  made  with  Vulcanite-Portland 
cement  and  the  mixing  was  done  by  hand.  The  beams 
were  kept  in  air  for  the  first  24  hours  and  then  29  days  in 
damp  earth. 

The  results  both  as  to  coefficient  of  elasticity  and  ex- 
treme fibre  stress,  given  in  Table  XVIII,  were  determined 
at  the  mechanical  laboratory  of  the  Department  of  Civil 


6l2 


BENDING  OR  FLEXURE, 


[Ch.  X. 


Engineering  of  Columbia  University  in  1902  by  Mr.  Myron  S. 
Falk.*  They  have  special  value  from  the  age  of  the  beams, 
which  was  about  seven  years.  These  beams  were  originally 
made  under  the  supervision  of  Mr.  A.  Black,  Instructor  in 
Civil  Engineering,  Columbia  University,  for  the  purpose  of 
determining  thermal  linear  expansion.  They 'were  kept 
well  moistened  for  several  months  after  being  made,  but 
subsequently  until  tested  they  were  kept  under  cover  with- 
out moistening.  The  gravel  used  was  rotmded,  varying  in 
size  from  ^  to  2^  inches. 


Table  XVIII. 

PORTLAND-CEMENT  MORTAR  AND  CONCRETE  BEAMS  BROKEN 

BY  CENTRE  WEIGHT. 


Section  of  Bar 

Extreme 

Fibre  Stress, 

Pounds  per 

Square  Inch 

Bar. 

A«c. 
Years. 

Span  in 
Inches. 

in  Inches. 

Coefficient 

of  Elasticity, 

Pounds  per  Sq.  In. 

Depth. 

Width. 

A 

7.4 
7.4 

36 
16 

4;I2 

4.06 
<  < 

A, 

1,591,000 

278 

A^ 

7.4 

16 

1,102,000 

315 

B 

7 

36 

«.i 

4.00 

2,122,000 

606 

B, 

7 

16 

<  1 

2,440,000 

636 

B2 

7 

16 

( f 

1,220,000 

530 

C 

7 

36 

4  05 

1,315,000 

247 

c, 

7 

16 

1 1 

387.000 

229 

c, 

7 

16 

( i 

1,023,000 

208 

D 

7.3 

36 

4. 10 

415 

1,165,000 

294 

S^ 

7.3 

16 

f  1 

597,000 

415 

D, 

7.3 

16 

f  < 

597.000 

346 

BarSi4,  i  Aalborg  cement,  2  sand,  4  gravcL 

B,  I  Atlas  *'        3     •' 

C,  I  Alsen  **        3     **      5  gravel. 

D,  I       ''  "2 


I  < 


f  ( 


( f 


( ( 


Some  of  the  coefficients  of  elasticity  are  abnormally 
low,  those  belonging  to  the.  beams  B,  B,,  and  B^  are  fairly 


♦See  Proc.  Am.  See.  C.  E.,  February,  1903. 
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representative  of  what  may  be  expected  with  such  mate- 
rial in  flexure. 

Plate  A  represents  graphically  the  results  of  the  tests 
of  the  preceding  three  bars  B.  As  usual,  the  strain  of 
deflection  consisted  of  two  parts  in  all  cases,  one  perma- 
nent, at  least  for  the  time  being,  and  one  elastic,  which 
disappeared  on  the  removal  of  the  load.  This  feature  is 
shown  by  two  lines,  in  each  case  indicated  by  the  same 
letter  and  subscript.  The  difference  between  the  total 
and  permanent  strain  or  deflection  varied  very  neariy  as 
the  centre  load,  and  that  difference  being  the  elastic  de- 
flection was  used  in  computing  the  coefficients  of  elasticity 
given  in  Table  XVIII.  No  coefficient  of  elasticity  was 
computed  for  a  centre  loading  less  than  about  200  pcunds. 
For  the  purpose  of  computing  deflections  under  ordinary 
working  stresses  from  a  condition  of  little  or  no  loading, 
it  would  be  best  to  take  the  coefficient  of  elasticity  at  not 
more  than  one  half  of  the  values  given  in  the  Table,  in 
order  to  allow  for  that  part  of  the  deflection  which  does 
not  disappear  immediately  upon  the  removal  of  the  loading. 

Reviewing  all  the  preceding  values  of  the  ultimate 
stress  in  the  extreme  fibres  of  concrete  and  mortar  beams, 
the  working  intensities  of  stress  in  extreme  fibres  can  prob- 
ably not  be  properly  taken  higher  than  50  to  75  pounds 
per  square  inch  when  Portland  cement  is  used  for  well- 
balanced  mixtures  not  less  rich  than  i  cement,  2  sand,  and 
4  broken  stone,  or  possibly,  where  exceptionally  well  made, 
I  cement,  3  sand,  and  5  broken  stone.  If  gravel  is  em- 
ployed, some  reduction  should  be  made,  depending  upon 
its  character,  and  a  similar  observation  must  be  applied 
to  mixtures  less  rich  in  cement  than  the  preceding. 

For  natural  cements,  values  of  working  stress  greater 
than  one  fourth  of  the  preceding  probably  should  not  be 
used.     Indeed,    it   may   be   a   serious   question    whether 
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natural  cement  shotild  be  used  at  all  where  concrete  or 
mortar  may  be  subjected  to  flexure. 


Table  XIX. 

BRICK-MASONRY  BEAMS. 
(Age  of  beams  about  equally  5  months,  8  days,  and  6  months.) 

ROSSNDALS-CBMBNT  MoRTAR:     I  C,  2  S. 


Span,  Inches. 


96 

66 
42 


Stress  in  Extreme  Fibre,  Pounds  per 
Square  Inch. 


Max. 


67 

81 
91 


Mean. 


54 
18 

56 

73 


Min. 


38 

23 
54 


No.  of  Tests. 


4 
8 


Portland-cement  Mortar:   i 

c,  3  s. 

96 

7.4 

173 

144 

124 

4 

66 

5.1 

145 

120 

96 

4 

42 

3.2 

229 

166 

94 

10 

Table  XIX  exhibits  some  interesting  results  of  the  tests 
of  brick-masonry  beams.  These  investigations  were  made 
by  Messrs.  A.  W.  Gill  and  Frederick  Coykendall,  gradua- 
ting students  in  Civil  Engineering  in  Columbia  University 
in  1897.  Fig.  I  shows  the  manner  of  laying  up  the  brick 
to  form  the  beams  which  were  tested.  The  breadth  of 
each  beam  was  about  12  ins.  and  the  depth  13  ins.  The 
spans  varied  from  8  ft.  down  to  3  ft.  6  ins.,  with  the 
ratios  of  length  over  depth  of  beam  given  in  the  column 

headed  -y.     This  column  of  ratios  shows  that  the  beams 

should  be  considered  short. 

The  Rosendale-cement  mortar  was  mixed  with  one  vol- 
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tune  of  cement  to  two  volumes  of  sand,  while  the  Portland- 
cement  mortar  was  mixed  with  one  volimie  of  cement  to 
three  volumes  of  sand.  During  the  first  three  months  the 
beams  were  kept  well  wetted,  but  less  so  during  the  last 
three  months.    At  no  time  were  they  dry.    The  Table  gives 


Fig.  I. 

all  the  results  of  tests  and  shows  that  the  beams  had  very 
little  resisting  capacity,  although  possibly  15  to  20  poimds 
per  square  inch  might  be  justified  as  working  values  in  the 
extreme  fibres  of  the  beams  built  with  Portland-cement 
mortar.  The  bricks  were  laid  by  ordinary  masons  with 
such  care  as  could  be  impressed  upon  them,  although  the 
experimenters  stated  that  the  brickwork  was  of  very  in- 
different quality  and  hence  that  the  results  are  lower  than 
they  should  be. 
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Natural-Stone  Beams. 

Table  XX  exhibits  results  found  by  the  same  experi- 
menters as  in  the  case  of  Table  XIX  with  a  number  of 
natural-stone  beams,  the  spans  for  which  varied  from  36 
ins.  down  to  12  ins.  The  first  figure  in  the  second  column 
of  the  table  headed  *  *  Section  * '  gives  the  depth  of  each  beam. 

Table  XX. 

NATURAL-STONE  BEAMS. 


BLUBSTONB. 


Swin. 
Inches. 

Section, 
Inches. 

I 

Stress  in  Extreme  Fibre, 
Pounds  per  Square  Inch. 

No.  of 
Teste. 

Max. 

Mean. 

Min. 

24 
36 
12 

24 

4X6 
6X8 
4X6 
8X6 

6.15 
6,2 

3 
3 

3,958 
3,288 

4,112 
3,929 

3,512 

2,797 
3,237 
3,547 

3,054 
2,906 
2,282 

2,715 

5 

3 
II 

6 

GRANIT8. 


24 

4X6 

6 

2,321 

2,250 

2,178 

3 

36 

6X8 

6 

1,861 

1,798 

1,766 

3 

12 

4X6 

3 

2,714 

2.487 

2,086 

9 

SANDSTONB. 


24 

4X6 

6 

1,575 

1,354 

1,237 

3 

36 

6X4 

6 

1,204 

945 

637 

3 

12 

4X6 

3 

1,907 

1,539 

1,267 

9 

MARBLE. 


«4 

4X6 

6 

2,036 

1,880 

1,617 

3 

36 

6X8 

6 

1,683 

1,548 

1,354 

3 

la 

4X6 

3 

2,455 

2,026 

1,696 

9 
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while  the  second  figure  gives  the  width.  It  will  be  observed 
from  the  ratios  of  ^  given  in  the  third  column  that  the  beams 

were  very  short.  The  extreme  fibre  stresses  are  seen  to  run 
comparatively  high  for  the  bluestone,  granite,  and  marble. 
Indeed,  working  values  of  intensities  may  reasonably  be 
taken  as  follows: 

For  blue  tone 250  to  400  pounds  per  square  inch. 

"    granite 20010300      "         "       " 

"    marbl 17    10225      "         "       " 

'•    sandstone 10010150      "         "       "        " 

In  the  use  of  sandstone  it  should  be  understood  that  the 
preceding  values  apply  only  to  the  best  qtialities  of  that 
particular  stone. 


CHAPTER  XL 

CONCRETE-STEEL  MEMBERS. 

Art.  70. — Composite  Beams  or  Other  Members  of  Concrete 

and  Steel. 

Concrete,  like  other  masonry,  is  admirably  adapted  to 
resist  compression.  Its  capacity  of  resistance  to  tension 
is  much  less  than  its  ultimate  compressive  resistance, 
although  if  the  concrete  is  well  made  the  tensile  resistance 
may  have  considerable  value.  The  purpose  of  the  con- 
crete-steel combination  is  the  production  of  a  beam  or 
other  member  almost  entirely  of  concrete,  but  which  shall 
have  a  high  capacity  to  resist  tension  in  those  portions 
which  may  be  subjected  to  tensile  stresses.  This  result 
is  accomplished  by  embedding  steel  bars  of  desired  shape 
and  of  suitable  cross-sectional  area  in  the  proper  parts  of 
the  concrete.  While  no  general  rule  can  be  given  for  the 
area  of  the  steel  section  in  comparison  with  the  concrete, 
it  may  be  stated  approximately  that  the  steel  section  is 
usually  between  f  and  li  per  cent,  of  the  area  of  a  normal 
section  of  the  concrete.  Inasmuch  as  the  presence  of  the 
steel  is  for  the  purpose  of  giving  tensile  resistance  to  the 
member  it  is  evident  that  the  re-enforcing  steel  bars  will 
always  be  found  in  those  portions  of  the  concrete  mass 
which  may  be  subjected  to  tension.  In  such  concrete- 
steel  construction  as  arches  the  steel  re-enforcement  is 
frequently  used  both  on  the  tension  and  compression  sides 

of  the  concrete. 
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In  the  case  of  concrete-steel  beams  or  other  similar 
members,  as  the  steel  is  entirely  embedded  in  the  concrete, 
the  loads  and  reactions  must  obviously  be  applied  directly 
to  the  latter.  When  the  concrete  takes  its  stress,  there- 
fore, at  least  a  portion  of  that  stress  must  be  conveyed  to 
the  steel,  and  that  requires  that  the  adhesive  joint  or  bond 
between  the  steel  and  concrete  shall  be  as  strong  as  possible. 
Hence  in  laying  the  steel  bars  in  the  concrete  it  is  necessary 
that  the  contact  between  the  two  materials  shall  be  inti- 
mate and  essentially  continuous.  Various  means  are  em- 
ployed to  accomplish  these  ends.  Square  bars  are  fre- 
quently twisted,  while  round  bars  may  be  nicked  and  flat 
ones  either  twisted  continuously  in  one  direction  or  have 
alternate  portions  twisted  in  opposite  directions,  or,  finally, 
rolled  with  alternately  enlarged  and  contracted  sections. 
Again,  where  built-up  members  are  embedded  in  concrete, 
rivet-heads  and  other  details  of  construction  serve  the 
same  general  purposes.  The  efficiency  of  the  concrete- 
steel  construction  depends  wholly  upon  the  resistance  of 
this  bond,  and  the  design  must  always  be  such  that  the 
adhesive  shear,  so  to  speak,  or  the  stress  of  sliding  along 
the  steel  surface,  shall  never  exceed  per  square  unit  the 
ultimate  resistance  of  the  bond. 

In  the  analysis  and  computations  which  follow  it  is 
assimied,  as  it  must  be,  that  the  bond  between  the  steel 
and  concrete  is  such  as  to  make  the  entire  mass  act  as  a 
unit,  so  that  the  combination  of  the  two  heterogeneous 
elements  shall  act  as  a  single  whole. 

Art.  71.— Physical  Features  of  the  Concrete-steel  Combination 

in  Beams. 

It  will  be  shown  later  on  that  so  far  as  can  be  deter- 
mined from  physical  data  now  available  the  coefficient  of 
elasticity  for  concrete  in  compression  for  the  operations 
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ordinarily  employed  in  designing  engineering  structures 
and  for  mixtures  not  less  rich  in  cement  than  i  cement, 
3  sand,  and  6  gravel  or  broken  stone,  at  ages  of  one  to  six 
months,  may  range  from  about  2,000,000  pounds  per  square 
inch  to  more  than  5,000,000  potmds  per  square  inch,  while 
for  concrete  beams  the  coefficient  or  modulus  may  range 
from  about  1,500,000  pounds  per  square  inch  for  compara- 
tively shallow  beams  to  more  than  3,000,000  pounds  per 
square  inch  for  beams  of  comparatively  great  depths. 
Values  for  the  coefficient  of  elasticity  for  concrete  in 
tension  can  be  foimd  in  Art.  46.  Ftirther  tests  for  the 
determination  of  this  quantity  are  much  to  be  desired,  but 
enough  has  been  done  to  establish  at  least  closely  approxi- 
mate values.  Some  authorities  assume  the  tensile  coeffi- 
cient to  be  only  one  half  of  the  coefficient  of  elasticity  for 
concrete  or  mortar  in  compression.  As  a  matter  of  fact, 
the  tests  of  a  Monier  arch  of  75  feet  span  by  a  committee 
of  the  Austrian  Society  of  Engineers  and  Architects, 
which  made  its  report  in  1895,  showed  in  that  particular 
case  the  coefficient  of  elasticity  of  concrete  in  tension  to  be 
nearly  one  fifth  greater  than  the  coefficient  for  compression, 
although  it  should  be  stated  that  the  age  of  the  tensile 
specimens  was  materially  greater  than  that  of  the  com- 
pression material.  The  values  in  Art.  46  indicate  that  the 
tensile  coefficient  is  at  least  equal  to  the  compressive. 
It  is  possible  that  subsequent  investigations  may  show 
that  the  tensile  coefficient  of  elasticity  is  less  than  that  for 
compression,  •  but  at  the  present  time  there  appears  to  be 
practically  no  basis  for  that  assumption.  It  seems  to  be 
reasonable  and  safe,  as  it  is  more  simple  to  take  the  two 
coefficients  equal  to  each  other  until  further  investigations 
have  conclusively  established  a  different  ratio. 

A  clear  understanding  of  the  behavior  of  mortars  and 
concrete  is  necessary  to  the  correspondingly  clear  view  of 


\ 


622  CONCRETE-STEEL  MEMBERS.  [Ch.  XI. 

what  takes  place  in  the  concrete-steel  beam  tinder  loading. 
In  many  cases  of  concrete  under  compression  of  varying 
intensities  a  careful  measurement  of  the  resulting  strains 
shows  that  a  permanent  deformation  or  compression  re- 
mains at  least  for  the  time  being  after  the  removal  of  load, 
even  when  the  latter  is  sometimes  not  more  than  100  or  200 
poimds  per  square  inch.  This  permanent  set  is  dependent 
upon  the  age  of  the  material  and  usually,  perhaps  always, 
decreases  as  age  increases.  In  many  other  cases  a  per- 
manent set  is  observable  only  tmder  intensities  of  stress 
as  high  as  1000  or  1200  potmds  per  square  inch,  or  even 
considerably  more.  When  these  sets  occur  they  are  fre- 
quently foxmd  far  below  what  may  probably  be  termed  the 
elastic  limit  of  the  material,  and  in  some  quarters  they  have 
given  the  impression  that  mortar  and  concrete  have  little 
or  no  true  elastic  behavior.  This,  however,  is  an  erroneous 
view,  as  in  the  testing  of  concrete  and  mortar  cubes  equal 
increments  of  stress  intensities  quite  imiformly  give  equal 
increments  of  strain  or  deformation  over  a  considerable 
range.  Although  the  upper  limit  of  this  essentially  constant 
ratio  between  stress  and  strain  is  usually  not  very  clearly 
defined,  it  is  so  defined  in  a  considerable  percentage  of 
cases,  and  in  almost  all  tests  of  well-made  concrete  and 
mortar  that  limit  may  readily  be  assigned  near  enough  for 
all  practical  purposes. 

A  large  amount  of  data  bearing  upon  these  points  will 
be  found  in  the  "  Report  of  Tests  of  Metals  and  Other  Mate- 
rials" at  the  Watertown  Arsenal  for  1899.  Twelve-inch 
cubes  with  a  great  variety  of  proportions  of  constituent 
elements  ranging  from  a  few  days  up  to  six  months  in  age 
were  employed  in  those  investigations.  Figs,  i  and  2  ex- 
hibit graphically  the  results  of  twelve  of  those  tests  so  taken 
as  to  be  fairly  representative  of  all.  The  vertical  ordinates 
of  the  curves  represent  compressive  stress  intensities  up  to 
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failure,  while  the  horizontal  ordinates  represent  the  total 
compressive  strains  or  deformation  under  the  corresponding 
stresses  also  up  to  the  point  of  failure.  These  strains  are 
shown  in  the  figures  one  htmdred  times  their  actual  amounts. 
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In  Pig.  I  the  concrete  nine  days  old  shows  only  little  resist- 
ing power  and  a  low  coefficient  of  elasticity,  as  would  be 
expected.  In  nearly  all  the  other  cases,  on  the  other  hand, 
the  ratio  between  stress  and  strain  is  reasonably  constant 
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Up  to  nearly  looo  poxmds  per  sqxiare  inch.    The  two  excep- 
tions are  fotind  in  Fig.  2,  belonging  to  i  to  3  Portland- 
cement  mortar  and  to  i,  2,  and  4  steel-cement  concrete,  the 
former  four  months  old  and  the  latter  three  months  old. 
On  the  other  hand,  the  1,2,  and  4  concrete  six  months  old 
in  the  right-hand  group  of  Fig.  i  discloses  constant  propor- 
tionality between  stress  and  strain  up  to  2000  potinds  per 
square  inch,  and  the  same  observation  may  apply  to  a  sim- 
ilar concrete  represented  by  one  of  the  curves  in  the  left- 
hand  group  of  Fig.  2.     Again  the  i  to  i  granite-dust  mortar 
four  months  old  represented  by  one  of  the  curves  in  the 
right-hand  group  of   Fig.  2  shows  a  constant  ratio  up  to 
nearly  4000  pounds  per  square  inch.  •  Indeed,  the  whole 
group  of  curves  probably  shows  a  more  satisfactory  approach 
to  a  constant  ratio  between  stress  and  strain  than  do  similar 
curves  for  cast  iron.     It  should  be  stated,  as  will  be  observed 
by  referring  to  the  report  cited,  that  some  of  the  curves 
shown  in  Fig.  i  and  Fig.  2  belong  to  groups  for  which  small 
permanent  sets  were  observed  below  elastic  limits,  while 
others  belong  to  those  which  show  no  such  permanent  set. 
This  observation  does  not  appear  from  the  test  records  to 
be  applicable  to  any  particular  character  of  curves,  but 
sometimes  to  those  which  are  more  nearly  straight  and  some- 
times to  those  which  are  less  so. 

The  results  deduced  from  the  tests  of  cubes  covered  by 
the  1899  and  other  **  Reports  of  Tests  of  Metals  and  Other 
Materials"  are  confirmed  by  the  investigations  of  such  for- 
eign authorities  as  M.  Consid6re,  Melan,  Brik,  and  others. 
They  show  conclusively  that  it  is  reasonable  and  safe  to 
apply  to  concrete  and  concrete-steel  beams  the  formulae 
established  by  the  common  theory  of  flexure  after  intro- 
ducing into  them  empirical  quantities  established  by  experi- 
ment precisely  as  is  done  with  iron  and  steel  beams. 

It  is  important  to  state  in  this  connection  that  the  re- 
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Stilts  of  tests  with  concrete-steel  beams,  so  far  as  they  have 
been  made,  indicate  that  the  elastic  or  semi-elastic  behavior 
of  concrete  tinder  stress  will  in  the  main  characterize  the 
behavior  of  the  same  material  when  imder  loading  in  the 
composite  beam  of  concrete  and  steel,  so  that  the  coefficients 
of  elasticity  determined  for  concrete  alone  may  be  used  in 
the  composite  member. 

There  is  one  important  respect  in  which  the  action  of 
concrete  alone  is  quite  different  from  that  which  takes  place 
when  it  is  combined  with  steel.  In  the  latter  case  the  con- 
crete will  stretch  imder  a  stress  nearly  or  quite  equal  to  its 
ultimate  resistance  a  comparatively  large  amotint.  It  is 
customary  to  state  that  tinder  such  conditions  the  coeffi- 
cient of  tensile  elasticity  of  the  concrete  is  practically  zero, 
but  there  is  just  as  much  ground,  or  more,  for  making  the 
same  observation  in  connection  with  such  ductile  materials 
as  structural  steel.  What  is  actually  meant  is  simply  that 
the  concrete  will  stretch  before  parting  much  more  when  its 
deformation  is  controlled  by  the  corresponding  deformation 
of  the  steel  reinforcement  than  when  it  acts  by  itself  or 
without  such  reinforcement.  This  feature  of  the  action 
under  stress  of  concrete  in  the  composite  beam  has  a  most 
important  bearing  upon  some  rather  peculiar  phenomena 
connected  with  the  testing  of  such  beams  to  failure.  M. 
Consid^re  has  stated  (*  *  Comptes  Rendus  Academic  des  Sci- 
ences, '  *  Paris,  Dec.  12,  1898)  that  mortar  will  stretch  twenty 
times  as  much  when  combined  with  steel  as  when  unaided 
by  that  combination.  He  further  states  that  the  concrete 
stretches  uniformly  with  uniform  increments  of  bending 
moment  up  to  about  four  tenths  of  the  ultimate  moment. 

As  the  coefficient  of  elasticity  for  concrete  is  a  small 
fraction  only  of  that  of  steel  the  tendency  of  the  concrete 
in  composite  beams  is  to  stretch  or  compress  more  than 
the  steel  embedded  in  it.     Hence  the  concrete  immediately 
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adjacent  to  the  steel  tends  to  slide  along  the  latter,  but 
that  tendency  is  resisted  by  the  adhesive  shear  at  the  joint, 
in  consequence  of  which  the  steel  acquires  its  stress  whether 
of  tension  or  compression.  The  normal  section  of  the 
tmloaded  beam,  therefore,  will  not  remain  normal  after 
flexure,  but  there  will  be  either  a  cup-shaped  depression 
around  the  steel  or  a  similar  shaped  elevation.  This  is 
illustrated  in  Fig.  3. 


Fig.  3. 

In  that  figure  the  intensity  of  stress  on  either  side  of 
the  neutral  axis  is  assumed  to  vary  directly  as  the  distance 
from  the  axis,  but  in  a  subsequent  analysis  a  different  law  of 
variation  will  be  assumed  in  order  that  the  treatment  may 
be  complete,  although  the  author  is  not  of  opinion  that  the 
asstimption  of  any  law  of  variation  different  from  that  of 
the  common  theory  of  flexure  is  at  the  present  time  justified. 
It  will  further  be  assumed  in  the  analysis  which  follows 
that  normal  sections  of  the  unloaded  beam  will  remain 
normal  under  loading.  This  is  a  comnion  procedure,  and 
it  is  not  believed  that  the  amount  of  variation  from  a  plane 
section  under  stress,  described  above,  is  sufficient  to  make 
the  assumption  sensibly  in  error. 


Art.  72. — ^Rate  at  Which  Steel  Reinforcement  Acquires  Stress. 

The  determination  of  the  rate  at  which  the  concrete 
gives  stress  to  the  steel  is  not  of  great  importance  in  ordi- 
nary design  work  or  in  most  other  practical  relations ;  yet 


Art.  72.]  RATE  OF  ACQUIRING  STRESS.  627 

it  is  desirable  in  some  cases,  and  it  is  an  element  of  the 
action  of  internal  stresses  in  a  composite  beam  which 
should  be  understood  as  clearly  as  practicable..  The  fol- 
lowing analysis  offers  a  means  of  determining  that  rate 
as  nearly  as  it  can  be  done  at  the  present  time.  The 
notation  used  is  shown  also  in  Fig.  3  on  the  opposite  page. 
The  intensity  of  stress  in  the  concrete  at  the  distance 
cf„  the  distance  of  the  steel  reinforcement,  from  the  neutral 
axis  is  k.  Then  if  /  represent  the  moment  of  inertia  of  the 
entire  composite  section  about  its  neutral  axis  (located  by 
dp  determined  hereafter),  there  may  be  written 

M^-r\    .'.dM^—r- (i) 

rf,  d. 

If  5  is  the  total  transverse  shear  in  the  normal  section 
in  question  at  the  distance  x  from  one  end  of  the  beam, 

dM^Sdx^^ (2) 

Let  p  be  the  total  perimeter  of  section  of  the  steel  re- 
inforcement at  the  section  located  by  x. 

Let  i4,  be  the  area  of  steel  section  with  perimeter  p. 

Let  s  be  the  intensity  of  adhesive  shear  at  the  surface  or 
joint  between  the  steel  and  concrete. 

Let  k^  be  the  intensity  of  stress  in  the  steel. 

The  variation  of  k^  for  the  indefinitely  small  distance 

dx  is  dk^.     From  what  has  preceded  there  may  be  written 

A  dk 
p.dx.s^A,dk,;    /,  dx=^-j^.    •     .     .     (3) 

Inserting  the  value  of  dx  from  eq.  (3)  in  eq.  (2), 

'ps     d. 


5 
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By  solving  this  equation  for  5  and  remembering  that 

dk     £/ 

This  value  of  5  must  never  exceed  the  ultimate  adhe- 
sive resistance  between  the  steel  and  concrete. 

There  are  but  few  records  of  tests  to  determine  this 
adhesive  shear  between  steel  and  concrete,  but  it  Jias 
sometimes  been  taken  as  .i6  to  .2  the  ultimate  compressive 
resistance  of  the  concrete.  Bauschinger  found  it  in  some 
experiments  to  have  a  value  of  640  poimds  per  square  inch. 
It  seems  to  depend  largely  upon  the  amoimt  of  water  used 
in  the  concrete  mixture  and  the  care  with  which  the  mortar 
of  the  concrete  is  brought  into  contact  with  the  steel  or 
iron  bars.  The  continuity  of  this  contact  is  much  more 
effectively  secured  by  a  comparatively  wet  concrete  than 
with  a  dry  mixture,  and  this  accounts  for  the  advantageous 
results  secured  in  using  a  comparatively  large  amount  of 
water  in  the  mixture.  Consid^re  foimd  this  value  in  some 
of  his  experiments  to  range  from  1 7 1  to  7 1  pounds  per  square 
inch,  according  to  the  amount  of  water  used  in  mixing  the 
material,  the  smallest  value  corresponding  to  the  least 
percentage  of  water.  Prof.  W.  K.  Hatt  gives  some  deter- 
minations of  this  quantity  in  a  paper  entitled  * '  Tests  of 
Reinforced  Concrete  Beams,'*  read  before  the  American 
Society  for  Testing  Materials  at  its  annual  meeting,  1902. 
He  pulled  ^V-  and  f-inch  wrought-iron  rods  out  of  concrete 
around  which  it  was  formed  to  a  depth  of  about  6  inches 
and  with  ages  of  32  and  35  days.  The  averages  of  three 
tests  each  were  as  follows : 

Diameter  of  rod A  in.  f  in. 

Age 32  days  35  days 

Maximutn  lbs.  per  sc|.  in 735  780 

Average  lbs.  per  sq.  m 636  756 

Minimum  lbs.  per  sq.  in 470  7^4 
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For  stiitable  mixtures  it  is  probably  safe  to  assume  the 
ultimate  value  of  this  adhesive  shear  to  range  from  at  least 
500  to  800  pounds  per  sqtiare  inch.  In  these  tests  Prof. 
Hatt  found  that  after  the  rod  was  once  started  so  that  the 
shear  changed  to  friction,  the  latter  had  values  running 
from  50  to  70  per  cent,  of  the  adhesive  shear.  It  was  also 
fotmd  in  these  experinrjents  that  the  contact  between  the 
concrete  and  the  iron  rods  was  not  continuous  but  quite 
irregular.  The  working  value  of  this  shear  for  ordinary 
design  work  should  be  taken  about  J  to  iV  of  its  ultimate 
value.  Where  shock  exists  iV  is  probably  high  enough, 
but  where  shock  is  absent  it  is  probably  safe  to  use  |  to  -J 
the  ultimate  value. 

Anything  which  roughens  or  makes  uneven  the  exterior 
surface  of  the  steel  reinforcement  will  obviously  increase 
the  resistance  of  the  bond  between  it  and  the  concrete. 
The  preceding  values  are  for  unroughened  steel  stirfaces. 
When  square  bars  are  twisted,  or  other  efficient  means  are 
employed  to  make  the  bond  materially  stronger,  corre- 
spondingly larger  working  values  of  the  adhesive  shear  may 
be  used. 

Art.  73. — ^Ultimate  and  Working  Values  of   Empirical  Qtian- 

tities  for  Concrete-steel  Beams. 

It  is  necessary  for  the  practical  use  of  the  preceding 
and  following  analyses  that  a  nimiber  of  empirical  quanti- 
ties be  determined,  chiefly  for  the  concrete.  The  coeffi- 
cient of  elasticity  for  wrought  iron  for  this  ptirpose  may 
be  taken  at  28,000,000  pounds  per  square  inch,  and 
30,000,000  pounds  per  square  inch  for  structural  steel, 
which  is  now  invariably  used  in  the  reinforcement  of 
concrete-steel  beams. 

In  Art.  54  there  will  be  foimd  set  forth  in  considerable 
detail  some  of  the  latest  and  most  reliable  determinations 
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of  the  coefficient  of  elasticity  for  concrete  in  compression 
for  different  mixtures  and  at  ages  ranging  from  a  few  days 
up  to  six  months.  The  following  table  is  a  condensed 
statement  of  average  values  taken  from  those  data.  It  is 
found  in  a  paper  by  Mr.  Edwin  Thacher,  prepared  from  the 
original  Reports,  and  was  given  by  him  in  a  lecture  before 
the  College  of  Civil  Engineering  of  Cornell  University,  1902. 

This  table  exhibits  as  reasonable  values  for  the  coeffi- 
cient of  elasticity  in  compression  as  can  be  determined  at 
the  present  time.  The  value  to  be  selected  for  any  particu- 
lar case  will  depend  upon  the  proportions  of  mixture  and 
upon  the  degree  of  balancing  of  the  sand  and  gravel  or 
broken  stone,  although  the  influence  of  the  latter  cannot 
be  definitely  stated.  It  is  not  improbable  that  a  considera- 
ble portion  at  least  of  the  variations  in  the  results  of  the 
table  are  due  to  the  varying  degrees  of  natural  balancing 
in  the  different  test  blocks.  The  value  will  also  depend 
upon  the  age  of  the  concrete.  For  all  ordinary  engineering 
constructions  it  is  reasonable  to  take  the  coefficient  of  com- 
pressive elasticity  at  2,500,000  to  3,000,000  potmds  per 
square  inch  for  a  concrete  mixture  of  i  cement,  2  sand,  and 
4  gravel  or  broken  stone.  This  table  shows  that  practi- 
cally the  same  value  may  be  taken  for  a  concrete  of  i  cement, 
3  sand,  and  6  gravel  or  broken  stone,  especially  if  the  mate- 
rials are  well  selected  and  balanced.  If  the  concrete  is 
mixed  in  the  proportions  of  i  cement,  6  sand,  and  12  gravel 
or  broken  stone,  the  coefficient  of  elasticity  is  seen  to 
decrease  materially  and  should  not  be  taken  higher  than 
1,500,000  pounds  per  square  inch.  Suitable  quantities 
for  mixtures  other  than  those  named  in  the  table  can  be 
reasonably  and  safely  selected  from  those  afforded  in  it. 

These  values  show  that  the  ratio  of  the  coefficient  of 
elasticity  for  steel  over  that  for  concrete  may  range  from 
10  to  20  for  the  varying  conditions  described.     In  the 
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paper  of  Prof.  Hatt,  to  which  allusion  was  made  in  Art.  72, 
he  gives  values  of  the  coefficient  of  elasticity  for  i,  2,  and 
4  concrete  in  compression  ranging  from  3,680,000  pounds 
to  4,702,000  pounds  per  square  inch,  and  there  are  some 
foreign  as  well  as  domestic  tests  which  show  results  even 
higher.  It  is  probable  that  these  extremely  high  values 
are  due  to  special  conditions  of  mixture  or  other  in- 
fluences which  do  not  characterize  actual  concrete  work, 
and  as  they  are  few  in  number  in  comparison  with  the 
great  mass  of  concrete  testing  work  done  at  the  Water- 
town  Arsenal  it  is  believed  that  the  results  given  in  the 
table  are  better  adapted  for  engineering  practice. 

The  ultimate  resistances  of  mortar  and  concrete  in 
tension  and  compression  will  be  found  in  Arts.  46  and  54. 
These  values  will  also  depend  upon  the  proportions  and 
character  of  mixture  or  upon  the  age.  The  records  of 
tests  and  experience  which  have  thus  far  accumulated  in 
connection  with  concrete-steel  construction  show  that  the 
compressive  working  stress  of  concrete  in  beams,  where  the 
mixture  is  in  the  proportions  of  i  cement,  2  sand,  and  4 
gravel  or  broken  stone,  may  probably  be  taken  as  high  as 
500  pounds  per  square  inch.  It  should  be  remembered 
that  this  intensity  will  exist  in  the  extreme  fibres  of  the 
beam  only.  Mixtures  of  less  strength  would  require  a 
corresponding  reduction  in  the  maximum  working  in- 
tensity of  compression.  A  mixture,  for  example,  of  i 
cement,  2  J  sand,  and  5  broken  stone,  imless  the  materials 
were  well  balanced,  might  justify  a  reduction  of  the 
greatest  working  stress  to  400  pounds  per  square  inch. 

Some  foreign  authorities  have  prescribed  two  degrees 
of  safety,  in  the  first  of  which  the  maximum  working  stress 
of  compression  of  427  poimds  per  square  inch  is  allowed, 
and  711  potmds  per  square  inch  for  safety  of  the  second 
degree.     Structures  in  which  the  duty  of  the  concrete  is 
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severe  might  be  designed  with  the  smallest  of  those  values, 
but  where  the  duty  is  materially  less  severe,  with  the 
larger. 

It  is  not  tmusual  at  the  present  time  in  the  design  of 
concrete-steel  arches  to  allow  a  maximum  mtensity  of 
compression  of  500  pounds  per  square  inch  and  50  to  75 
pounds  per  square  inch  for  the  maximum  intensity  of 
tension. 

Tensile  tests  of  concrete  show  that  where  proportions 
of  I  cement,  2  sand,  and  4  gravel  or  broken  stone  are  used 
a  maximum  intensity  of  tension  of  50  to  70  pounds  per 
square  inch  is  about  J  to  J  the  ultimate  tensile  resistance 
at  the  age  of  three  to  six  months.  These  values  are  reason- 
able and  may  be  employed  in  concrete  beams  where  it  is 
desired  to  avail  of  the  tensile  resistance  of  concrete.  In 
much  of  the  best  engineering  practice  at  the  present  time, 
however,  the  tensile  resistance  of  the  concrete  is  neglected 
in  the  interests  of  additional  safety  in  concrete-steel  beam 
construction.  Inasmuch  as  fine  cracks  may  appear  in 
concrete  from  other  agencies  than  tensile  stress,  it  is  un- 
doubtedly advisable  in  most  cases  certainly  to  omit  the 
bending  resistance  of  the  concrete  in  tension,  especially 
as  that  omission  does  not  sensibly  increase  the  weight  or 
cost  of  the  beam  when  properly  designed. 

Art.  74. — Geiueral  Formulae  and  Notation  for  the  Theory  of 
Concrete-steel  Beams  According  to  the  Common  Theory  of 
Flexure. 

The  application  of  the  common  theory  of  flextu-e  to 
the  bending  of  concrete-steel  beams  is  in  reality  the  de- 
velopment of  the  theory  of  flexure  for  composite  beams 
of  any  two  materials.  The  notation  to  be  used  and  the 
general  formulae  will  first  be  written,  therefore,  and  then 
the  special  formulae  for  concrete-steel  beams  will  be  estab- 
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lished  in  the  succeeding  articles.  These  general  formulae, 
it  should  be  observed,  apply  to  beams  of  any  shapes  of 
cross-section  of  either  material  or  for  any  relative  areas 
of  cross-section  of  those  materials,  although  in  concrete- 
steel  beams  the  area  of  cross-section  of  the  steel  is  frequently 
or  perhaps  usually  but  one  to  one  and  a  half  per  cent,  of 
the  area  of  the  concrete. 

Again,  the  formulae  will  be  so  written  as  to  make 
practicable  the  use  of  different  coefficients  of  elasticity 
for  concrete  in  tension  and  compression  if  that  should 
be  desired. 

The  notation  to  be  used  in  the  succeeding  articles  is 
chiefly  the  following: 
E2  =  coefficient  of  elasticity  of  the  steel. 
£j=         "  "  *'         "     **    concrete  in  compression. 

nE^  =        **         "  **         **     **   concrete  in  tension. 

i4j  and  A^  are  the  areas  of  normal  section  of  the  concrete 

and  steel  respectively. 
/j  and  /j  ^-re  the  moments  of  inertia  of  A^  and  A^  respec- 
tively about  the  neutral  axis  of  the  normal  section. 
Jfej  =  greatest  intensity  of  bending  compression  in  the  con- 
crete. 
k'  =  greatest  intensity  of  bending  tension  in  the  concrete. 
c  =  greatest  intensity  of  bending  compression  in  the  steel. 
/  ==  greatest  intensity  of  bending  tension  in  the  steel. 
h  =  breadth  of  the  concrete. 

h^  and  fe/  are  total  depths  of  the  concrete  and  steel  re- 
spectively. 
/ij=  vertical    distance  between  the    centres  of  the  steel 

reinforcing  members, 
cfj «=  distance  of  extreme  compression  " fibre"  of  the  con- 
crete from  the  neutral  axis. 
^3=  distance  of  the  centre  of  the  compression  steel  rein- 
forcing member  from  the  neutral  axis. 
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d^  ^  distance  from  extreme  compression  fibre  of  the 
steel  to  the  neutral  axis, 
a  =  distance  of  the  centre  of  the  compression  steel 
reinforcing  member  from  exterior  compression 
surface  of  concrete. 
0  =  distance  of  the  centre  of  the  tension  steel  rein- 
forcing  member   from   exterior    tension   sur- 
face of  concrete. 
M 3=  area  of  normal  section  of  reinforcing  steel  in 
tension, 
(i— f)i43=area  of  normal  section  of  reinforcing  steel  in 

compression. 
/>^=  intensity  of  compressive  stress  in  the  concrete 

at  distance  z  from  the  neutral  axis. 
p'  =  intensity  of  tensile  stress  in  the  concrete  at  dis- 
tance z  from  the  neutral  axis. 
p^  =  intensity  of  stress  in  the  steel  at  distance  z  from 

the  neutral  axis. 
ii=  tensile  or  compressive  strain  in  unit  length  of 
** fibre"  at   tmit   distance   from    the   neutral 
axis. 
In  all  the  theory  of  bending  of  concrete-steel  beams  it 
is  assumed,  as  in  the  common  theory  of  flexure,  that  any 
plane,  normal  section  of  the  beam,  before  bending  takes 
place,  will  remain  plane  (and  normal)  while  the  beam  is 
subjected  to  bending.     Hence 

p^=-E^uz,     p' =nE{iiz,     and     p^^EiUZ.     .     .     (i) 

Inasmuch  as  all  the  loading  carried  by  concrete-steel 
beams  is  supposed  to  act  in  a  direction  normal  to  the  axes 
of  the  beams,  as  is  usual  in  the  common  theory  of  flexure, 
the  total  stresses  of  tension  and  compression  in  any  normal 
section  of  a  beam  induced  by  the  bending  must  be  equal 
to  zero.     The  expression  of  this  sum,  written  by  the  aid  of 
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eqs.  (i)  and  by  which  the  neutral  axis  of  the  composite 
section  is  determined,  is  the  following: 

E,u{f\dA,-nfl^^zdA,]  ^E,uJ'l^^zdA,^o.    (2) 


Or 


I    zdA.-n  I       zdA.+rp?  I      ^  zdA^^o.       .     (3) 


Eq.  (3)  is  perfectly  general,  and  the  position  of  the 
neutral  axis  can  always  be  located  by  it  whatever  may 

be  the  shape  of  cross-section 
of  either  the  concrete  or  steel. 
Fig.  I  may  be  taken  as 
an  arbitrary  typical  com- 
posite section  showing  the 
preceding  system  of  notation 
applied  to  it.  The  outline 
Fig.  I.  of  the  concrete  is  rectangular, 

^  as  in  the  ordinary  concrete-steel  beam.  The  steel  in  com- 
pression is  represented  as  two  steel  angles,  while  three 
roimd  rods  constitute  the  steel  in  tension.  In  the  next 
article  the  application  of  the  general  eq.  (3)  to  the  special 
case  of  the  ordinary  concrete-steel  beam  will  be  made. 

The  general  value  of  the  bending  moment  of  the  stresses 
induced  in  any  normal  section  of  a  composite  beam  can  be 
at  once  written  by  the  aid  of  eqs.  (i).  The  typical  ex- 
pression of  the  differential  moment  is 

p^dA^z  =^E^uz^dA^. 

Hence  the  value  of  the  moment  is 

M  =  E,u  I     z^dA .  +  nE.n  /.       z^dA.^ Em  /        zHA..    (4) 
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This  equation  is  also  completely  general  whatever  may 
be  the  shape  of  section  of  either  material.  It  will  be  de- 
veloped for  the  ordinary  form  of  concrete-steel  beams  in 
Art.  76. 

Eqs.  (3)  and  (4)  cover  completely  the  theory  of  bending 
or  flexure  of  composite  beams  of  two  materials,  one  of 
them  having  different  values  for  the  coefficients  of  elasticity 
in  tension  and  compression.  It  will  be  observed  that  the 
position  of  the  neutral  axis  of  any  section  of  the  beam,  as 
located  by  eq.  (3),  is  affected  by  the  values  of  E^,  £„  and  n, 
and  that  it  does  not  in  general  pass  through  the  centre  of 
gravity  of  the  section. 

Art.  75. — Position  of  Neutral  Axis  in  Ordinary  Rectangular  Con- 
crete-steel Beams  by  Common  Theory  of  Flexure. 

The  ordinary  reinforced  or  concrete-steel  beam  .is 
formed  with  a  rectangular  normal  cross-section  with  a 
constant  depth  d^  and  a  constant  width  6,  the  outline  of 
the  concrete  section  being  rectangular  and  the  steel  rein- 
forcement, or  bars,  being  embedded  in  the  concrete,  all  as 
typically  shown  in  the  figure  on  the  opposite  page.  The 
area  of  the  steel  section  is  small  in  comparison  with  that  of 
the  concrete,  usually  from  about  one  to  one  and  one  half 
per  cent,  of  the  latter,  so  that  there  is  no  sensible  error  in 
making  dA^  =bdz.  The  first  two  terms  of  the  first  member 
of  eq.  (3)  of  the  preceding  article  then  takes  the  form 

Jo  Jhi^di  2  2 

=  (i-«)— ^+n6rfi/ti-n— ^.     (i) 
2  2 

As  the  steel  section  is  always  small  it  will  be  essentially 
correct  to  consider  each  portion  of  it  concentrated  at  its 
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centre  of  gravity,  so  that  there  may  be  written 

By  introducing  the  values  of  eqs.  (i)  and  (2)  in  eq.  (3) 
of  the  preceding  article  the  latter  will  become 

^^i^d,»  +  nbh.d,  -  n -^' + ^M,(d,  -  rh^)  =  o. 

Or,  since  d^^d^  —  a, 

*  i-n  *     i-n  6(i-n) 

The  solution  of  this  quadratic  equation  gives 

a,  =  — - 


*  I  — « 


(3) 


Eq.  (3)  will  locate  the  neutral  axis  of  the  section  tmder 
consideration  by  giving  its  distance  d^  from  the  upper 
surface.  All  quantities  appearing  in  its  second  member 
are  known  either  in  the  case  of  an  actual  beam  or  in  the 
process  of  designing.  In  the  one  case  a  and  h^  will  be 
known  from  given  dimensions  and  they  will  be  prescribed 
in  the  other.  The  same  observ^ation  applies  to  the  sectional 
area  A^,  although  a  prescribed  or  assumed  area  may  be 
subject  to  revision  in  the  operation  of  designing,  thus 
necessitating  possibly  more  than  one  application  of  the 
formula. 
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Fig.  I. 


If  the  entire  steel  reinforcement  is  on  the  tension  side 
of  the  beam  as  shown  in  Fig.   i   and  as 
often  occurs,  r  will  be  tmity  in  eq.  (3),  or  j 
I  — r=o.    The  only  effect  produced  by  this    l' 
substitution  in  eq.  (3)  is  to  make 

a+fAj-a+Aa-di^towc^   from    centre  of  steel 
bars  to  upper  surface  of  beam. 

The  use  of  eq.  (3)  is  by  no  means  so  formidable  or  in- ' 

volved  as  may  appear  at  first  sight.     If,  as  has  sometimes 

E 
been  taken,  n  =  i  and  ^  =  10,  that  equation  becomes 

cf^  =  -  /t,  -  20-^  ±  \/t/  +  40y' (a  +  rfc,)  +  (h^  +  20y' j '   (4) 

If  the  coefficients  of  elasticity  of  concrete  in  tension 
and  compression  are  taken  the  same,  so  that  n  =  i,  it  will 
be  only  needful  to  revert  to  the  equation  immediately 
preceding  eq.  (3). 

After  first  multiplying  both  members  of  that  eqiiation 
by  (i  —  n)  and  then  placing  i  —  if  =  o,  there  will  result 


E,A,^ 


.'.  rf,= 


(5) 


As  in  the  preceding  case,  when  the  steel  reinforcement 
is  wholly  on  the  tension  side  of  the  beam  it  is  necessary 
only  to  place  r  =  i  in  eq.  (5). 


f /    ■          * 

^ 

.  "  '  /                1 

c 

NeuniAi. 

r   t 
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T^ 
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Neglect  of  the  Tensile  Resistance  of  Concrete. 

Many  civil  engineers  consider  it  advisable  to  neglect 
the  bending  resistance  of  that  part  of  the  concrete  in  ten- 
sion and  to  estimate  the  carrying  capacity  of  the  reinforced 
beam  as  if  the  compressive  bending  resistance  constitutes 

the  entire  bending  resistance  of  the  con- 
crete. In  that  case  the  stress  conditions 
asstimed  would  be  exhibited  by  Fig.  2. 
These  stress  conditions  usually  exist 
before  rupture  in  consequence  of  the 
*•  concrete  in  tension  failing  by  cracking. 

Again,  cracks  may  sometimes  be  formed,  or  at  least  be 
started,  by  a  number  of  extraneous  causes  independent  of 
the  loading.  For  these  reasons  it  will  usually,,  or  at  any 
rate  frequently,  be  the  part  of  prudence  and  good  practice 
to  ignore  the  tensile  bending  resistance  of  the  concrete  in 
concrete-steel  beams. 

In  order  to  find  the  neutral  axis  for  this  condition  of 
stresses  it  is  only  necessary  to  omit  the  second  integral  in 
the  first  member  of  eq.  (3)  of  the  preceding  article.  This 
is  equivalent  to  omitting  from  eq.  (3)  of  this  article  every 
term  in  which  n  enters,  or,  in  other  words,  to  making  n 
equal  to  zero.  By  completing  these  omissions  the  value 
of  rfj  at  once  takes  the  form 

The  value  of  d^  in  eq.  (6)  gives  the  distance  of  tVe  neutral 
axis  below  the  upper  or  compressive  surface  of  the  beam 
when  the  tensile  resistance  of  the  concrete  is  neglected. 

When  the  steel  reinforcement  is  wholly  on  the  tension 
side  of  the  beam,  r  =  i,  and  a  +  rh^=a  +  h^. 


Art  76.]    BENDING  MOMENTS  IN  CONCRETE^TEEL  BEAMS.      641 

Art.  76. — ^Bending  Moments  in  Concrete-steel  Beams  by  Com- 
mon Theory  of  Flexure. 

The  complete  expressions  for  the  bending  moments 
of  concrete-steel  beams  may  now  be  written  and  their 
values  for  any  particular  case  estimated.  By  introducing 
the  notation  already  employed  into  the  ordinary  formulae 
of  the  common  theory  of  flexure  the  following  general 
expression  for  the  bending  moment  will  result : 

M=^E,uf^  \^dA,  +  nE,uf^''^^^z^dA,+E^uf^^^  (i) 

This  equation  obviously  is  based  on  the  condition  that 
the  intensities  of  the  tensile  and  compression  bending 
stresses  vary  directly  as  the  distances  from  the  neutral 
axis.  The  bending  moment  based  on  the  assumption  that 
those  intensities  vary  according  to  the  parabolic  curve  will 
be  determined  in  a  later  article. 

The  first  two  integral  expressions  in  the  second  member 
of  eq.  (i)  are  moments  of  inertia  of  the  two  portions  of 
ylj,  about  the  neutral  axis  of  the  section,  while  the  third 
is  the  moment  of  inertia  of  ^4,  about  the  same  axis.  That 
equation  may  then  be  written 

M  ^E,ur  +  nE,ur' +E^uI^ (2) 

If  /j  is  the  moment  of  inertia  of  A^  about  the  neutral 
axis,  then  7'  +  /"=/^. 

Again,  if  k^  is  the  greatest  intensity  of  compression  in 
the  concrete  and  fe'  the  greatest  intensity  of  tension,  while 
c  is  the  intensity  of  compression  stress  in  the  steel  at  the 
distance  d,'  from  the  neutral  axis,  then 

jfe  jfe'  c 

E,u  =  -^,     ^E.u^jj—j,     and    E^u^j.  .     .     (3) 
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By  introducinij  these  values  in  eq.  (2), 

This  is  the  general  value  of  the  bending  moment  for 
any  form  of  section  or  any  two  materials.  The  rectangular 
normal  section  will  be  employed  for  the  outline  of  the 
concrete  and  steel  bars  of  any  desirable  shape,  but  of  com- 
paratively small  section,  for  concrete-steel  beams.  The 
corresponding  quantities  are  then  to  be  introduced  into 
eq.  (4).     For  this  case 

1'-^    and    r-"'^.-'-)'. 
3  3 

Also 

The  value  of  /,  may  be  written  in  this  form  for  the 
reason  that  the  steel  sections  {A^  are  small. 

The  insertion  of  these  quantities  into  eq.  (4)  will  give 

M-t.^'+*'«t^'+c[(-,MA+MA(|-.)*].  (5) 

The  use  of  this  equation  for  the  value  of  the  bending 
moment  can  be  made  more  convenient  if  its  second  member 
be  changed  in  form  so  as  to  involve  but  one  intensity  of 
stress,  and  that  one  may  preferably  be  the  greatest  com- 
pression, fej,  in  the  concrete. 

From  eq.  (3), 

k'^f!^%    and    c^^^k,.     .    •     .     (6) 
By  introducing  these  values  in  eq.  (5), 
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This  value  of  the  bending  moment  M  requires  only 
the  greatest  intensity  of  compression,  k^,  in  the  concrete 
to  be  given,  all  other  quantities  in  the  second  member 
being  either  given  or  assignable. 

The  greatest  intensity  of  tension  in  the  steel  will  be 

Thus  all  the  intensities  in  the  extreme  fibres  may  be 
expressed  in  terms  of  any  one.  As  a  practical  matter  it 
is  probably  preferable  to  use  th^  greatest  compression  in 
the  concrete  for  that  purpose,  as  will  appear  later. 

If  the  two  coefficients  of  elasticity  for  the  concrete  are 
taken  to  be  the  same,  n  =  i  in  eq.  (7). 

If  the  steel  reinforcement  is  wholly  on  the  tension  side 
of  the  beam,  r  =  i  and  eq.  (7)  will  take  the  form 

Neglect  of  the  Tensile  Resistance  of  Concrete. 

If  the  bending  resistance  of  the  concrete  on  the  tension 
side  of  the  neutral  axis  be  neglected  it  is  necessary  only 
to  omit  the  second  term  of  the  second  member  of  eq.  (7) 
in  which  n  appears.  That  equation  will  then  take  the 
form 

In  case  the  steel  reinforcement  is  wholly  on  the  tension 
side  of  the  beam,  r  =  i  and  the  bending  moment  becomes 


M 


-*.(^  +  |^'(A.-^,)')-     •    •     •     (") 
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In  all  the  preceding  formulae  the  distance  d^  of  the 
neutral  axis  from  the  exterior  compression  surface  of  the 
beam  is  to  be  found  by  the  appropriate  equation  in  tiie 
preceding  article,  d^  from  eq.  (3)  of  that  article  being  re- 
quired for  use  in -the  general  eq.  (7)  of  this. 

The  preceding  equations  complete  all  that  is  neces- 
sary in  the  treatment  of  practical  questions  of  design  or 
of  ultimate  carrying  capacity.  Their  actual  application  to 
engineering  work  will  be  illustrated  in  considerable  detail. 

Art.  77.-— Position  of  Neutral  Axis  in  Ordinary  Rectangular 
Concrete-steel  Beams  if  Intensities  of  Stress  Vary  by  the 
Parabolic  Curve. 

If  the  intensities  of  the  bending  stresses  on  the  two 
sides  of  the  neutral  axis  vary  as  the  abscissae  of  a  parabola, 
the  condition  of  stress  may  be  represented  by  Fig.  i.  The 
vertex  of  the  parabola  on  the  compression  side  is  at  V 
and  at  v  on  the  tension  side.  The  branches  of  the  two 
parabolas  start  from  the  common  point  0  at  the  neutral 
axis.  In  this  case  the  position  of  that  axis  can  readily 
be  located  by  placing  the  sum  of  all  the  tensile  stresses 
in  the  normal  section  of  the  beam  equal  to  the  strni  of  all 
the  compressive  stresses  in  the  usual  manner.     In  Fig.  i 

hi >  V 


^ — k— 

Fio.  I. 

the  upper  part  of  the  beam  is  supposed  to  be  in  compression 
with  the  maximum  intensity  fej,  the  lower  part  being  in 
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tension  with  the  greatest  intensity  k\  The  neutral  surface 
of  the  beam  is  NS,  The  stress  m  the  steel  reinforcement 
on  the  compression  side  is  c{i  —  r)A^^C  and  tr/i^  =  1  on 
the  tension  side,  c  and  /  being  the  intensities. 

The  width  of  the  beam  being  6,  the  total  compressive 
stress  in  the  concrete  is  ^bd^k^  and  the  total  tension 
§6(/Zj  — djfe',  the  relatively  small  area  A^  of  the  steel  sec- 
tion being  neglected.     Hence  the  desired  equation  will  be 

ibd,ki  +  c{i-r)A,^ib(h,-d,)k'  +  trA,.     .     .     (i) 

If  it  be  assumed  that  plane  normal  sections  of  the  beam 
remain  plane  after  flexure,  as  is  usually  done,  the  rate  of 
strain  u  at  imit's  distance  from  the  neutral  axis  may  be 
written,  as  in  the  common  theory  of  flexure,  as  follows, 
E  being  the  coefficient  of  elasticity  for  the  concrete  in 
compression  and  nE^  in  tension : 

If  the  values  of  fej,  fe',  c,  and  t  each  in  terms  of  u  and 
its  coefficient  of  elasticity  be  taken  from  eq.  (2)  and  in- 
serted in  eq.  (i),  the  latter  will  become,  after  imiting  its 
terms, 

lbE^{i-n)d^^  +  ^bh^nE^d^  ^ibnE.h^^+E^^irh^-d;). 

But  d^=d^  —  a\  hence 

1  I  — n 


\  -   -  +  —  — (rh.  +  a)  +  ^ — r^Ma .     (3) 
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All  the  quantities  appearing  in  the  second  member  of 
eq.  (3)  are  known,  and  the  position  of  the  neutral  axis  will 
be  determined  by  finding  the  value  of  d^. 

By  comparing  eq.  (3)  with  eq.  (3)  of  the  second  pre- 
ceding  article  it  will  be  observed  that  the  two  values  of  d 
are  nearly  the  same,  but  it  should  be  noticed  that  the 
analysis  of  this  article  involves  some  incongruity.  In 
passing  from  eq.  (i)  to  eq.  (2)  the  intensities  of  bending 
stresses  in  the  concrete  are  written  in  the  usual  manner 
by  employing  the  coefficients  of  elasticity  and  the  uni- 
formly varying  strains  required  by  the  assumption  that 
the  normal  sections  remain  plane  after  flexure.  This 
analytic  operation  makes  the  intensities  of  bending  stresses 
in  the  concrete  vary  directly  as  t?e  distances  from  the 
neutral  axis,  whereas  eq.  (i)  was  written  on  the  assumption 
that  those  intensities  vary  according  to  the  parabolic 
curve  shown  in  Fig.  i.  Eq.  (3)  is  thus  analj'tically  faulty 
and  possesses  no  sensible  advantage  over  the  other  and 
more  rational  value  of  d^. 

If  the  steel  is  reinforced  entirely  on  the  tension  side  of 
the  beam  r  becomes  equal  to  unity,  and  hence  r/t,  +  a  = 
h^  +  a,  the  distance  of  the  centre  of  the  steel  bars  from  the 
upper  surface  of  the  beam. 

In  case  the  coefficients  of  elasticity  for  tension  and 
compression  in  the  concrete  are  taken  equal,  «  =  i  or 
i^n=o.  By  multiplying  both  members  of  the  equation 
immediately  preceding  eq.  (3)  by  i— w,  then  making  n  =  i, 
there  will  result 

'^ — — 7£T^4r~ ^^^ 
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When  the  steel  reinforcement  is  wholly  on  the  tension 
side  of  the  beam  r  is  to  be  made  equal  to  i  in  eq.  (4). 


Neglect  of  the  Tensile  Resistance  of  the  Concrete. 

The  conditions  of  stress  for  this  case  are  shown  in 

Fig.  2.     The  stress  T  in  the  steel     

reinforcement  is  the  only  ten- 
sile stress  assumed  to  act  on  the 
tension  side  of  the  beam.  In 
eq.  (i),  therefore,  it  will  be 
necessary  to  omit  the  first  term 
of  the  second  member,   leaving  ^^^'  ^* 

the  equation  in  the  form, 

^bd,k,  +  c{i-r)A,^trA^ (5) 

The  effect  of  this  change  is  equivalent  to  making  »  =  o 
*^  eq.  (3).     The  value  of  d^  will  then  become 

^^--4£:,T^>/Us:t; +i£;T(^^3+a).  .    (6) 

The  distance  of  the  neutral  axis  below  the  upper  surface 
of  the  beam  is  thus  determined  for  this  particular  case. 
Where  the  steel  reinforcement  is  wholly  on  the  tension 
side  of  the  beam  r  =  i  and  rh^  +  a-^h^  +  a. 

Art.  78.— Bending  Moments  in  Concrete-steel  Beams  if  Inten- 
sities of  Stress  Vary  by  the  Parabolic  Curve. 

If  the  intensities  of  tension  and  compression  in  the 
concrete  of  the  composite  beam  vary  as  the  horizontal 
coordinates  of  the  two  branches  of  the  parabolas  shown 
in  Fig.  I  of  the  preceding  article,  the  vertices  of  the  parab- 
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olas  being  in  the  upper  and  lower  surfaces  of  the  beam, 
the  moments  of  the  internal  stresses  may  readily  be  found. 
The  centres  of  gravity  of  the  two  parabolic  areas  will  be 
fdj  and  i(h^  —  d^  from  the  neutral  axis,  and  these  areas 
will  be  ^k^d^  and  \k'{h^  —  d^).  Hence  the  total  bending 
moment  of  the  stresses  of  tension  and  compression  in  the 
concrete  will  be 

The  total  bending  moment  of  all  the  stresses,  including 
those  of  the  reinforcing  steel,  will  then  be,  remembering 
that  the  breadth  of  the  concrete  is  6, 

M^Md,%  +  Qi,-d,yk')b-Vc{i--r)A,d,  +  trA,{h,^d,).     (i) 

As  E^  is  the  coefficient  of  elasticity  of  the  concrete  in 
compression  and  nE^  in  tension,  there  may  be  written 

k'^n^k, (a) 

Also 

Or,  by  using  the  preceding  expression  for  fe'  in  the 
second  of  eqs.  (3), 


E,(K--d,)f  o^     \ 

^-E,    d,    y  (K^d,yn   '  •  • 


(4) 


Thus  all  the  intensities  of  stresses  fe',  c,  and  t  are  ex- 
pressed in  terms  of  fe,.  The  values  of  those  intensities 
given  in  eqs.  (2),  (3),  and  (4)  may,  if  desired,  be  inserted 
in  eq.  (i),  so  that  the  bending  moment  M  would  be  ex- 
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pressed  in  terms  of  k^.  As  those  intensities  must,  however, 
usually  be  determined  in  any  event,  it  is  scarcely  necessary 
to  write  the  value  of  M  in  such  an  extended  and  com- 
plicated equation. 

If  the  two  coefficients  of  elasticity  for  concrete  are 
taken  equal  to  each  other  the  ratio  n  becomes  imity  in 
eqs.  (2)  and  (3). 

If  the  steel  reinforcement  is  found  wholly  on  the  ten- 
sion side  of  the  beam,  r  =  i,  and  the  term  c{i  —  r)Aji^ 
becomes  equal  to  zero  in  eq.  (i). 

Finally,  if  the  resistance  of  the  concrete  to  tension  be 
neglected,  k'  =0,  and  the  term  -fiQi^  —  d^^k^  in  the  second 
member  of  eq.  (i)  disappears. 

In  case  the  latter  two  conditions  concur,  i.e.,  if  there 
is  tension  steel  reinforcement  only,  and  if  the  tensile  re- 
sistance of  concrete  is  neglected,  the  value  of  the  bending 
moment  M  may  be  written  in  terms  of  k^  as  follows : 

Art.  79. Division  of  Loading  Between  the  Concrete  and  Steel 

Under  the  Common  Theory  of  Flexure. 

It  is  occasionally  desirable  to  determine  the  portion  of 
the  total  loading  of  either  a  concrete-steel  beam  or  arch 
carried  by  the  steel  and  concrete  parts  of  the  member. 
In  making:  this  determination  the  formula  established  in 
the  preceding  articles  in  accordance  with  the  common 
theory  of  flexure  will  be  employed.  It  will  be  convenient 
also  for  this  purpose  to  represent  the  intensity  of  stress  in 
the  extreme  fibre  of  the  steel,  whether  tension  or  com- 
pression, bv  K,  the  distance  of  that  extreme  fibre  from  the 
neutral  axis  of  the  composite  section,  established  in  Art.  75, 
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being  represented  by  d^.  It  will  further  be  supposed  that 
the  coefficients  of  elasticity  for  concrete  in  tension  and 
compression  are  the  same.  Eq.  (4)  of  Art.  76,  representing 
the  resisting  moment  of  the  internal  stresses  in  a  normal 
section  of  a  composite  member,  may  then  be  written 


M-^+W 


(I) 


Let  the  total  load  on  the  composite  beam  or  arch  be 

represented  by  W,  while  W^  and  W^  represent  the  portions 

of  W  carried  by  the  steel  and  concrete  respectively.     Also 

W  W 

let  q^  and  q^  be  so  taken  that  9i="f7r  and  9j=Tj;r*-    The 

remaining  notation  will  be  that  given  in  Art.  74. 

Since  the  bending  moments  in  the  portions  A^  and  A^ 
are  proportional  to  the  loads  which  those  portions  carry, 

k  k 

remembering  that  V  and  -?  are  equal  to  E^u  and  E^u  re- 
spectively, there  may  be  written,  as  indicated  by  eq.  (i), 


qi- 


W. 


EjL 


Also 


«     W     E,I,+EJ, 


and     q. 


W,  EJ, 


W     EJ^+E^^ 


w 

Also,  if  w=TT7, 

9i"= — ; —     and     a,  =» — — -. 
Then,  since     M^-^q^M  and  M^  =92^", 


(2) 


(3) 


and     *,=H^. 


(4) 
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Eqs.  (2),  (3),  and  (4)  show  the  portions  of  loading 
carried  by  the  two  materials  and  the  greatest  intensities 
of  stresses  in  their  extreme  fibres. 

It  is  sometimes  necessary  to  combine  a  bending  moment 
with  the  direct  compression  (or  tension)  produced  by  a 
force  P  acting  along  or  parallel  to  the  axis  of  a  beam  or 
arch.  Let  p^  and-  p^  represent  the  intensities  of  stress 
produced  in  the  two  portions  A  ^  and  A^hy  such  a  direct 
force.  Since  equal  unit  longitudinal  strains  exist  in  the 
two  materials,  the  intensities  of  stress  in  the  portions  A^ 
and  A^  will  be  proportional  to  their  coefficients  of  elastici- 
ties.    Hence 

%-%    and    />,=|a (5) 

Hence 

P 
p,A,  +  ep,A,^P\    .'.  A°^  ^^^'       •     •     (6) 

In  the  case  of  an  elastic  arch  like  those  of  combined 
concrete  and  steel,  the  thrust  P  is  in  general  exerted  along 
the  axis  of  the  arch  ring  but  at  some  distance,  /,  from  it. 
In  such  a  case  the  bending  moment  is 

M^Pl\    hence     M^=q^Pl    and    M^^q^Pl,    .     (7) 

The  values  of  the  bending  moments  are  to  be  placed  in 
eq.  (4),  in  order  to  determine  the  intensities  k^  and  fe,. 

In  determining  the  resultant  of  stress  for  any  section 
of  an  arch  ring,  if  the  conditions  under  which  eqs.  (2)  were 
written  be  employed,  the  thrust  on  the  portion  A^  will  be 
q^P,  and  q^P  on  A^,  since  the  thrusts  on  the  two  portions 
will  be  proportional  to  the  loads  which  they  carry.  Hence, 
if  k^  and  k^  again  be  used  to  represent  the  greatest  inten- 
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sities  of  stress  in  the  two  portions,  there  may  at  once  be 
written 

.         /P     Md,\ 

In  eqs.  (8)  and  (9),  M=Pl. 

If,  again,  the  last  members  of  eqs.  (5)  and  (6)  be  used 
in  connection  with  eqs.  (2)  and  (4)  the  resultant  values 
of  k^  and  fe,  will  be 

.      ^  .  q^Md,  P  Md, 

,       ^  ,  gjMd,      /      P  Md,  \ 

In  the  use  of  all  these  equations,  care  must  be  taken 
to  give  the  proper  sign  to  the  bending  moment  M. 

These  equations  comprise  all  that  are  necessary  in  order 
to  ascertain  the  distribution  of  the  loading  between  the 
steel  and  the  concrete,  or  any  other  two  materials,  whether 
the  case  may  be  one  of  pure  bending  or  a  combination  of 
bending  and  direct  stress. 


Art.  80. — ^Practical  AppUcation  of  the  Formulae  for  Concrete- 
steel  Beams. 

The  practical  application  of  the  formulae  of  the  pre- 
ceding articles  either  in  the  operations  of  design  or  in  the 
testing  of  actual  beams  is  a  simple  matter.  This  will  be 
illustrated  by  determining  the  distance  d^  from  the  top 
surface  of  the  beam  to  the  neutral  axis,  and  the  extreme 
fibre  stresses  in  the  concrete  and  steel  of  a  number  of 
composite  beams  the  results  of  whose  tests  to  failure  are 
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given  by  Edwin  Thacher,  C.E.,  in  the  **  Transactions  of  the 
Association  of  Civil  Engineers  of  Cornell  University,*'  1902, 
Vol.  X. 

Table  I. 

TESTS  OF  CONCRETE-STEEL  BEAMS. 


span, 
Ins. 

E>epth 

of 

Beam, 

ins. 

1                   Concrete. 
Br'dth 

Metal. 

Experi- 
menter. 

of 
Beam,' 

^^^-    1            Mixture. 

1 
1 

A«e, 
Days. 

No.  and 
Size. 

Total 
Area, 

Sq. 

Ins. 

No. 

of 

Tests. 

Thacher.  . 

Kirkaldy .  . 
Ransome  . 

138 

72 

60 
49.8 

1 

II 

4 
12 

4 

)    ISt  I  c,  3  8.,  6  b.  s. 
^1    2d  I  c,  2  s.,  4  b.  s. 

J    xst  I  c,  3  8.,  6  b.  8. 

J    3d  I  c,  2  s.,  4  b.  s. 
13       I  c,  2  crushed  brick 
60     'i  c,  3  8.,  6  b.  s. 

.   -m^    «  ■ 

ix  &  83 

79 

84 
60-90 

21 

s-i"  0 

2—1"     0 

I*— 2*xr' 

TO— «''  □ 

.331 

.321 

.625 

I  .406 

3 

3 

9 

I 

Centre 

of 
Steel 
Rods. 


Neu- 
tral 
Sur- 

f^e. 


Prom  Top 
Surface  of 
Beam.  Ins. 


10 

3.25 
10 

3-75 


3.28 
1 .07 
2.7 

1 . 2 


Breakini; 

Weight  at 

Centre  of 

Span. 

Pounds. 


4.985  to  5,005 

3,O0X  to  3,2.^ 
16,761-21,067 

31,220 


Maximum  Fibre  Stress  in  Pounds  per 
Square  Inch. 


Concrete 

• 

Steel. 

Max. 

Mean. 

Least. 

Max. 

Mean . 

2,420 

2.583 
2,230 

2.385 

2.520 

1,935 
1,320 

2.375 
2,414 
T.705 

59.500 

63.1 5T 

72,300 

58,600 
6 1, 60c 
62,70c 

33,70c 

Least. 
58,400 

50.O2C 

55,300 


Manner  of 
Failure. 


Rods  broke. 
Rods  broke. 
Rods  broke  and 
concrete  f 'ilcd. 
Concrete  failed ; 
not  old  enough. 


♦  Wrought-iron  bars. 

Table  I  contains  the  elements  of  those  tests  and  their 
results.  The  beams  were  all  of  rectangular  section  and 
of  sufficient  dimensions  to  make  them  full  size.  The 
tensile  resistance  of  the  concrete  is  neglected  in  all  of  them 
and  the  steel  or  iron  reinforcement  is  concentrated  on  the 
tension  side  of  the  beam  in  every  case. 

In  order  to  locate  the  neutral  axis,  therefore,  eq.  (6) 
of  Art.  75  must  be  employed.  Although  the  coefficient 
of  elasticity  E^  is  generally  a  little  larger  for  the  i  cement. 
2  sand,  and  4  broken-stone  concrete  than  for  the  1:3:6 
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mixture,  the  difference  is  small  and  the  value  2,500,000 

will  be  taken  for  each.  •  As  the  coefficient  for  steel  is 

E 
30,000,000,  the  ratio  ~  =  i2.     Eq.  (6)  of  Art.  75  will  then 

take  the  form 

d^  =  _i2f^.±4.9^6(^»y+^»(a+fe,).    .     .     (I) 

In  the  first  set  of  three  tests  in  the  table  A^^  ,2^2,1 
sq.  in.,  and  6  =  5  inches.  Also  a+/t,  =  10  inches.  The 
insertion  of  these  quantities  in  eq.  (i)  gives 

d^=3.28  inches. 

In  the  same  manner,  the  quantities  to  be  inserted  in 
eq.  (i)  for  the  second  set  of  three  values  (second  line  of 
table)  are 

i42=.22  sq.  in.,  &  =  io  inches,      and      a+/t, «3.25  inches. 

« 

Hence 

(f  J  =  1 .  07  inches. 

The  simple  repetition  of  these  operations  for  the  Kir- 
kaldy  and  Ransome  tests  will  give  the  values  of  2.7  inches 
and  1.2  inches  shown  in  the  eleventh  column  of  the  table. 

The  determination  of  the  stresses  in  the  extreme  fibres 

of  the  concrete  and  steel  requires  the  use  first  of  eq.  (11), 

Art.  76,  and  then  eq.  (8)  of  Art.  76.     The  first  of  those 

equations  gives,  remembering  that  h^  —  d^  is  the  distance 

from  the  neutral  surface  to  the  centre  of  the  steel  or  iron 

E 
reinforcing  members,  and  that  vr  =  12, 

fej  =*  -^  .      •     •     •     •     (2) 
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All  the  beams  were  broken  by  a  centre  load,  but  the 
centre  breaking  loads  given  in  the  table  include  the  half- 
weights  of  the  beams.  If,  therefore,  W  represent  any 
centre  breaking  weight  in  the  table  and  /  the  span  in  inches, 
the  moment  M  in  eq.  (2)  will  be 

Wl 
M-^ (3) 

In  the  first  set  of  three  tests  of  the  table,  represented 
by  the  first  or  upper  line,  the  following  numerical  c^uanti- 
ties  are  f oimd  for  the  mean  results : 

W  =  502 2  poimds ;    /  =  1 38  inches ; 

/.  M^W —  =  173,259  in.4bs. 
4 

Also,  /i,  —  (f3  =  10  —  3.28  =6.72  inches; 

6  =  5  inches;    (ij  =  3.28  inches;    A^  =  .331  sq.  in. 

The  substitution  of  these  quantities  in  eq.  (2)  will  give 

fe^  =  2385  pounds  per  sq.  in. 
Eq.  (8)  of  Art.  76  now  gives 

6.72       «  r.  ,  ^ 

/  =  12  — -Q  2385  =  58,000  poimds  per  sq.  m. 
3.20 

Again,  in  the  second  set  of  three  tests  the  smallest 
centre  breaking  weight,  including  half  the  weight  of  the 
beam,  is  2091  pounds,  the  span  being  72  inches.     Hence 

--     Wl    2091X72  ,  o .     1- 

M^— --^  =37,638  m.4bs. 

4  4 


656  CONCRETE-STEEL  MEMBERS,  [Ch.  XL 

Also,     /r,  — rf,  =  2.i8inches;    dj  =  1.07  inches; 

>1,  =  .221  sq.  in. ;     6  =10  inches. 
Employing  these  numerical  quantities  in  eq.  (2)^ 

k^  =  2414  poimds  per  sq.  in. 
Eq.  (8)  of  Art.  76  will  then  give 

ft 

/  =  12 —^— 2414  =  63,151  pounds  persq.  in. 

Both  of  the  preceding  values  of  t  are  partly  representa- 
tive of  the  ultimate  tensile  resistance  of  low  steel. 

Eq.  (2)  shows  that  where  there  are  a  number  of  tests 
of  beams  of  the  same  size  and  span  M  is  the  only  variable. 
In  other  words,  fe^,  and  hence  /,  will  vary  as  M  or,  what  is 
equivalent,  as  the  centre  breaking  weight.  Using  the 
data  of  the  last  of  the  preceding  examples,  the  greatest 
centre  breaking  load  was  2237  poimds.  Hence  the  greatest 
k^  is 

2237 
^1=—^  2414  =  2583  pounds  persq.  in. 

Also,  for  the  stress  in  the  steel, 


2237 
^  =  — ^  S9»o2o  =  63,151  pounds  persq.  in. 

The  remaining  values  of  k^  and  t  in  the  table  were  found 
in  precisely  the  same  manner  by  employing  the  data 
yielded  by  the  tests,  also  exhibited  in  the  table. 
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HatVs  Tests  of  Reinforced  Beams. 

The  results  of  tests  of  reinforced  and  plain  concrete 
beams  given  in  Table  II  have  been  computed  from  data 
in  a  paper  presented  before  the  American  Society  for 
Testing  Materials  at  its  annual  meeting  in  Jime,  1902,  by 
Prof.  W.  Kendrick  Hatt.     As  the  section  of  every  beam 


Table  II. 

TESTS  OF  REINFORCED  AND  PLAIN  PORTLAND-CEMENT  CON- 
CRETE  BEAMS,  8  INS.  X  8  INS.  IN  SECTION  AND  80  INS.  SPAN, 
BROKEN    BY   CENTRE    LOADS. 


No. 


X 

a 
3 
4 
5 
6 

7 
8 

9 

xo 
zx 
za 


Per 

Tfon 

Extreme 

Cent 

from 

Ajje 

in 

Centre 

Fibre 

Stress  in 

of  Iron 

Bot- 

Breaking; 

Stress  in 

Iron, 

Sec- 

tom  of 

Davs 

Load, 

Concrete, 

Pounds  pel 

tion. 

Beam, 

Ins. 

Pounds. 

Pounds 
pcrSq.  In. 

Sq.  In. 

,     J 

25 

!>,73S 

2,170 

34,720 

'     1 

a8 

6.485 

2.450 

39,200 

a    i 

7 

6.335 

2.360 

37,760 

'     1 

9 

5,735 

2,170 

34,720 

a    i 

2S 

10,48s 

3.280 

33.456 

*     J 

27 

10,485 

3.280 

33,456 

X     J 

as 

7,735 

2,840 

55.700 

*      J 

2.5 

7,535 

2,760 

54.180 

X     ■ 

27 

12,235 

2,930 

32.820 

2S 

12,035 

a,  880 

32,260 

rii 

30 

6.735 

2,230 

37,700 

30 

6,63s 

2.195 

37.XOO 

3 

6 

Xi,73S 

1.795 

20,590 

2 

I         ■ 

17 

S.410 

1,150 

15,180 

i7 

2,>i8o 

S30 

7,000 

— 



28 
28 

7 
8 

2.635 

618 

2,435 
3.520  ♦ 

1,735 

571 

4  4*^ 

— 

425 

407 

— 

— 

»4 

760 

176    • 

^^^    • 

II 

1,260  ♦ 

165 

II 

1,260* 

165 

Remarks. 


Broken-stone  concrete: 
I  cem.,  a  sand,  4  b.  a. 

Do.         Do.         Do. 


Do.         Do. 


Do. 
Do. 


Do. 
Do. 


Do. 
Do. 
Do. 
Do. 


Do.         Do. 

Gravel    concrete:    x  ce- 
ment, 5  frravel. 

Cinder  concrete. 

I  Plain  broken-stone  con* 
f     Crete. 

j-  Do.         Do.         Do. 

Plain  cinder  concrete. 


♦  These  beams  tested  on  a  span  of  40  inches  instead  of  80  inches. 

was  8  in.  by  8  in.,  those  beams  having  a  reinforcement  of 
I  per  cent,  of  wrought  iron  contained  bars  whose  aggre- 
gate sectional  area  was  0.64  sq.  in.  Similarly  the  2  per 
cent,  and  3  per  cent,  reinforcements  indicate  1.28  sq.  in. 
and  1.92  sq.  in.  total  sectional  areas  of  wrought  iron  re- 
spectively. 
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The  third  column  of  the  table  gives  the  distances  of 
the  centres  of  the  wrought-iron  reinforcements  from  the 
bottom  stirfaces  of  the  beams.  It  is  particularly  to  be 
observed  that  the  wrought-iron  reinforcement  is  placed 
entirely  in  the  lower  or  tension  portion  of  the  beams,  and 
that  the  tensile  resistance  of  the  concrete  is  ignored. 

The  tests  gave  the  centre  breaking  loads  shown  in  the 
fifth  column  of  the  table,  each  of  which  includes  half  the 
own  weight  of  the  beam  for  an  8o-inch  span,  except  for 
the  tests  indicated  by  stars,  in  which  the  span  was  but 
40  inches  and  the  half -weight  of  beam  118  pounds. 

The  manner  of  computing  the  intensities  of  extreme 
fibre  stresses  given  in  the  sixth  column  of  the  table  is  the 
same  for  reinforced  beams  as  that  set  forth  in  connection 
with  Table  I,  and  it  will  be  illustrated  by  one  value  of 
Table  II  only. 

In  the  upper  of  the  two  number  4  tests  the  centre 
breaking  load  was  found  to  be  7500  pounds,  which  with 
the  half -weight,  235  pounds,  of  the  beam  makes  a  total 
of   7735   pounds.     The   centre  breaking  moment  is  Af  = 

'-^^^ =  154,700  in. -lbs.     The  area  A^  of  the  wrought- 

4 

iron  section  is  i  per  cent,  of  64  sq.  in.  =0.64  sq.  in.     The 
remaining  data  are 

b  =/jj  =8  inches;    a  +  h^  =  7  inches; 

E 
£^,  =  29,000,000;    £j  =  2,400,000;     .*.  -—  =  12  (nearly). 

These  quantities  inserted  in  eq.  (6),  Art.  75,  give 

rfj  =  -.96±3.6i5  =2.655  inches; 
/.  /t,-rf,  =  7-2.655  =4.345  inches. 
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By  using  the  preceding  numerical  values  in  eq.  (11), 
Art.  76,  put  in  the  form  of  eq.  (2)  of  this  article, 

M  154.700  Q  i, 

*^  ^J^  ^"S^:i6"  ="^40  lbs.  per  sq.  m. 

This  is  the  intensity  of  the  greatest  stress  in  the  extreme 
fibres  of  the  concrete. 

Eq.  (8)  of  Art.  76  gives  for  the  greatest  intensity  of 
tensile  stress  in  the  wrought  iron 

h^  —  d^,  „ 

^  =  12-^—  ^1=55,700  lbs.  persq.  m. 

These  operations  illustrate  sufficiently  the  methods  of 
finding  all  the  lvalues  in  the  sixth  and  seventh  columns  of 
the  table  for  the  reinforced  beams. 

Tests  Nos.  9,  10,  II,  and  12  are  of  plain  concrete  beams, 
the  concrete  being  either  of  broken  stone  or  cinder  without 
reinforcement.     Eq.  (3)  of  Art.  69  gives  for  such  beams 

In  this  equation  W  is  the  centre  breaking  load  in 
pounds,  including  half  the  weight  of  the  beam.  The 
values  of  the  centre  breaking  loads  in  the  fifth  column  of 
the  table  substituted  in  the  preceding  equation  will  give 
the  greatest  tensile  intensities  (k^)  of  stress  shown  in  the 
sixth  column.  These  plain  concrete  beams  failed,  as 
would  be  expected,  on  the  tensile  side. 

The  reinforced  broken-stone  concrete  beams  to  which 
Table  II  applies  failed  by  the  breaking  of  the  remforce- 
ment,  the  concrete  in  compression  showing  no  signs  of 
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failure,  although  the  greatest  age  of  the  concrete  was  but 
30  days  and  in  two  cases  7  and  9  days  only. 

The  cinder-concrete  beams,  both  reinforced  and  plain, 
show  ultimate  resistances  scarcely  half  those  of  the  broken- 
stone  concrete. 

A  coefficient  of  elasticity  of  1,450,000  was  taken  for 
cinder  concrete,  making  the  ratio  £,^£^  =  20  in  the  two 
tests  No.  8. 

In  190 1  ten  beams  of  concrete  and  concrete  reinforced 
with  steel  rods  were  broken  at  the  mechanical  laboratory 
of  the  Massachusetts  Institute  of  Technology,  Boston, 
with  the  results  given  in  the  following  table.  These  beams 
were  all  8  ins.  wide  and  12  ins.  deep,  the  effective  span 
being  11  ft.  Beam  No.  i  was  of  concrete  without  the 
reinforcement  of  steel  rods.  The  other  nine  beams  carried 
either  one  or  two  twisted  square  steel  rods  of  the  Ransome 
type  of  the  sizes  shown  in  the  table.  These  rods  were 
placed  with  their  cefntres  2  ins.  from  the  outside  bottom 
or  top  surface  of  the  beam.  The  breaking  load  was  applied 
at  the  centre  of  the  span  for  seven  of  these  beams,  but  for 
the  other  three  the  breaking  load  was  applied  at  two 
points  44  ins.  apart  and  equidistant  from  the  centre  of  the 
span.  In  the  latter  cases,  therefore,  the  two  equal  loads 
were  applied  at  the  one-third  points  of  the  span.  These 
elements  of  the  tests  are  all  clearly  shown  in  Table  III. 

The  concrete  was  composed  of  one  volume  Alpha 
Portland  cement,  three  volumes  of  (Plum  Island)  sand, 
and  six  volumes  of  crushed  stone,  the  latter  being  com- 
posed of  one  third  trap  rock  with  the  greatest  dimension 
of  i  in.  and  two  thirds  of  the  same  rock  of  i  in.  greatest 
dimension.  Briquettes  of  the  mortar  used  in  this*  con- 
crete gave  an  ultimate  tensile  resistance  of  250  lbs.  per 
sq.  in.  at  the  age  of  17  days  and  300  lbs.  per  sq.  in.  at  the 
age  of  28  days. 


^  view  CKhibiling  the  failure  under  compression  ota  12-in.  concrete  cube.  The 
composition  is  I  Portland  cement,  I  sand,  and  4.5  broken  alone.  The  age  of 
the  concrete  was  1  year.  S  munlhs,  13  days,  and  the  ultimate  compressive 
reiistance  attained  was  44S1  lbs.  per  sq.  in. 
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Table  III. 


No.  of 

A«e, 

Beam. 

Days. 

I 

40 

a 

39 

3 

38 

4 

50 

5 

50 

6 

41 

7 

41 

8 

42 

9 

30 

xo 

31 

Reinforcing  Rods: 
Size  and  Position. 


None 

One — \  inch B 

One— f      "  B 

One— 1     "  B 

One— I      "  B 

One— li   "  B 

Two— I     "  B 

Two— li  ••  B 

Two— 1{  "  B 

Two— li  "  B 


Loading. 

Pinal  Stresses, 
Lbs.  per  Sq.  In. 

Concrete, 
Compres- 
sion. 

Steel, 
Tension. 

Centre 

Two  points 

Centre 
•( 

•• 

«« 
«« 
«« 

Two  points 

776 
3.816 

3.427 
3,910 

3,770 

3, 80  a 

3,655 
4,780 

4,053 
3.412 

0 

117.700 

95.360 

84.470 

68,400  • 

37,6ia 

41.949 
32,360 
22,750 

37,oao  • 

Manner  of 
Failtire. 


Rod  drew  nut. 
Con.  crushed. 
Rod  drew  out. 
Concrete     split 
off  at  bottom. 
Rod  drew  out. 


•• 


«« 


i« 


Rod  drew  out, 
con.  crushed. 


B  indicates  bottom. 


The  tiltimate  tensile  resistance  of  the  J-in.  square  steel 
rods  was  82,560  lbs.  per  sq.  in.,  while  the  J-in.  rods  gave 
99,880  and  102,000  lbs.  per  sq.  in.  The  f-in.,  |-in.,  and  i-in. 
lods  gave  ultimate  resistances  running  from  82,000  down 
to  70,800  lbs.  per  sq.  in.,  the  lowest  values  belonging  to 
the  I -in.  square  rods. 

The  ultimate  compressive  resistances  of  the  concrete 
and  the  greatest  tensile  stresses  in  the  steel  rods  have  been 
computed  by  the  preceding  formulae,  as  already  illustrated 
in  the  other  tables  of  this  article,  and  hence  the  detailed 
operations  need  not  be  repeated  here. 

Reviewing  all  the  preceding  results,  it  may  be  stated 
that  the  greatest  working  intensity  of  compression  in  the 
extreme  fibres  of  the  concrete  of  reinforced  beams  may 
properlv  be  taken  at  400  to  500  pounds  per  sq.  in.  for 
1:2:4  broken-stone  concrete,  or  even  for  1:3:5  mixtures 
if  the  materials  are  well  balanced,  care  being  taken  in  all 
cases  to  produce  the  best  grade  of  concrete. 


Mt 
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PROBLEMS. 

One  or  two  applications  to  design  work  will  show  how 
simple  is  the  practical  use  of  the  formulae  of  the  preceding 
articles. 

Prob.  I.  Design  a  concrete-steel  beam  for  a  clear  span 
of  15  feet  to  cany  a  load  of  380  pounds  per  linear  foot 
in  addition  to  its  own  weight,  the  maximtmi  compression  k^ 
in  the  extreme  fibres  of  the  concrete  to  be  400  pounds  per 
sq.  in. 

Let  it  be  supposed  that  the  concrete  mixture  is  i  cement, 
3  sand,  and  5  broken  stone,  for  which  the  coefficient  of 
elasticity  is  2,500,000,  the  coefficient  for  steel  being  30,000,- 

000.  Assume  a  trial  beam  18  inches 
deep  and  12  inches  wide  as  shown 
in  Fig.  I.  Also  assume  the  entire 
steel  reinforcement,  on  the  tension 
side  of  the  beam,  to  be  composed 
of  four  f -inch  square  steel  bars  with 
their  centres  ij  inches  from  the 
tension  surface  of  the  beam.  The 
tensile  resistance  of  the  concrete  will 
be  neglected.  The  following  data  will  then  result,  re- 
membering that  the  weight  of  the  beam  per  linear  foot  will 
be  taken  as  150  +  75  =  225  lbs.: 

Total  lodd  =  (380 +  225)16  =9680  lbs. 
The  effective  length  of  span  is  taken  at  16  feet 
i4j="2.25  sq.  ins. ;    6  =  12  ins.;    ^^=400 lbs.; 


Fig.  I. 


/  =  i92ins. ;    ^^  =  12;    a+Ag  =  iu.si 


ms. 
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As  the  two  coefficients  of  elasticity  for  concrete  are  taken 
equal  to  each  other,  «  =  i . 

These  data  substituted  in  eq.  (6)  of  Art.  75  give  for 
the  distance  of  the  neutral  axis  from  the  upper  or  com- 
pressive siuf  ace  of  the  beam 

(2j  =  — 2.256  +  8.9I8  —  6.66  ins. 

The  depth  of  the  beam  is  fixed  at  18  inches,  but  the 
width  or  breadth  may  vary.     Eq.  (11)  of  Art.  76  gives 

M        A 


d^ 


Using  the  preceding  data, 


9680X192  .        «  JX  1  J  O      • 

M^- g =  232,320  m.-lbs.,      and     «,— a,  =  9.84ms. 

Substituting  in  the  above  equation  for  6,  there  will 
result 

6  =  12.6  ins. 

The  beam  should  therefore  be  made  12.6  inches  wide. 
This  is  sufficiently  near  the  assumed  width  to  need  no  re- 
computation.  If  the  difference  were  considerable,  so  as 
to  vary  sensibly  the  weight  of  beam  and,  hence,  the  mo- 
ment My  a  revision  of  the  values  of  d^  and  b  would  be 
necessary. 

Eq.  (8)  of  Art.  76  gives  the  intensity  of  tensile  stress 
in  the  steel  as 

0.84 

'  - 1 2  g;3g-40o  -  7 104  lbs. 
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This  is  smaller  than  necessary,  as  /  might  safely  be 
taken  at  14,000  pounds  per  sq.  in.  A  revision  should 
therefore  be  made  if  the  beam  were  to  be  built,  so  as  to 
reduce  properly  the  size  of  the  steel  bars. 

Prob.  2.  Let  it  be  desired  to  design  a  concrete-steel 
floor-beam  or  plate  between  steel  I  beams  placed  6  feet 
between  centres,  the  load  to  be  carried  being  100  pounds  per 
sq.  ft.,  in  addition  to  the  weight  of  the  concrete-steel  plate 
itself.  A  thickness  or  depth  of  concrete  of  4  inches  is 
usually  sufficient  for  such  a  span,  and  that  depth  will  be 
assumed.  In  order  to  illustrate  the  application  of  the 
formulae,  small  steel  bars  or  rods  will  be  assumed  in  the 
compression  part  of  the  concrete,   although  they  would 

not  ordinarily  be   employed. 


Fig.  2. 


.4_i^?i-a.-,_Q.^.a.4-Q>— Q— i—    The    arrangement    of    a    12- 
4      j  hj't"    ^°'|        inch  section  of    the    plate  is 
I  ;  !_:„!„   iH'  1        shown  in  Fig.  2.    A  row  of  i- 

■^ —  mch  square  steel  rods  4  mches 

between  centres  is  placed  .9 
inch  from  the  upper  surface  of 
the  concrete,  and  a  row  of  f -inch  square  steel  bars  at  the  same 
distance  from  the  lower  surface.  The  distance  between 
centres  of  the  upper  and  lower  steel  bars  is,  therefore, 
2.2  inches.  The  tensile  resistance  of  the  concrete  will  be 
neglected,  and  the  coefficients  of  tensile  and  compressive 
elasticity  of  the  same  material  will  be  given  the  same  value, 
i.e.,  2,500,000  pounds.  The  coefficient  of  elasticity  for  steel 
will  be  taken  at  30,000,000  pounds.  The  following  data 
will  therefore  result  for  a  12 -inch  width  of  the  concrete- 
steel  plate : 

Sectional  area  of  three  J-inch  square  bars 188  sq.  in. 

a  <^       ft  It        3       <(  <(  ((  it        n 


Hence i4,=  .6o8  " 


(( 
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r=».7;    6  =  12  ins.;    A,  =4  ins. ;    a  =.9  in.; 

A,  =  2 . 2  ins. ;    rA,  =  1 .  54  ins. ;    a  +  rA,  =  2 .  44  ins. ; 

The  substitution  of  these  values  in  eq.  (6)  of  Art.  75 
will  give  the  distance  of  the  neutral  surface  from  the  top 
surface  of  the  beam  as 

rf^—  —  .612  + 1.834  =  l".22. 

Hence 

d,  =  i.22—  .9  =.32. 

The  greatest  permissible  compressive  w  ^rking  stress,  fej, 
in  the  extreme  fibres  of  the  concrete  will  be  taken  at  440 
pounds  per  sq.  in.  The  4-inch  plate  of  concrete  with  its 
steel  bars  will  be  taken  to  weigh  65  pounds  per  sq.  ft.  As 
the  length  of  span  is  6  feet,  i.e.,  72  inches,  the  total  bending 
moment  M  is 

165X6X72     o        .     1. 
M= — ^^— ^ —  =-89iom.-lbs. 

If  the  numerical  values  found  above  be  inserted  in 
eq.  (10)  of  Art.  76,  there  will  result 

M=  440(5. 96 +  14. 63)  =9060  in. -lbs. 

This  is  sufficiently  near  to  8910  in. -lbs.  to  justify  accept- 
ing as  final  the  depth  of  concrete,  arrangement,  and  size 
of  steel  bars  assumed. 

Eq.  (10)  of  Art.  76  might  have  been  used  to  test  the 
trial  values  by  finding  in  that  equation  either  k^  or  b  after 
substituting  the  given  value  of  M  and  then  comparing 
the  results  with  those  assumed.  Either  procedure  most 
convenient  may  be  employed. 
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Eq.  (8)  of  Art.  76  gives  the  intensity  of  tensile  stress 
in  the  steel  as 

1-88  «        ,^ 

^  =  12 440  =  8131  lbs.  per  sq.  in., 

and  the  compressive  intensity 

.32 


c  = 


--gg8i3i  =1384  lbs.  persq.  in. 


The  low  value  of  c  shows  that  the  steel  bars  in  com- 
pression could  well  be  omitted,  as  they  usually  are  in  such 
cases. 

The  important  duty  performed  by  the  concrete  in 
compression,  as  shown  by  these  practical  applications, 
indicates  that  a  strong  concrete  should  be  employed  for 
this  class  of  construction. 


CHAPTER  XII. 

ROLLED  AND  CAST  FLANGED  BEAMS. 

Art.  8i. — Flanged  Beams  in  General. 

In  the  beams  which  are  to  follow,  the  material  is  dis- 
tributed in  a  much  more  advantageous  manner,  in  respect 
of  its  resisting  moment,  than  in  the  solid  beams  which  have 
been  heretofore  treated.  In  these  beams  it  will  be  found, 
in  almost  all  cases,  that  the  ultimate  intensity  of  bending 
stress,  at  the  point  which  first  ruptures,  is  equal  either  to  the 
ultimate  resistance  to  tension  or  compression.  In  this 
respect  at  least,  therefore,  the  ultimate  load  for  flanged 
beams  is  more  easily  and  exactly  determined  than  for 
solid  ones. 

In  Fig.  I  of  Art.  ^i  is  shown  a  **  flanged  beam."  The 
"flanges**  are  the  two  horizontal  parts  above  and  below; 
the  *'web"  is  the  vertical  part  uniting  the  two  flanges  so 
as  to  form  the  perfect  beam. 

In  order  that  there  may  be  economy  of  material  in  the 
beam,  neither  flange  must  begin  to  fail  before  the  other; 
in  other  words,  the  two  exterior  layers  of  fibres,  above  and 
below,  must  begin  to  fail  at  the  same  time. 

The  intensities,  then,  in  these  two  layers  must,  at  the 
instant  of  rupture,  equal  the  ultimate  resistances  to  ten- 
sion and  compression  in  bending. 

These    general    considerations    show   that    the    flange 
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stresses  in  the  flanged  beam  correspond  largely  to  the 
direct  tensile  and  compressive  stresses  of  the  solid  beam, 
and  if  the  bending  resistance  of  the  web  be  neglected  they 
correspond  exactly. 

If  the  bending  resistance  of  the  web  be  recognized,  the 
moment  of  the  internal  stresses  of  a  flanged  beam  has  the 
same  expression  as  for  the  solid  beam, 

^^    KI            ^.    KI  .^ 

M^-T-    or    M=-^, (i) 

according  as  the  failure  is  in  one  flange  or  the  other,  / 
being  the  moment  of  inertia  of  the  entire  section  about  its 
neutral  axis,  and  K  the  intensity  of  stress  in  the  extreme 
fibres  at  the  distance  h^  or  h.  If,  on  the  other  hand,  the 
bending  resistance  of  the  web  is  to  be  neglected,  as  is  fre- 
quently done  in  plate  girders,  the  expression  for  the  mo- 
ment of  the  internal  stresses  takes  a  much  simpler  form.  The 
stresses  of  tension  and  compression  in  the  flanges  are  then 
supposed  to  be  imiformly  distributed  over  the  flange  sec- 
tions, so  that  the  centre  of  stress  in  each  flange  is  the  centre 
of  gravity  of  that  flange  section.  The  normal  or  vertical 
distance  between  those  centres  of  gravity  is  called  the 
effective  depth  of  the  beam  or  girder. 

Let  a  be  the  sectional  area  of  the  tension  flange  and  T 
the  imiform  intensity  of  stress  in  it,  and  let  a'  and  C  be 
the  corresponding  values  for  the  compression  flange,  while 
d  is  the  effective  depth.  Then,  since  aT  =  a'Cy  the  moment 
of  the  internal  stresses  will  be 

M  =  aTd  =  a'Cd (2) 

The  use  of  both  eqs.  (i)  and  (2)  will  be  illustrated  by 
ntmierous  practical  applications. 
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It  is  clear  from  what  has  preceded  that  the  chief  func- 
tion of  the  flanges  is  to  resist  the  bending  proper,  while 
the  main  fimction  of  the  web  is  to  resist  the  transverse 
shear. 


Art.  82. — Flanged  Beams  with  Unequal  Flanges, 

Although  the  tensile  and  compressive  coefficients  of 
elasticity  for  all  the  structural  metals  may  be  taken  the 
same  for  each  metal  in  engineering  design,  the  increasing 
use  of  beams  of  a  composite  nature  makes  it  desirable  to 
treat  flanged  beams  with  unequal  flanges  first  with  equal 
coefficients  of  elasticity  and  tnen  with  imequal. 


Equal  Coefficients  of  Elasticity, 

By  the  common  theory  of  flexure,  if  the  two  coefficients 
of  elasticity  are  equa\  it  has  been  shown  that  if  C,  Fig.i, 


If.-. 


-X- 


h' 


C 


I 
I 

1 


is  the  centre  of  gravity  of  the 
cross-section,  the  neutral  axis 
of  the  section  will  pass  through 
that  point.  Let  it  now  be  sup- 
posed that  the  lower  flange  is  in 
tension,  while  the  upper  is  in  com- 
pression. Also  let  T  represent 
the  ultimate  resistance  to  tension 
in  bending,  and  let  C  represent  the 
same  quantity  for  compression  in 
bending.  Then  since  intensities  vary  directly  as  distances 
from  the  neutral  axis. 


t 


K- 


Fro.  1. 


h,     T  L      iT       'J. 


(i) 
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• 

The  ratio  between  ultimate  intensities  is  represented  by 
n'.     li  d=h+h^\s  the  total  depth  of  the  beam,  and  hence 

Id 

h,=n(,d-h^)=j^ y.    ...     (2) 

If,  as  an  example,  for  structural  steel  there  be  taken 

C       ^        *     19 

The  relation  between  h  and  h^  shown  in  eq.  (2)  is  en- 
tirely independent  of  the  form  of  cross-section.  But 
according  to  the  principles  just  given,  in  order  that  economy 
of  material  shall  obtain,  the  cross-section  should  be  so  de- 
signed that  h  and  h^  shall  represent  the  distances  of  the  centre 
of  gravity  from  the  exterior  fibres. 

The  analytical  expression  for  the  distance  of  the  centre 
of  gravity  from  DF  is 

,   ^yg-^  +  (b  ,  by^i^d  -  if)  +  K^  -  b%' 
^»~  bd+{b-by'-\-(b^-b')t,  •  •    •     U^ 

The  meaning  of  the  ^etters  used  is  fully  shown  in  the 
figure.  In  order  that  the  beam  shall  be  equally  strong  in 
the  two  flanges,  the  various  dimensions  of  the  beam  must 
be  so  designed  that 

x,=K (4) 

It  would  probably  be  found  far  more  convenient  to  cut 
sections  out  of  stiflF  manila  paper  and  balance  them  upon 
a  knife-edge. 
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The  moment  of  inertia  about  the  axis  AB,  thus  deter- 
mined, is 

i^^[bh^+b,h,»-(b-b')(h-n'-(.b,-b'Kh,'t,n 

This  value  is  to  be  substituted  in  eq.  (2)  of  Art.  68,  now 
changed  to 

TIT     C"/      TI 

M=-r  =-7-. 

For  various  beams  whose  lengths  are  /  and  total  load  W 
the  greatest  value  of  M  becomes : 
Cantileve    uniformly  loaded, 

TIT      ^^ 

2 

Can'.ilever  loaded  at  end, 

M^Wl. 
Beam  supported  a'  each  end  and  uniformly  loaded. 

^*^       8        8  ' 

Beam  supported  a  each  end  and  loaded  at  centre, 

Wl 
4 

The  last  two  cases  combined, 


M 


.>.^. 


Sometimes  the  resistance  of  the  web  is  omitted  from 
consideration.     In  such  a  case  the  intensity  of  stress  in 
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each  flange  is  assumed  to  be  uniform  and  equal  to  either 
T  or  C.  At  the  same  time  the  lever-arms  of  the  different 
fibres  are  taken  to  be  uniform,  and  equal  to  h  for  one  flange 
and  /tj  for  the  other,  h  and  h^  now  representing  the  vertical 
distances  from  the  neutral  axis  to  the  centres  of  gravity  of 
Ike  flanges,  while  d=^h+h^. 

On  these  assumptions,  if  /  is  the  area  of  the  upper  flange 
and  /'  that  of  the  lower,  there  will  result 

M^^fCh-hfT.h, (5) 

But  since  the  case  is  one  of  pure  flexure, 

fC=fT (6) 

/,  M=fC{h+h,)'fCd~fTd.      ...     (7) 
Also,  from  eq.  (6), 


(8) 


Or,  the  areas  of  the  flanges  are  inversely  as  the  ultimate 
resistances, 

Uneqiml  Coefficients  of  Elasticity. 

All  the  preceding  results  presuppose  equality  between 
the  coefficients  of  elasticity  for  tension  and  compression. 
In  some  cases  this  presumption  is  not  permissible.  Resort 
must  then  be  made  to  the  formulae  of  Art.  26. 

The  neutral  surface  must  first  be  located.  If  d  is  the 
total  depth  of  the  beam,  h^=^d-h]  h,  then,  must  be  found. 
Eq.  (5)  of  Art.  26,  when  applied  to  Fig.  i,  becomes 

^  rft^>^  (b-b^)(h^fri^rb^(d^^ 

L  2  2  -1       L       2  2 
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£'  representing  the -coefficient  of  elasticity  for  compression, 
and  E  that  quantity  for  tension. 

Performing  the  operations  indicated  and  reducing, 
writing  n  for  E'  -i-  E, 

(n-  iWh^  +  2[nfib  -  60  +t,(b,'-  b')  +  b'd\h 

h  is  to  be  measured  on  the  compression  side  of  the  beam. 

This  is  a  quadratic  equation  of  condition  for  the  deter- 
mination of  h.  It  is  best  to  leave  it  as  it  is  tmtil  the  nimieri- 
cal  substitutions  are  made  and  then  to  solve  it.  h^  imme- 
diately results  from  the  equation  h^^d  —  h. 

Frequently  there  is  no  compression  flange,  the  section 
being  like  that  shown  in  Fig.   2.     In  such 
case  b  is  equal  to  6',  or  ^  is  equal  to  zero; 
hence  the  two  terms  nf  (6  —  b')  and  nf  ^{b  —  V)  ^___^ 

in    eq.    (9)    disappear.     No    other    change  I         > 

occurs.  ^'^'  ^• 

Eq.  (i)  of  Art.  26  then  gives  the  following  resisting 
moment  of  the  section: 

K4,(Mi--(6-y)»-0't^-'^'-^'f-''^>     Co) 

C  is  the  greatest  intensity  of  stress  in  the  section  of  the 
same  kind  as  £'. 

If  the  section  is  like  Fig.  2,  b  again  equals  V  and  the 
term  {b  —  b'){h  —  fy  in  eq.  (10)  disappears,  but  nothing 
else  is  changed. 

If  T  is  the  greatest  stress  on  the  other  side  of  the  neutral 
surface  from  C, 
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In  order  that  the  beam  may  be  equally  strong  in  the 
two  flanges,  the  ratio  between  h  and  h^,  as  determined  by 
eq.  (9),  should  be  the  same  as  that  determined  by  the 
following  process.  If  u  is  the  rate  of  strain  at  units*  dis- 
tance from  the  neutral  surface, 


fe=C,  )         h      CE 


E'uh=C, 
Euh 


If  there  is  no  waste  of  material,  the  cross-section  must 
be  so  designed  that  the  ratios  given  by  eqs.  (9)  and  (12) 
will  be  the  same. 

If  the  thicknesses  of  the  flanges  f  and  t^  are  small  com- 
pared with  the  depth  d  of  the  beam,  and  if  6'  also  is  small, 
i.e.,  if  the  flanges  are  assumed  to  give  the  whole  resistance 
to  bending,  while  the  web  takes  up  the  shea  .  eqs.  (10)  and 
(11)  may  be  much  simplified. 

C     T 
Making,  therefore  6'  =0  in  eq.  (10),  putting  tt^t'  and 

then  expanding  the  quantities  {h  —  Hy  and  {h^  —  t^^, 
M^Cbf(h-f  +  ^j^  +  Tb,t,(h,-t,  +  ^y 

Under  the  conditions  taken,  Cbf  =  TbJ^;  also,  -v  and 

-r-  are  very  small  and  may  be  neglected.     Hence 

M^Cb  (d--f^t,)=TbMd-'t^-t,y.    .     .     (13) 

But  both  of  these  approximations  have  made  M  too 
small.      As     an     approximate     compensation,     therefore, 

—  ( 'J  may  be  written  for  -  {t'  + 1^).     The  moment  then 
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becomes 

M^Cbffd-^^^) (14) 

The  quantity  within  the  parenthesis  of  the  second 
member  of  this  equation  is  evidently  the  distance  between 
the  centres  of  gravity  of  the  flanges,  while  the  quantity 
Cbi'  =  TbJ^  is  simply  the  flange  stress.  Eq.  (34)  is,  then, 
identical  with  eq.  (7),  as  was  to  be  anticipated.  The 
equa  ity  of  flange  stresses  gives 

bf     T 


Kh    c^ 


a  relation  identical  with  eq.  (8). 

If  desirable,  an  approximate  correction  for  the  neglect 
of  the  web  may  be  introduced  in  eq.  (14).  It  has  been 
seen  that  that  equation  is  precisely  the  same  as  if  E' 
were  equal  to  E,  i.e.,  as  if  the  two  coeflficients  of  elasticity 
were  equal.  Now  it  will  be  shown  in  the  next  article  that 
if  E'  =  £,  the  resistance  of  the  web  to  bending  is  equal  to 
that  of  one  sixth  of  its  area  of  normal  section  concentrated 
in  each  flange.  Hence,  if  a  is  the  area  of  the  normal  sec- 
tion of  the  web,  since  bt'  and  b^t^  are  areas  of  the  normal 
sections  of  the  upper  and  lower  flanges,  there  may  be 
approximately  written 

Values  of  C  and  T  may  be  determined  by  experiment. 
In  the  case  of  solid  beams,  it  has  been  seen  that  if  r  and 
f^  are  certain  ratios,  K-=rT  or  r'C.     Hence,  snce  the  web 
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of  a  flanged  beam  is  really  a  solid  beam  subjected  to  flexure, 
eq.  (15)  may  be  written 

M  =  rZ?(a'+^)-CZ)(a"+^V       .     .     (16) 


in  which 

t'  +  t 
D=d *=  depth  between  flange  centres; 

a   =  area  of  section  of  web ; 
a'  =6j/j=area  of  bottom  flange; 
a"  =  6^  =  area  of  top  flange ; 
r   ^K-i-T,  and  r' ^K-^C. 

Cast-iron  Flanged  Beams. 

In  Art.  69  it  has  been  seen  that  the  ratio  r  is  equal  to 
about  2  for  a  solid  bar  with  square  cross-section.  This 
would  make  r-^6=J.  A  few  imperfect  experimental 
indications,  however,  seem  to  indicate  a  decrease  of  r  for 
a  greater  ratio  of  depth  to  breadth.  Let,  therefore, 
r  -5-  6  =  o.  2  5 .     Eq.  (16)  then  becomes 


M 


-TD(a'+^^ (17) 


If  W  =  centre  breaking  load  in  pounds, 

Wj  =  total  tmiform  breaking  load  in  potmds, 

/=span  in  feet, 
12/ «  span  in  inches. 


W.12I 


=  3Wl  =  TD(a^+^; 


TD 


(-:) 


•  • 


^ V^ (x8) 
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In  the  same  manner 


TD 


(-:) 


W^t  =  2 N-^-^ (19) 

Or,  if  pi  is  the  weight  of  the  beam,  supposed  uniformly 
distributed, 


(--f')  - 


TD 


3I 


•        • 


(20) 


It  has  been  shown  under  the  head  of  ** Tension"  that  T 
varies  from  15,000  poimds  per  square  inch,  for  ordinary- 
castings,  to  30,000  for  those  of  extra  quality.  In  eqs.  (18), 
(19),  and  (20), 

D  must  be  taken  in  inches; 

a  and  a'  in  square  inches;    and 

/  in  feet. 

Those  equations  have  been  verified  in  a  most  satisfac- 
tory manner  by  the  numerous  English  experiments  of 
Hodgkinson  and  Cubitt  (**  Experimental  Researches,"  etc., 
by  Eaton  Hodgkinson,  F.R.S.,  1846),  and  Berkley  C'Proc. 
Inst,  of  Civil  Engineers,"  Vol.  XXX),  as  shown  by  the 
tables  in  those  publications. 

Cast-iron  Beams  without  Upper  Flange. 

When  the  beam  has  the  section  shown  in  Fig.  2  eq.  (10) 
should  be  used  in  all  such  cases  where  anything  more  than 
a  very  loose  approximation  is  desired.  In  that  equation  n 
may  be  taken  equal  to  unity,  the  great  irregularities  in 
the  ratio  of  the  two  coefficients  of  elasticity  precluding  any 
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Other  value.     Since,  in  this  case  (see  Fig.  i),  b=b\  %\.  (10) 
becomes 

M=^hh*  +  h,h*-{b,-h')(h-t,)*\,    .     .     (21)* 

The  distance  of  the  centre  of  gravity  of  the  beam's 
section  from  its  lower  side  DF,  Fig.  i,  is  foimd  by  making 
6  =fe'  or  /'  =0  in  eq.  (3)  and  writing  h^  for  x^, 

^»     2[b'd+{b,-b%\ ^"^ 

The  total  depth  of  the  beam  being  d,  there  may  at 
once  be  written 

h^d-h^ (23) 

By  the  aid  of  eqs.  (22)  and  (23)  h  and  h^  at  once  be- 
come known  and  eq.  (21)  may  be  employed  in  practical 
applications. 

In  designing  beams  of  this  class  the  preceding  equa- 
tions must  be  used  to  some  extent  in  a  trial  manner. 

If  the  weight  of  the  beam  is  taken  into  consideration, 
as  in  eq.  (20),. 


M 


^{w.^y 


A  mean  of  three  of  Mr   Hodgkinson's  beams  of  4.5  feet 
span,  5.125  inches  depth,  gave 

W  +  —  =8766  lbs.      and      C  =  45,700  lbs. 

One  of  Mr.  Cubitt's  beams  of  15  feet  span  and  14  inches 

depth  gave 

pi 
W+— =28,100  lbs.     and    C  =  30,850  lbs. 
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The  bottom  flange  of  this  beam  was  unsound. 

C  must  necessarily  depend  upon  the  span,  since  that 
portion  of  the  web  which  is  subjected  to  compression  is 
somewhat  in  the  condition  of  a  long  column.  This,  indeed, 
is  true  of  the  compression  flange  of  any  flanged  beam,  but 
the  effects  resulting  from  such  a  condition  are  much  more 
marked  in  the  class  of  beams  shown  in  Fig.  2. 

If,  then,  W  is  the  centre  breaking  weight  and  W^  the 
total  imiform  breaking  load  (not  including  the  weight  of 
the  beam),  eq.  (21)  becomes 

^-•T-=^t^^*+W-(&i-&')(^»-01-7.     (24) 

In  this  equation  /  must  be  taken  in  feet  and  other  di- 
mensions in  inches. 

For  5  feet  span  C  may  be  taken  at  45,000  lbs. 
For  15  feet  span  C  may  be  taken  at  35,000  lbs. 

Design  of  Beams. 

In  order  that  a  beam  with  top  and  bottom  flanges  may 
give  the  best  result,  i.e.,  reach  its  ultimate  resistance  in 
each  flange  at  the  same  time,  Mr.  Hodgkinson  found  that 
the  area  of  the  lower  flange  section  should  equal  about  six 
times  that  of  the  upper.  That  relation  has  been  antici- 
pated in  eq.  (8). 

In  general,  if  it  is  desired  to  design  a  cast-iron  flanged 
beam  to  carry  any  load  whatever  producing  the  bending 
moment  M,  in  inch-pounds,  eq.  (17)  shows  that  the  sum  of 
flange  and  web  areas  in  square  inches  must  be 

,    a     M  ,    . 

«+i=f5 (^s) 
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For  ordinary  castings  T  =  15,000  to  18,000  pounds 
per  square  inch  for  ultimate  resistance  or  2000  to  3000 
pounds  per  square  inch  for  intensity  of  working  resistance 
in  designing. 

With  /  expressed  in  feet,  if  pi  is  the  weight  of  the  beam 
itself,  eq.  (20)  gives  for  a  load  W  at  the  centre  of  span 

''^rfui^^fl w) 

If  the  load  is  uniformly  distributed  and  represented 
by  VFp  including  the  weight  of  the  beam  itself,  eq.  (19) 
gives 

«'+r^^» (^7) 


PROBLEMS. 

Prob.  I.  A  cast-iron  flanged  beam  like  Fig.  i  and  of 
8  feet  effective  span  must  be  designed  to  carry  a  uniform 
load  of  23,000  pounds  in  addition  to  its  own  weight.  Find 
the  dimensions  of  the  cross-section.  Eq.  (27)  is  to  be  used. 
The  depth  D  between  centres  of  flanges  will  be  taken  at 
10  inches,  and  a  trial  weight  of  beam  of  600  pounds  will 
be  assumed.  The  working  stress  T  will  be  assumed  at 
2000  potmds  per  square  inch.     Eq.  (27)  then  gives 

o  3X8 

a  +-  =-— — 23,600  =  14.15  sq.  ms. 

4     2X2000X10    "^  -r     J    -1 

If  the  lower  flange  be  made  loX  li  inches  and  tne  web 
9Xi  inches, 

a' =  12.5  sq.  ins.     and    --  =  9Xf  Xi  =  1.69  sq.  ins. 

4 
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The  dimensions  satisfy  the  above  equation  and  make 
good  proportions.  The  upper  flange  may  then  be  taken 
2.t  3  X  i  inches,  giving  an  area  a  little  more  than  one  sixth 
of  the  lowe  flange  area.  The  total  area  of  beam  section 
will  then  be 

9Xi  +  3Xi  +  ioXi}  =  2i.5  sq.  ins. 

Prob.  2  It  is  required  to  design  a  cast-iron  flanged 
beam  oi  5  ft.  effective  span  to  carry  a  load  of  1800  lbs. 
applied  at  the  centre  of  span,  the  section  of  the  beam  to 
be  like  that  shown  in  Fig.  2,  i.e.,  without  upper  flange. 
The  greatest  permitted  working  stress  in  compression  will 
be  8000  lbs.  per  sq.  in.,  and  the  total  depth  of  the  beam  is  to 
be  taken  at  9  inches. 

Referring  to  eq.  (21),  eq.  (22),  and  Fig.  i  for  the  notation, 
the  given  data  and  the  dimensions  to  be  assumed  for  trial 
will  be  as  follows:  rf=9  ins.;  6  =6'=  J  in.;  6^=8  ins.; 
^j  =  I  in. ;  /  =  5  ft. ;  and  C  =  8000.  The  introduction  of 
these  values  into  eq.  (22)  will  give  for  the  distance  of  the 
centre  of  gravity  above  the  bottom  surface  of  the  beam 

/tj==2.6ins.     and    /t=d— ^^=6.4  ins. 

The  preceding  trial  dimensions  will  make  the  beam 
weigh  about  50  lbs.  per  lineal  foot.  If  all  the  preceding 
values  are  substituted  in  eq.  (22),  which  is  simply  another 
form  of  eq.  (21),  there  will  be  found 

TV  =  1994— 125  =  1869  lbs. 

The  trial  dimensions,  therefore,  give  the  centre-load 
capacity  of  the  beam  69  pounds  greater  than  required, 
which  may  be  considered  sufficiently  near  to  show  that  the 
assumed  dimensions  are  satisfactory. 
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Art.  83. — Deflection  of  Cast-iron  Flanged  Beams. 

If  W  is  the  centre  load  in  pounds,  /  and  w  the  span  and 
centre  deflection,  respectively,  in  inches,  and  /  the  moment 
of  inertia  of  the  cross-section,  eq.  (28)  of  Art.  22  gives 

^=^8^ W 

Or,  if  /  is  in  feet,  which  is  more  convenient, 

x6WJ^ 

^-hr (») 

A  mean  of  two  ot  Mr.  Berkley's  beams  gave 

/  =  4.5  feet;    w  =0.284  inch;    W^  =  20,160 lbs.; 
7  =  18.74.         Hence     £  =  12,424,600  lbs. 

A  mean  of  two  of  Mr.  Cubitus  beams  gave 

/  =  i5  feet;    t£;  =  o.46s  inch;     TV  =  11,200 lbs.; 
7  =  227,03.      Hence  £  =  12,886,720 lbs. 

The  four  preceding  beams  had  top  and  bottom  flanges, 
as  in  Fig.  i.  Art.  82.  Another  of  Mr.  Cubitt's  beams,  with- 
out top  flange,  as  in  Fig.  2  of  the  same  article,  gave 

/  =  15  feet;    «;  =  0.41  inch;     TV  =  13,440 lbs.; 
7  =  373.  Hence    E  =  10,679,400  lbs. 

This  last  beam  had  a  defective  bottom  flange,  hence 
there  may  be  taken  without  essential  error 

E  =  12,000,000  lbs. 
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Taking  I  in  feet,  eq.  (2)  now  gives  for  the  centre  deflec- 
tion 

w=- — f (3) 

1,000,000/  ^^^ 

in  which  W  is  either  the  centre  load,  or  five  eighths  (fths) 
the  total  uniform  load,  as  the  case  may  be. 

The  formula  by  which  /  is  to  be  computed  is  the  one 
which  immediately  follows  eq.  (4)  of  Art.  82. 

Art.  84. — Flanged  Beams  with  Equal  Flanges. 

Nearly  all  the  flanged  beams  used  in  engineering  prac- 
tice are  composed  of  a  web  and  two  equal  flanges.  It  has 
already  been  seen  that  the  ultimate  resistances,  T  and  C, 
of  structural  stee  and  wrought  iron  to  tension  and  com- 
pression are  essentially  equal  to  each  other;  the  same  may 
be  said  a' so  of  their  coefficients  of  elasticity  for  tension 
and  compression.  These  conditions  require  equal  flanges 
for  both  steel  and  wrought-iron  rolled  beams. 

In  Fig.  I  is  represented  the  normal  cross-section  of  an 
equal-flanged  beam.  It  also  approximately  represents 
what  may  be  taken  as  the  section  of  ^  c 

any  wrought-iron  or  steel   I  beam,  the  [^ 

exact    forms    with    the    corresponding  h 


moments  of  inertia  being  given  in  Art.  ^ 

58.     Although   the   thickness   f  of  the  i 

flanges  of  such  beams   is  not  uniform,  1 

such  a   mean  value   may  be   taken  as  1 

will   cause   the    transformed   section  of  | 

Fig.   I  to  be  of  the  same  area  as  the  i    ^ 


■^ 


i 


original  section.  ' -^ 

Unless  in  exceptional  cases  where 
local  circumstances  compel  otherwise, 
the  beam  is  always  placed  with  the  web  vertical,  since  the 
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resistance  to  bending  is  much  greater  in  that  position. 
The  neutral  axis  HB  will  then  be  at  half  the  depth  of  the 
beam.  Taking  the  dimensions  as  shown  in  Fig.  i,  the  mo- 
ment of  inertia  of  the  cross-section  about  the  axis  HB  is 

^= — r2 — ' (^> 

while  the  moment  of  inertia  about  CD  has  the  value 

_         2fb'  +  ht' 

/i= (2) 

»  12  ^  ' 

With  these  values  of  the  moment  of  inertia,  the  general 

fonnula,  M=^,  becomes  (remembering  that  d,J-  or  ^ 

a*  2  2/ 

or 

M'-C^  \l (4) 

C  is  written  for  K,  since  K  =  T  =^C, 

Eq.  (3)  is  the  only  formula  of  much  real  value.     It  will 

be  found  useful  in  making  comparisons  with  the  results  of  a 

simpler  formula  to  be  immediately  developed. 

d 
Let  d^    =J(^  +  ^)-     Since  t'  is  small  compared  with  -, 

the  intensity  of  stress  may  be  considered  constant  in  each 
flange  without  much  error.  In  such  a  case  the  total  stress 
in  each  flange  will  be  Cbf  =  Tbi\  and  each  of  those  forces 
will  act  with  the  lever-arm  \d^.  Hence  the  moment  of 
resistance  of  both  flanges  will  be 

CW .  d,. 
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The  moment  of  inertia  of  the  web  will  be  — .     Conse- 

12 

quently  its  moment  of  resistance  will  have  very  nearly  the 
value 

Cth^ 
6  • 

The  resisting  moment  of  the  whole  beam  will  then  be 

M^c(bt'd,+*^^^ (5) 

A  further  approximation  is  frequently  made  by  writing 
djt  for  h^\  then  if  each  flange  area  bf  =/,  eq.  (5)  takes  the 
form 


M 


-Cd,{f+^) (6) 


Eq.  (6)  shows  that  the  resistance  of  the  web  is  equivalent 
to  that  of  one  sixth  the  same  amount  concentrated  in  each 
flange. 

If  the  web  is  very  thin,  so  that  its  resistance  may  be 
neglected, 

M=^Cfd,=Cbfd,,       .....     (7) 

or 

f-§, w 

Cases  in  which  these  formulae  are  admissible  will  be 
given  hereafter.  It  virtually  involves  the  assumption  that 
the  web  is  used  wholly  in  resisting  the  shear,  while  the 
flanges  resist  the  whole  bending  and  nothing  else.  In 
other  words,  the  web  is  assumed  to  take  the  place  of  the 
neutral  surface  in  the  solid  beam,  while  the  direct  resistance 
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to  tension  and  compression  of  the  longitudinal  fibres  of  the 
litter  is  entirely  supplied  by  the  flanges. 

Again  recapitulating  the  greatest  moments  in  the  more 
commonly  occurring  cases: 

Cantilever  uniformly  loaded, 

M-^.t^. (,) 

2  2 

Cantilever  loaded  at  the  end, 

M='Wl (lo) 

Beam  supported  at  each  end  and  uniformly  loaded, 

^=X=T ("> 

Beam  supported  at  each  end  and  loaded  at  centre, 

Wl 

M=— (I2) 

Beam  supported  at  each  end  and  loaded  both  uniformly 
and  at  centre. 


M 


-i^*^ (-3) 


In  all  cases  W  is  the  total  load  or  single  load,  while  p,  as 
usual,  is  the  intensity  of  uniform  load,  and  /  the  length  of  the 
beam. 

Art.  85. — Rolled  Steel  Flanged  Beams. 

The  resisting  moments  of  all  rolled  steel  beams  sub- 
jected to  bending  are  computed  by  the  exact  formula 

M-S (0 
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K  being  the  greatest  intensity  of  stress  (i.e.,  in  the  extreme 
fibres)  at  the  distance  d^  from  the  neutral  axis  about  which 
the  moment  of  inertia  I  is  taken.  In  all  ordinary  cases 
the  webs  of  beams  are  vertical  so  that  the  axis  for  /  is 
horizontal;  but  it  sometimes  is  necessary  to  use  the  mo- 
ment of  inertia  /  computed  about  the  axis  passing  through 
the  centre  of  gravity  of  section  and  parallel  to  the  web. 
The  latter  is  frequently  employed  in  considering  the  lateral 
bending  effect  of  the  compression  in  the  upper  flange. 

The  upper  or  compression  flange  of  a  rolled  beam 
tmder  transverse  load,  tmless  it  is  laterally  supported,  is 
somewhat  in  the  condition  of  a  long  column  and,  hence, 
tends  to  bend  or  deflect  in  a  lateral  direction.  This  ten- 
dency depends  to  some  extent  on  the  ratio  of  the  length  of 
flange  (/)  to  the  radius  of  gyration  (r)  of  the  section  about 
the  axis  parallel  to  the  web,  as  will  be  shown  in  detail  in 
a  later  article.  It  will  be  found  there  that  the  ultimate 
compression  flange  stress  decreases  as  the  ratio  /-^r  in- 
creases. Hence  in  Table  I  there  will  be  found  values  of 
l-^r  for  the  different  beams  tested. 

The  results  of  tests  given  in  Table  I  were  fotmd  by 
Mr.  James  Christie,  Supt.  of  the  Pencoyd  Iron  Co.,  and 
they  are  taken  from  a  paper  by  him  in  the  **  Trans.  Am. 
Soc.  C.  E."  for  1884.  All  beams,  both  I  and  bulb,  were 
loaded  at  the  centre  of  span.  Hence  the  moment  of  the 
centre  load,  W,  and  the  uniform  weight  of  the  beam  itself, 
pi,  will  be,  as  shown  in  eq.  (13)  of  Art.  84, 

^-i^-^-% « 


Hence 

d,l 
4KI 


K^^L[w+fl (3) 
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The  known  data  of  each  test  will  give  all  the  quanti- 
ties in  the  second  member  of  eq.  (3).  The  two  columns 
of  elastic  and  ultimate  values  of  K  in  the  table  were  com- 
puted by  eq.  (3).  The  positions  of  the  bulb  beams  (i.e., 
the  bulb  either  up  or  down)  in  the  tests  are  shown  by  the 
skeleton  sections  in  the  second  column. 

The  coefficients  of  elasticity  E  were  computed  from 
the  data  of  the  tests  taken  below  the  elastic  limit  by  the 
aid  of  eq.  (21),  Art.  22: 


""^^^m 


\W+ipl\. (4) 


W  being  the  centre  load  and  pi  the  weight  of  the  beam, 
the  length  of  span  /  being  given  in  inches. 

All  beams  were  rolled  at  the  Pencoyd  Iron  Works. 
The  **mild  steel*'  contained  from  o.ii  to  0.15  per  cent,  of 
carbon,  and  the  *'high  steel"  about  0.36  per  cent,  of  carbon. 
These  steels  are  the  same  as  those  referred  to  in  Art.  60. 

No.  14  is  the  only  test  of  a  **high"  steel  beam;  all  the 
remaining  tests  being  with  mild-steel  shapes.  Tests  3  to 
9  inclusive  were  of  deck  or  bulb  beams,  as  the  skeleton 
sections  show. 

Beams  3  and  4  were  rolled  from  the  same  ingot,  as  were 
also  6  and  7,  as  were  also  10,  12,  and  13,  and  as  were  also 
16,  17,  18,  and  19.  All  beams  were  unsupported  laterally 
in  either  flange.  The  moments  of  inertia  were  computed 
from  the  actual  beam  sections.  The  length  of  span  is 
represented  by  /,  while  r  is  the  radius  of  gyration  of  each 
beam  section  about  an  axis  through  its  centre  of  gravity 
and  parallel  to  its  web.     The  values  of  r  were  as  follows : 


5  inch  I  ...  .r— 0.54  inch. 

6  "     "..,.r-o.63 

7  "     " r=o.7i 

9    "     "....r-0.83 


3  inch  I . . .  .r — o .  59  inch. 


If 


c< 


8 
10 

13 


« 


(C 


tt 


« 


•  .  .  • »  ' 
.  • .  . »  " 


>o.88 

o  95 
1. 01 


u 

M 
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Table  I. 

TRANSVERSE  TESTS  OF  STEEL  BEAMS. 


No. 


X 

a 
3 
4 
5 
6 

7 
8 

9 
xo 

IX 

xa 
13 
14 
15 
x6 

17 
x8 

19 
90 
ax 
aa 
a3 
a4 
as 
a6 

27 

a8 


Kind  of 
Beam. 


Mild 


«« 
ti 
•i 
<< 
<< 
<• 
■I 
<i 

•  4 

•  i 


c 


Span 
in  Ins. 


High 
Mild  10 
"     10 


«• 
•I 
It 
ti 
It 
It 
(I 
It 
t( 
It 
It 
•t 


10 
10 
xa 
xa 
xa 
xa 
xa 


xa 
xa 
xa 
xa 
xa 


//  «• 
It  «l 
//  11 

rt  11 
//  •• 
//  i< 
//  It 
ft  11 
//  II 
/  It 
ft  •• 
//  It 
ft  II 


59 
39 
X08 
X08 
96 
69 

69 
340 
340 
a  40 
a4o 
144 

96 

39 
IS6 
168 
x8o 
X9a 
a40 
340 
aaS 
ai6 
ao4 
19a 
19a 
180 
168 
156 


I 

r 


Moment 

of 
Inertia. 


xoo 

66 

aoo 

aoo 

15a 

97 

97 

390 

390 

373 

273 

X64 

109 

164 
177 
189 
aoa 
238 
238 
a36 

214 

aoa 

190 
190 

178 
166 

154 


a. 76 
a. 76 
xa 
xa 
aa 

37.6 
37.6 
84.8 
8a.  9 
70. a 

70.3 

70.  a 

70. a 

2.74 

150.5 

150.5 

150.5 

150.5 

264.7 

367  .6 

273-8 

263.7 

256.7 
257.8 
a6a.6 
a6a.4 
264.0 
a6x .  7 


Final 

Centre 

Load  in 

Pounds. 

K  in  Pounds  per 
Square  Inch  at 

Elastic. 

Ultimate 

5,500 

8,300 

8,800 

8,400 

14,860 

34.000 

34,000 

14.500 

13,500 

13.000 

12,930 

19.480 

31.300 

41,100 
40,800 
50,000 
46,900 
51,200 
47,100 
47,100 
46,000 
39.800 
37.600 
37,500 
32,800 
40,300 
54,300 
35.000 
35,200 
35,000 
34.400 
33.400 
32,500 
27.500 
35.600 
32,100 
38,000 
37.300 
37,700 
36,300 
38,400 

45.200 
45,100 
55.000 
52,500 
54,300 
59.300 
59.300 
51.300 
48,800 
44.400 
44.100 
39.900 
43,800 

1 1,500 

aa,500 

a  1 ,000 

X  9,500 
18,000 

24,500 

24,200 

3  3,000 

29,000 

a  7, 000 

34,000 
34,000 
36,700 
38,000 

43,000 

Coefficient  of 

Elasticity  E^ 

in  Pounds  per 

Square  Inch. 

30,890,000 
25.011,000 
a7, 7 18,000 
25*489,000 
a3. 692,000 
18,765,000 
23,040,000 
29,923,000 
30,309,000 
38,889,000 
29,055,000 
31,313,000 
23,689,000 
27.515,000 
38,4x4,000 
37,183.000 
39,160,000 
39,737,000 
30,749,000 
29.568,000 
39,164,000 
30,3x9,000 
30,030,000 
29,709,000 
28,334,000 
27,717,000 
38,784,000 
37,818,000 


The  values  of  K  both  for  the  elastic  limit  and  the  ulti- 
mate are  erratic,  and  the  range  of  results  in  the  table  is  not 
sufficient  to  establish  any  law,  but  on  the  whole  the 
small  ratios  l-^r  accompany  the  larger  values  of  K.  The 
bulb  or  deck  beams  also  appear  to  give  larger  values  of 
K  than  the  I  beams. 

The  results  of  these  tests  indicate  that  the  greatest 
working  intensities  of  stress  in  the  flanges  of  rolled  steel 
beams  may  be  taken  from  12,000  to  16,000  pounds  per 
square  inch  if  the  length  of  unsupported  compression 
flange  does  not  exceed  15  or  to  2oor. 

In  the  work  of  design,  the  quantity  /  -^rf^  used  in  eq.  (2), 
called  the  **  section  modulus,"  is  much  employed,  and  it 
can  be  taken  directly  from  the  Cambria  Steel  Company's 
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tables  at  the  end  of  the  book,  as  can  the  moment  of  inertia  /. 
Eq,  '  2)  shows  that 

d'K ^^^ 

Hence  the  moment  of  the  loading  in  inch-pounds  di- 
vided by  the  allowed  greatest  flange  stress  in  pounds  per 
s^juare  inch  must  be  equal  or  approximately  equal  to  the 
section  modulus  of  the  required  beam. 

Prob.  I.  It  is  require*!  to  design  a  rolled  steel  beam 
for  an  efiective  sp:in  of  20  ft.  to  carr\'  a  uniform  load  of 
725  lbs.  pc*r  linear  f.X)t  in  addition  to  the  weight  of  the  beam 
itself,  the  circumstances  being  such  that  it  is  not  a  dis- 
able to  use  a  greater  total  depth  of  beam  than  12  ins. 
The  greaiest  permitted  extreme  fibre  stress  K  will  be 
taken  at  12,000  lbs.  per  sq.  in.  It  will  be  assumed  for 
trial  purposes  that  the  beam  itself  will  weigh  35  lbs.  per 
linear  ifyot,  so  that  the  total  uniform  load  will  be  760  lbs. 
per  linear  foot.  The  centre  moment  in  inch-pounds  will, 
therefore,  be 

_-     760X20X20X12  ^  .     „ 

M  = ^ =456,000  m.-lbs. 

By  eq.  (5)  the  section  modulus  will  be  456,000-^12,000 
«38.  By  referring  to  the  Cambria  Steel  Company's 
tables  at  the  end  of  the  book  it  will  be  found  that  this 
section  modulus  belongs  to  a  12-in.  35-lb.  steel  roUed 
beam,  and  that  beam  fulfils  the  requirements  of  the 
problem. 

Prob.  2.  It  is  required  to  design  a  rolled  steel  beam 
for  a  32-ft.  effective  span  to  carry  a  load  of  1280  lbs.  per 
linear  foot  in  addition  to  the  weight  of  the  beam,  and  a 
concentrated  load  of  11,000  lbs.  at  a  point  11  ft.  distant 
from  one  end  of  the  span.     The  greatest  permitted  work- 
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ing  stress  in  the  extreme  fibres  of  the  beam  is  16,000  lbs. 
per  sq.  in. 

It  will  be  asstmied  for  trial  purposes  that  a  24-in.  beam 
weighing  95  lbs.  per  linear  foot  will  be  required  so  that 
the  total  uniform  load  per  linear  foot  will  be  1375  pounds. 
It  will  then  be  necessary  to  ascertain  at  what  point  in  the 
span  the  maximum  bending  moment  occurs,  i.e.,  at  what 
point  the  transverse  shear  is  equal  to  zero.  Let  a  be  the 
distance  of  the  concentrated  weight  from  the  nearest  end 
of  the  span,  i.e.,  a  =  11  ft.  Then  et  P  be  the  single  weight, 
p  the  total  uniform  load  per  linear  foot,  and  /  the  length 
of  span.  The  following  equation  representing  the  condi- 
tion that  the  transverse  shear  must  be  equal  to  zero  may 
be  written 

pi     _  ,  Pa 
2 


—  —  px  +  -^-=^o. 


Hence 


/     Pa 

^  =  -+-77. 
2     pi 


In  the  above  equation  x  is  obviously  the  distance  from 
that  end  of  the  span  farthest  from  P  to  the  section  of 
greatest  bending  moment.  Substituting  the  above  ntmieri- 
cal  values  in  the  equation  for  x,  there  will  result 

^==16  +  2.75  =  18.75  f^- 

Since   32  —  18.75=13.75,  the  following  will   be  the  value 
of  the  greatest  bending  moment  in  inch-pounds : 

(i^.7«?Xi8.7q                   11,000X11       „      \ 
J±n^ ZAx  13.25  +  -^-^^ X  18.7s  ji2 

=  2,900,363  inch-pounds. 
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The  section  modulus  of  the  beam  required  is  by  eq.  (5) 
2,900,363-^16,000  =  181.  The  section  modulus  of  a  24.-in. 
steel  beam  weighing  85  lbs.  per  linear  foot  is  180.7,  as  i^-ill 
be  foimd  by  referring  to  the  tables  at  the  end  of  the  book. 
Hence  that  beam  will  be  assumed  for  the  correct  solution 
of  the  problem.  The  fact  that  the  beam  weighs  10  lbs. 
per  linear  foot  less  than  the  assumed  weight  has  too  small 
an  effect  upon  the  greatest  bending  moment  to  call  for 
any  revision. 

Prob.  3.  A  steel  tee  beam  of  8  ft.  span  is  to  be  used  as 
a  purlin  to  carry  a  imiform  load  of  125  lbs.  per  linear  foot 
with  the  web  of  the  tee  in  a  vertical  position.  The  greatest 
permitted  intensity  of  stress  in  the  extreme  fibre  of  the 
tee  is  14,000  lbs.  per  sq.  in.  It  is  required  to  find  the 
dimensions  of  the  tee.  By  referring  to  eq.  (5)  the  section 
modulus  will  be  written 

^  1^0x96^  g^j^ 

8X14,000 

By  refeiring  to  the  Cambria  Steel  Company's  tables 
it  will  be  found  that  a  3X3X7^  ^'  steel  tee  weighing  6.6 
lbs.  per  lin.  ft.  has  just  the  section  modulus  required. 
That  tee  therefore  fulfils  the  requirements  of  the  problem. 

Prob.  4.  It  is  required  to  support  a  single  weight  of 
12,000  lbs.  at  the  centre  of  a  span  of  13  ft.  6  ins.  on  two 
rolled  steel  channels  with  their  webs  in  a  vertical  position 
and  separated  back  to  back  by  a  distance  of  3  ins.,  the 
greatest  permitted  intensity  of  stress  in  the  extreme  fibre 
of  the  flanges  being  15,000  lbs.  Find  the  size  of  channels 
required. 

Art.  86.— The  Deflection  of  Rolled  Steel  Beams. 

The  deflections  of  rolled  steel  beams  may  readily  be 
computed  by  the  formulae  of  Art.  22.     The  general  pro- 
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cedure  will  be  illustrated  by  using  the  equations  for  a  non- 
continuous  beam  simply  supported  at  each  end  and  loaded 
by  a  weight  at  the  centre  of  span,  or  uniformly,  or  in  both 
ways  concurrently.  Eq.  (20)  will  give  the  deflection  at 
any  point  located  by  the  coordinate  x,  while  eq.  (21)  will 
give  the  centre  deflection  only.  The  tangent  of  the  in- 
clination of  the  neutral  surface  at  any  point  located  by  x 

div 
will  be  given  by  the  value  of  -t-  fotmd  in  eq.  (19). 

Prob.  I.  Let  the  centre  deflection  of  the  rolled-steel 
beam  of  Prob.  i  of  Art.  85  be  required.  Referring  to 
eq.  (21)  of  Art.  22, 

W  ^o\    /  =  20  feet  =  240  inches ;    p  =  760  potmds ; 
7  =  228.3;    and    E  may  be  taken  at  29,000,000. 

Hence  the  centre  deflection  is 

240X240X240X5X760X20  .     . 

w.  =  — o  ,^  Q —- — 5 —  =  .414  mch. 

*      48x8x29,000,000X228.3        ^  ^ 

If  half  the  external  imiform  load  of  725  pounds  per 
linear  foot  had  been  concentrated  at  the  centre  of  span, 

72 1?  X  20 
W^-^^ — «  7250  potmds;    p^zs 

and  /  =  20  ft.  =  240  ins.     Also    pi  =  j 00  potmds. 

Hence  the  centre  deflection  would  be 

240 X  240 X 240  X  (7250 +  437 -5)       , , ,  •     . 
^'^        48 X 29,000,000 X 228.3         "  •  3^^  ^^^• 

Prob.  2.  In  Prob.  2  of  Art.  85  place  the  11,000-potmd 
weight  at  the  centre  of  span,  then  find  the  inclination  of 
the  neutral  surface  and  the  deflection  of  the  24-inch  85- 
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pound  steel  beam  at  the  centre  and  quarter  points  of  the 
32-foot  span,  taking  JE « 29,000,000  pounds. 

Art.  87. — Wrought-iron  Rolled  Beams. 

Although  wrought-iron  rolled  beams  are  not  now  manu- 
factured, being  completely  displaced  by  steel  beams,  yet 
many  are  still  in  use.  Hence  it  is  advisable  to  exhibit 
the  empirical  quantities  required  to  design  them  and  to 
determine  their  safe  carrying  capacities  as  well  as  their 
deflections  imder  loading. 

It  has  been  observed  in  Art.  74  that  the  upper  or  com- 
pression flange  of  a  loaded  flanged  beam  will  deflect  or 
tend  to  deflect  laterally  at  a  lower  intensity  of  compressive 
stress  as  the  tmsupported  length  of  such  a  flange  is  in- 
creased. The  experimental  results  given  in  Table  I  ex- 
hibit the  values  of  the  intensity  of  stress  K  in  the  extreme 
fibres  of  the  beam  both  at  the  elastic  and  ultimate  limits, 
the  usual  formula  for  bending  resistance  being  used, 

^^=T, (^) 

In  the  autumn  of  1883  an  extensive  series  of  tests  of 
wrought-iron  rolled  beams,  subjected  to  bending  by  centre 
loads,  was  made  by  the  author,  assisted  by  G.  H.  Elmore, 
C.E.,  at  the  mechanical  laboratory  of  the  Rensselaer  Poly- 
technic Institute.  The  object  of  these  tests  was  to  dis- 
cover, if  possible,  the  law  connecting  the  value  of  K  for 
this  class  of  beams  with  the  length  of  span  when  the  beam 
is  entirely  without  lateral  support.  The  means  by  which  the 
latter  end  was  •  accomplished,  and  a  full  detailed  account 
of  the  tests  will  be  found  in  Vol.  I,  No.  i,  "  Selected  Papers 
of  the  Rensselaer  Society  of  Engineers."  The  main  results 
of  the  tests  are  given  in  Table  I.  All  the  tests  were  made 
on  6-inch  I  beams  with  the  same  area  of  normal  cross- 
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Table  I. 


Span, 
Feet. 

Pinal 
Centre 

/ 

K 

Permanent 
Vertical 

Permanent 
Lateral 

E 

No 

Pmmrfa  rw»^ 

A^\J 

Weight, 
Pounds. 

—  • 
r 

Elastic 
Limit, 

Ultimate, 
Pounds. 

Deflection, 
Inches. 

Deflection, 
Inches. 

Square  Inch. 

Potinds. 

1 

2 

^20 

4,060 
4,200 

400 
400 

27,726 
29,623 

31,094 
32,885 

0.14 
0.30 

24,170,000 
26,374,000 

3 

}■« 

4,390 

360 

28,264 

30,791 

0.2 

0.5 

24,520,000 

4 

4,570 

360 

28,264 

32,020 

0.18 

0.4 

24,313,000 

5 

[16 

4,770 

320 

26,564 

29,579 

0.28 

1. 00 

25,771,000 

6 

5,270 

320 

29,596 

32,632 

0.48 

1.25 

25,003,000 

7 

[14 

6,130 

280 

31,191 

33,049 

0.30 

1 .20 

26,082,000 

8 

6,125 

280 

31,164 

33,023 

0.30 

1. 10 

23,373,000 

9 

^2 

7,161 

240 

30,221 

32,907 

0.35 

1.08 

25,287,000 

10 

f 

7,350 

240 

31,314 

33,817 

0.33 

1.09 

24,022,000 

II 

f,o 

9,255 

200 

33,082 

35,358 

0.39 

1.08 

25.115,000 

12 

9,655 

200 

33,082 

37.064 

0.50 

1.50 

24,218,000 

13 

[  ^ 

1 1,485 

160 

29,736 

35,010 

0.30 

0.90 

21,611,000 

14 

11,980 

160 

31,936 

36,527 

0.29 

1.05 

21,987,000 

15 

l« 

18.300 

120 

35,497 

41,737 

0.605 

1.53 

23,040,000 

16 

18,145 

120 

36,617 

41,396 

0.67 

1.88 

20,935,000 

17 

.   5 

22,870 

100 

34,136 

43,434 

0.67 

1.75 

22,023,000 

18 

23,065 

100 

34,136 

43,813 

0.67 

1.75 

25,272,000 

19 

■    4 

29,985 

80 

32,619 

45,532 

0.96 

1.70 

24,315,000 

20 

28,585 

80 

32,619 

44,744 

0.60 

1.86 

21,275,000 

section  of  4.35  square  inches.  Actual  measurement  showed 
the  depth  d  of  the  beams  to  be  6.16  inches.  The  moment 
of  inertia  of  the  beam  section  about  a  line  through  its 
centre  and  normal  to  the  web  was.  /  =  24.336.  The  radius 
of  gyration  of  the  same  section  in  reference  to  a  line  through 
its  centre  and  parallel  to  the  web  was  r  =  o.6  inch.  /  was 
the  length  of  span  in  inches. 

If  M  is  the  bending  moment  in  inch-pounds,  W  the 
total  centre  load  (including  weight  of  beam),  and  K  the 
stress  per  square  inch  in  extreme  fibre,  the  following 
formulae  result: 

j^    Md        ^     ^.    Wl 

iC-— vr     and    M« — (2) 


2/ 


and    M 
Wld 


•  • 


K  = 


8/ 


(3) 
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The  experimental  values  of  TV,  /,  d,  and  /  inserted  in 
the  above  formula  give  the  values  of  K  shown  in  the  table. 
The  coefficient  of  elasticity,  E,  was  found  by  the  usual 
formula, 

Wl* 
^  =  ^8^' <"> 

in  which  w  is  the  deflection  caused  by  W. 

The  full  line  is  the  graphical  representation  of  the  values 
of  K  given  in  Table  I.     Since  K  must  clearly  decrease  with 


the  length  of  span,  and  increase  with  the  radius  of  gyration 
of  the  section  about  an  axis  through  its  centre  and  parallel 
to  the  web  (the  latter,  of  course,  being  vertical),  K  has 
been  plotted  in  reference  to  l-^-r  as  shown.  No  simple 
formula  will  closely  represent  this  curve,  but  the  broken 
line  covers  all  lengths  of  span  used  in  ordinary  engineering 
practice,  and  is  represented  by  the  formula 

ii:-5r,ooo-75- (5) 

For  railway  structures  the  greatest  allowable  stress 
per  square  inch  in  the  extreme  fibres  of  rolled  beams  may 
be  taken  at 

fe  =  10,000— 15--. (6) 
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Values  of  k  taken  from  a  large  scale  plate,  like  Plate  I, 
are,  however,  far  preferable  to  those  given  by  any  formula. 

The  ultimate  values  of  K  given  in  Table  I  are  fairly 
representative  of  the  best  wrought-iron  I  beams.  The 
coefficients  of  elasticity  E  range  from  about  22,000,000  to 
about  25,000,000  pounds;  the  average  may  be  taken  about 
24,000,000  pounds. 

The  deflection  of  wrought-iron  beams  may  be  computed 
by  the  formtila 

«^=^' (7) 

when  the  load  W  is  at  the  centre  of  the  beam.  In  the 
general  case  of  a  beam  carrying  the  centre  load  W  and 
the  uniform  oad  pi,  the  quantity  (W+^pl)  must  displace 
W  in  eq.  (7).  If  the  beam  carry  only  the  imiform  load  pi, 
W  in  eq.  (7)  must  be  displaced  by  |/>/. 

If  it  is  desired  to  apply  the  law  expressed  in  eqs.  (5) 
and  (6)  to  mild-steel  beams,  the  second  members  of  those 
equations  may  be  multiplied  by.  |  to  J  for  close  approxi- 
mations. 


1 


CHAPTER  XIII. 

CONNECTIONS. 

Art.  88.— Riveted  Joints. 

Although  riveted  joints  possess  certain  characteristics 
under  all  circumstances,  yet  those  adapted  to  boiler  and 
similar  work  differ  to  some  extent  from  those  found  in  the 
best  riveted  trusses.  The  former  must  be  steam-  and  water- 
tight, while  such  considerations  do  not  influence  the  design 
of  the  latter,  consequently  far  greater  pitch  may  be  found 
in  riveted-truss  work  than  in  boilers.  Again,  the  peculiar 
requirements  of  bridge  and  roof  work  frequently  demand 
a  greater  overlap  at  joints  and  different  distribution  of 
rivets  than  would  be  permissible  in  boilers. 

Kinds  of  Joints, 

Some  of  the  principal  kinds  of  joints  are  shown  in  Figs,  i 

to  6.      Fig.  I  is  a  ** lap-joint"  single-riveted;    Fig.  2  is  a 

** lap-joint"  double-riveted;    Fig.  3  is  a  *' butt-joint"  with 

a  single  butt-strap  and  single-riveted;  whi^e  Figs.  4,  5,  and 

6  are  ** butt-joints"  with  double  butt-straps.  Fig.  4  being 

single-riveted,  while  the  others  are  double-riveted.     Fig.  5 

shows  zigzag  riveting,  and  Fig.  6  chain  riveting.     All  these 

joints  are  designed  to  resist  tension  and  to  convey  stress 

from  one  single  thickness  of  plate  to  another.     Two  or 

698 


Art.  89.]    DISTRIBUTION  OF  STRESS  IN  RIVETED  JOINTS. 


699 


three  other  joints  peculiar  to   bridge  and  roof  work  will 
hereafter  be  shown. 
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Fio.  4.  Fig.  5.  Fio,  6. 

In  the  cases  of  bridges  and  roofs  these  "butt-straps" 
are  usually  called  "cover-plates."  • 

Art.  89. — Distributioa  of  Stress  in  Riveted  Joints. 

The  Bending  of  the  Plates. 

A  very  little  consideration  of  the  question  will  show 
that  only  an  approximate  determination  of  the  distribu- 
tion of  stress  in  a  riveted  joint  can  be  reached. 

In  order  that  rivets,  butt-straps,  or  cover-plates,  and 
different  portions  of  the  same  main  plate  may  take  their 
proper  portions  of  stress,  an  absolutely  accurate  adjust- 
ment of  these  different  parts  must  be  attained ;  but  all  shop 
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work  must  necessarily  be  more  or  less  imperfect,  and  the 
requisite  conditions  can  never  be  maintained  during  and 
after  construction.  Hence  the  precise  amoimt  of  stress 
carried  by  «ach  rivet,  or  each  cover-plate,  or  each  portion 
of  the  main  plate  at  the  joint,  cannot  be  found. 

In  the  cases  of  lap-joints  with  three  or  more  rows  of 
rivets  (frequently  foimd  in  truss  work),  or  in  similar  work 
when  two  rows  of  rivets  join  a  small  plate  to  a  much  larger 
one,  the  outside  rows,  or  row,  in  consequence  of  the  stretch- 
ing of  the  material  at  the  joint,  must  take  far  more  than 
their  portion  of  stress,  if  indeed  they  do  not  carry  nearly 
all.  The  same  condition  of  things  will  exist  in  butt-joints 
if  two  or  more  rows  are  found,  under  similar  circumstances, 
on  the  same  side  of  the  joint. 

If  a  strip  of  p'ate  in  which  the  ratio  of  width  over  thick- 
ness is  very  cons  derable  be  so  gr  pped  in  a  testing-machine 
that  the  applied  stress  be  approximately  uniformly  dis- 
tributed over  its  ends  and  if  it  be  tested  to  breaking,  it 
will  be  found,  if  the  broken  pieces  be  joined  at  the  place  of 
breaking,  that  the  central  portions  of  the  fracture  are 
widely  separated,  while  the  edges  are  in  contact.  This  is 
due  to  the  cause  explained  in  Art.  41,  *' Coefficient  of 
Elasticity*"  If  a  hole  or  holes  be  made  in  or  near  the  centre 
of  the  spec^'men,  a  portion  of  the  material  in  the  front  and 
rear  of  these  holes  will  be  relieved  from  stress,  and  the  total 
stress  in  the  central  section  of  the  specimen  will  be  more 
nearly  uniformly  distributed  in  the  remaining  material. 
And  again,  these  holes  will  '*neck"  the  specimen  down  to  a 
short  one.  The  influences  noticed  in  Art.  41,  "Ultimate 
Resistance  and  Elastic  Limit,"  will  thus  be  called  into 
action.  For  both  these  reasons  the  existence  of  the  hole, 
or  holes,  in  itself,  will  increase  the  intensity  of  the  ultimate 
resistance  of  the  plate. 

On  the  other  hand,  the  effect  of  the  punch,  if  the  hole 
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is  punched,  as  will  presently  be  shown,  is  to  decrease  the 
resistance  of  the  metal  about  the  hole.  If  the  hole  is  in  a 
joint,  also,  the  bearing  pressure  between  the  rivet  and  plate 
is  very  great,  and  as  this  pressure  must  be  carried  as  tension 
to  the  material  adjacent  to  the  rivet-hole,  and  through 
that  in  its  immediate  vicinity,  the  latter  (i.e.,  the  material 
at  the  extremities  of  diameters  parallel  to  the  joint)  will 
receive  much  greater  tension  than  that  in  the  central  por- 
tion between  the  holes. 

These  last  two  mflueiices  tend  to  reduce  the  mean 
intensity  ot  ultimate  resistance  of  the  material  of  the  joint, 
and  sometimes  more  than  counterbalance  the  increase 
caused  by  the  existence  of  the  holes  simply  as  such.  In 
other  cases  the  resultant  effect  can  only  be  determined  by 
experiment. 

In  Figs.  I  and  2  it  will  be  observed  that  the  stresses  in 
the  plates  of  a  lap-joint  act  eccentrically,  and,  let  it  first 
be  assumed,  with  a  lever-arm  equal  to  half  the  sum  of  the 
thickness  of  the  two  plates.  If,  however,  a  specimen  joint 
is  put  in  a  testing-machine,  the  resultant  stress  may  be 
made  to  pass  through  the  centre  of  the  joint,  thus  making 
the  lever-arm  for  each  plate  about  half  its  thickness. 

If,  therefore,  t  is  the  thickness  of  one  plate  and  f  that 
of  the  other  while  T  and  T'  are  the  mean  intensities  of 
tension  in  the  plates,  p  the  pitch  of  the  rivets,  and  d  the 
diameter,  in  the  first  case  a  width  of  each  plate  equal  to 
the  pitch  will  be  subjected  to  the  bending  moment. 


M 


-Tt{p-d)(^\'-)^Vnp^d)(^^^         .     (I) 


and  in  the  second, 


M-Ttf-^.    or     Tt>(t±).         .    .    M 
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If  AT  is  the  greatest  intensity  of  tensile  bending  stress, 

then 

„     tM  fM  .  . 

^  =  7/'    ^     -2/ ^^> 

The  greatest  intensity  of  tension  in  the  plate  will  there- 
fore be 

T  +  K     or      r  +  K (4) 

The  moment  of  inertia  /  will  have  the  value 

,     or     . 

12  12 

If  each  plate  has  the  same  thickness,  t=f  and  T  =  T' ; 
hence 

Byeq.  (i)         K^6T (5) 

Byeq.  (2)         K^^T (6) 

These  values  of  K  are  very  large  and  appear  excessive. 
It  is  to  be  remembered,  however,  that  the  formula  used, 
eq.  (3),  is  strictly  applicable  only  within  the  elastic  Umit. 

There  is  no  reason  to  doubt,  therefore,  that  within  that 
limit  the  greatest  intensity  of  tension  in  the  plates  of  the 
joint  may  reach  from  47  to  jT, 

From  these  considerations  it  is  to  be  expected  that  the 
true  elastic  limit  of  the  joint,  as  a  whole,  would  be  very  low. 

The  preceding  investigations  in  the  flexure  of  the  joint 
are  based  upon  the  virtual  assumption  that  the  plates 
remain  straight  after  the  application  of  external  stress.  In 
reality  such  a  condition  of  things  does  not  obtain.  Even 
below  the  elastic  limit  the  plates  begin  to  take  positions 
which  are  shown  in  an  exaggerated  manner  in  Fig.  7.  On 
account  of  the  bending,  the  material  at  the  points  A  A 
stretches  much  more  than  that  at  the  points  BB  (with  low 
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values  of  T  that  at  the  latter  points  may  be  in  compression), 
so  that  the  centre  lines  of  the  plates  P  and  P'  are  brought 
more  nearly  into  coincidence,  thus  lessening  the  bending 
moment  to  which  the  joint  is  subjected.  After  the  elastic 
limit  of  the  material  at  A  A  is  passed,  a  considerable  in- 
crease of  strain  or  stretch  takes  place  at  those  points  for 
the  same  increment  of  stress.  Two  important  results 
follow  this  increase  of  strain  between  the  elastic  limit  and 
failure :  the  joint  becomes  very  markedly  distorted, '  so 
that  the  plates  P  and  P'  become  much  more  nearly  in 

'I — e?^ — >. 


Fig.  7. 

line,  and  the  stress  becomes  much  more  nearly  uniformly 
distributed  in  the  sections  AB,  AB.  This  is  equivalent 
to  saying  that  the  joint  is  subject  to  a  greatly  decreased 
bending  moment. 

If  the  plates  are  thin,  the  excess  of  strain  aX  AA  over 
that  at  BB,  requisite  to  bring  the  plates  PP'  essentially 
into  line,  may  easily  be  within  the  stretching  capacity  of 
the  material.  If,  however,  the  plates  are  thick,  that  con- 
dition will  not  hold,  and  the  material  at  AA  w411  begin  to 
fail  bef ore  P  and  P'  are  nearly  in  line.  Hence  the  mean 
intensity  of  stress  in  a  thick  plate,  other  things  being  equal 
at  the  instant  of  rupture,  will  be  considerably  less  than  that 
in  a  thin  one.  It  might  thus  happen  that  a  lap-joint  with 
thin  plates  would  be  found  stronger,  even,  than  one  with 
thicker  plates. 

Reference  will  hereafter  be  made  to  experiments  which 
verify  these  conclusions. 

It  will  now  be  well  to  turn  back  a  moment  to  the  con- 
sideration of  eqs.  (5)  and  (6).  Those  equations  show  the 
effect  of  bending  to  be  dependent  on  T  only,  and  entirely 
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stirface  of  contact  of  the  joined  plates,  while  the  ima void- 
ably  varying  **fit*'  of  the  rivet  in  its  hole,  even  in  the  best 
of  work,  throws  the  pressure  towards  the  front  portion  of 
the  surface  of  the  rivet  shaft.  The  intensity  thus  varies 
both  along  the  axis  and  around  the  circumference  of  the 
rivet. 

If  any  arbitrary  law  is  assumed,  the  greatest  intensity 
of  pressure  is  easily  determined.  Such  laws,  however,  are 
mere  hypotheses  and  possess  no  real  v^ue.  All  that  can 
be  done  is  to  determine,  by  experiment,  the  mean  safe 
working  intensity  on  the  diametral  plane  of  the  rivet  which 
is  equivalent  to  a  fluid  pressure  of  the  same  intensity  against 
its  shaft. 

Thus,  if  /  is  this  mean  (empirically  determined)  intensity, 
d  the  diameter  of  the  rivet,  and  t  the  thickness  of  the  plate, 
the  total  pressure  carried  by  one  rivet  pressing  against  one 
plate  is 

rr/.../  R=fdt (To) 

The  Bending  of  Plate  Meted  Immediately  in  Front 

of  Rivets. 

There  yet  remams  to  be  considered  the  condition  of  that 
portion  of  the  plate  on  which  the  pressure  R  =fdt  is  applied, 
and  which  is  situated  immediately  in  front  of  the  rivet. 

This  portion  of  the  plate  is  really  in  the  condition  of  a 
beam  fixed  at  each  end,  with  a  span  equal  to  the  diameter 
of  the  rivet.  The  beam,  however,  is  not  a  straight  one. 
At  each  end  of  the  diameter  the  direct  bending  stress  -mW 
be  tension ;  and,  on  account  of  the  position  of  the  material, 
its  direction  will  be  approximately,  at  least,  that  of  the 
proper  tension  of  the  plate.  At  those  points,  therefore, 
the  proper  and  bending  tension  will  act  to  some  extent 
together,  and  the  metal  will  usually  be  more  highly  stressed 
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than  anywhere  else.  This  accounts  for  the  usual  manner 
of  tensile  fracture  of  a  joint,  in  which  the  metal  begins  to 
tear  on  each  side  of  the  rivets,  the  metal  between  (gener- 
ally in  a  diagonal  direction  in  zigzag  riveting)  being  the 
last  to  give  way. 

In  the  interior  of  the  joint  it  is  quite  impossible  to 
determine  the  value  of  this  tensile  bending  stress  on  each 
side  of  the  rivet.  On  the  exterior  of  the  joint,  however, 
an  approximate  result  may  be  reached,  and  hence  the 
depth  hy  Fig.  2,  from  the  centre  of  the  outside  row  of  rivets 
to  the  edge  of  the  plate.     The  depth  of  the  beam  will  be 

taken  as  /  /t  — ) ,  and  the  pressure  or  load  will  be  considered 

concentrated  at  the  middle  of  the  diameter  or  span.  If  t 
is  the  thickness  of  the  plate,  p  the  pitch  of  the  rivets,  and 
T  the  mean  intensity  of  tension  between  the  rivets,  the 
load  on  the  beam  will  be  (p  —  d)Tt,  and  the  moment  of 
inertia  of  the  cross-section  will  be 


t 
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From  what  has  been  shown  in  the  chapter  on  bending 
the  modulus  of  rupture  in  the  present  case  may  be  safely 
taken  at  fT. 

In  Art.  22  the  moment  at  the  centre  and  end  of  a  span 
fixed  at  each  end  and  loaded  in  the  centre  was  shown  to  be 
equal  to  one  eighth  the  load  into  the  span. 

HencQ^  by  the  usual  formulae, 

.-.  h=o.7iV(p-d)d  +  o.5d.     .    .    .     (n) 
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Reviewing  the  results  of  this  section,  it  may  be  con- 
cluded that  the  bending  of  the  plates  about  axes  parallel 
to  them,  or  normal  to  them  in  the  interior  of  the  joint,  and 
the  bending  of  the  rivets,  as  well  as  the  law  of  the  distri- 
bution of  pressure  against  them,  cannot  be  expressed  by 
formula  with  any  useful  degree  of  accuracy;  but  that  such 
influences  must  be  recognized  in  the  empirical  determi- 
nation  of  the  shearing  and  tensile  resistances  of  the  joint 
and  the  mean  intensity  of  pressure  against  the  diametral 
plane  of  the  rivet. 

Effect  of  Punching. 

The  injurious  effect  of  punching  steel  plates  has  been 
fully  considered  on  pages  315  to  325,  and  the  results  there 
set  forth  should  be  carefully  remembered  in  connection 
with  riveted  joints. 

Art.  go. — Diameter  and  Pitch  of  Rivets  and  Overlap  of  Plate. 

Distance  between  Rows  of  Riveting. 

Diameter  of  Rivets, 

The  diameter  of  rivet  may  at  least  approximately  be 
expressed  in  terms  of  the  thickness  of  the  plate  which  it 
pierces.  There  are  various  arbitrary  or  conventional 
rules  based  upon  this  method  of  determining  the  rivet 
diameter.  If  the  unit  is  the  inch,  the  diameter  d  mav  be 
expressed  as  ranging  between  the  two  following  values 
for  ordinary  thicknesses  of  plate: 

rf  =  .75^  +.375,)  .  X 

rf  =  .875/  +  .37sj ^^ 

in  which  t  is  the  thickness  of  the  plate.  Unwin  gives  the 
following  expression  for  the  diameter  of  somewhat  different 
form  from  that  which  precedes: 

d^i.2s/t. (2) 
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Neither  of  the  preceding  expressions  can  be  applied 
for  all  thicknesses  of  plates.  If  the  thickness  is  great, 
those  expressions  make  the  diameter  of  the  rivet  too  large, 
the  diameter  rarely  exceeding  i  inch  even  for  the  heaviest 
plates.  The  application  of  eq.  Gi)  to  different  thicknesses 
of  plates  will  give  the  following  diameters  of  rivets  ex- 
pressed by  the  nearest  yV  in. : 
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tn  structural  work  for  ordinary  thicknesses  of  metal 
the  prevailing  diameters  of  rivets  are  f  in.  and  J  in.  For 
light  work,  such  as  sidewalk  railings  or  light  highway 
construction,  rivets  as  small  as  \  in.  or  f  in.  in  diameter 
are  used.  On  the  other  hand,  i-in.  rivets  are  occasionally 
employed  for  specially  heavy  sections. 

Pitch  of  Rivets. 

It  is  possible  to  determine  the  pitch  of  rivets  approxi- 
mately by  an  equation  expressing  equahcy  between  the 
tensile  resistance  of  the  net  section  between  two  adjacent 
rivets  and  the  shearing  or  bearing  capacity  of  a  single  rivet, 
but  it  is  scarcely  practicable  to  proceed  in  that  manner 
as  a  rule.  Again,  the  pitch  will  vary  to  some  extent  with 
the  number  of  lines  of  riveting  on  either  side  of  the  joint. 
In  single-riveting  the  pitch  must  be  less  than  in  double- 
or  other  multiple-riveting.  In  boiler  or  other  similar 
riveting,  also,  the  pitch  must  be  usually  less  than  in  struc- 
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tural  work,  as  questions  of  steam-  and  water-tightness  or 
other  similar  considerations  are  involved  in  the  former 
class  of  joints.  Finally,  the  pitch  will  also  obviously 
depend  largely  upon  the  thickness  of  plates.  In  single- 
riveting  for  comparatively  thin  plates  the  following  rela- 
tion may  be  taken,  p  being  the  pitch  in  inches : 

/>  =  1.75  in.  to  2.25  in (3) 

For  comparatively  thick  plates  in  single-riveting  the  follow- 
ing relation  may  hoi  a: 

/^  =  2.375  in.  to  3  in (4) 

In  double-riveting,  p  and  t  still  being  the  pitch  and  thick- 
ness respectively,  the  following  relation  may  be  taken  for 
comparatively  thin  plates: 

/?  =  2.687s  in.  to  3.25  in (5) 

Again,  for  comparatively  thick  plates  in  double-riveting, 

/^  =3-375  in.  to  3.75  in (6) 

The  values  given  by  eqs.  (3)  to  (6)  are  for  boiler  or 
other  similar  work. 

In  structural  work  the  pitch  of  rivets  is  seldom  less  than 
about  three  times  the  diameter  of  the  rivet,  and  it  is  fre- 
quently specified  not  to  exceed  sixteen  times  the  thickness 
of  the  thinnest  plate  pierced  by  the  rivet. 

Overlap  of  Plate, 

The  overlap  of  a  plate,  h  in  Fig.  2,  Art.  88,  in  a  riveted 
joint  is  the  distance  from  the  edge  of  the  plate  to  the  centre 
line  of  the  nearest  row  of  rivets.     This  distance,  like  other 
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elements  of  riveted  joints,  will  depend  somewhat  upon 
the  thickness  of  the  plate  as  well  as  the  diameter  of  rivet 
and  other  similar  considerations.  It  is  a  common  practice 
to  make  the  overiap  not  less  than  about  i.sd,  d  being  the 
diameter  of  the  rivet.  Occasionally  in  riveted  joints  it 
is  made  a  little  less,  but  1.5  times  the  diameter  of  the  rivet 
is  about  as  small  as  the  overiap  should  be  made.  Some- 
times J  in.  is  added  to  the  preceding  value  of  the  overiap. 

The  width  of  overlap  Qi)  may  also  be  determined  in 
terms  of  d  by  the  aid  of  eq.  (11)  of  Art.  89.  Since  the  load 
on  the  rivet  is  represented  by  {p—d)Tt,  p  must  be  taken 
in  terms  of  d  for  a  single-riveted  joint,  in  which  p  =  2\d  to 
2frf.  As  a  margin  of  safety,  and  as  it  will  at  the  same 
time  simplify  the  resulting  expression,  let  p  =  3 J. 

Eq.  (11)  of  Art.  89  then  gives,  in  confirmation  of  the 
preceding  rule, 

A-i.S^ (7) 

Experience  has  shown  that  this  rule  gives  ample  strength, 
and  is  about  right  for  calking,  in  boiler  joints. 

It  is  to  be  remembered  that  the  preceding  conventional 
rules  for  the  diameter  of  rivet,  pitch,  and  overlap  of  plate 
are  necessarily  to  a  large  extent  conventional  or  approxi- 
mate, and  in  special  cases  they  cannot  be  applied  with 
mathematical  exactness.  As  practical  rules,  however, 
they  are  sufficiently  close  to  give  good  general  ideas  of 
those  features  of  riveted  joints. 

Distance  between  Rows  of  Riveting. 

The  distance  between  the  rows  of  riveting  is  not  susceptible 
of  accurate  expression  by  formulae,  although  the  considera- 
tions involved  in  the  establishment  of  eq.  (11)  of  Art.  89 
would  lead  to  an  approximate  value.     It  is  evident,  how- 
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ever,  that  this  distance  should  never  be  as  small  as  A. 
Apparently,  in  more  than  double-riveted  joints,  this  dis- 
tance should  increase  as  the  centre  line  of  the  joint  is 
receded  from,  in  consequence  of  the  bending  action  of  the 
rivet.  There  are  other  reasons,  however,  besides  that  of 
inconvenience,  why  such  a  practice  is  not  advisable. 

In  chain  riveting  tite  distance  between  the  centre  lines  of 
the  rows  of  rivets  may  be  taken  equal  to  the  pitch  in  a  single^ 
riveted  joint,  or,  as  a  mean,  a/  2.5  the  diameter  of  a  rivet. 

In  zigzag  riveting  (Fig.  5)  this  distance  may  be  taken  at 
three  quarters  its  value  for  cltain  riveting. 

m 

Art.  91. — ^Lap-jointSy  and  Butt-joints  with  Single  Butt-strap  for 

S  eel  Plates. 

• 

A  butt-joint  with  single  butt-strap,  similar  to  that  shown 
in  Fig.  3,  Art.  88,  is  really  composed  of  two  lap-joints  in 
contact,  since  each  half  of  the  butt-strap  or  cover-plate 
with  its  tmderlying  main  plate  forms  a  'lap-joint.  It  is 
unnecessary,  therefore,  to  give  it  separate  treatment. 

From  these  considerations  it  is  clear  that  the  thickness 
of  the  butt-strap  or  cover-plate  should  be  at  least  equal  to 
that  of  the  main  plate ;  it  is  usually  a  little  greater. 
Let  t  =  thickness  of  plates ; 
rf  =  diameter  of  rivets; 
p=  pitch  of  rivets   (i.e.,   distance  between  centres 

in  the  same  row) ; 
T = mean  intensity  of  tension  in  net  section  of  plates 

between  rivets; 
7'=  mean  intensity  of  tension  in  main  plates; 
/=mean  intensity  of  pressure  on  diametral  plane 

of  rivet; 
5= mean  intensity  of  shear  in  rivets; 
n  =  nimiber  of  rivets  in  one  main  plate ; 
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q  =  number  of  rows  in  one  main  plate ; 

/i=  amount  of  extreme  lap  as  shown  in  Fig.  2,  Art.  77. 

If  all  the  dimensions  are  in  inches,  then  T,  T\  /,  and  5 
are  in  pounds  per  square  inch. 

The  starting-point  in  the  design  of  a  joint  is  the  thickness 
t  of  the  plate.  The  rivet  diameter  may  then  be  expressed 
in  terms  of  ^,  and  the  pitch  in  terms  of  the  diameter.  Such 
rules,  like  those  given  in  Art.  89,  may  be  useful  within 
a  certain  range  of  application,  but  they  cannot  be  depended 
upon  in  all  cases. 

The  thickness  t  of  boiler-plate  depends  upon  the  internal 
pressure,  and  is  to  be  determined  in  accordance  with  the 
principles  laid  down  in  Art.  6,  after  having  made  allowance 
for  the  metal  ptmched  out  at  the  holes  to  find  the  net 
section. 

In  truss  work  the  thickness  depends  upon  the  amount 
of  stress  to  be  carried,  and  the  same  allowance  is  to  be 
made  for  rivet-holes  in  finding  the  net  section. 

The  relation  existing  between  T  and  P  is  shown  by  the 
following  equations: 

tip-d)T  =  tpT';  ,'.  Y'=pl^' 

or 

T     p-d  d 

In  order  that  the  joint  may  be  equally  strong  in  refer- 
ence to  all  methods  of  failure,  the  following  series  of  equali- 
ties must  hold: 

-tpr  =^t{p-d)T=nfdt  =  o.78s4nd^S. 

.-.  tpT  =t(p-d)T '=qfdt='0.7Ss4qd*S.      .     .     (2) 
It  is  probably  impossible  to  cause  these  equalities  to 
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exist  in  any  actual  joint,  but  none  of  the  intensities  T\  T, 
/,  or  5  should  exceed  a  safe  working  value. 

The  method  of  failure  by  tearing  through  the  gross 
section  of  the  main  plate  is  practically  impossible  tmder 
ordinary  circumstances,  and  it  is  neglected  in  designing 
riveted  joints.  This  neglect  is  expressed  by  dropping 
the  first  member  of  eq.  (2)  and  thus  reaching  eq.  (3) : 

Ly.  t(p-d)T^qfdt^d.78s4qd^S © 

This  equation  shows  that  the  usual  design  of  a  riveted 
joint  must  provide  against  failure  in  three  principal  ways: 

I         I.  Tearing  through  the  net  section  of  the  plate, 

2.  Compression  of  the  metal  where  the  rivets  bear  against 
the  plate, 
;        3.  Shearing  of  the  rivets. 

^  Although  these  are  the  three  principal  methods  of 
failure  of  riveted  joints,  whatever  may  be  their  type  or 
form,  the  proper  design  of  such  joints  should  be  so  per- 
formed as  to  afford  provision  also  against  the  secondary 
stresses  caused  by  rivet  bending,  bending  of  the  plates,  and 
other  indirect  influences  discusssd  in  preceding  articles. 
This  latter  end  is  attained  by  determining  the  empirical 
intensities  T,  /,  and  S  of  eq.  (3)  by  testing  to  failure  actual 
riveted  joints  in  which  those  secondary  stresses  exist.  In 
that  manner  the  design  against  the  three  principal  methods 
of  failure,  described  above,  will  also  afford  provision  against 
the  secondary  or  indirect  stresses  of  rivet  and  plate  bend- 
ing or  other  similar  conditions.  The  determination  of  the 
intensities  T,  /,  and  5  by  tests  of  actual  riveted  joints  will 
be  fully  shown  in  the  following  articles. 

Among  the  older  tests  of  steel-riveted  joints  are  those 
of  Sharp,  Martell,  Kirkaldy,  and  Greig  and  Eyth,  some 
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of  the  results  of  which  are  shown  in  Table  I.  Values  of 
the  shearing  stress  5  are  shown  for  a  considerable  variety 
of  joints  and  thicknesses  of  plate.  A  considerable  reduc- 
tion is  noticed  with  the  increase  in  plate  thickness,  due 
probably  to  increased  bending  and  size  of  rivet. 

Table  I. 

SHEARING  OF  STEEL  RIVETS. 


^oint. 


Single-riveted.  . 

Double-riveted  (chain), 
It 

Treble-riveted 


II 
II 


II 


II 


II 


(zigzag) 

it 

Quadruple-riveted  (zigzag). 


Mean  of 


2 

6 
8 
I 

7 


Thickness 
of  Plate. 


\  in. 


5  in  Pounds 

I>erSauare 

Incti. 


57,570 
53,690 
53,310 
50,650 
60,930 
56,220 
57,1 20 

53,540 
53,980 
43,560 
46,140 
43,010 


Fotu*  experiments  by  Mr.Kirkaldy  on  single-riveted  lap-joints,  during  x88i 
gave  5  varying  from  52,106  to  54,042  lbs.  per  square  inch. 


Those  and  other  tests  have  shown  that 

5  =  .7rto.8r;     .     . 


(3) 

the  larger  value  belonging  to  comparatively  thin  plates. 
As  a  mean  there  may  be  taken  for  steel  joints 

^  =  .757^ (4) 

It  will  be  fotmd  hereafter  that  /  may  be  taken  at  least 
1.257.  If  these  values  be  substituted  in  the  third  and 
fourth  members  of  eq.  (3),  in  which  9  =  2,  there  will  result 

rf  =  2/ (nearly) (5) 

This  value  of  d  is  too  large  for  thick  plates. 
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The  rivet  diameter,  therefore,  for  steel  plates  may  be  said 
to  vary  from  2t  for  thin  plates  to  1.6/  for  thick  ones,  with 
a  maximtim  diameter  of  ij  to  i^  inches.  The  distance 
between  the  centre  lines  of  the  rows  of  rivets  may  be  taken 
at  2,$d  to  3d  for  chain  riveting  and  three  fourths  of  that 
distance  for  zigzag  riveting. 

The  best  designed  singe-riveted  lap-joints  give  from 
55  to  64  per  cent,  the  strength  of  the  solid  plates. 

Well-designed  double-riveted  lap-joints  should  give  from 
6$  to  75  per  cent,  the  res  stance  of  the  solid  plate. 

Equally  well-constructed  treble-  and  quadruple-riveted 
joints  should  have  an  efficiency  of  70  to  80  per  cent,  of  the 
solid  plate. 

It  is  therefore  seen  that  there  is  little  economy  in  more 
than  double-riveting  ordinary  joints. 

Art.  92. — Steel  Butt-joints  with  Double  Cover-plates. 

Butt-joints  with  double  butt-straps  or  covers  differ  in 
two  respects,  and  advantageously,  from  lap-joints  and  butt- 
joints  with  a  single  cover;  i.e.,  in  the  former  the  rivets  are 
in  double  shear  and  the  main  plates  are  subjected  to  no 
bending.  The  cover-plates,  however,  are  subjected  to 
greater  flexure  than  the  plates  of  a  lap-joint,  for  there  is 
no  opportunity  to  decrease  the  leverage  by  stretching.  As 
the  covers  form  only  a  small  portion  of  the  total  material, 
these,  with  economy,  may  be  made  sufficiently  thick  to 
resist  this  tendency  to  failure. 

Let  if  =  thickness  of  each  cover-plate ;  and  let  the  re- 
maining notation  be  the  same  as  in  Art.  91.  The  intensity 
of  compression  between  the  walls  of  the  holes  in  the  cover- 
plates  and  the  rivets,  and  the  tension  in  the  former,  will 
be  ignored  on  account  of  the  excess  in  thickness  of  the  two 
cover  plates  combined  over  that  of  the  main  plate.     This 
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excess  in  thickness  is  required  on  account  of  the  bending 
in  the  covers  noticed  above. 

The  thickness  of  each  cover  should  be  from  ^  to  I  the  thick- 
ness  of  the  main  plates,  or  /'  =.625  to  .875/. 

The  combined  thickness  of  the  covers  will  thus  be  from 
1.25  to  1.75  that  of  the  main  plates. 

The  four  principal  methods  of  rupture  in  the  main  plate 
will  then  lead  to  the  following  equations,  corresponding  to 
eq.  (2),  Art.  91: 


-tpT  =-t{p-d)T  =^nfdt  =  i,S7o8nd^S. 

.'.  ipT  =tip-d)T  =qfdt^i.S7o8qd^S.      .     .     (i) 

As  in  Art.  91,  and  for  the  reasons  there  given,  the  first 
member  of  eq.  (i)  may  be  omitted,  thus  giving 


t{p-d)T=qfdt^i.57oSqd^S (2) 

Table  I  exhibits  the  results  of  some  of  the  older  tests 
of  steel-riveted  joints.  The  intensities  of  tension  and  com- 
pression, T  and  /,  existed  at  failure.  The  first  of  the  last 
set  of  results  in  the  table,  by  Mr.  Kirkaldy,  was  found  with 
zigzag  riveting  in  which  the  distance  beween  the  centre 
lines  of  the  rows  of  rivets  was  too  small. 

These  results  are  quite  irregular,  but  it  would  seem  to 
be  a  safe  deduction  to  take  /  =  1.257,  with  T  equal  to 
70,000  to  75,000  pounds  per  square  inch  for  thin  plates,  and 
55,000  to  60,000  for  thick  ones. 

With  this  value  of  /,  and  7  =  2,  the  first  and  second 
members  of  eq.  (2)  give  for  double-riveted  butt-joints  with 
two  covers 

P-S'Sd (3) 
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Table  I. 

DOUBLE-RIVETED  BUTT-JOINTS. 


Experimenter  or  Authority. 


Henry  Sharp. 


MarteU. 


11 

41 


Boyd 

Kirkaldy,  annealed  plates. 


«( 
11 
ft 
It 

K 
«( 
«( 


<• 
ft 
It 
•« 
•« 

•  i 

•  I 


Greigand  Eyth. 
«<        <<        It 

Parker 


ii 
11 


Kirkaldy  %-inch  Siemens  steel  plates.     Mean  of  two 
%e.incli    Landore    "         "»%«"  rivets 


•< 
It 
I* 
i« 

(4 
<< 
il 


«< 

•  • 
ii 


•  4 

•  • 
«l 

•  4 

•  i 


«• 
44 
11 
41 
•  4 


44 
44 
44 
44 
44 


44 
44 
44 
44 
44 


44 
44 
44 
44 
44 


Holes  by 


Drill 

Pimch 

Drill 


44 
44 


Punch 


14 
44 
44 
14 
44 
41 
44 
44 


Pounds  per  Square 
Inch  for 


DriU 

44 


44 
«l 
44 

44 


Bored 

44 

Punch 
•• 

Bored 


96,160 
87.600 
55. 100 
51.740 
64,390 
58.690 
55.200 
51.230 

64,320 
68,990 

75,490 
82,450 
83.180 
76.590 
78,230 
74,030 
70,540 
73,920 
72,560 
72,390 
76,520 
67.670 
57.360 
49,370 
50.920 
63,140 
61,800 
66,300 
63,360 
63,560 
69.590 
67.540 

66,750 
67,260 


/. 


83.330 

75,170 

76.305 

71.680 

88.890 

89.130 

76,160 

70,800 

88,930 

93.160 

101,900 

99,660 

100, sio 

90.460 

92.380 

92.850 

88,560 

84.630 

83,080 

xo7,xio 

112.780 

92,270 

71,440 

49.100 

50,760 

107,410 

74.S20 

113,000 

107.700 

104,100 

117,300 

98.630 

ioS,ooo 

121.060 


If  the  same  value  of  /  be  preserved,  there  will  result  for 
single-riveted  butUjoints  with  two  covers 


p  =  2.sd. 


(4) 


If,  as  in  the  preceding  article,  there  be  taken  S^^.j^T 
and  /« 1.257,  the  second  and  third  members  of  eq.   (2) 

give 

d  =  i.o6t.   .     • (5) 

This  value  of  the  rivet  diameter  is  too  small  for  thin  plates, 
but  about  right  for  thick  plates. 


Art.  93.  J  TESTS  OF  FULL-SIZE  RIVETED  JOINTS.  7^9 

Double-riveted  butt-joints  designed  in  accordance  with 
the  foregoing  deductions  shotdd  give  a  resistance  ranging 
from  65  to  75  per  cent,  of  that  of  the  solid  plate. 

Single-riveted  joints  will  give  an  efficiency  somewhat 
less;  perhaps  from  60  to  65  per  cent. 

It  is  to  be  supposed,  in  applying  the  rules  just  established, 
that  all  steel  plates  are  drilled  or  punched  and  reamed. 

As  in  the  preceding  cases,  the  distance  between  the 
centre  lines  of  the  rows  of  rivets  may  be  taken  at  2.5  to  3d 
for  chain  riveting,  and  three  quarters  that  distance  for 
zigzag. 

Art  93* — ^Tests  of  Full-size  Riveted  Joints. 

There  have  not  been  many  tests  of  full-size  riveted 
joints  of  either  iron  or  steel,  and  those  which  have  been 
made  seldom  include  such  heavy  steel  plates  as  are  now 
frequently  employed  both  in  boiler  work  and  for  structural 
purposes.  The  most  valuable  tests  available  and  with  the 
greatest  range  in  size  of  r  vet  and  thickness  of  plate  are 
those  which  have  been  made  at  the  U.  S.  Arsenal,  Water- 
town,  Mass.  The  results  shown  in  Table  I  were  taken 
from  **  Senate  Ex.  Doc.  No.  1,47th  Congress,  2d  Session," 
while  those  in  Table  II  are  taken  from  "  Senate  Ex.  Doc. 
No.  5,  48th  Congress,  ist  Session."  The  results  shown  in 
Table  III  are  from  the  same  source  and  are  given  in  the 
"U.  S.  Report  of  Tests  of  Metals  and  Other  Materials" 
for  1896.  The  character  of  plates,  rivets,  and  holes  is 
shown  in  the  tables,  and  the  intensities  of  tension  in  the 
net  sections  of  plates,  compression  or  bearing  on  diametral 
surface,  and  shearing  on  rivets  are  those  which  existed  at 
the  instant  of  failure.  The  bold-face  figures  show  the 
kind  of  failure,  and  when  such  figures  are  found,  for  the 
same  test,  in  two  or  three  columns,  they  show  that  the 
same  two  or  three  kinds  of  failure  took  place  simtdtaneously. 
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Table  I. 


RIVETED  JOINTS— IRON  AND  STEEL. 


Pitch  of 
Rivet. 


Maximxim  Stresses, 
Pounds  per  Square  Inch. 

Tension 

on  Net 

Area  of 

Plate  (r 

Com- 
pression 
on  Dia- 
metral 
Surface 
(f). 

Shearing 

on 

Rivets 

(5). 

.s 

o 


So. 


3.S 

ft4C"iron  1 

36 

s2"    " 

b9//      «« 

37 

38 

S"    '* 

R7"        ** 

39 

AO 

S"        '* 

41 

W"  steel 

a2"     ** 

4^ 

l2"    *' 

43 

44 

v2"  " 

45 

%«"  iron 

46 

%6"     " 

Single-riveted  lai>-joints;  ^^-inch  iron  plates. 


ins. 
«t 

«• 

«t 

«• 

t« 

<« 

<• 

i« 

<• 


43.280 

76.140 

84.900 

57.7 

45.520 

82,910 

88.640 

61.4 

88.580 

73,260 

84.870 

52.8 

41.790 

79,360 

88.660 

57. 1 

52.160 

65,420 

33,420 

60.6 

54.980 

68,890 

35.200 

64.0 

49.420 

87.670 

39.640 

65.9 

47.260 

88.940 

40,610 

63.1 

45.890 

78.220 

45.300 

60.3 

49.720 

84.660 

48,420 

65.5 

41.095 

66,778 

44.204 

53.1 

87.500 

60,886 

42.088 

48.3 

(« 


iMs"  ptinched  holes. 

drilled 

I>unched 


•t 
•« 


•« 


<i 


It 


K 


«• 
«• 

M 
ft 

drilled 


«• 


M 


Single-riveted  lai>-joints;  ^-inch  steel  plates. 


"iron 
//    •« 

"  steel 
//     •« 

"  iron 
^"    " 
%"  steel 
%"     " 

%"     " 


439 

430 

31 

47  ,    . 

48  %•' 

49 

50 


:" 


l%6 


ins. 
«< 

«« 

«• 

«i 

M 
«• 
«« 
«« 
•  • 


85 

86 

617 
6x8 


T4e"  iron 


If 


•• 


46.340 
46,010 
60,250 
59.340 
40.950 
42.370 

68.1:90 
61,310 
66.860 
70.000 
62,496 
58,338 
60,184 
57.439 


82.480  I 

8r,78o 

107.260 

105.290 

77.870 

80,200 

X  20,160 

X  16,090 

90,000 

94,230 

101,180 

94,800 

114.603 

109,650 


87.890 
87.860 

49.270 
48.750 
86.350 
36.710 

56,100 

52,460 
41.790 
43.750 
65.220 
60.882 
62.742 
50.645 


53.2 
52.8 
69.3 
68.0 
48.3 
49.6 

74.3 
71.8 
68.8 
73.0 
69.0 
64.8 
70.6 
67.6 


^He"  punched  holes. 


•« 


M 

•t 

•  • 

«• 

«« 
M 

drilled 
«« 

•t 

M 

•• 

•• 

M 

U 

«t 

M 

•• 


w: 


14 


V 


tns. 


Double-riveted  lap-joints;    ^-inch  plates. 

%"   drilled 


;JI" 


38,535 

41.750 
50.592 
49.960 


64,120 

69.710 
42,118 
41,660 


43.110 
41.750 
38,691 
a8,66o 


60.3 
65.5 
65.8 
65.3 


holes. 


9is"  ptmdiied 


Double-riveted  lap-jolnts;  M-inch  steel  plates. 


432 

%"  iron 

^^^ 

5?//      " 

434 

kL"     *• 

43«; 

k5"        •• 

87 

??e"  steel 

88 

%•"    " 

tns. 
11 


«• 


61.510 

54,640 

25,400 

70.4 

60.300 

53,715 

25,530 

69.4 

65.400 

64,600 

30,430 

74-9 

64.600 

63,430 

30,430 

74.3 

56.944 

94.910 

57.910 

76.3 

59,180 

98,360 

6i,x3o 

79. 5 

i^e"  mushed  bdlea. 


«• 
•I 


M 


Double-welt  butt-joints:  H-inch  iron  plates. 


6i5|! 
6t61 


J"  iron 
iif    •« 


'^' 


ms. 
i« 


53.475 
50.959 


67.3211   16,944   |63.a(iM6''l>anchedh6lefc 
64,1381    16,719   I  59-3  I  


Art-  93]  TESTS  OF  FULL-SIZE  RJVETED  JOINTS. 
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Table  I. — Continued. 


No. 


Size  of 

Rivet 

and 

Kind. 


Pitch  of 
Rivet. 


Maximtun  Stresses, 
Potuids  per  Square  Inch. 


Tension 

on  Net 

Area  of 

Plate  (T) 


Com- 
pression 
on  Dia- 
metral 
Stirface 


Shearing 

on 

Rivets 

(5). 


♦* 

«§ 


Remarks. 


6a 
63 
64 

65 
66 

67 
7ao 
7az 


SI 
53 

53 

54 

55 

56 

238 

239 

718 

719 


»H«"uon 


•  « 
« 
it 
It 
<t 
tl 
II 


Single-riveted  lap-joints;  flinch  iron  plates. 

H"  punched  holes, 
li  *« 

'     drilled 


37,460 
86.180 
38.190 
36,aio 

41.760 
41.290 
61.700 
68.510 


60.840 
58,150 
60,730 
57,530 
54.130 
53,400 
52,970 
5o,aao 


Single-riveted  lap-joints; 


iM6"iron 
«• 

steel 


II 
II 
II 


II 

II 


II 
•I 


I  "iron 
_//    It 


ins. 
II 


tl 
•• 
«« 
It 
«« 

a       " 


1^ 


30,220 
37,700 

55,215 
54.740 
68,650 
68,976 
65,460 
65,aio 
78.894 
78.970 


63,aio 
60,760 
89.580 
88.660 
80,930 
81,600 
89.490 
88.990 
79,510 
80.200 


88,280 

49.0 

35.520 

47.  a 

87.680 

49.7 

86,050 

47.1 

34.230 

So.o 

34.150 

49-3 

a6,x8o 

60.4 

24,830 

57.1 

$^-inch  s 

iteel  p 

89,740 

45.4 

88.190 

43-6 

56.480 

64.1 

66.460 

63.5 

50.650 

66.7 

50.900 

67.  a 

68,560 

70.9 

58.600 

70.6 

86.614 

71.4 

36,590 

7a. 0 

If 

•4 


*'   punched  holes. 
II         II  It 

iHs" 


•t 


«« 


m"     punched  hole& 


It 

t« 

It 

•• 

It 
It 

driUed 
II 

•1 

punched 

iHs" 

M 

(• 
«l 
«• 
t« 
•• 


•« 


Double-riveted  lap-joints;  ^i-inch  iron  plates. 


68 

69 
58 
70 

71 
81 
8a 


1^6 


"J 


iron 
II       II 


VDB, 
II 

«t 

4< 
•1 


V' 


48.450 
50.780 
60.220 
46,255 
46.110 
30,930 
30,130 


39.160 
41.070 
40,640 
41.480 
41.270 
58,700 
57,340 


24.760 
26,150 
25,330 
27.550 
a7,oro 

89.180 
88.410 


63. 

66. 

65. 

60. 

60. 

50. 

49. 

ZA*'  punched  holes. 

7i  tl  It 


«i 


•  I 


«t 


drilled 
«t 


14 
44 
•4 
44 
44 


57 
59 
60 
61 
83 
84 


944 
245 
296 


iM«"iron 


"   steel 
«•      II 


ms. 
It 

44 
44 
44 


Double-riveted  lap-joints;  9^-inch  steel  plates. 


62.800 
64.720 
68,210 
54,980 
44,660 
43.650 


50,760 
52,450 
56,860 
49,530 
84,460 
83,000 


32,310 
32,930 
34,710 
30,830 
52.750 
51.845 


73-2 
75.2 
73.2 
63.8 
64.4 
63.0 


^"  punched  holes. 


II 

41 

44 

<• 

14 

44 

It 

14 

drilled 
It 

44 
44 

Reinforced  riveted  lap-joints;  9f>inch  iron  plates.    (See  figure  next  page.) 


H"iron 
ftt    II 


« 


n 


997  H 


tt        14 


(  a  ins.  joint 
I4    "    welt 


44 
It 

14 
II 
41 

II 


II 
•  I 
II 
II 
41 
II 


38,870 

48,770 
44,840 
42.680 


S9,o8o 
56,640 
S7,9»o 
5S.3SO 


40.860 
34,460 
33.890 
31,810 


67 

6 

74 

.0 

75 

.7 

71. 

9 

iMe"  drilled  hole,  %"  welt. 

!%«"        "  "         "        " 


44 


•4 


44 


44 


44 


44 


44 


M 
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Table  I. — Continued, 


No. 


Size  of 

Rivet 

and 

Kind. 


Pitch  of 
Rivet. 


Maximum  Stresses, 
Pounds  per  Square  Inch. 


Tension 

on  Net 

Area  of 

Plate  Cn 


Com- 
pression 
on  Dia- 
metral 
Surface 


Shearing 

on 

Rivets 

(5), 


I 


Reinforced  riveted  joints;    ^-inch  steel  plates.     (See  above  figtire.) 


946 
247 

299 


340 
341 
293 
29? 
327 
338 


W  steel 


j  3  ins.  joint  ( 
I4  "     weltf 


I 


••  •< 


%"  iron     \ 


^ 


//    •• 


;] 


<•  «« 
<«  i« 


} 


62.060 
62.880 

6l,030 

61,710 


67,330 

68,135 
67.300 
68.040 


33,960 
33.900 
84.250 
34.760 


89.0 
90.1 
87.8 
88.9 


i%e"driUedhok8. 


t« 


«i 


tt 


Single-riveted  lap-joints;  )^-inch  iron  plates. 


« 


// 


iron 


steel 


2  ins. 
2    •• 

2  " 

3  •• 
2  •• 
a    " 


31.100 
81,895 

32.376 
33.180 

30,QOO 

40.500 


41,500 

4»,9S5 
47.850 
48.890 

58.880 
59.900 


34.a8o 
34.QO0 
38.020 
39.220 
47.020 
47,830 


30.8 
39.7 
42.9 
44.3 

52.3 

54-3 


^Me"  punched  holes. 
"       drilled 


•« 
«• 


Single-riveted  lap-joints;  J^inch  steel  plates. 


342'9!("  iron 
343  H"      " 
394  i^e"  •• 


3  29  ;9^"  iron 
635I94"       " 


3  ms. 

38,204 

50,040 

41,100 

3  *' 

35,015 

47,800 

38,636 

3  " 

60,210 

56.980 

36.770 

3  " 

49,590 

47,060 

30,540 

38.2 

350 
51.2 
42.  2 


i^e'' punched  holes. 


r** 


«• 


Double-riveted  lap-joints;   ^-inch  iron  plates. 


2  ins. 
2    " 


I  44.320   I   50.640    I 
J  42,920   I    57.950   1 


25.280   I  57  op^, 
24.560   )  55.a|    " 


i^s"  punched  hoist. 


Double-riveted  lap-joints;  H-inch  steel  plates. 


6i9|i'Ks"iron|2  ins. 
62o|i%e 


//    •• 


73ofi"  iron 
731I1"    " 


732(1"  iron 


<« 


64.602 
64.519 


29.354 
29,371 


19.670  I  53.8  |i"  punched  holes. 
19.644  I  53. 8 1 


%' 


ms. 
•« 


733I1 


//         M 


Single-riveted  lap-joints;  ^-tnch  iron  plates. 

I  84.680   I   47.510   j   35.460   I  44-9  hMs"  punched hiilBt. 
I  84.230   I   46.790   I   34.930   I42.0I    *• 

Double-riveted  lap-joints;  ^-inch  iron  plates. 

256ms.  I  43.580   I   29.740  I   22,960  I  56.3 1 iMs" punched hc^ 

2?!    ••  I  46.850   I   31.310   I   33.670  I  59.3 1    * 


734|t"  steel 
735I1"     " 


736(t 
737)1 


"  Steel 


Single -riveted  lap-joints;  J^-inch  steel  plates. 

2«ins.  I  49.650  I  56,760  I  43.490  |  S0.5  MMs^PuncbedhcdBS. 

2%    "  I   52.770  I   60,150   I   46.080   I  53.61     -  -  " 

Double-riveted  lap-joints;   $6-inch  steel  plates. 

2^  ins.  (  69.680   I   30,780  |   30,470  i  70.9  liHe"  punched  holes. 

29i    "  I   67.100   I   38.300   I    29,340   168.3 


Art-  93]  TESTS  OF  FULL-SIZE  RIVETED  JOINTS. 
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Table  II. 

RIVETED  JOINTS— IRON  AND  STEEL. 


No, 


Thick- 
ness of 
Plate 
and 
Kind. 


Diameter 

and 

Kind  of 

Rivet. 


Pitch  of 
Rivet. 


Maximum  Stres&es, 
Potmds  per  Square  Inch. 


Tension 

on  Net 

Area  of 

Plate  (D 


Com- 
pression 
on  Dia- 
metral 
Surface 


Shearing 

on 

Rivets 

(5). 


c 
o 


.Sift, 


Remarks. 


X 

3 
3 

4 


5 
6 

7 
8 

Q 
xo 

XI 

xa 


13 
14 
IS 

x6 


17 
x8 

19 
•ao 

91 

23 

24 


Single-riveted  iron  lap-joints. 


%"  iron 

iMe"  iron 

i9i  ins. 

89.800 

50.850 

33.710 

47.0 

■  •              ii 

••      •« 

41.000 

53.050 

35.170 

49.0 

ii" 

2       " 

85.660 

47.350 

37.300 

45-6 

•  t                 <i 

•  i       It 

86.160 

46,690 

36,780 

44-9 

Single-riveted  iron  butt-joints. 


94"     punched  holes. 
••  ••  Ii 


H"  iron 

»%•" 

iron 

2     ins. 

46.860 

72,390 

25.380 

59. 9 

H"    ^^f) 

i< 

46.876 

73.050 

25.450 

60.5 

H"    •* 

^" 

<• 

it               (i 

46.400 

61,940 

24.630 

59-4 

!%•"         •• 

It      ii 

>t 

ii 

It               tt 

46.140 

61.740 

24.310 

59.2 

H"    •• 

l" 

•i 

2%      " 

44.260 

60,330 

23,0x0 

57.2 

iMe"        " 

•  i            ii 

ii 

ii 

•  i         It 

42.860 

58,080 

2a,3io 

54-9 

tt             t< 

H''   " 

■^" 

ii 

2.9     •• 

42.810 

57,000 

21,870 

52. I 

!%•"           " 

7t         <i 

ii 

It         tt 

41.920 

56,540 

2a,X40 

51.7 

tt                 It 

tl 
It 
It 
tl 
«« 
«• 


^"  steel 

!•//        it 
%"        " 


'" 


m 
>%•" 


iron 
it 

iron 
II 


Single-riveted  steel  lap-jcnnts. 

t^i  ins. 
tt      it 


61.270 
60,830 

47.580 
49.840 


65.760 
65.320 
44.590 
46,960 


40.890 
89.900 
29.890 
31,070 


59.5 

591 
40.3 

42.3 


*%•"  punched  holes. 


,ff 


II 
II 


Single-riveted  steel  butt-joints. 


w 

steel 

w 

^r 

T 

iMe"  iron 


»%e 


r'/ 


// 


steel 


r 


62.770 
61.210 
68,920 
66.710 
62.180 
62.590 
54.650 
54.200 


97.940 
95.210 
63,230 
59.580 
71.450 
71.980 
55,610 

55,840 


31.240 

3Z,030 

20,370 

X  9,890 

27.750 
27.940 
23.190 

22,810 


71.7 
69.8 

57.1 


55 
63 


63.8 
54.0 

53-4 


H"     punched  holes 


// 


iM« 


iMs" 


It  is  important  to  notice  that  in  general  the  highest  ulti- 
mate resistances  of  tension  and  compression  or  bearing  are 
found  with  the  thin  plates,  and  that  those  quantities 
diminish  appreciably  as  the  thickness  of  plate  increases, 
both  for  iron  and  steel.  This  law  is  not  so  well  defined  in 
reference  to  the  diameter  of  rivet,  if  indeed  these  tests  show 
it  at  aU,  except  for  steel. 
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The  length  of  these  test  joints  varied  from  9.75  to  13 
inches  for  Tables  I  and  II,  and  from  10  to  27  inches  for 
Table  III. 

Although  the  results  of  these  tables  are  somewhat 
irregular,  they  confinn  the  general  accuracy  of  the  relations 
established  between  the  values  of  T,  /,  and  5  in  the  pre- 
ceding articles,  as  well  as  other  general  rules  and  conclu- 
sions for  boiler  work. 

Some  efficiencies  are  lower  than  those  given  for  similar 
joints  in  Art.  94,  but  such  instances  can,  by  the  aid  of  the 
tables,  be  traced  either  to  indifferent  design  or  a  phenome- 
nally low  value  of  some  one  of  the  three  resistances.  In 
general  the  results  compare  well  with  those  given  in  that 
article. 

The  pitches  of  rivets  are  seen  to  be  adapted  to  boiler 
work,  being  much  less  than  are  ordinarily  used  in  bridge 
work;  yet  the  corresponding  resistances  show  what  may 
legitimately  be  done  and  expected  when  unusual  condi- 
tions demand  a  departure  from  ordinary  rules. 

Before  deducing  working  intensities  for  bridge  con- 
struction from  the  preceding  results  it  is  to  be  first  ex- 
plained that  those  results  are  as  given  in  the  government 
reports,  and  that  the  net  section  used  is  the  gross  section 
of  the  plate,  less  the  actual  metal  removed  by  the  punch  or 
drill,  with  no  allowance  for  deterioration  by  the  former  in  the 
immediate  vicinity  of  the  hole.  Again,  in  Tables  I  and  II 
the  diametral  bearing  surface  and  the  shearing  area  of  the 
rivet  are  taken  to  be  those  of  the  drill,  or  a  mean  between 
the  punch  and  die  in  case  of  punched  holes.  In  bridge 
work,  in  determining  the  net  section,  metal  is  deducted 
for  a  diameter  equal  to  that  of  the  cold  rivet  before  driving 
plus  one  eighth  of  an  inch ;  and  the  shearing  and  bearing 
are  computed  for  the  section  and  diameter  of  the  cold  rivet 
before  driving. 


Art.  93.]  TESTS  OF  FULL-SIZE  RIVETED  JOINTS. 


785 


Table  III. 

TESTS  OF  STEEL-RIVETED  JOINTS;  J-INCH  PLATES. 


Maximum  Stresses:  PoimdB  per 

Sqiiare  Inch 

> 

Rivet. 

Efficiency 
of  Joint, 

Joint. 

Remarks. 

Tension  on 

Compres- 

Shearing 

Per  Cent. 

Net  Area 

sion  on 

on    . 

of  Plate 

Diametral 

Rivets 

(T). 

Surface  (t). 

(5). 

A 
B 

i"  »te«l 

38,940 
39.4SO 

57.960 
81.580 

41.760 
85.560 

47.1            H"driUed holes,  j 
57                 •'        *'         '^^ 

C 

62.200 

59.950 

32,480 

83.5 

«        <«         •• 

56.410 

77.900 

29.640 

80.3             • 

t        («         tt 

68.000 

88.510 

ao.930 

85. 5 

<        t«         ti 

50.880 

78.900 

29.410 

85.3 

«        i«         •• 

"  ♦ 

55.050 

71.890 

39.850 

79.4             • 

•        ft         <t 

H 

SI. 340 

76.550 

86.080 

78 

•        •<         t« 

52.160 

50,170 

20.790 

78.6 

t                 «•                  4« 

62.890 

54,660 

ai.530 

90.x             • 

•                 •«                   l« 

58.560 

51.350 

20,620 

84.7 

•                 ••                  (« 

56.080 

67.490 

27,030 

8a. s 

«                ••                  M 

*  Joint  not  fractured. 

A.  Double-riveted  lap-joint;  i-inch  plate. 

B.  Double-riveted  butt-joint,  two  splice-plates;  i-in.  plate. 

C.  Treble-riveted 

H.  Qxiadruple-riveted  butt-joint,  two  splice-plates;  1-in.  plate. 
The  pitch  of  the  outside  rows  of  rivets  in  joints  B,  C,  and  H  waa  double  that  of  the 
adjoining  rows.    In  the  same  joints  one  splice-plate  was  narrower  than  the  other,  so  that 
it  took  one  less  row  of  rivets  on  either  side  of  the  joint  than  the  other. 

With  these  explanations  in  view,  the  preceding  tests 
justify  the  following  working  stresses  for  the  plate-girder 
floor-beams  and  stringers  of  railway  bridges  with  machine- 
driven  rivets. 


Rtvet  shearing. 


Rivet  hearing. 


7,500  !bs.  per  sq.  in.  for  iron. 
000    "      "    "     "    "    steel. 

14,000  lbs.  per  sq.  in.  for  iron. 
,000 


"     "    "     "    "    steel. 


.    ,       (    8,000  lbs.  per  sq.  in.  for  iron. 
Tension  in  net  secttan  of  plate -^.g  „     ,«     ««    ««    u     .    j 

The  bearing  resistances  are  taken  rather  low,  especially 
for  steel,  for  the  reason  that  thick  plates  are  frequently 
used  in  bridge  construction,   and  the  tdtimate  bearing 


726  CONNECTIONS.  [Ch,  XIII. 

resistance  for  them  is  appreciably  less  than  for  the  thin 
plates  used  in  most  of  the  preceding  tests. 

The  preceding  working  stresses  are  based  on  steel  for 
rivets  giving  from  56,000  to  64,000  poimds  per  square  inch 
tensile  resistance,  while  the  steel  for  plates,  in  test  speci- 
mens, should  offer  from  58,000  to  66,000  poimds  per  square 
inch  ultimate  tensile  resistance. 

In  the  government  report  from  which  Table  I  is  ab- 
stracted, can  be  foimd  a  large  mmaber  of  tests  made  for 
the  purpose  of  determining  the  proper  minimum  distance 
from  the  centres  of  rivet-holes  to  the  edge  of  plates.  As 
a  result  of  those  tests  and  other  experience  on  the  same 
subject,  it  may  be  stated  that  the  least  distance  from  the 
centre  of  a  rivet-hole  to  the  edge  of  a  plate  may  be  taken 
at  one  and  one  half  the  diameter  of  the  hole  for  steel  and 
one  and  five  eighths  the  diameter  of  the  hole  for  iron,  in 
cases  where  it  is  important  to  secure  the  maximum  resist- 
ance of  the  joint. 

Art.  94. — Efficiencies. 

The  values  of  the  quantity  which  has  been  termed  the 
'efficiency*'  of  the  joint,  i.e.,  the  ratio  of  the  resistance  of  a 
given  width  of  joint  over  that  of  an  equal  width  of  solid 
plate,  in  the  preceding  investigations,  are  those  acttially 
determined  by  experiments  with  the  joints  themselves. 
They  may,  therefore,  be  relied  upon.  Some  values  which 
have  for  many  years  been  considered  as  standard,  but 
which  in  reality  are  of  a  somewhat  arbitrary  nature,  and 
at  best  belonging  to  a  limited  class  of  joints,  have  been 
disregarded. 

Table  I  gives  the  results  of  Mr.  Kirkaldy's  experiments 
in  reference-  to  the  comparative  resistance  of  chain  and 
zigzag  riveting.  The  difference  is  not  great,  but  what 
there  is  is  in  favor  of  the  chain  riveting. 
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Table  I. 

BUTT-JOINTS  WITH  TWO  COVERS— 1877. 


No.  of 
Tests. 

Plate 
Thickness. 

Rivet 
Diameter. 

Pitch  of 
Rivets. 

Holes. 

Riveting. 

Efficiency. 

2 

A  in. 

fin. 

2  J  in. 

Punched 

Chain 

0.672 

2 

A  in. 

fin. 

3   in. 

Punched 

Zigzag 

0.669 

2 

}in. 

fin. 

2}  in. 

Drilled 

Chain 

0.662 

2 

iin. 

fin. 

3   in. 

DriUed 

Zigzag 

0.633 

Table  II. 

KIRKALDY'S  TESTS— 1872. 


Joint. 


Lap. 
Lap. 
Lap. 
Lap. 
Butt 
Butt 
Butt 
Butt 
Butt 
Butt 
Butt 
Butt 


I  cover. 
I  cover. 
I  cover. 

1  cover. 

2  covers 
2  covers, 
2  covers 
2  covers 


Riveting. 


Single 

Single 

Double 

Double 

Single 

Single 

Double 

Double 

Single 

Single 

Double 

Double 


Holes. 


Punched 

Drilled 

Punched 

Drilled 

Punched 

Drilled 

Punched 

Drilled 

Punched 

Drilled 

Punched 

DriUed 


Rivet 

Diameter  in 

Terms  of  /. 


d  =  2t 

d^2t 
d''2i 
d^2t 
d''2t 
d^2i 

d^2i 

d^i\i 

d^i\t 

d'^ili 


Pitch  in 
Terms  of  d. 


P-^ld 
p-4id 
p^^d 

p^2ld 
p^4id 

P-Ad 
P  =  3id 

P'-Sid 
P-4id 


Efficiency. 


0-55 
0.62 

0.69 

0.75 

0.55 
0.62 

0.69 

0.75 

0.57 
0.67 
0.72 
0.79 


Table  II  gives  the  results  of  the  same  experimenter  on 
the  relative  value  of  punched  and  drilled  work. 

The  drilled  work  is  seen  to  give  decidedly  the  greatest 
efficiency  in  every  case. 

The  joints  to  which  Tables  I  and  II  belong  were  of 
wrought  iron. 

Experiments  by  Mr.  Kirkaldy  during  1881  show  that 
well-designed  double-riveted  steel  butt-joints  with  two 
covers  may  be  expected  to  give  efficiencies  varying  from 
0.65  to  0.75. 
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The  tests  of  full-size  wrought-iron  and  steel-riveted 
joints  exhibited  in  Art.  93  show,  as  a  nile,  that  thin  plates 
give  materially  higher  efficiencies  than  thick  plates.  Al- 
though there  are  irregularities,  single-riveted  lap-joints  may 
yield  efficiencies  nmning  from  50  to  74  per  cent,  for  J^-inch 
plates,  but  dropping  to  50  to  54  per  cent,  for  |-inch  plates 
and  materially  jower  for  J-inch  plates.  On  the  whole, 
the  double-riveted  lap-joints  show  somewhat  higher  effi- 
ciencies than  the  single-riveted,  but  not  quite  the  same 
relative  differences  between  J-inch  and  f-inch  plates,  the 
values  being  found  more  generally  between  about  60  and 
80  per  cent. 

The  single-riveted  butt-joints  of  Table  II,  Art.  93, 
give  efficiencies  ranging  from  about  52  to  72  per  cent. 

Some  imusually  high  efficiencies  are  found  in  Table  III 
of  the  same  article  for  butt-joints,  i.e.,  about  78  to  90  per 
cent.  Those  high  values  are  due  to  the  special  design  of 
the  joints,  and  they  cannot  ordinarily  be  attained  in  prac- 
tice, but  they  show  that  well-considered  designs  will  yield 
greatly  increased  efficiencies. 

In  general,  efficiencies  running  from  65  to  70  per  cent, 
may  be  considered  excellent  for  the  usual  conditions  of 
practice. 

Art.  95. — ^Riveted-truss  Joints. 

The  circumstances  in  which  riveted  joints  are  used  in 
truss  work  render  permissible  many  special  forms  which 
can  find  no  place  in  boiler-riveting.  If  joints  are  found 
under  the  same  circumstances,  as  far  as  the  transference 
of  stress  is  concerned,  precisely  the  same  forms  would  be 
used,  except  that  calking  is,  of  course,  only  required  in 
boiler  work. 

Fig.  I  shows  a  common  form  of  chord  construction  in 
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riveted-truss    work,   with    the    relative    proportions    ex- 
aggerated. 


'\  r\r\  ^  r\ r\  r\  r\   r\  r\  r\^, 


r\ 


I 


I 


W  w^v^  w^w  w-w  vu.i>J ^'^  ^ ^^ 


o^Wi^d 


O 


00 


b^oo 


n    -rr^o-n 


o  o>;o 


Fig.  I. 

The  lower  portion  of  the  figure  shows 
a  section  of  the  chord  in  which  the  cover- 
or  splice-plate  is  shaded.  The  joint  is 
supposed  to  be  in  tension. 

In  this  form  of  joint  the  splice-plate 
material  is  reduced  to  a  minimum.  These 
are,  in  reality,  two  lap-joints  CD  and  DE 
with  the  two  plates  C  and  E  to  be  spliced. 
In  each  lap-joint  there  should  be  sufficient 
rivets  determined  by  the  methods  of  Art.  91.  The  splice- 
plate  AB  should  be  long  enough  to  give  the  requisite  plate 
-AC  to  the  left  of  C,  with  the  same  length  from  Bto  a  point 
vertically  over  E. 

In  most  cases  one  or  two  plates  only  should  be  spliced 
at  the  same  point. 

The  joint  in  the  vertical  plate  should  be  formed  as  at 
FG;  i.e.,  it  should  be  a  double-cover  butt-joint.  The 
principles  already  established  in  a  preceding  section,  in 
regard  to  the  thickness  of  covers  and  diameter  of  rivets, 
should  be  observed  here. 

The  two  or  more  full  rows  of  rivets  on  either  side  of  the 
joint  may  as  well  be  chain-riveted  with  a  pitch  of  3  J  to  4 
diameters.     Other  rivets  should  then  be  staggered  in  iintil 
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the  group  of  rivet  centres  on  each  side  is  brought  to  a  point, 
as  shown  in  the  upper  part  of  Fig.  i.  In  this  manner  the 
available  section  bf  a  width  of  plate  equal  to  that  of  the 
cover  becomes  approximately  equal  to  the  total,  less  the 
material  from  one  rivet-hole.  Hence  the  efficiency  of  the 
joint  becomes  correspondingly  increased. 

If  the  joint  is  in  compression  the  preceding  observa- 
tions hold  without  change,  except  that  all  covers  should 
have  the  same  thickness  as  the  plates  covered. 

Even  if  the  joints  C,  D,  E,  and  H  are  of  planed  edges, 
Uttle  or  no  reUance  should  be  placed  upon  their  bearing  on 
each  other,  since  the  operation  of  riveting  will  draw  them 
apart  more  or  less,  however  well  the  work  may  be  done. 
Melted  zinc  or,  in  the  case  of  very  wide  chords,  four  longi- 
tudinal rows  of  rivets  should  be  used  in  such  joints  as  are 
exemplified  by  Fig.  i. 

Unless  great  caution  is  observed  and  excellence  of  design 
secured,  there  will  frequently  be  excessive  bending  in  the 
riveted  joints  of  truss  work,  on  account  of  the  great  variety 
of  connections  required. 

Diagonal  Joints. 

It  has  been  proposed  to  form  riveted  joints  the  edges 
of  whose  plates  are  neither  perpendicular  nor  parallel  to 
the  stress  transferred.  In  this  manner  a  greater  number 
of  rivets  and  a  greater  section  of  metal  will  resist  the  stress 
exerted  in  the  body  of  the  plate. 

Mr.  Kirkaldy  made  some  tests  on  such  lap-joints,  single- 
riveted,  with  t-inch  plates,  the  joints  of  which  lay  at  45 
with  the  applied  force,  with  the  following  results: 

Entire  plate 100 

Square  joint 59.4 

Diagonal  joint 87.2 


o 
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The  diagonal  joints  are  thus  seen  to  give  by  far  the  best 
results.     They  are,  however,  much  the  most  expensive  also. 

Riveted  Joints  in  Angles. 

It  has  been  fotmd  by  tests  of  full-size  angles  that  if  a 
riveted  joint  be  formed  by  riveting  one  leg  only,  the  tilti- 
mate  tensile  resistance  per  square  inch  of  the  net  angle 
section  may  be  but  75  per  cent,  of  the  ultimate  tensile 
resistance  of  test  specimens  cut  from  the  same  angle.  On 
the  other  hand,  if  both  legs  are  riveted  the  ultimate  tensile 
resistance  per  square  inch  of  the  net  section  may  easily 
be  90  per  cent,  of  the  tiltimate  resistance  of  test  specimens 
cut  from  the  same  angle.  These  results  show  that  both 
legs  of  angles  should  always  be  riveted  at  joints. 

Friction  of  Riveted  Joints. 

There  are  not  lacking  experiments  to  show  that  the 
friction  between  the  plates  of  a  riveted  joint  is  very  great. 
This,  however,  cannot  be  relied  upon  to  give  additional 
resistance  to  the  joint,  since  a  sensible  relative  movement 
of  the  plates  takes  place  in  advance  of  its  greatest  resistance 
and  essentially  destroys  the  friction. 

The  experiments  of  Edwin  Clarke,  Harkort  and  Lavelley 
show  that  this  friction  may  range  from  8330  to  22,400  lbs. 
per  square  inch  of  rivet  section. 

The  specimens  were  prepared  with  one  slotted  plate, 
so  that  friction  was  the  only  resistance  to  the  parting  of 
the  plates. 

Hand  and  Machine  Riveting, 

Pneumatic,  steam,  and  hydraulic  riveting-machines 
have  been  brought  to  such  a  degree  of  perfection  that 
machine  work  is  now  always  preferred  to  hand  riveting. 
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The  resistances  of  joints  will  vary  to  some  extent  with 
the  method  of  riveting.  Usually,  however,  the  variation 
will  not  be  greater  than  may  be  found  for  the  same  kind 
of  riveting  in  different  places  and  under  different  circum- 
stances. 

As  a  rule,  machine  riveting  is  much  more  reliable  than 
hand,  in  that  the  hole  is  better  filled  and  the  rivet  more 
quickly  headed,  in  consequence  of  the  great  excess  of  pres- 
sure exerted.  There  is  thus  much  less  liability  of  loose 
rivets. 

Most  of  the  preceding  experimental  results  were  ob- 
tained from  machine  work. 

Art.  96. — ^Welded  Joints. 

At  the  present  time  the  process  of  welding  can,  with 
proper  care  and  material,  be  made  to  give  excellent  results. 

Scarf -welds  give  much  better  resiilts  than  lap- welds,  on 
account  of  the  bending  to  which  the  latter  are  subjected. 

Mr.  Kirtley  (Institute  of  Mechanical  Engineers  of  Great 
y^  Britain)  made  some  experiments  with  small  strips,  7.5 
inches  long  and  V^  inch  thick,  cut  across  welded  joints. 
These  strips  were  taken  out  of  boilers  whose  longitudinal 
joints  had  been  welded.  Twenty-three  experiments  with 
strips  varjring  from  one  to  one  and  a  half  inches  wide  gave 
the  following  results  per  square  inch  of  plate  section: 

Welded.  Solid  Plate. 

Greatest 53,3io  lbs.  57,79©  lbs. 

Mean, 46,140    "  52,860 

Least 36,960    "  46,370 

The  preceding  restdts  are  for  wrought  iron.  The  ordi- 
nary welding  processes  cannot  be  applied  satisfactorily 
to  structural  steel.  Welding  may,  however,  be  success- 
fully done  in  steel  by  electric  processes,  but  under  such 
special  conditions  as  usually  not  to  be  available  for 
structural  purposes. 


« 
« 
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Art.  97. — Pin  Connections. 

A  pin  connection  consists  of  two  sets  of  eye-bars  or  links, 
through  the  heads  at  one  end  of  each  of  which  a  single  pin 
passes.  Fig.  i  shows  a  pin  connection;  A,  A,  B,  B,  are 
eye-bars  or  links,  and  P  is  the  pin. 


ti 


B 


m 


rT 


B 


n 


Fig.  I. 

The  head  of  the  eye-bar  (one  is  shown  in  elevation  in 
Fig.  2)  requires  the  greatest  care  in  its  formation.  It  is 
imperfect  imless  it  be  so  proportioned  that  when  the  eye-bar 
is  tested  to  failure,  fracture  will  be  as  likely  to  take  place 
in  the  body  of  the  bar  as  in  the  head ;  in  other  words,  tmless 
its  efficiency  is  unity. 


F     N     D 


H 


«' 


Fig.  2. 

In  Fig.  2  the  head  of  the  eye-bar,  or  link,  is  supposed 
to  be  of  the  same  thickness  as  that  of  the  body  of  the  bar 
whose  width  is  w. 
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If  t  is  the  thickness  of  the  bar,  so  that  wt  is  the  area  of 
its  normal  section,  then  t  is  ahnost  invariably  included 
between  the  limits  of  ^w  and  \w.  In  fact  these  extreme 
values  are  each  too  extreme  for  the  full  resistance  of  the 
bar,  although  they  are  sometimes  used.  These  ratios,  as 
well  as  the  diameter  of  the  pin  in  terms  of  il\  can  only  be 
determined  by  experiments  on  full-size  bars.  A  large 
number  of  such  experiments  have  been  made  both  in  this 
coimtry  and  in  Great  Britain,  and  while  the  resistance  of 
the  bar  as  a  whole  depends  to  a  considerable  extent  on  the 
mode  of  manufacture  or  formation  of  the  head,  it  has  been 
found  that  for  the  best  proportioned  head  /  should  range 
from  \w  to  ^w,  and  the  diameter,  d,  of  the  pin  from  o.Tyoj 
tow. 

It  is  extremely  difficult  to  reach  more  than  a  general 
idea  of  the  condition  of  stress  in  an  eye-bar  head,  although 
an  approximate  mathematical  treatment  of  the  question 
may  be  found  in  the  **  Trans.  Am.  Soc.  of  Civ.  Engrs.," 
Vol.  VI,  1877,  in  which  the  restdts  agree  essentially  with 
those  of  experiment. 

Before  taking  a  general  view  of  the  stresses  which  may 
arise  in  an  eye-bar  head,  it  must  be  premised  that  a  differ- 
ence of  -^"  to  -xW'  between  the  diameter  of  the  pin  and 
that  of  the  pin-hole  is  exceptionally  good  practice.  Before 
the  eye-bar  s  strained,  therefore,  there  is  a  line  of  contact 
only  between  the  pin  and  eye-bar  head,  but,  on  account 
of  the  elasticity  of  the  material,  this  line  changes  to  a  sur- 
face v/hen  the  bar  is  under  stress,  and  increases  with  the 
deg^ree  of  stress  to  which  the  bar  is  subjected.  The  line 
and  surface  of  contact  is,  of  course,  in  the  vicinity  of  Q, 
Fig.  2,  i.e.,  on  that  side  of  the  pin  toward  the  nearest  end 
of  the  bar.  The  consequence  of  this  is  that,  when  the  bar 
is  strained,  the  portion  about  QB,  Fig.  2,  is  subject  to 
direct  compression  and  extension;    that  about  /?L,  NE. 
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and  GS  to  direct  tension  and  bending,  while  in  the  vicinity 
of  T  there  is  a  point  of  contraflextire,  and  the  stress  in  the 
direction  of  the  circumference  changes  from  compression 
to  tension  as  E  is  approached  from  Q. 

As  a  result  of  many  of  the  exper  ments  which  have  been 
made,  the  following  mode  of  proportioning  the  head  has 
heretofore  been  very  extensively  used :  Let  r  represent  the 
radius  of  the  pin,  while  reference  is  made  to  Fig.  2.  Then 
take  EN  ==o,66'w.  The  curve  DRBK  is  a  semicircle  with 
a  radius  equal  to  r  +  o,66w,  with  a  centre,  A,  so  taken  on 
the  centre  line  of  the  bar  that  QB  =0.87x1;.  GF  is  a  portion 
of  the  same  curve,  with  A^  as  the  centre  (AC  =^Q ;  GH 
is  any  curve  with  a  long  radius  joining  GF  gradually  with 
the  body  of  the  bar.  HG  should  be  very  gradual  in  order 
that  there  may  be  a  large  amotmt  of  metal  in  the  vicinity 
of  CC,  for  there  the  metal  is  subjected  to  flexure  as  well 
as  direct  tension.  FD  is  a  straight  line  parallel  to  the 
centre  line  of  the  bar. 

As  the  preceding  rule  gives  a  head  whose  outline  causes 
a  more  expensive  die  than  a  simple  circle,  at  the  present 
day  eye-bar  heads  are  usually  formed  as  shown  in  Fig.  3. 


Fig.  3. 

ABD  is  a  semicircle  with  a  radius  equal  to  r  +  o.Sw  to 
r  +  o,gw,  and  whose  centre,  C,  is  the  centre  of  the  pin-hole. 
The  portions  FA  and  HD  are  formed  as  before. 
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There  shotild  be  no  weld  across  the  bar  in  the  vicinity 
of  FH.  Consequently  heads  are  usually  formed  by  placing 
proper  sized  pieces  upon  the  upset  ends  of  the  plain  bars, 
and  then,  after  insertion  in  a  heating  furnace,  forcing  the 
head  to  the  desired  shape  in  a  die  under  hydraulic  or  steam 
pressure. 

The  intensity  of  this  presstu^  will  affect,  to  a  consider- 
able extent,  the  permissible  dimensions  of  the  head.  The 
greater  the  pressure,  the  better  will  be  the  results. 

The  unfinished  head  is  sometimes  rolled  on  the  bar,  as 
by  the  Kloman  process. 

The  thickness  of  the  head  is  sometimes  made  greater 
than  that  of  the  body  of  the  bar.  If  the  head  is  circular, 
as  in  Fig.  3,  the  section  of  metal  on  each  side  of  the  pin 
(through  AC  or  CD)  shoiild  be  not  far  from  eight  tenths 
that  in  the  body  of  the  bar. 

This  thickening  of  the  eye-bar  head  is  an  excellent  thing 
for  the  bar,  but  subjects  the  pin  to  a  great  increase  of  bend- 
ing, and  hence  requires  increased  pin  diameter. 

In  pin  connections  the  pin  is  subjected  to  very  heavy 
bending.* 

If  M  is  the  bending  moment  to  which  the  pin  is  sub- 
jected, K  the  greatest  intensity  ot  bending  stress  developed, 
and  A  the  area  of  the  normal  section  of  the  pin,  eq.  (4)  of 
Art.  69  gives 

M=A:^=o.iA:rfMnearly),  .     .     .     .     (i) 

or 

d  =  2,i6^^ (2) 

Values  of  K,  for  circular  sections,  may  be  fotmd  in 
Art.  69. 

♦  For  a  detailed  treatment  of  this  subject  the  author's  "Bridge  and  Roof 
Trusses  "  may  be  consulted. 


CHAPTER  XIV. 

PLATE  GIRDERS. 

Art.  98.— The  Design  of  a  Plate  Girder. 

A  PLATE  girder  is  a  flanged  girder  or  beam  built  usually 
of  plates  and  angles,  the  flanges  being  secured  to  the  web 
by  the  proper  number  of  rivets  suitably  distributed.  The 
flanges,  unlike  those  of  rolled  beams,  are  usually  of  vary- 
ing sectional  area,  although  occasionally  either  flange  may 
be  of  uniform  section  throughout  when  formed  of  two 
angles,  or  two  angles  and  a  cover-plate.  Pig.  i  is  a  general 
view  of  a  plate  girder,  while  Figs.  2,  3,  4,  5,  and  6  show 
some  of  the  general  features  of  design. 

The  total  length  of  a  plate  girder  is  materially  more 
than  the  length  of  clear  span  over  which  the  girder  is  de- 
signed to  carry  load.  Blocks  or  pedestals  of  masonry  or 
metal,  as  the  case  may  be,  support  the  ends  of  the  girders 
and  rest  on  the  masonry  or  other  supporting  masses  or 
members  carrying  the  girder  and  its  load.  The  distance 
between  the  centres  of  these  blocks  or  pedestals  is  called 
the  effective  span  of  the  girder,  as  it  is  the  span  length 
which  must  be  used  in  computing  bending  moments, 
shears,  or  reactions.  Plate  girders  must  evidently  be 
somewhat  longer  than  the  effective  span.  In  Fig.  2  the 
relations  of  the  various  parts  at  the  end  of  the  plate  girder 
are  shown,  in  detail.     The  girder  illustrated  in  Fig.  i  has 
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an  effective  span  of  80  ft.  with  the  centre  of  the  pedestal 
block  15  inches  from  the  face  of  the  masonry  abutment 
and  6.5  inches  from  the  extreme  end  of  the  girder.  The 
effective  depth  of  the  girder  is  the  vertical  distance  or 
depth  between  the  centres  of  gravity  of  the  two  flanges. 
When  the  girder  has  cover-plates  this  effective  depth  may 
be  greater  than  the  depth  of  web  plate  at  the  centre  of 
span  and  less  than  that  at  the  ends,  even  when  the  web 
plate  is  of  uniform  depth.  It  is  always  customarj-,  how- 
ever, to  take  the  effective  depth  of  a  plate  girder  with 
uniform  depth  of  web  as  constant.  Frequently  that  depth 
is  taken  equal  to  the  depth  of  the  web  plate;  or,  again,  it 
may  be  taken  equal  to  the  depth  between  the  centres  of 
gravity  of  the  flanges  at  mid-span  without  sensible  error. 
In  case  the  web  plate  is  not  of  imiform  depth  the  effective 
depth  might  still  be  taken  as  the  depth  of  web  plate  at 
the  various  sections  of  the  girder,  or  it  may  be  taken  as  the 
depth  between  centres  of  gravity  of  the  flanges  at  the  same 
sections. 

The  plate  girder  shown  in  Pig.  i  and  to  be  assumed  for 
the  purposes  of  design  has  a  clear  span  of  77  ft.  6  ins.,  an 
effective  span  of  80  ft.,  and  a  length  over  all  of  81  ft.  i  in. 
The  differences  between  the  effective  span  and  the  clear 
span  and  total  length  are  obviously  dependent  upon  the 
length  of  span.  For  short  spans  those  differences  are 
relatively  small,  and  relatively  lai^e  for  long  spans.  The 
depth  of  web  plate  will  be  taken  as  7  ft.,  and  it  will  be 
found  later  that  at  and  in  the  vicinity  of  the  centre  of  span 
three  cover-plates  will  be  needed.  The  girder  wHl  be 
assumed  to  be  of  mild  structural  steel  and  will  be  sup- 
posed to  carry  a  single-track  railroad  moving  load  with 
the  concentrations  and  spacings  shown  in  Table  I,  p.  69. 

The  dead  load  or  own  weight  of  the  girder  and  track 
will  depend  somewhat  upon  whether  the  girder  is  of  the 
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through  or  deck  type.  The  only  difference  in  computa- 
tion arising  in  those  two  types  is  due  to  the  fact  that  if  the 
girders  are  of  the  deck  class  (i.e.,  carrying  the  moving  load 
directly  on  their  upper  flanges)  the  rivets  connecting  the 
upper  flanges  with  the  webs  must  be  assumed  to  carry  the 
wheel  concentrations  in  addition  to  their  other  duties,  as 
will  be  shown  in  the  following  computations.  The  total 
dead  load  or  own  weight  will  be  taken  as  1400  lbs.  per  linear 
foot.  Inasmuch  as  there  are  two  girders,  each  will  carry 
one  half  of  the  moving  load  and  one  half  of  the  dead  load 
or  own  weight.  It  should  be  observed  that  the  effective 
length  of  span  being  80  ft.,  the  two  locomotives  at  the  head 
of  the  train  load  will  more  than  cover  the  span,  so  that  the 
uniform  train  load  will  not  appear  in  the  computations. 

Bending  Moments. 

The  first  computations  necessary  are  those  required 
to  determine  the  bending  moments,  and  from  them  the 
flange  stresses  at  different  points  of  the  span.  Those  points 
may  be  taken  at  6,  8,  or  10  ft.  apart  as  may  be  desired  for 
the  purposes  of  design;  the  closer  together  the  sections  are 
taken  the  greater  will  be  the  degree  of  accuracy  attained. 
In  the  present  instance  it  will  suffice  to  take  those  sections 
10  ft.  apart  as  shown  at  BO,  CW,  DL,  and  FK  in  Fig.  i, 
the  latter  section  being  at  the  centre  of  the  span.  After 
the  bending  moments  are  obtained,  the  flange  stresses  at 
once  result  by  dividing  the  former  by  the  effective  depth. 

As  each  girder  will  carry  700  lbs.  of  dead  load  per  linear 
foot,  and  as  the  effective  span  is  80  ft.,  the  expression  for 
the  dead-load  bending  moment  in  foot-pounds  at  any 
point  will  be  as  follows : 

M^^—{%ox-x^) (i) 
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The  application  of  eq.  (i)  to  the  sections  of  the  girder  lo, 
20,  30,  and  40  ft.  from  the  ends  will  give  the  following 
expressions  for  the  bending  moments  in  foot-potmds: 

X.  Moment. 

10  ft 245,000  ft.-lbs. 

20    ** 420,000       ** 

30    ** S2S»ooo      " 

40    ** 560,000      " 

• 

The  moving-load  bending  moments  are  next  to  be  fotmd 
by  using  the  concentrations  shown  on  p.  69.  For  this 
purpose  the  criterion  for  the  maximum  bending  moment, 
eq.  (s).  Art.  16,  must  be  applied  at  the  assumed  sections  in 
which  /'  (equal  to  x  in  the  above  dead-load  computations) 
has  the  values  10,  20,  30,  and  40  ft.  The  application  of 
that  criterion  to  the  section  BO,  Fig.  i,  10  ft.  from  the  end 
of  the  span  shows  that  W^,  or  the  first  driving-wheel,  must 
rest  at  the  section  in  question  for  the  maximum  bending 
moment,  the  loads  W^  to  W,,  inclusive  resting  on  the  span. 
By  the  aid  of  Table  I,  p.  69,  the  maximum  bending 
moment  takes  the  form 

AI  =  1(7,668,060  +  212,000  X 4)  —  80,000  =984,500  ft.-lbs. 

The  application  of  the  same  criterion  to  the  section 
CW  of  Fig.  I  shows  that  maximum  bending  moments  will 
be  found  by  placing  either  W,  or  W^  at  the  section  in  ques- 
tion. The  greatest  of  those  two  moments  is  to  be  found 
by  placing  W^  on  the  second  driving-wheel  at  the  section. 
By  the  aid  of  the  same  table  as  before,  that  bending  mo- 
ment takes  the  value 

M  =  K6, 708,000  + 192,000  X  4)  —  230,000  =  1,639,000  ft.-lbs. 

Similarly  the  criterion  equation  is  satisfied  by  placing 
either  W^  or  ]l\  at  the  section  DL,  Fig.  i,  30  ft.  from  the 
end  of  the  effective  span,  but  the  greatest  moment  results 
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from  placing  W^  at  the  section  in  question  with  eleven 
wheel  loads  on  the  span.     That  moment  has  the  value 

M  =1(5,848,000  + 1 72,000X4)— 480,000  =  1,971,000  ft.-lbs. 

By  proceeding  in  the  same  manner  it  will  be  found  that 
there  are  several  positions  of  the  loading  satisfying  the 
criterion  for  the  centre  section  FK  of  the  span,  but  that 
the  greatest  moment  of  all  will  be  fotmd  by  placing  W^^  at  . 
the  centre  of  the  span,  which  requires  that  W^  to  W^^ 
inclusive  rest  on  the  girder.  The  resulting  value  of  M, 
found  in  the  same  manner  as  before,  will  be  M  =  2,160,500 
ft.-lbs. 

In  designing  plate  girders  it  is  customary  in  the  best 
practice  to  recognize  the  effect  of  shock  due  to  inevitable 
inequalities  of  track,  lack  of  vertical  balance  of  driving- 
wheels  and  other  agencies  acting  tmder  high  speeds  of 
fast  trains,  by  adding  to  the  stresses  produced  by  the 
moving  load  certain  percentages  depending  usually  upon 
the  length  of  span.  In  the  present  instance  60  per  cent, 
for  shock  will  be  added  to  the  bending  moments  foimd  for 
the  moving  load  in  the  preceding  computations. 

The  total  greatest  bending  moments  therefore  due  to 
dead  load,  moving  load,  and  shock  are  fotmd  by  taking  the 
sums  of  the  various  computed  moments  for  the  different 
sections  as  follows: 


/'- 

10  Feet. 

ao  Feet. 

30  Feet. 

40  Feet. 

Dead 

Ft.-lbs. 

245,000 
984,500 
590,700 

Ft.-lbs. 
420,000 

1,639,000 

983,400 

Ft.-lbs. 
525,000 

1,971,000 

1,182,600 

Ft.-lbs. 
560,000 

2,160,500 

1,296,300 

MovincT 

Shock 

Total 

1,820,200 

3,042,400 

3,678,600 

4,016,800 
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The  greatest  permitted  or  working  tenale  stress  to  be 
used  in  the  tension  flanges  of  these  girders  is  14,000  lbs.  per 
square  inch  of  net  section.  The  effective  depth  at  the  centre 
of  the  girder  will  be  somewhat  greater  than  the  actual 
depth  of  the  web,  and  it  will  be  asstuned  at  7.1  ft.  It  will 
further  be  asstuned  in  this  case,  as  is  frequently  done  in 
practice,  that  the  web  of  the  girder  takes  shear  only,  its 
resistance  to  bending  being  neglected.  The  total  bending 
resistance  of  the  girder  therefore  will  be  due  to  the  flanges 
only.  This  assumption  involves  a  small  error  on  the  side 
of  safety. 

It  should  be  stated  at  this  point  that  the  bending  re- 
sistance of  a  plate  girder  is  sometimes  computed  by  the 
general  formula  involving  the  moment  of  inertia  of  section, 

KI 
M-'-j-y  d  being  the  distance  from  the  centre  of  gravity  of 

section,  i.e.,  usually  the  mid-depth,  to  the  extreme  fibre, 
while  K  is  the  greatest  permitted  intensity  of  stress  in  that 
extreme  fibre. 


Flange  Stresses  and  Sectional  Areas  of  Flanges. 

If  each  of  the  preceding  bending  moments  be  divided 
by  the  effective  depth  7.1  ft.,  the  results  will  be  the  maxi- 
mum flange  stresses  at  the  different  sections  considered. 
Again,  if  those  flange  stresses  each  be  divided  by  14,000 
the  quotients  will  be  the  net  sectional  areas  in  square  inches 
at  the  sections  considered.      Those  results  will  be  as  follows : 


r- 

10  Peet. 

20  Peet. 

30  Peet. 

40  Peet. 

Flange  stresses 

Net  sections. 

2561370  lbs. 
18.3  sq.  ins. 

428,500  lbs. 
30. 6  sq.  ins. 

518, 1 10  lbs. 
37  sq.  ins. 

565.800  lbs. 

40. 8  sq.  ins. 

1 

Art.  98.]  THE  DESIGN  OF  A  PLATE  GIRDER.  745 

These  net  sections  must  be  made  up  of  cover-plates  and 
angles  in  the  manner  shown  in  section  in  Fig.  3.  Before 
making  the  actual  design,  the  arrangement  of  rivets  con- 
necting  the  flange  angles  with  the  web  plate  is  not  pre- 
cisely determinable.  In  the  present  instances  a  large  steel 
angle  with  legs  6  ins.  long  must  be  used,  and  it  is  practically- 
certain  that  two  lines  of  rivets  in  each  leg  shotild  be  em- 
ployed. It  does  not  follow  that  two  rivet-holes  should 
be  taken  out  of  each  leg  to  find  the  net  section  of  these 
angles,  since  by  staggering  the  rivet-holes  a  less  amoimt  of 
material  may  be  wasted.  In  the  case  of  staggered  rivet- 
holes  there  are  not  sufficient  experiments  on  record  to 
determine  the  degree  of  staggering  of  two  lines  of  rivets 
to  make  it  proper  to  deduct  one  hole  only  for  the  net  sec- 
tion. With  the  riveting  scheme  used  in  this  plate  girder 
it  is  entirely  feasible  so  to  arrange  the  four  rows  that  the 
net  section  will  properly  be  obtained  by  deducting  three 
rivet-holes  from  each  angle,  and  that  procedure  will  be 
followed. 

The  sizes  of  rivets  will  obviously  vary  to  some  extent, 
but  f-  and  |-inch  rivets  are  commonly  used  in  practice, 
those  diameters  belonging  to  the  cold  rivet  as  delivered  at 
the  shop.  The  increased  diameter  caused  by  driving  the 
rivet  is  not  recognized  in  rivet  computations.  In  this 
instance  the  rivets  will  be  asstimed  to  be  |  inch  in  diameter, 
i.e.,  before  being  driven.  The  reamed  hole  for  the  rivet 
in  the  angle  must,  however,  be  taken  ^  inch  larger  than  the 
diameter  of  the  rivet.  These  holes  must  therefore  be  taken 
as  I  inch  in  diameter,  since  |-inch  rivets  are  to  be  used. 

The  selection  of  the  angles  to  be  used  is  to  some  extent 
a  matter  of  judgment.  As  this  girder  is  a  large  one,  two 
6x6Xi-in.  angles,  weighing  33.1  lbs.  per  linear  foot,  will 
be  selected  for  each  flange.  The  gross  area  of  section  of 
each  of  these  angles  is  9.73  sq.  ins.,  as  will  be  found  by 
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referring  to  the  Cambria  Steel  Company's  tables  at  the 
end  of  this  book.  In  view  of  what  has  been  stated  in  the 
preceding  paragraphs,  the  metal  taken  out  of  each  6  X  6-in. 
angle  is  3  X  .875  =  2.63  sq.  ins.  Hence  the  total  net  section 
of  the  two  angles  will  be 

Net  section  =  2  X  (9.73  —  2.63)  =  14.2  sq.  ins. 

This  net  sectional  area  of  the  two  angles  runs  throughout 
the  entire  length  of  the  tension  flange.  By  referring  back 
to  the  total  net  sectional  areas  required  it  will  be  seen  that 
there  must  be  made  up  4.1  sq.  ins  10  ft.  from  the  end;  16.4 
sq.  ins.  20  ft.  from  the  end;  22.8  sq.  ins.  30  ft.  from  the 
end;  and  26.6  sq.  ins.  at  the  centre  of  the  span,  in  excess 
of  the  net  areas  of  section  of  the  two  angles. 

These  additional  areas  can  be  supplied  by  resorting  to 
cover-plates.  The  selection  of  these  cover-plates  so  as  best 
to  make  up  the  areas  required  is  largely  a  matter  of  judg- 
ment. There  are,  however,  some  general  considerations 
always  to  be  observed.  No  cover-plate  should  be  used 
thicker  than  the  one  tmdemeath  it,  and  as  a  rule  the 
width  of  cover-plates  should  be  but  little  if  any  less  than 
the  width  of  the  two  flange  angles  and  the  web  plate  be- 
tween them,  but  the  cover-plate  may  have  a  somewhat 
greater  width  than  that  of  the  two  angles  and  web  plates 
between.  In  the  present  instance  the  cover-plates  certainly 
should  not  be  less  than  1 2  ins.  in  width  and  they  will  be 
taken  14  inches  wide.  As  there  will  be  fotir  lines  of  stag- 
gered rivets  the  net  width  of  plate  will  be  taken  as  1 2  ins. 

The  first  cover-plate,  i.e.,  that  lying  immediately  on 
the  angles,  must  evidently  begin  where  the  net  section  of 
the  two  angles  is  just  enough  to  afford  the  total  net  flange 
section  needed  at  that  point.  The  second  cover-plate 
must  similarly  begin  where  the  net  section  of  the  two 
angles  added  to  that  of  the  first  cover-plate  is  just  equal 
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to  the  total  flange  section  required ;  and  so  on  with  all  the 
cover-plates.  It  is  to  be  remembered,  however,  that  in 
the  end  of  a  cover-plate  begtm  just  at  the  section  where  its 
area  is  required,  the  rivets  might  not  transfer  to  it  pre- 
cisely at  that  point  the  stress  which  it  ought  to  carry. 
Hence  it  is  customary  to  make  a  cover-plate  from  a  foot 
to  18  inches  longer  at  each  end  than  the  length  reqtiired  by 
computation.  Bearing  all  these  considerations  in  mind 
it  will  be  found  that  the  following  series  of  cover-plates 
will  fulfil  all  the  requirements  of  computation  and  of  all 
the  practical  considerations  which  have  been  set   forth: 

One  top  cover-plate  14  ins.  Xii  ins.,  39  ft.  long. 

One  14-in.  Xi-in.  plate  under  the  above,  56  ft.  long. 

One  14-in.  Xj-in.  thick  cover-plate  immediately  on  the 
flange  angles,  68  ft.  long. 

By  referring  to  Fig.  i  the  disposition  of  these  cover- 
plates  will  be  entirely  clear.  It  will  be  foimd  that  the  net 
section  is  ample  to  meet  the  demands  of  the  flange  stresses 
at  all  points  without  wastefulness  of  metal.  Obviously 
at  the  ends  of  the  flanges  there  will  be  some  excess  of  net 
section  in  the  angles,  just  as  there  will  also  be  found  some 
excess  of  section  at  and  near  the  end  of  each  cover-plate, 
but  those  conditions  are  inevitable.  In  designing  and 
arranging  the  cover-plates  of  a  plate  girder,  care  should 
be  taken  to  use  plates  neither  too  thick  nor  too  thin.  It 
is  seldom  necessary  to  use  a  plate  as  thick  as  one  inch 
and  no  plate  less  than  f  inch  thick  should  be  used  for  a 
railroad  plate  girder. 

The  length  of  cover-plate  has  been  determined  by  direct 
reference  to  computations  for  the  flange  stresses,  but  there 
are  other  methods  by  which  those  lengths  can  be  com- 
puted and  two  such  methods  will  be  given  in  the  next 
article.  There  is  little  if  any  gain  in  using  such  methods, 
but  it  may  be  desirable  occasionally  to  employ  them. 
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Rivets  between  Web  and  Flanges  and  End  Stiff eners. 

Stresses  are  given  to  the  flanges  of  a  plate  girder  through 
the  rivets  which  bind  the  flange  angles  to  the  web  plate. 
It  is  necessary  therefore  to  have  a  stifficient  ntimber  of 
rivets  through  the  legs  of  the  flange  angles  lying  against 
the  web  plate  to  carry  to  the  flange  metal  those  flange 
stresses  which  have  been  computed.  Each  of  these  rivets 
will  obviously  be  in  double  shear,  but  the  bearing  capacity 
of  the  rivet  can  be  determined  only  after  the  thickness  of 
the  web  plate  is  known,  and  it  will  next  be  necessary 
to  ascertain  that  thickness.  It  is  frequently  assumed  that 
the  web  plate  is  to  carry  transverse  shear  only,  and  that 
assumption  is  made  in  this  case.  The  working  intensity  of 
shear  in  a  steel  web  plate  where  proper  allowance  has  been 
made  for  shock  may  safely  be  taken  at  7000  lbs.  per  sq.  in., 
and  it  is  sometimes  taken  as  high  as  10  000  lbs.  per  sq.  in. 
The  maximum  transverse  shear  will  be  at  the  end  of  the 
span,  i.e.,  it  will  be  the  maximum  reaction.  In  the  present 
instance  it  will  exist  when  the  first  driving-wheel  (wheel  2) 
is  at  one  end  or,  strictly  speaking,  at  an  indefinitely  short 
distance  from  one  end.  Assimiing  that  position  of  the 
moving  load,  therefore,  the  reaction  will  have  the  value, 

i?^a^«w  =  20  +  1^X3  X20  +  |^X4X  13 +  1^X10  + 

-^  X  4  X  20  =  1 24,200  lbs. 

The  reaction  due  to  dead  load  will  be  700X40=28,000 
lbs.  After  adding  60  per  cent,  to  the  moving-load  shear 
to  provide  for  shock  the  total  end  shear  will  be 

End  shear  =  124,700 -I-  74,820  +  28,000=  227,520  lbs. 

Hence 

x^      .     ,        .      f  227,520 

Required  sectional  area^^z^ =32.5  sq.  XQf, 
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The  rivets  through  the  end  stiffeners  will  take  away 
some  of  the  metal  of  the  web  plate,  possibly  as  much  as 
25  per  cent,  of  the  section.  The  gross  sectional  area  of 
the  web  plate  must  therefore  be  32.5  +  12.2  =  44.7  sq.  ins. 
The  sectional  area  of  a  web  plate  84  X  A  i^s.  is  47.25  sq.  ins. 
Hence  a  iV-in.  web  p  ate  will  be  assumed. 

In  determining  the  number  of  rivets  required  to  give  the 
flange  stresses  to  the  flanges  it  must  be  observed  that  each 
rivet  which  passes  through  the  vertical  legs  of  the  flange 
angles  and  the  web  plate  is  subjected  to  double  shear  at 
the  two  surfaces  of  the  latter,  while  it  bears  against  the 
yV-in.  web  plate.  The  double  shearing  value  of  one  J-in. 
rivet  at  9000  lbs.  per  sq.  in.  is  10,820  lbs.,  whereas  the 
bearing  value  of  each  |-in.  rivet  against  a  A-in.  plate, 
at  18,000  lbs.  per  sq.  in.,  is  8860  pounds.  Hence  the  bear- 
ing value  of  the  rivet  against  the  web  plate,  being  but  little 
more  than  three  quarters  of  its  double  shearing  value,  will 
necessarily  govern  the  number  of  rivets  needed  to  secure 
each  flange  to  the  web-plate.  If  the  flange  stress  at  each 
lo-foot  point  be  divided  by  8860,  the  number  of  rivets 
required  in  each  lo-foot  section  will  at  once  be  shown. 

Hence 

256,370 
Rivets  in  first    loft.  of  flange  =  -^-^T — =30. 

"       "  second '      "     ,428.5^-256,370^^^ 

8,860 

"         •«     ^\.WA     **     **     **        "  518,110-428,500 

tmrd  = ^o, =  10. 

8,860 

"       "  fourth  "    •'   "      "     ^565.800-518.110^^ 

8,860 

The  niunbers  of  rivets  found  above  are  the  feast  which 
must  be  employed  in  securing  the  vertical  legs  of  the  flange 
angles  to  the  web  plate  in  each  lo-foot  section.  As  a 
matter  of  fact,  the  acttial  nimiber  needed  is  considerably 
larger  for  the  reason  t^t  the  pitch  of  rivets  must  not  exceed 
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6  ins.  in  a  single  row,  or  about  9  ins.  in  either  one  of  double 
lines,  in  order  that  the  different  parts  of  the  girder  may  be 
secured  to  each  other  with  stifficient  rigidity  or  stiffness. 
At  and  near  the  ends  of  the  flanges  the  rivets  must  be  pitched 
closer  together  than  in  the  intermediate  portions  so  as  to 
give  the  ends  of  the  girder  stifficient  solidity,  and  for  the 
further  reason  that  the  flange  stresses  increase  much  more 
rapidly  in  that  portion  of  the  flange  than  in  other  portions. 

In  the  present  instance,  as  shown  in  Fig.  2,  there  will 
be  two  lines  of  staggered  rivets  in  the  vertical  legs  of  the 
flange  angles.  For  a  distance  of  3  ft.  7  ins.  from  the  centre 
of  the  end  stiff ener  the  pitch  in  each  line  will  be  4  ins.,  and 
6  ins.  throughout  the  remainder  of  the  flanges.  It  will  be 
found  that  this  arrangement  will  nearly  double  the  number 
of  rivets  required  in  the  first  10  ft.  of  the  flange  angle,  and 
more  than  double  the  ntmiber  required  in  the  other  lo-foot 
sections,  but  the  arrangement  is  no  more  abundant  in  rivets 
than  is  required  for  the  best  results.  Obviously,  the  shorter 
the  sections  are  taken  in  making  the  preceding  computa- 
tions the  closer  will  the  variation  in  the  niunber  of  rivets 
correspond  to  the  variation  of  flange  stresses. 

When  the  moving  load  rests  directly  upon  the  upper 
flanges  of  the  plate  girder,  as  in  the  case  of  most  deck- 
girders,  the  rivets  through  the  vertical  legs  of  the  flange 
angles  and  the  web  plate  carry  the  driving-wheel  concen- 
trations as  well  as  the  flange  stresses,  the  latter  acting  in 
a  horizontal  direction,  while  the  former  are  vertical.  It  is 
uncertain  in  such  a  case  over  what  length  of  flange  a  single 
driving-wheel  concentration  is  distributed,  but  it  is  reason- 
able to  assume  that  the  distribution  is  essentially  uniform 
over  a  distance  not  less  than  2  feet.  If  that  distance  be 
chosen  the  amoimt  of  flange  stress  near  the  ends  of  the 
girder  given  to  the  flange  within  that  same  distance  may 
be  taken  as  one  fifth  of  256,370,  or  about  51,000  pounds. 
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The  greatest  driving-wheel  concentration  in  this  case  is 
20,000  pounds.  The  rivets  in  a  length  of  2  ft.  therefore 
would  carry  the  resultant  force,  V  (5 1,000)  ^+(20,000)' 
=  55,000  pounds.  Hence  the  number  of  rivets  reqtiired 
would  be  55,000-^8860  =  6  (nearly).  In  the  double  row 
of  rivets  in  each  of  which  the  pitch  is  6  ins.  there  would  be 
8  rivets  within  a  distance  of  2  ft. ;  hence  that  number  is 
more  than  enough  for  the  worst  cast  of  driving-wheel  con- 
centration combined  with  the  direct  chord  stress.  In 
some  cases  it  is  essential  that  this  effect  of  the  wheel  con- 
centration be  recognized.* 

Rivets  in  Cover-plates. 

The  niunber  of  rivets  required  in  the  cover-plates  must 
next  be  determined.  Obviously  the  rivets  at  and  near 
the  end  of  a  cover-plate  must  be  sufficient  to  give  to 
the  latter  the  total  stress  which  it  is  designed  to  carry. 
The  general  arrangement  of  these  rivets  will  be  as  shown  in 
Fig-  5-  There  are  four  rows  of  staggered  rivets,  the  pitch 
in  each  being  6  ins.  for  the  first  18  ins.  of  the  cover-plate 
and  9  ins.  adjacent  to  that  end  portion  of  18  ins.  With 
these  rivet  pitches  it  is  reasonable  to  assume  that  the  net 
sections  of  the  cover-plate  will  be  fotmd  by  deducting  the 
metal  taken  out  of  2  rivet-holes  only.  The  net  width 
of  the  14-in.  cover-plate  will  therefore  be  12  ins.  Con- 
sequently the  total  stress  carried  by  each  J-in.  cover-plate 
will  be  12X1X14,000  =  126,000  lbs.  In  this  detail  each 
nvet  will  be  subjected  to  single  shear  and  that  single  shear 
value  is  5410  lbs.,  much  less  than  the  bearing  value  against 
the  |-in.  plate.  The  total  number  of  rivets  required  for 
the  |-in.  cover-plates  will  then  be  126,000-^5410  =  23 
rivets.     By  referring  to  Fig.   5  it  will  be  seen  that  this 

♦Another  method  for  finding  pitch  of  rivets  will  be  fotmd  in  Appen* 
dixll. 
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number  is  much  more,  than  afforded  by  the  arrangement 
shown.  It  is  not  feasible,  however,  for  the  reqmsite  stiff- 
ness and  solidity  of  the  flanges  of  the  girder  to  make  rivet 
pitches  greater  than  those  shown.  Each  J-in.  cover- 
plate  will  obviously  have  the  same  arrangement  of  rivets 
at  and  near  the  ends  as  well  as  throughout  other  portions 
of  their  lengths.  Precisely  the  same  arrangement  will  also 
be  used  for  the  |J-in.  top  cover-plate.  The  single  shear 
value  of  each  rivet  will  remain  as  before.  As  the  bearing 
value  at  18,000  lbs.  per  sq.  in.  of  a  |-in.  rivet  against  a  H-in. 
plate  is  about  10,800  lbs.,  it  will  be  at  once  seen  that  the 
single  shear  value  will  give  the  nimiber  of  rivets  reqtiired. 
Hence  the  arrangement  of  rivets  shown  in  Fig.  5  will  be 
taken  for  each  of  the  three  cover-plates. 

Compression  Flanges  or  Chords. 

The  design  of  the  tension  flange  being  completed,  in- 
cluding all  its  details  except  such  splice-joints  as  may  be 
needed,  the  compression  flange  might  be  designed  in  pre- 
cisely the  same  manner,  except  that  gross  sections  would 
be  considered  instead  of  net  sections,  since  all  rivet-holes 
are  filled  with  the  driven  rivets.  The  imit  working  in- 
tensity of  compressive  stress  would  be  somewhat  less  than 
the  tensile  intensity  already  used.  Hence  it  is  usually 
customary,  although  not  the  invariable  practice,  first  to 
design  the  tension  flange  completely  and  then  make  the 
gross  section  of  the  compression  flange  precisely  the  same. 
Indeed  not  only  the  gross  section  of  the  compression  flange 
is  frequently  made  identical  with  the  tension  flange,  but 
the  dimensions  also  of  its  various  component  parts.  The 
only  exception  from  this  procedtire  arises  from  the  fact  that 
it  is  advisable  to  carry  the  cover-plate  immediately  adja- 
cent to  the  flange  angles  in  the  compression  flange  through- 
out its  entire  length.     In  this  manner  the  angles  near  the 
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ends  of  the  girder  are  bound  more  solidly  together  and  the 
flange  as  a  whole  in  that  vicinity  is  in  better  condition 
to  resist  compression.  These  observations  acqtiire  added 
significance  in  those  cases  where  the  ties  of  the  railroad 
track  rest  directly  upon  the  upper  flange  of  the  girder. 
The  inevitable  deflection  of  the  ties  tends  to  bend  down- 
ward the  horizontal  leg  of  one  flange  angle  in  each  girder, 
and  this  tendency  is  effectively  resisted  if  those  angles 
carry  a  cover-plate  throughout  their  entire  length.  It  is 
better  practice,  therefore,  to  make  the  first  cover-plate 
extend  the  whole  length  of  the  compression  chord,  and 
that  is  done  in  this  case,  as  shown  in  Fig.  i.  A  little  metal 
might  be  saved  by  reproportioning  the  angles  and  cover- 
plates  of  this  compression  chord  retaining  the  gross  sec- 
tions as  already  found,  but  the  gain  would  be  slight  and 
the  cross-sections  of  both  angles  and  cover-plates  will  be 
made  the  same  in  both  flanges. 

For  the  purpose  of  a  neater  finish  the  lowest  cover- 
plate  on  the  top  flange  is  reduced  to  a  half-inch  thickness 
18  ins.  from  the  end  stiff eners,  and  curved  so  as  to  nm 
down  over  the  latter  to  the  bottom  of  the  girder  as  shown 
in  Fig.  I  and  Fig.  2. 

End  Stiffeners, 

The  end  stiffeners  shown  in  Fig.  2  immediately  over 
the  pedestal  at  the  end  of  the  effective  span  must  be  con- 
sidered as  taking  the  reaction  of  the  girder  and  its  load. 
The  lower  ends  of  the  end  stiffeners  resting  closely  against 
the  lower  flange  angles  sustain  the  entire  reaction.  That 
reaction,  however,  is  gradually  given  to  the  web  of  the 
girder  in  passing  to  the  upper  ends  of  the  stiffeners  through 
the  rivets  securing  the  latter  to  the  web  plate.  The  num- 
ber of  rivets  required,  therefore,  in  an  end  stiffener  must 
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be  sufficient  to  convey  the  entire  reaction  to  the  web  plate 
in  the  manner  indicated.  It  has  aheady  been  shown  that 
the  maximtim  reaction  at  the  end  of  the  girder,  including 
60  per  cent,  for  shock,  is  255,520  lbs.  It  is  clear  from  what 
has  been  stated  that  the  cross-section  of  the.  end  stiffener 
must  be  sufficient  to  sustain  the  compression  produced 
by  the  reaction  somewhat  as  in  a  short  column,  but  ob- 
viously with  little  tendency  to  flexure.  It  is  reasonable, 
therefore,  to  assume  imder  the  circumstances  outlined 
that  compression  in  the  end  stiff eners  may  reach  10,000 
lbs.  per  sq.  in.  as  the  greatest  permissible  working  stress. 
The  sectional  area  required  for  the  end  stiffeners  will  there- 
fore be 

255,520-^-10,000  =  25.6  sq.  in. 

Four  6X4XH  steel  angles  will  give  an  aggregate  area 
of  25.6  sq.  ins.,  which  happens  to  be  precisely  equal  to 
the  area  required;  hence  each  end  stiffener  will  be  taken 
as  composed  of  a  pair  of  these  steel  angles,  the  6-inch  legs 
of  which  must  be  placed  against  a  1 2  X  |-inch  filler,  as  shown 
in  Fig.  2.  The  1 2  X  |-inch  filler  on  each  side  of  the  web  plate 
is  required  in  order  that  the  end  stiffeners  may  be  used 
without  bending,  since  the  thickness  of  the  lower  flange 
angles  is  also  |  inch.  The  upper  ends  of  these  angles  will 
be  bent  or  cut  to  form  the  curved  end  of  the  girder  as  shown 
in  Figs.  I  and  2,  the  upper  flange  angle  closing  against  the 
i2Xi-inch  filler.  The  half -inch  end  cover  makes  a  finish 
for  the  end  of  the  girder  and  turns  over  the  upper  ends 
of  the  stiffeners  so  as  to  run  horizontally  about  18  inches 
before  abutting  against  the  |-inch  cover-plate. 

The  rivets  piercing  the  end  stiffeners  will  evidently  be 
in  double  shear  on  the  two  sides  of  the  web  plate  in  which 
each  rivet  has  the  value  of  10,800  lbs.  The  bearing  value, 
however,  of  each  |-inch  rivet  on  the  iVinch  web  is  8860 
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lbs.  The  ntimber  of  rivets  reqtdred,  therefore,  must  be 
determined  by  dividing  255,520  by  8860,  and  that  division 
gives  29  rivets  as  the  number  required.  This  would  give 
less  than  15  rivets  to  each  pair  of  stiffening  angles,  a  far 
less  ntunber  than  is  required  to  make  a  satisfactory  joint 
between  the  end  stiffeners  and  the  web  plate.  The  end 
stiffeners  take  the  immediate  effect  of  all  the  hammering 
at  the  end  of  the  span  produced  by  heavy  and  rapidly 
moving  loads,  and  they  are  required  to  be  held  to  the  plate 
by  a  riveted  joint  especially  rigid  and  strong.  Each  6-in. 
leg,  therefore,  of  the  stiffening  angles  will  have  two  lines 
of  staggered  rivets,  the  pitch  in  each  line  being  6  in.  As 
the  depth  of  the  girder  is  7  ft.  this  arrangement  will  call 
for  a  total  of  about  60  rivets  passing  through  the  end  stiff- 
eners, and  it  is  none  too  many  for  the  purpose.  Fig.  2 
shows  this  arrangement  of  rivets.  The  ends  of  the  end 
stiffeners,  and  indeed  of  all  the  stiffeners,  should  be  machine 
finished  or  faced  to  fit  exactly  the  fillets  of  the  flange  angles 
in  the  chords  or  flanges. 

Intermediate  Stiffeners. 

The  dimensions  and  the  location  of  the  intermediate 
stiffeners,  one  of  which  is  shown  in  Fig.  2,  are  chiefly 
matters  of  judgment.  It  has  been  shown  in  considering 
the  internal  stresses  of  a  beam  or  girder  that  in  directions 
at  right  angles  to  each  other,  and  at  45  degrees  with  the 
neutral  axis,  two  stresses  of  tension  and  compression  exist, 
and  hence  that  those  compressive  stresses  tend  to  buckle 
the  web  plate  of  a  plate  girder  in  directions  at  45  degrees 
with  the  neutral  axis.  In  order  to  prevent  most  effectively 
this  tendency  to  buckle  the  web  plate,  the  intermediate 
stiffeners  should  be  placed  on  that  plate  also  at  45  degrees 
with  the  neutral  axis.     That  procedure,  however,  involves 
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some  inconvenience  in  construction  and  ample  stiffening 
can  be  secured  by  placing  the  intermediate  stiifeners  at 
right  angles  to  the  neutral  axis  or,  in  the  ordinary  position 
of  girders,  in  a  vertical  direction;  hence  that  arrangement 
is  always  followed  in  p  ate-girder  construction.  It  is  usual 
to  place  these  intermediate  stiffeners  at  distances  apart  of 
once  to  once  and  a  half  the  depth  of  the  girder.  In  large 
girders  like  that  under  discussion,  it  is  probably  best  to 
make  these  intermediate  stiffeners,  especially  when  near 
the  ends,  not  farther  apart  than  the  depth  of  the  girder. 
Inasmuch  as  the  transverse  shear  increases  towards  the  ends 
of  girder  and  is  relatively  small  at  the  centre  of  the  span, 
the  stiffeners  might  be  placed  farther  apart  as  the  centre 
of  span  is  approached,  and  that  is  sometimes  done.  Indeed 
they  are  frequently  omitted  altogether  at  the  centre  of 
span.  In  the  present  instance  there  will  be  four  inter- 
mediate stiffeners  in  each  half  of  the  girder  placed  7  feet 
apart,  as  shown  in  Fig.  i ,  and  there  will  be  no  intermediate 
stiff ener  in  the  central  24  feet  of  girder.  These  inter- 
mediate stiffeners  are  frequently  bent  to  fit  the  flange 
angles  and  web  plates  and  that  procedure  is  a  good  one 
for  small  girders.  For  large  girders  it  is  preferable  to  use 
a  filling  plate,  as  shown  in  Pig.  2.  The  cross-section  of 
the  intermediate  stiffener  angles  is  a  matter  of  judgment, 
and  in  this  case  they  will  be  taken  as  4  in.  X  4  in.  X  J  in. 
steel  angles,  each  with  one  line  of  rivets  pitched  6  in.  apart; 
also  as  shown  in  Fig.  2. 

There  will  be  a  4  X  |  inch  filler,  making  it  unnecessary 
to  bend  the  stiffening  angles  to  fit  the  flanges  and  web. 
As  has  already  been  stated  the  ends  of  the  intermediate 
stiffeners  should  be  machine  faced  to  fit  the  fillets  and 
horizontal  legs  of  the  flange  angles.  It  is  obvious  that  the 
filling  plates  under  the  stiffening  angles  add  materially  to 
the  effectiveness  of  the  stiffeners. 
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Web-plate  Joint. 

It  is  iriipossible  to  seciire  single  plates  large  enough  for 
the  webs  of  large  plate  girders,  and  it  therefore  becomes 
necessary  to  make  joints  or  splices  in  the  web-plate,  and 
such  a  joint  is  shown  in  Fig.  4.  It  is  feasible  to  secure  steel 
web  plates  84  in.  wide  and  iV  in.  thick  more  than  30  ft.  long, 
but  that  will  not  be  necessary  in  this  case.  The  joint  in  the 
web 'plate  will  be  taken  at  the  fourth  intermediate  stiffener 
from  the  end  of  the  span,  which  will  make  a  plate  about 
29  ft.  long  for  each  end  portion  of  the  girder  and  about 
24  ft.  long  for  the  central  portion.  The  chief  function  of 
the  splicing  of  the  web  plate  is  to  resist  shear,  although  it 
will  clearly  act  to  some  material  extent  in  resisting  flexure. 
In  no  case  should  the  splice  have  less  than  two  rows  of 
rivets  on  each  side  of  the  plate-joint,  and  in  a  large  girder 
like  that  under  consideration  there  should  be  three.  The 
thickness  of  the  splice-plate  should  also  be  substantially 
more  than  one  half  the  thickness  of  the  web  plate.  In 
the  present  instance  the  web  plate  is  iV  ii^ch  thick  and  the 
splice-plates  will  be  taken  yV  i^^ch  thick.  There  will  be 
three  rows  of  staggered  rivets  on  each  side  of  the  plate-joint, 
with  rivets  pitched  6  in.  apart.  It  is  frequently  advis- 
able to  place  the  joint  at  one  of  the  intermediate  stifleners, 
as  has  been  done  in  this  case.  One  row  of  the  splice-rivets 
will  therefore  be  identical  with  the  row  of  rivets  through 
the  intermediate  stiffener  angle  and  filling  plate.  In  this 
case  the  latter,  i.e.,  the  filling  plate,  will  be  4  in.  XiVi^- 
The  entire  arrangement  of  the  web-joint  with  the  rivets 
distributed  as  indicated  is  shown  in  Fig.  4. 

Joints  in  Flanges  or  Chords. 

Although  it  is  usually  practicable  to  secure  flange  angles 
80  ft.  long,  as  an  illustration  a  splice  will  be  made  at  some 
intermediate  point.     This  point  might  be  taken  at  the 
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centre  of  span  and  it  would  have  the  advantage  of  making 
the  angle-bars  of  the  same  length,  but  that  is  not  important. 
The  maximum  sectional  area  is  required  at  the  centre 
of  span,  and  if  the  splice- joint  be  placed  9  feet  from  the  centre 
there  will  be  the  material  advantage  of  extra  sectional  area 
where  it  is  needed  for  the  splice.  The  greatest  length  of 
angle  will  then  be  but  50  ft.,  the  length  of  the  other 
pieces  being  32  ft.  Similarly,  the  longest  cover-plates  nm 
throughout  the  entire  length  of  the  girder,  and  although 
they  can  be  secured  in  one  length  the  method  of  splicing 
them  w^ill  be  shown.  It  will  usually  be  advisable  to  place 
the  angle  and  cover-plate  splices  at  different  points,  but 
as  there  is  excess  of  sectional  area  needed  at  the  point  taken 
in  this  case,  and  as  there  is  but  one  cover-plate  to  be  spliced, 
one  joint  will  be  made  to  answer  for  both  flange  angles 
and  cover.  Both  chords  have  the  same  splice-joint,  but 
those  joints  will  be  placed  on  opposite  sides  of  the  centre 
of  span.  The  net  section  of  one  of  the  flange  angles  has 
been  seen  to  be  7.1  sq.  ins.  or  14.2  sq.  ins.  for  the  two.  At 
14,000  lbs.  per  sq.  in.  the  total  stress  carried  by  the  tension 
flange  angles  will  be  198,800  lbs.  The  rivets  used  at  the 
splice  will  be  in  double  shear,  each  having  a  value  of  10,800 
lbs.  As  this  double-shear  value  is  much  less  than  the 
bearing  value  of  one  rivet  upon  the  two  thicknesses  of 
|-m.  angle  leg,  the  double-shear  value  will  control  the 
number  of  rivets  required.  The  latter  number  is  equal 
to  198,800-^10,800  =  19.  The  splicing  of  each  J-in.  angle 
will  be  done  by  a  single  piece  of  6X6  angle  i  inch  thick 
with  its  comer  fitted  to  the  fillet  of  the  flange  angle,  thus 
giving  a  net  section  a  little  larger  than  that  of  the  flange 
angle  itself.  The  arrangement  of  the  rivets  will  be  as 
shown  in  Pig.  6,  in  which  it  is  seen  that  there  are  5  rivets 
in  each  staggered  row,  making  20  on  either  side  of  the  joint, 
a  little  more  than  fulfilling  the  requirements  of  the  case. 
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The  splicing  of  the  longest  f-in.  cover-plate  is  done  by 
the  joint-plate  on  the  outside  of  the  flange.  The  net 
section  of  the  f-in.  cover-plate  is  1 2  X  f  =  9  sq.  ins.  Hence 
9X14,000  =  126,000  lbs.  is  the  amount  of  stress  which  it 
carries.  The  single-shear  value  of  one  rivet  is  5410  lbs., 
and  as  that  is  less  than  its  bearing  value  against  the  |-in, 
plate,  the  number  of  rivets  required  will  be  126,000^-5410 
=  23  rivets.  In  order  to  give  a  little  excess  of  section  the 
splice-plate  will  be  taken  |  in.  thick  and  there  will  be 
placed  six  rivets  in  each  staggered  row  on  either  side  of 
the  cover-joint.  As  the  rivet  pitch  is  6  ins.  the  total 
length  of  splice-plate  will  be  about  48  ins.  The  position 
and  arrangement  of  this  splice-plate  and  its  rivets  is  fully 
shown  in  Fig.  6. 

Other  tension  joints  at  other  points  in  the  girder  or  in 
any  girder  may  be  formed  in  precisely  the  same  manner, 
whether  it  is  designed  to  splice  the  flange  angles  or  the 
cover-plates.  Inasmuch  as  there  is  some  extra  section  at 
the  point  taken  for  this  joint  it  would  be  sufficient  to  make 
the  splice-plate  but  \  in.  thick.  A  little  greater  thickness 
has  been  taken,  however,  in  order  to  illustrate  the  general 
principle  of  procedure  that  a  joint  should  have  a  little 
greater  section  of  metal  and  show  a  little  calculated  excess 
of  resistance  over  that  of  the  main  section  of  the  flange 
of  the  member  spliced. 

By  placing  a  flange-joint  at  the  end  of  a  cover-plate, 
the  extension  of  that  plate  may  be  used  for  the  splice,  thus 
avoiding  a  separate  splice-  or  joint-plate. 

It  will  be  supposed  that  the  corresponding  splice  in  the 
compression  flange  is  made  precisely  the  same  as  in  the 
tension  flange,  although  the  ends  of  the  flange  angles  and 
spliced  cover-plates,  being  machine-finished,  as  they  should 
be,  may  abut.  The  process  of  riveting  may  draw  the 
abutting  ends  apart  to  a  slight  degree  and  thus  render  it 
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advisable  to  make  the  resisting  capacity  of  the  rivets  of 
the  joint  the  same  as  in  the  tension  flange. 

General  Considerations, 

The  girder  proper  with  its  flanges,  web,  and  stiffeners 
has  been  designed  in  this  article  without  indicating  the 
manner  of  connecting  such  lateral  or  cross  bracing  as 
would  be  required  in  the  complete  design  of  a  railroad 
plate-girder  span.  The  design  of  such  bracing  would  be 
supplementary  to  the  actual  design  of  the  girder  as  made, 
and  it  is  the  purpose  here  to  illustrate  only  those  principles 
belonging  to  the  design  of  the  girder  proper.  The  design 
of  the  bracing  and  the  details  of  its  connection  with  the 
girder  belong  rather  to  bridge  construction  than  to  the 
subject  treated. 

It  is  to  be  remembered  that  large  plate  girders  are  not 
always  built  complete  in  the  shop,  although  girders  80  ft. 
in  length  are  frequently  and  perhaps  usually  so  completed 
at  the  present  time.  When  it  is  necessary  to  btiild  them 
in  portions  and  rivet  the  portions  together  in  the  fields 
the  general  principles  governing  the  construction  of  the 
necessary  field-joints  are  precisely  the  same  as  those  illus- 
trated in  this  article.  They  are  simply  adjusted  or  adapted 
to  the  exigencies  of  each  particular  case. 

It  is  sometimes  required  in  specifications  that  there 
shall  be  sufiicient  rivets  in  the  web  plate  along  a  length 
of  flange  adjacent  to  the  end  of  the  span  and  equal  to  the 
depth  of  girder  to  take  the  entire  end  shear  as  flange  stress. 
That  end  shear  has  been  seen  to  be  255,520  pounds.  The 
bearing  value  of  a  |-in.  rivet  on  a  A -in.  web  plate  is  8860 
pounds.  Hence  the  number  of  rivets  required  is  255,520 -^ 
8860  =  29.  As  actually  designed,  the  first  7  feet  of  flange 
has  about  33  rivets  in  the  vertical  legs  of  the  flange  angles. 
This  requirement  therefore  is  more  than  fulfilled. 
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33.1  —  5,230  lbs. 


The  bill  of  material  and  estimated  weight  of  a  single 
girder  as  designed  is  as  follows,  the  bill  being  written  as 
if  the  ends  of  the  girder  were  square : 

Two  6X6Xi  in*  angles,  33.1  lbs.  per  lin.  ft.  (upper 

flange),  79  ft.  long 158X 

Two  6X6X1  in.  angles,  33.1  lbs.  per  lin.  ft.  (lower 

flange),  81  ft.  long 162X 

One  14X }  in.  cover-plate,  76  ft.  long 76X 

One  14X  }  in.  cover-plate,  68  ft.  long 68X 

Two  14X  }  in.  cover  plates,  56  ft.  long 112X 

Two  i4X%  in.  cover-plates,  39  ft.  long 78X 

One84X%in.  web  plate,  81  ft.  long 81X 

Eight  6X4X96  in.  angles  (end  stiffeners),  7  ft.  long..  56X 

Four  i2Xi  in.  end  fillers,  7  ft.  long 28X 

Sixteen  4X4X}  in.  angles  (intermediate  stiffeners), 

7  ft.  long 1 12X 

Twelve  4X  J  in.  fillers,  6  ft.  long 72X 

Four  4X  Jli  in.  fillers,  6  ft.  lon^ 24X 

Four  18X  Jli  in.  splice-plates,  6  ft.  long 24X 

Four  6X6X  i  in.  angles  (splices),  5.5  ft.  long 22X 

Two  14X  J  in.  cover  splice-plates,  6  ft.  long 12X 

Two  i4Xiin.  end  covers,  9.5  ft.  long 19X 

2800  rivets 


Total 


33.1  - 

5,362    ' 

35.7  - 

2,713    ' 

35.7  - 

2,428    ' 

35.7  - 

3.998    ' 

32.72- 

2,552    ' 

160.65  — 

13,013    ' 

21.8    — 

1,221   ' 

35.7  - 

1,000  ' 

12.8    — 

1.444  ' 

II. 9  - 

857  • 

5.95- 

144  • 

26.78- 

643' 

37       - 

814  • 

4^.65- 

500' 

23.8  - 

452  • 

- 

1,680  ' 

^^m     i 

•  A    f^mw     < 

The  weight  of  girder  per  linear  foot  of  span  will  there- 
fore be  44,051-^80  =  551  lbs.  The  assumed  weight  of 
700  lbs.  per  linear  foot  is  a  little  scant  for  a  half-track 
weight  taken  at  200  lbs.  per  linear  foot,  as  the  latter  wotild 
have  to  be  added  to  the  weight  of  the  steel.  The  revision, 
however,  wotild  not  add  materially  to  the  weight  of  the 
girder. 

Art.  99* — ^Length  of  Cover-plates. 

There  are  various  methods  of  determining  the  lengths 
of  cover-plates  of  plate  girders  involving  simple  compu- 
tations only,  whirh  ar^  well  illustrated  by  the  following 
procedures: 
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The  first  of  these  procedures  is  based  on  the  assump- 
tion that  the  depth  of  the  girder  is  uniform  and  that  the 
bending  moment  throughout  the  length  of  girder  varies 
as  the  ordinate  of  a  parabola  as  in  the  case  of  uniform 
loading.     The  following  notation  is  required: 

/ = effective  length  of  span  either  in  feet  or  inches ; 
L  =  length  of  cover-plate  required  in  the  same  unit  as  / ; 
A  =  total  net  flange  area ; 
a  =  net  cover-plate  area  required. 

Since  the  flange  and  cover-plate  areas  vary  directly 
as  the  flange  stresses,  and  as  the  latter  vary  as  the  ordi- 
nates  of  a  parabola  when  the  depth  of  girder  is  constant, 
the  following  equation  will  result: 


or 


-'V^- 


(«) 


Eq.  (i)  will  give  the  length  of  the  cover-plate  whose 
area  of  section  is  a.  Any  convenient  unit  may  be  taken 
for  a  and  A ,  but  the  square  inch  is  ordinarily  employed. 

If  there  are  several  cover-plates,  a  is  to  be  taken  suc- 
cessively the  area  of  the  first,  second,  third,  etc.,  cover- 
plates  in  stunmation,  i.e.,  it  will  first  be  taken  as  the  net 
sectional  area  of  the  top  cover,  then  as  the  net  sectional 
area  of  the  top  cover  added  to  that  of  the  cover-plate 
below  it,  and  so  on. 

The  second  method  is  the  following,  and  is  applicable 
to  the  case  of  a  girder  with  varying  depth,  the  notation 
being  as  follows : 
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Let  z£;=  uniform  load  per  linear  foot,   or  **  equivalent 

uniform  load"  per  linear  foot; 
d  and  d'  represent  the  effective  depths  of  girder  in 

feet  at  the  centre  of  span  and  at  the  end  of 

the  cover-plate  respectively; 
A—a  =  a'=^ area   of  flange   section  at   the   end   of 

cover-plate ; 
r  =  permissible  flange  stress  per  square  inch; 

the  bending  moment  at  the  end  of  the  cover-plate  will 
then  be 

M^tt/g — (-)  =^AdT-w-^  =d^a^T.     .     .     (2) 

By  solving  the  second  and  third  members  of  the  pre- 
ceding equation  there  will  result 

/-   UAd-a'd')T        „     kAd-a'd')T 

It  must  be  remembered  that  the  application  of  either 
of  the  two  preceding  methods  will  give  the  net  length  of 
the  cover-plate.  There  must  be  added  12  to  18  ins.  at 
each  end  with  rivets  closely  pitched  so  that  the  cover- 
plate  may  certainly  take  its  stress  at  the  points  where  its 
effectiveness  should  begin. 


CHAPTER  XV. 

ROPES  AND  CHAIN  CABLES. 

Art.  100.— Iron,  Steel,  and  Hemp  Cables  or  Ropes— Wrought-iron 

Chain  Cables. 

The  following  tables  of  resistance  and  other  properties 
of  cables  are  those  published  by  John  A.  Roebling's  Sons  Co. 

It  will  be  observed  that  the  figures  for  hemp  ropes  are 
given  in  comparison  with  either  iron  or  steel  in  each  of 
the  tables. 

In  considering  the  resistance  of  iron  and  steel  cables 
composed  of  wire  twisted  into  strands,  it  is  of  the  highest 
importance  to  keep  clearly  in  view  the  circumstances  or 
conditions  produced  by  the  manner  of  fabrication,  as  they 
are  peculiar  to  all  classes  of  ropes,  whether  of  hemp  or  wire. 

In  this  class  of  material  the  fibres  or  strands  no  longer 
lie  parallel  to  the  direction  of  the  stress  which  they  carry, 
but  the  process  of  twisting  causes  each  fibre  or  wire  to 
take  a  helical  form,  the  pitch  of  which  is  not  constant  for 
the  different  portions  of  the  rope.  The  consequence  is 
that  if  the  process  of  fabrication  were  absolutely  perfect, 
so  that  each  wire  or  fibre  could  take  its  proper  portion  of 
load,  the  stress  in  that  wire  or  fibre  would  be  its  portion 
of  load  multiplied  by  the  secant  of  its  inclination  to  the 
axis  of  the  rope.  As  a  matter  of  fact,  however,  each  wire 
does  not  take  its  proper  portion  of  load ;  the  imperfections 
unavoidably   incident   to   the   processes   of  manufacture 
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render  such  a  result  impossible.  Hence  the  increased 
necessity  of  experimental  determination  of  the  ultimate 
resistances  of  metallic  and  hemp  ropes. 

The  same  composite  character  of  these  productions 
renders  anything  like  an  approximately  elastic  character, 
even,  an  essential  impossibility.  It  is  true  that  any  rope 
will  yield  to  a  considerable  extent  while  under  stress,  and 
then  return  nearly  to  its  original  condition;  but  this  be- 
havior is  only  apparently  elastic ;  it  is  almost  entirely  due 
to  the  increase  of  helical  pitch  of  the  strands  caused  by 
the  external  loading.  During  this  operation  the  strands 
endeavor  to  place  themselves  more  nearly  parallel  to  the 
direction  of  stress,  and  give  rise  to  a  corresponding  de- 
crease in  diameter.  Since  these  influences  preclude  the 
existence  of  either  coefficient  of  elasticity  or  elastic  limit 
ultimate  resistances  only  will  be  given  in  this  section. 

The  preceding  observations  evidently  do  not  apply  to 
suspension-bridge  cables  which  are  built  up  of  parallel 
wires.  The  operations  leading  to  the  production  of  such 
a  cable  are  of  such  a  refined  and  exact  character  that  the 
total  resistance  of  the  cable  may  be  assumed  without 
essential  error  to  be  the  sum  of  the  resistances  of  all  the 
wires  taken  separately;  the  coefficient  of  elasticity  and 
elastic  limit  may,  and  usually  do,  exist  with  perfect  defini- 
tion. 

The  ultimate  resistance  of  the  Swedish  iron  wire  used 
in  the  standard  hoisting  rope  of  Table  I  may  run  from 
50,000  to  100,000  lbs.  per  sq.  in.,  while  the  cast  (crucible) 
steel  wire  of  the  same  table  may  be  150,000  to  190,000  lbs. 
per  sq.  in.  The  latter  values  also  apply  to  the  crucible- 
cast  steel  wire  of  Table  II.  The  plough-steel  wire  of 
Table  III  may  have  an  ultimate  resistance  of  190,000  to 
350,000  lbs.  per  sq.  in.  The  plough-steel  rope,  therefore, 
is  seen  to  have  much  the  highest  carrying  capacity. 
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Table  I. 

STANDARD  HOISTING  ROPE. 
(Composed  of  6  strands  and  a  hemp  centre,  19  wires  to  the  strand.) 

SWBDISH   IRON. 


Approxi- 
mate Cir- 
cumference 
in  Inches. 

Approximate 

Breakmg 

Strain  in 

Tons  of 

Allowable 

Minimum 

Trade 
Number. 

Diameter 
in  Inches. 

Weight  per 
Foot  in 
Pounds. 

Working 

Strain  in 

Tons  of 

Size  of 
Dnunor 
Sheave  in 

2000  Lbs. 

2000  Lbs. 

Feet. 

2i 

8f 

11.95 

114 

22.8 

16 

% 

7i 

9.85 

95 

18.9 

15 

I 

7* 

8.00 

78 

15.60 

13 

2 

2 

6* 

6.30 

62 

12.40 

12 

3 

If 

5i 

4.85 

48 

9.60 

10 

4 

If 

5 

4.15 

42 

8.40 

8i 

5 

'J 

4* 

3-55 

36 

7,20 

74 

5i 

>l 

4i 

3.00 

31 

6.20 

7 

6 

li 

4 

2.45 

25 

500 

6i 

7 

>» 

3i 

2.00 

21 

4.20 

6 

8 

I 

3 

1.58 

17 

3.40 

5i 

9 

J 

'f 

1.20 

13 

2.60 

4i 

10 

1 

2i 

0.89 

9.7 

1.94 

4 

loi 

4 

2 

0.62  • 

6.8 

1.36 

3i 

10} 

A 

1} 

0.50 

5.5 

1. 10 

2j 

lOi 

i 

't 

0.39 

4.4 

0.88 

2i 

loa 

^\ 

li 

0.30 

3.4 

0.68 

2 

106 

t 

'i 

0.22 

2.5 

0.50 

>i 

IOC 

W 

I 

0.15 

1-7 

0-34 

I 

\od 

i 

i 

O.IO 

1.2 

0.24 

i 

CAST  STEEL. 


2} 

8f 

11.95 

228 

45.6 

10 

2i 

7i 

9.85 

190 

37.9 

9i 

I 

2i 

7i 

8.00 

156 

31.2 

8i 

2 

2 

6i 

6.30 

124 

24.8 

8 

3 

1} 

5i 

4.85 

96 

19.2 

7i 

4 

If 

5 

4.15 

84 

16.8 

6i 

5 

'i 

4i 

3-55 

72 

14.4 

5i 

5i 

i» 

4i 

3.00 

62 

12.4 

5i 

6 

li 

4 

2.45 

50 

10. 0 

5 

7 

li 

3i 

2.00 

42 

8.40 

4j 

8 

I 

3 

1.58 

34 

6.80 

4 

9 

J 

2i 

1 .20 

26 

5.20 

3i 

10 

} 

2i 

0.89 

19.4 

3.88 

3 

lOi 

t 

2 

0.62 

13.6 

2.72 

2} 

lOj 

iV 

If 

0.50 

II. 0 

2.20 

I? 

I  of 

} 

li 

0.39 

8.8 

1 .76 

li 

loa 

A 

li 

0.30 

6.8 

1.36 

li 

106 

i 

i4 

0.22 

5-0 

1. 00 

I 

lOC 

K 

TIT 

I 

0.15 

3.4 

0.68 

} 

lod 

i 

} 

0.10 

2.4 

0.48 

i 
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Table  II. 

EXTRA-STRONG  CRUCIBLE  CAST-STEEL  ROPE. 
(Composed  of  6  strands  and  a  hemp  centre,  19  wires  to  the  strand.) 


Approxi- 
mate Cir- 
cumference 

Approximate 
Breaking 
Strain  in 

Allowable 

Minimum 

Trade 
Number. 

Diameter 
in  Inches. 

Weight  per 
Foot  in 

Working 
Strain  in 

Size  of 
Drum  or 

in  Inches. 

Poxmds. 

Tons  of 

Tons  of 

Sheave  in 

3000  Lbs. 

aooo  Lbs. 

Feet. 

— 

2i 

^t 

n.95 

266 

53 

10 

— 

2i 

7i 

9.85 

222 

45 

9i 

I 

2i 

? 

8.00 

182 

36.4 

8i 

2 

3 

6.30 

144 

28.8 

8 

3 

It 

Si 

4.85 

112 

•  22.4 

7i 

4 

«t 

5. 

4.15 

97 

19.4 

6i 

5 

li 

+f 

3.55 

84 

16.8 

5} 

5i 

if 

4i 

3.00 

72 

14.4 

5i 

6 

l\ 

4 

2.45 

58 

II. 6 

5 

7 

l\ 

3i 

2.00 

49 

9.80 

4J 

8 

I 

3. 

1.58 

39 

7.80 

4 

9 

J 

i 

1.20 

30 

6.00 

3i 

10 

ai 

0.89 

22 

4.40 

3 

loi 

A 

3 

0.62 

15.8 

3«6 

i 

lOi 

If 

0.50 

12.7 

2.54 

If 

10} 

i 

I^ 

0.39 

10. 1 

2.02 

'i 

loa 

l| 

0.30 

7.8 

1.56 

i| 

106 

A 

l| 

0.22 

5.78 

1.15 

I 

10c 

I 

0.15 

4.05 

0.81 

t 

\od 

i 

i 

O.IO 

2.70 

0.54 

\ 

(7  wires  to  the  strand.) 


II 

I'  ■ 

4i 

3.55 

79 

15.8 

8J 

12 

I   ' 

4l 

300 

68 

13.6 

8 

13 

I   ■ 

4 

2.45 

56 

II. 2 

r- 

14 

I» 

3i 

2.00 

46 

9.20 

6i 

15 

3 

1.58 

37 

7.40 

5i 

16 

i 

2} 

I  .20 

28 

5.60 

5 

17 

i 

^t 

0.89 

21 

4.20 

4i 

18 

H 

2i 

0.75 

18.4 

3-68 

4 

19 

f 

2 

0.62 

•     15. 1 

3.02 

3i 

20 

^^ 

If 

0.50 

12.3 

2.46 

3 

21 

J 

'J 

0.39 

9.70 

1.94 

2i. 

22 

^> 

li 

0.30 

7.50 

1.50 

2} 

23 

1 

li 

0.22 

5.58 

I. II 

2 

24 

iV 

I 

015 

3.88 

0.77 

If 

25 

A 

* 

0.125 

3.22 

0.64 

Ij 
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Table  III. 

PLOUGH-STEEL  ROPE. 
(Composed  of  6  stiands  and  a  hemp  ceniie,  19  wires  to  the  stiaad.) 


Appr.xi- 
Trade  Diameter      rr«a*^  Cir- 

NuiiiDer.       in  Inches.     curr.:Vr»rrx.e 


Weight 
per  F  >-,t 

in  Pcniads. 


I 

3 


4 

5 

5i 
6 

7 


8 

9 
10 

loi 

lOj 


loi 
loa 
106 

IOC 

lod 


Strain  in 


W.Tkiiiig 

Strain  in 

3COC  Lbs. 


of 

DiuTrt  or 

Sheave  la 

Feet. 


2i 

2 

1} 


7* 
5i 


"-95 

9^5 
8.00 
6.30 

4.»5 


305 

254 
208 

165 

128 


61.0 
50.8 
41-6 

330 
25  6 


5 

4f 

4i 

4 

3) 


4.15 

3-55 
3.00 

2.45 
2.00 


III 

96 

82 

67 
56 


22.2 
19.2 
16.4 

13  4 
II. 2 


t 

3. 

1.58 

44 

1 

2f 

1 .20 

34 

i 

»i 

0.89 

25 

i 

3 

0.62 

18 

^' 

li 

0.50 

14.5 

J 

>i 

0.39 

II. 4 

A 

ij 

0.30 

8.85 

i 

ii 

0.22 

6.55 

A 

I 

0-«5 

4  50 

i 

f 

O.IO 

3-00 

8.80 
6.80 

5  00 
3.60 
2.90 


2.28 

1-77 

I-31 
0.90 

0.60 


II 
10 

9 

8 

7i 


6 

5i 
51 
5 
4J 


44 
3l 
3i 

3 
2i 


2 
I 


(7  wires  to  the  strand.) 


II 

li 

4} 

3.55 

9' 

18.2 

8J 

12 

1} 

4i 

3  00 

78 

15-6 

8 

13 

•i 

4 

2.45 

64 

12.8 

74 

14 

'i 

3* 

2.00 

53 

10.6 

64 

15 

I 

3 

1.58 

42 

8.40 

54 

16 

} 

2f 

1.20 

32 

6.40 

5 

17 

} 

2i 

0.89 

24 

4.80 

4 

18 

H 

2i 

0.75 

21 

4.20 

34 

19 

1 

2 

0.62 

17 

3.40 

3 

20 

• 

If 

0.50 

14 

2.80 

2f 

.21 

i 

li 

0.39 

II 

2.20 

24 

22 

7 

I* 

0.30 

8.55 

1. 71 

2 

23 

f 

I* 

0.22 

6.35 

1.27 

ij 

24 

TT 

I 

0.15 

4.35 

0.87 

i| 

25 

A 

* 

0.125 

365 

0.73 

I 
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All  the  ropes  of  the  Tables  I,  II,  and  III  have  tarred 
hemp  centres,  the  latter  affording  a  cushioning  form  for 
the  surrotmding  steel  strands;  at  the  same  time  it  also 
lubricates  the  strands.  If  the  hemp  be  replaced  by  a 
steel  strand  centre  the  resistance  of  the  rope  will  be  in- 
creased 7  to  TO  per  cent.,  but  it  will  be  less  flexible. 

All  the  allowable  working  resistances  in  these  tables 
are  one  fifth  of  the  ultimate  resistances  or  breaking  loads 
of  the  ropes.  For  smaller  drums  than  those  prescribed  in 
the  tables  or  for  relatively  high  speeds,  one  eighth  or  one 
tenth  of  the  ultimate  resistance  is  used  for  the  working 
loads.  The  high  resisting  plough-steel  rope  is  used  where 
it  is  necessary  to  reduce  the  weight  of  the  cable,  as  when 
it  is  so  long  as  to  make  its  own  weight  a  material  element 
of  its  loading. 

The  average  ultimate  resistance-  of  the  best  grades  of 
steel  ropes  is  scarcely  more  than  eight  tenths  of  the  aggre- 
gate ultimate  resistance  of  the  wires  of  which  it  is  com- 
posed if  tested  singly. 

WroughUiron  Chain  Cables. 

It  might  at  first  sight  be  supposed  that  the  pull  which 
the  link  of  a  chain  cable  could  resist  would  be  twice  that 
offered  by  a  bar  of  roxmd  iron  equal  in  cross-section  to  that 
of  one  side  of  the  link.  But  a  weld  exists  at  one  end  of 
the  link  and  a  bend  at  the  other,  each  requiring  at  least 
one  heat  for  the  portion  of  the  link  in  which  it  is  located. 
These  manipulations  produce  a  considerable  decrease  in 
the  resistance  of  the  link. 

The  United  States  Committee  on  "Tests  of  Chain 
Cables,"  of  which  Commander  L.  A.  Beardsley  was  chair- 
man, made  many  experiments  on  the  iron  of  which  chain 
cables  are  made,  as  well  as  on  the  finished  cables. 

The  following  conclusions  and  table  are  taken  from  the 
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report  of  that  committee:  "...  that  beyond  doubt,  when 
made  of  American  bar  iron,  with  cast-iron  studs,  the 
studded  link  is  inferior  in  strength  to  the  unstudded  one. 

ULTIMATE  RESISTANCE  AND  PROOF  TESTS  OF  CHAIN  CABLES. 


Average 

Average 

Diameter 

Resistance  — 

V^                  ^     4M 

Diameter 

Resistance-* 

*^                   »    mm^ 

of  Bar. 

X63  Per  Cent, 
of  Bar. 

Proof  Test. 

of  Bar. 

163  Per  Cent, 
of  Bar. 

Proof  Test. 

Inches. 

Pounds. 

Pounds. 

Inches. 

Pounds. 

Pounds. 

I 

71,172 

33.840 

'f» 

162,283 

77,159 

'1^ 

79,544 

37,820 

>l 

174,475 

82,956 

li 

88,445 

42,053 

4 

187,075 

88.947 

»A 

97.73" 

46,468 

.200,074 

95,128 

li 

107,440 

51.084 

»t* 

213.475 

101,499 

'^ 

"7.577 

•  55.903 

»t 

227,271 

108,058 

'1 

128,129 

60,920 

Mf 

241,463 

114,806 

'f» 

139.103 

66,138 

2 

256,040 

121,737 

«i 

150,485 

71,550 

1 


**That,  when  proper  care  is  exercised  in  the  selection 
of  material,  a  variation  of  five  to  seventeen  per  cent,  of  the 
strongest  may  be  expected  in  the  resistance  of  cables. 
Without  this  care  the  variation  may  rise  to  twenty-five 
per  cent. 

"That  with  proper  material  and  construction  the  ulti- 
mate resistance  of  the  chain  may  be  expected  to  vary  from 
155  to  170  per  cent,  of  that  of  the  bar  used  in  making  the 
links,  and  show  an  average  of  about  163  per  cent. 

**That  the  proof  test  of  a  chain  cable  should  be  about 
50  per  cent,  of  the  ultimate  resistance  of  the  weakest  link." 

The  decrease  of  the  resistance  of  the  studded  below  the 
unstudded  cable  is  probably  due  to  the  fact  that  in  the 
former  the  sides  of  the  link  do  not  remain  parallel  to  each 
other  up  to  failure,  as  they  do  in  the  latter.  The  result 
is  an  increase  of  stress  in  the  studded  link  over  the 
vinstudded  in  the  proportion  of  unity  to  the  secant  of  half 
the  inclination  of  the  sides  of  the  former  to  each  other. 
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From  a  great  number  of  tests  of  bars  and  finished  cables, 
the  committee  considered  that  the  average  ultimate  re- 
sistance and  proof  tests  of  chain  cables  made  of  the  bars, 
whose  diameters  are  given,  should  be  such  as  are  shown 
in  the  accompanying  table. 

Manila  and  Hemp  Rope. 

The  results  given  below  were  obtained  in  the  Govt, 
machine  at  Watertown,  Mass.,  and  are  found  in  **Ex.  Doc. 
No.  35, 49th  Congress,  ist  Session.'*  **  The  rope  was  secured 
in  the  testing  machine  either  with  a  hitch  made  by  taking 
a  ro\md  turn  over  a  4i-inch  pin  held  from  turning  and  then 
making  fast  the  end  to  a  smaller  pin  or  by  passing  the  ends 
over  3J-inch  thimbles  and  securing  to  the  standing  part 
by  means  of  seizing." 


Kind. 


Manila, 
II 

If 

tt 

«< 

If 

Hemp. 
It 

tt 

■ 
« 

« 


Circum 

ference. 

Inches 


{ 


3 

3i 
3i 
3J 
3J 
3i 
3i 
3i 

3i 


Fastening 


Hitch 
Seizing 

Hitch 
Seizing 

Hitch 
Seizing 

Hitch 
Seizing 

Hitch 
Seizing 

Hitch 
Seizing 


Elongation  just 

before  Failure, 

Per  Cent. 


14 

6  to 

18 

.1 

14 

I  to 

17 

.2 

12. 

2  to 

17 

.0 

8. 
8. 

3  to 
I  to 

10 
13 

9 
0 

8.1  to  1 1. 4 


Breaking  Load  in  Pounds. 


Greatest. 


9,600 
10,820 
11,400 
12,150 
12,200 
11,900 

7,950 
12,900 
10,100 
12,480 
10,500 
14,200 


Mean. 


8,620 
10,015 
10,650 
10,810 

1^,350 

11,020 

6,990 

11,350 

8,315 
10,700 

8,535 
12,900 


Least. 


8,250 

9.050 

10,050 

9,50c 

10,550 
9,400 
6,000 

9,850 
6,500 
8,050 
7.300 
9,350 


The  rope  used  in  these  tests  had  never  been  in  service, 
but  was  ten  years  old,  having  been  made  at  the  Boston 
navy-yard  and  kept  in  store  that  length  of  time  at  the 
Washington  navy-yard.  All  the  manila  rope  had  3  strands, 
but  of  the  hemp  about  half  had  3  strands  and  the  other 
half  4. 


CHAPTER  XVI. 

MISCELLANEOUS  PROBLEMS. 

Art  tou — ^Resistance  of  Fhies  to  CoQapse. 

If  a  circular  tube  or  flue  be  subjected  to  external  normal 
pressiu"e,  such  as  that  of  steam  or  water,  the  material  of 
which  it  is  made  will  be  subjected  to  compression  around 
the  tube,  in  a  plane  normal  to  its  axis.     If  the  following 

notation  be  adopted, 

/« length  of  tube; 
d  =  diameter  of  tube; 
i  =  thickness  of  wall  of  the  tube ; 
p = intensity  of  excess  of  external  pressure  over  internal ; 

then  will  any  longitudinal  section  //,  of  one  side  of  the  tube, 

pld 
be  subjected  to  the  pressiu"e  -  — .     But  let  a  unit  only  of 

length  of  tube  be  considered.  This  portion  of  the  tube  is 
approximately  in  the  condition  of  a  coltunn  whose  length 
and  cross-section,  respectively,  are  rA  and  i. 

The  ultimate  resistance  of  such  a  column  is  (Art.  24) 

As  this  ideal  column  is  of  rectangular  section. 
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and 


But  P^pdy  hence 


p= 

Et* 

/>= 

Et» 
'i2d' 

(I) 


is  the  greatest  intensity  of  external  pressure  which  the  tube 
can  carry.  But  the  formulae  of  Art.  24  are  not  strictly 
applicable  to  this  ideal  column.  The  curvature  on  the  one 
hand  and  the  pressure  on  the  other  tend  to  keep  it  in  position 
long  after  it  would  fail  as  a  column  without  lateral  support. 
Hence  p  will  vary  inversely  as  some  power  of  d  much  less  than 
tlie  third. 

Again,  it  is  clear  that  a  very  long  tube  will  be  much  more 
apt  to  collapse  at  its  middle  portion  than  a  short  one,  as  the 
latter  will  derive  more  support  from  the  end  attachments ; 
and  this  result  has  been  established  by  many  experiments. 
Hence  p  must  be  considered  as  some  inverse  function  of  the 
length  /. 

Eq.  (i),  therefore,  can  only  be  taken  as  typical  in  form, 
and  as  showing  in  a  general  way,  only,  how  the  variable 
elements  enter  the  value  of  p.  If  x,  y,  and  z^  therefore,  are 
variable  exponents  to  be  determined  by  experiment,  there 
may  be  written 

p-'w ^'^ 

in  which  c  is  an  empirical  coefficient. 

Sir  Wm.  Fairbaim  ("  Useful  Information  for  Engineers, 
Second  Series")  made  many  experiments  on  wrought-iron 
tubes  with  lap-  and  butt-joints  single  riveted.     He  inferred 
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from  his  tests  that  y=0  =  i.     Two  different  experiments 
would  then  give 

pld^ctF, (3) 

fl'd'^cf'. (4) 

Hence 

log  {put)  =log  c+^  log /. 
log  (///'rf')  =log  c+x  log  t'; 

in  which  "log"  means  "logarithm."     Subtracting  one  of 
these  last  equations  from  the  other,  the  value  of  x  becomes 


■-(^} 


\og{pld)-\og{i/l'd')     '^XfiH^'J 

As  p,  /,  d,  t,  //,  /',  d\  and  f  are  known  ntunerical  quantities 
in  every  pair  of  tests,  x  can  at  once  be  computed  by  eq.  (5) ; 
c  then  immediately  results  from  either  eq.  (3)  or  eq.  (4). 
By  the  application  of  these  equations  to  his  experimental 
data,  Fairbaim  found  for  wrought-iron  tubes: 

/'  =  9»675,6oo-2j, (6) 

in  which  p  is  in  pounds  per  square  inch,  while  /,  /,  and  d  are 
in  inches.  Eq,  (6)  is  only  to  be  applied  to  lengths  between  18 
and  120  inches. 

He  also  fotmd  that  the  following  formula  gave  results 
agreeing  more  nearly  with  those  of  experiment,  though  it  is 
less  simple: 

/>  =  9»675.6oo-^^ — 0.002- (7) 
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Fairbaim  found  that  by  encircling  the  tubes  with  stiff 
rings  he  increased  their  resistance  to  collapse.  In  cases 
where  such  rings  exists  it  is  only  necessary  to  take  for  I  the 
distance  between  two  adjacent  ones. 

In  1875  Prof.  Unwin,  who  was  Fairbaim's  assistant  in 
his  experimental  work,  established  formulae  with  other 
exponents  and  coefficients  (**Proc.  Inst,  of  Civ.  Engrs.," 
Vol.  XLVI).  He  considered  ^,  y,  and  z  variable,  and 
found  for  tubes  with  a  longitudinal  lap-joint: 

/>  =  7»363.ooo^--^7:76 (8) 

From  one  tube  with  a  longitudinal  butt-joint,  he  deduced : 

P  =  9>6i4.ooo^o.9^,.,5 (9) 

For  iive  tubes  with  longitudinal  and  circumferential  joints^ 
he  found: 

/>  =  i5»547,ooo^^^ (10) 

By  using  these  same  experiments  of  Fairbaim,  other 
writers  have  deduced  other  formulae,  which,  however,  are 
of  the  same  general  form  as  those  given  above.  It  is  proba- 
ble that  the  following,  which  was  deduced  by  J.  W.  Nystrom, 
will  give  more  satisfactory  results  than  any  other : 

/>  =  692,800—;= (11) 

At  the  same  time,  it  has  the  great  merit  of  more  simple 
application. 

From  one  experiment  on  an  elliptical  tube,  by  Fairbaim, 
it  would  appear  that  the  formulae  just  given  can  be  approxi- 
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mately  applied  to  such  tubes  by  substituting  for  d  twice 
the  radius  of  curvature  of  the  elliptical  section  at  either 
extremity  of  the  smaller  axis.  If  the  greater  diameter  or 
axis  of  the  ellipse  is  a  and  the  less  6,  then,  for  d,  there  is 


to  be  substituted 


6- 


Art.  I02. — ^Approximate  Treatment  of  Solid  Metallic  Rollers. 

An  approximate  expression  for  the  resistance  of  a  roller 
may  easily  be  written.  The  approximation  may  be  con- 
sidered a  loose  one,  but  it  furnishes  a  basis  for  an  accurate 
empirical  formula. 

The  following  investigation  contains  the  improvements 
by  Prof.  J.  B.  Johnson  and   Prof.   H.  T.  Eddy  on  the 

method  originally  given  by  the 
author. 

The  roller  will  be  assumed 
■^  to  be  composed  of  indefinitely 
thin  vertical  slices  parallel  to 
its  axis.  It  will  also  be  as- 
sumed that  the  layers  or  slices 
act  independently  of  each 
other. 

Let  £'  be  the  coefficient  of 
elasticity  of  the  metal  over  the 
roller. 

Let  E  be  the  coefficient  of  elasticity  of  the  metal  of 
the  roller. 

Let  R  be  the  radius  of  the  roller  and  R'  the  thickness 
of  the  metal  above  it. 

Let  w  =  intensity  of  pressure  at  A ; 

/?=       "         "        "        "  any  other  point; 
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Let       P=  total  weight  which  the  roller  sustains  per  unit 

of  length. 
X  be  measured  horizontally  from  A  as  the  origin ; 
d^AC; 
e^DC. 


From  Fig.  i : 


AbJ§;    A'B'^f. 
QC  =  —pr  \    C  B  =  "gr- 


and 


/.  d^AC^AB  +  BC^w(^+'^)   .    .    .     (i) 
A'C=A'B'  +  B'C=p(^^  +  ^y     ...     (2) 


Dividing  eq.  (2)  by  eq.  (i), 

w 
P=A'C'j. 

But 


If  the  curve  DAH  be  assumed  to  be  a  parabola,  as  may 
be  done  without  essential  error,  there  will  result: 


f^'  A'C'dx^^ed. 


3 


Hence 


P-^o^. (3) 
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But 


e  =-  \/2Rd — d'  =  \/2Rd,  nearly. 


By  inserting  the  value  of  d  from  eq.  (i)  in  the  value  of 
e,  jxist  determined,  then  placing  the  result  in  eq.  (3), 


I 


ItR^R', 


^-:\-'Ks4') 


(4) 


„    4„   I     .£+£' 


(S) 


The  preceding  expressions  are  for  one  unit  of  length. 
If  the  length  of  the  roller  is  /,  its  total  resistance  is 


Or  if  R~R', 


F-^PI=^^1>\^w^r(^+^^ (6) 


=li?/^|.«;«^±^ 


EE' 


(7) 


In  ordinary  bridge  practice  eq.  (7)  is  sufficiently  near 
for  all  cases. 

A  simple  expression  for  conical  rollers  may  be  obtained 
by  using  eqs.  (4)  or  (5). 

J, £ 51 


l^.-.z ^ 


Fir.    2 


As  shown  in  Fig.  2,  let  0  be  the  distance,  parallel  to  the 
axis,  of  any  section  from  the  apex  of  the  cone;  then  con- 
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sider  a  portion  of  the  conical  roller  whose  length  is  dz.  Let 
R^  be  the  radius  of  the  base.  The  radius  of  the  section 
under  consideration  will  then  be 

and  the  weight  it  will  sustain,  if  R^  ^R\ 


Hence 


^-/y-'-^-^^-'^-if-  ■  ■  ■ 


(8) 


Eqs.  (6),  (7),  and  (8)  give  ultimate  resistances  if  m;  is 
the  ultimate  intensity  of  resistance  for  the  roller. 

It  is  to  be  observed  that  the  main  assumptions  on  which 
the  investigation  is  based  lead  to  an  error  on  the  side  of 
safety. 

If  for  wrought  iron,  ?£/  =  12,000  pounds  per  square  inch, 
and  -£=£'  =  28,000,000  poimds,  eq.  (5)  gives 

8      Iw^ 

P  =  °/?X^-Fr=  664/?. 

3     ^^ 

Art.  103. — ^Resistance  to  Driving  and  Drawing  Spikes. 

Some  very  interesting  experiments  on  driving  and  draw- 
ing rail  spikes  were  made  by  Mr.  A.  M.  Wellington,  C.E., 
and  reported  by  him  in  the  "  R.  R.  Gazette,'*  Dec.  17,  1880. 
He  experimented  with  wood  both  in  the  natural  state  and 
after  it  had  been  treated  by  the  Thilmeny  (sulphate  of 
baryta)  preserving  process. 

**  The  test-blocks  were  reduced  to  a  uniform  thickness  of 
4.5  inches,  this  thickness  being  just  sufficient  to  give  a  full 
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bearing  surface  to  the  parallel  sides  of  the  spikes  when 
driven  to  the  usual  depth,  and  to  allow  the  point  of  the 
spike  to  project  outwards.     It  was  considered  that  thebev- 

Table,  I. 

SPIKES  WERE  STANDARD:   5.5  INCHES  X  A  INCH. 


Kind  of  Wood. 


Beech 

White  oak,  green 

Pin  oak. 

White  ash 

White  oak,  well  seasoned 

Black  ash 

Elm 

Chestnut,  green 

Soft  maple 

Sycamore 

Hemlock 


Natural  Wood. 


To  Driving 
Spike,  Pounds 


Mean. 
5,953 

{till}''*" 

\t:il\-'^' 


a.gio 


To  Pulling 
Spike,  Pounds 


liiVi^-'->° 


2,578 
3,645 


3,111 


3'»S»[  3,188 


3.188 


1,996 


Prepared  Wood. 


To  Driving 
Spike,  Pounds. 


Mean. 
7.656  f7»472 


6.117^5, 


353 


4.589 
S.978P'*»3 


47 


4,45  3 1 
4,453  I  .  , 
4.301  f**' 
3.380J 

4.453  (.  .  -.00 


l:g}  3.645 

3!976  }  ^'^^^ 


To  Pulling 
Spike,  Pounds. 


Mean. 


6.135  u 
6,267  f°" 

(SpUt) 


aox 


3.340 
3,028 
3.300 

3.493  J 

4,148 

4,20a 


3.290 
4.I7S 


2,725 
3,030 


}'a,877 
1,968 


elled  point  could  add  very  little  to  the  holding  power  of  the 
spike,  and  it  was  desired  to  press  the  spike  out  again  by 
direct  pressure  after  turning  the  block  over.  ..." 

The  forces  exerted  in  pulling  and  driving  the  spikes 
were  produced  by  a  lever.  A  few  tests  with  a  hydraulic 
press  showed  that  the  friction  of  the  plunger  varied  from 
about  6  to  18  per  cent.  The  experimental  results  are 
given  in  Table  I. 

Some  very  excellent  tests  of  the  holding  power  of  rail- 
road spikes  and  lag-screws  were  made  by  Mr.  A.  J.  Cox,  of 
the  University  of  Iowa,  during  1891,  in  the  engineering 
laboratory  of  that  institution,  the  results  of  which  were 
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Table  II. 

RESISTANCE  OF  RAILROAD  SPIKES  TO  PULLING  OUT  AND 

PRESSING  IN. 


Kind  of  Tie  and  Spike. 


Seasoned  Wkite-oak  Tie. 

Common  spike 

Common  spike,  i-in.  bored  hole. 

Common  spike,  redrawn 

Common  spike,  i-in  bored  hole.  I 

redrawn f 

Hill  curved  spike 

Bayonet  spike 

Unseasoned  White  Oak. 

Common  spike 

Common  spike^  }-in.  bored  hole. 

Hill  curved  spike 

Bayonet  spike 

Unseasoned  White  Cedar. 

Common  spike 

Common  spike,  }-in.  bored  hole. 

Hill  curved  spike 

Bayonet  spike 


No. 

of 

Tests. 


ao 
0 


4 
3 


7 
3 

5 
3 


a 
3 
a 


Greatest  Resistance 
in  Pounds. 


Maxi- 
mum. 


7,700 
6,660 


6,580 
6,850 


6.130 
S.9SO 
5,680 
6,930 


1,340 

1,460 

1.830 

980 


Average. 


S.514 
4,936 
5.1  ao* 

4,460 
4.040* 

3.240 
5. 843 
6.350 


4,706 
5. 807 
5.130 
5.334 


1,140 
1,400 

1.775 
955 


Mini- 
mum. 


3.500 
3.950 

t 

\- 

5. 290 
S.600 


4.050 
5.720 
4,400 
4.030 


1,040 

1.340 
1,720 

930 


Average 
Resistance 
in  Potinds 
per  Souare 
Inch  Sur- 
face of  Spiket 


643 
575 

520 
378 


548 
7x6 


133 
z6a 


Average 
Resistance 
per  Ounce 

of  Spike. 


664 
595 

537 

390 

63a 
934 


567 
740 

555 
784 


137 
169 
19a 
140 


PRESSING  SPIKES  INTO  TIES  UNDER  STEADY  PRESSURE  OF 

TESTING  MACHINE. 


White-oak  Ties. 

Curved  spike,  pressing  in.  , 
Curved  spike,  pulling  out. . 
Bayonet  spike,  pressing  in. 
Bayonet  spike,  pulling  out. 


a 

7.430 

7.375 

7.320 

a 

6,8.^0 

6,615 

6,400 

a 

6.660 

6,530 

6,400 

a 

4.400 

3.845 

3.290 

•  These  values  are  the  first  resistance  to  drawing  out. 
in  the  same  holes  and  redrawn,  with  the  results  showfi. 
t  Wedge  surface  not  considered. 


The  spikes  were  then  redriven 


published  in  the  technical  jotimal  ("The  Transit")  of  the 
university  for  September,  1891;  they  will  be  found  some- 
what rearranged  in  Tables  II  and  III.  Three  kinds  of 
spikes  were  used,  viz.,  the  common  spike  (length  5.5  ins., 
0.5625  in.  square,  weight  8.3  oz.).  Hill's  curved  spike  (length 
5.875  ins.,  weight  9.25  oz.),  and  the  bayonet  or  grooved 
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Spike  (length  5.5  ins.,  weight  6.8  oz.).     The  timber  of  the 
ties  is  shown  in  the  two  tables.      The  spikes  were  forced 

Table  III. 

RESISTANCE  OF  LAG-SCREWS  TO  PULLING  OUT.* 


Kind  of  Wood. 


Seasoned  white  oak.  . . . 
Seasoned  white  oak.  . . . 
Seasoned  white  oak.  . .  . 

Yellow- pine  stick 

White  cedar  unseasoned 


Diameter 

Diameter 

Length 

of 

of  Bored 

Screw 

Screw, 

Hole. 

in  Hole, 

Inches. 

Inches. 

Ins. 

% 

% 

AVt 

%« 

%s 

3 

Vi 

% 

4% 

% 

% 

4 

% 

Vk 

4 

Maximum 

Avera^ 

Resistance 

in  Pounds. 


8,037 
6,480 
8.780 
3.800 
3.405 


Resistance 

pounds 

per  Square 

Inch. 


No. 

of 

Tests. 


*  The  area  of  surface  for  these  laj^-screws  used  in  finding  the  resistance  per  sqtuue  inch 
was  computed  as  that  of  a  cylinder  whose  diameter  was  equal  to  the  diameter  of  the  screw 
considered.  In  pulling  the  first  lag-screw  of  Table  III,  the  resistance  of  8037  poimds  at 
the  end  of  a  i-inch  movement  decreased  to  4550,  2476,  1475.  and  410  pounds  at  the  ends 
of  movements  of  0.5,  i,  a,  and  a. 7 5  inches  respectively. 


into  the  wood  by  the  pressure  exerted  by  the  100,000-pound 
testing  machine  used  in  the  tests,  and  by  which  they  were 
pulled  out  of  the  ties. 

The  greatest  pulling  resistance  of  any  spike  is  oflfered 
at  the  very  beginning  of  motion,  and  it  then  rapidly  de- 
creases. A  common  spike  which  resisted  5120  poimds  at 
the  beginning  of  motion  offered  but  3050  pounds  after 
having  moved  a  half -inch,  2,440  pounds  after  i  inch  of  mo- 
tion, 1,300  poimds  after  1.75  inches,  940  pounds  after  2 
inches,  and  440  pounds  after  moving  3  inches ;  the  original 
penetration  of  the  spike  was  4.3  7  5  inches  in  a  seasoned  white- 
oak  tie.     Similar  results  were  reached  with  other  timbers. 

When  spikes  were  pressed  into  the  ties  the  timber 
offered  an  increasing  resistance  to  penetration,  but  at  a 
rate  less  rapid  than  that  of  the  decrease  in  pulling  out.  A 
i-inch  penetration  in  a  seasoned  white-oak  tie  gave  a  re- 
sistance to  a  common  spike  of  2,320  pounds  which  increased 
to  3,340  pounds  for  i-inch  penetration,  to  4550  pounds  for 
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2  inches,  to  5580  pounds  for  3.5  inches,  and  to  6555  pounds 
for  4.5  inches. 


Art.  104* — Shearing  Resistance  of  Timber  behind  Bolt  or  Mortise 

Holes. 

Col.  T.  T.  S.  Laidley,  U.S.A.,  made  some  tests  during 
1 88 1  at  the  United  States  Arsenal,  Watertown,  Mass.,  on 
the  resistance  offered  by  timber  to  the  shearing  out  of  bolts 
or  keys  when  the  force  is  exerted  parallel  to  the  fibres. 


Fig.  I. 


Fio.  2. 


The  test  specimens  are  shown  in  Pigs,  i  and  2.  Wrought- 
iron  bolts  and  square  wrought-iron  keys  were  used.  All 
the  timber  specimens  were  six  inches  wide  and  two  inches 
thick.  The  diameter  of  the  bolts  used  (Fig.  i)  was  one 
inch  for  all  the  specimens.  The  keys  were  i"Xi."5  and 
i".i25Xi".S  as  shown  in  Fig.  2.  In  all  the  latter  speci- 
mens, failure  took  place  in  front  of  the  smaller  key  where 
the  pressure  was  greatest. 

In  many  cases  the  specimen  sheared  and  split  simultane- 
ously in  front  of  the  hole.  By  putting  bolts  through  the 
pieces  in  a  direction  normal  to  the  force  exerted,  so  as  to 
prevent  splitting,  the  resistance  was  found  (in  most  cases) 
to  be  considerably,  though  irregularly,  increased. 

Unless  otherwise  stated,  the  wood  was  thoroughly  sea- 
soned. 

The  accompanying  table  gives  the  results  of  Col.  Laid- 
ley's  tests. 
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jC»n*l  Jl  TTvryt. 

r    -:    #» 

7  rai 

C&nsate  Soearrzsf- SfconcaoEs 

.'Jltiae-Mti 

V.    In*. 

2 

t 

y/> 

^/n^jt  ?rif  ^ 

■( 

2X 

':^ 

^                                     ^•■•■•■^•■^»»»**, 

2-5 

•f 

v* 

202 

'2 

a 

457 

%'h»-«  p«Tie  V>^?, 

.1 

24 

6ii 
4?^ 

.  ^ 

3-^ 

3-^7 

'2 

a 

.* 

Vyr 

V^:V/9r  pine  ^V^m; 

v1 

|6 
24 

720 

40 

* 

^ 

3>/ 

r^ 

<i 

7^ 

y*Ik/ir  ^ne  ^V{i£ire  k«y»; . 

-.1 

7 

•     i6 

24 

2>t 

572 
4y* 

» 

f» 

S 

550 

U  hit«  |Mne  f  viuare  keys;  . 

>1 

17 

i6 

24 

4»2 

'    332 

1  '-"^ 

1 

;4 

8 
24 

4 10  (Not  tlioroiij^  seasoned.) 
'242  (Wet  timber.) 

1 

17 

2>i 

279 

Art*  ios« — Bulging  of  Plates. 

A  plate  offers  resistance  to  *' bulging"  when  it  is  simply 
Riip|Krrt(rrl  (yr  firmly  fixed  around  its  entire  edge  and 
rarrir'S  a  single  or  uniformly  distributed  load  acting  normal 
to  its  siirfac(!.  The  very  complicated  nature  of  the  stresses 
anrl  strains  existing  in  a  plate  thus  acted  upon,  together 
with  the  fac  t  that  its  conditions  just  before  rupture  are 
etitircly  different  from  those  accompanying  the  initial 
loading,  give  to  the  problem  a  character  of  unusual  intri- 
cacy, and,  indeed,  preclude  a  solution  possessing  a  degree 
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of  approximation  commonly  obtained  in  questions  relating 
to  the  elasticity  and  resistance  of  materials. 

An  elegant  analysis  of  the  problem,  considered  as  one 
of  pure  elasticity,  may  be  found  in  **  Die  Theorie  der  Elas- 
ticitat  Fester  Korper,"  by  Clebsch.  It  is,  however,  of  little 
value  in  connection  with  questions  of  ultimate  resistance. 

The  following  roughly  approximate  but  simple  analysis 
may  be  used  to  suggest  the  form  of  an  empirical  formula 
which  can  be  completed  by  the  aid  of  experiments. 

Let  the  length,  breadth,  and  thickness  of  a  rectangular 
plate  simply  supported  around  its  edges  be  represented  by 
a,  fe,  and  t,  respectively,  and  let  it  first  be  loaded  by  a  uni- 
formly distributed  pressure  whose  intensity  (per  unit  of 
ah)  is  w. 

If  the  plate  is  supposed  to  consist  of  two  sets  of  small 
strips  or  beams  parallel  to  a  and  6,  those  crossing  each 
other  at  the  centre  must  have  the  same  deflection  at  middle. 
If,  further,  the  uniform  load  w  be  supposed  to  be  so  divided 
into  two  parts,  w^  and  w/,  that  they  would  cause  two  rec- 
tangular beams  whose  spans  are  a  and  b  to  have  the  same 
centre  deflection,  the  following  equation  (see  eq.  (26)  of 
Art.  22)  must  obtain: 

Then,  since  w/  +  m;^  =  it;,  there  must  result : 

W  =  -TTL4       and      W.  =  -TTT4- 

The  bending  moments  at  the  centres  of  such  beams 
would  be  (eq.  (27),  Art.  22,  and  eq.  (10),  Art.  9  ): 
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Since  the  beams  are  rectangular  in  section,  ^  ^T^' 
Hence 

A|  -  ^2       ana     a         ^^,  . 

According  to  these  hypothetical  conditions  the  greatest 
intensity  of  stress  at  the  centre  of  the  plate  will  have  the 
value 

Hence 

^  =  -(—-4::==.)* (2) 


ab/         ygj  V 


For  square  plates,  a =6. 
Hence 

if  =  -gp-     and     ^  =  0.6 1  sa-^^.     ...     (3) 

If  the  edges  are  fixed,  the  greatest  bending  will  occur 
along  those  lines ;  and  for  K^  and  K'  then  are  to  be  put  ^K^ 
and  W. 

Hence 

Since  the  greatest  bending  occurs  along  the  edges,  these 
are  the  expressions  for  the  greatest  intensities  of  stress.  If 
afc'  is  greater  than  a'6,  then  is  AT,  greater  than  K';  and 
vice  versa. 

In  the  first  case  the  expression  for  t  is 


«-o.7O7a6*-0.-f— mTP- (s) 
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BMt]iK'>K^,  OX  a^b>ab\ 


If  the  plate  is  square, 


a'w 


a   \w 


If  a  plate  is  loaded  with  a  single  weight  P,  it  may  be 
supposed  to  be  divided  in  the  same  manner  as  w\  so  that 

The  equation  of  middle  deflections  for  ends  simply  sup- 
ported then  becomes 

P,a^  ^  P'b^ 
4SEI ""  48Er 

Hence 

jP  =    .  ,  ,  3      and      P.=-  a  .  ,-,. 

Proceeding  in  precisely  the  same  manner  as  before, 

y-         ,     abP        /    - — -- 

/C  =  i.o6^,^-,-ppyVa*  +  6*      ....     (8) 


and 


*='°3(a:(J^6«)^«'+^')*-  •   .  •   (9) 


If  the  plate  is  square, 


^=0.75^      and     ^  =  0.87-^^.  .     .     .     (10) 


( 
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//  the  edges  are  fixed  in  position^  the  hypothetical  beams 
are  fixed  at  each  end  and  loaded  at  the  centre,  and  the 
greatest  bending  moments  (at  centre  and  ends  eilike)  are 
thereby  reduced  to  one  half  their  preceding  values,  or, 
what  is  the  same  thing,  2^'  is  to  take  the  place  of  (^  in  eqs. 
(8),  (9).  and  (10). 

Hence 

^=o»53^2^^»^^3)Vg'  +  fc*,    ....     (11) 
/     abP        r \* 


If  the  plate  is  square. 


aP  foP 

i^  =  o-375-p-     and      /  =  0.613-^^.     .     .     (i 


3) 


These  equations  are  of  little  value  as  they  stand,  except 
as  indicating  a  form  of  formula  to  which  empirical  coefficients 
are  to  be  fitted.  The  hypothetical  division  of  the  plate  into 
small  beams  is  very  far  indeed  from  being  correct.  In  the 
empirical  determinations  which  follow,  therefore,  K  will 
not  be  the  greatest  intensity  of  stress  in  the  plate,  but  a 
coefficient  or  quantity  partly  analytical  and  partly  experi- 
mental. 

Circular  plates  have  not  been  considered,  because 
square  ones  furnish  the  requisite  type  of  formula. 

Experiments  have  thus  far  been  made  on  square  and 
circular  plates  only;  hence  oblong  rectangular  plates  will 
not  again  be  noticed. 

Kirkaldy's  experiments  on  Fagersta  steel  plates  and 
Fairbaim's  on  wrought-iron  ones  would  seem  to  indicate 
that  the  thickness  t  varies  about  as  (zy)**^  or  {JPY^\  but  the 
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variation  in  diameter  or  side  of  square  was  not  sufficient  to 
establish  any  relation  between  t  and  a,  while  other  elements 
remain  the  same.  Regarding,  therefore,  /C  as  an  empirical 
quantity  which  may  have  different  values  for  square  and  cir- 
cular plates,  eqs.  (3),  (7),  (10),  and  (13)  may  be  written 
as  follows: 

K^^^-iW^'^    and     ^  =  0.6150—^.      .    .     (14) 


K^    ^^1.6     ajid     ^«o,sa-^.     ...     (15) 


A:=i^pi.6     and      ^  =  0.87      ,-'.     .     •     (16) 
4*  •    V  A 


i<:  =  |^,P'«     and      f  =  o.6i3-^^;^7^.  •     '     ^^7) 

Kirkaldy  made  twenty  experiments  with  mild  Fagersta 
steel  circular  plates,  12  inches  in  diameter.  He  forced 
these  through  an  aperture  10  inches  in  diameter  by  the 
pressure  of  a  very  blunt  point.  The  edge  of  the  aperture 
on  which  the  plate  rested  was  rounded;  hence  the  initial 
diameter  of  aperture  was  somewhat  more  than  10  inches. 
Eqs.  (16)  are  the  ones  to  be  used  in  connection  with  these 
experiments. 

From  the  first  member  of  that  equation,  K  was  com- 
puted for  a  number  of  different  experiments  by  substitut- 
ing the  numerical  values  of  P,  t,  and  a.  In  this  manner 
the  following  values  were  found  to  give  good  results: 

For  unannealed  mild  Fagersta  steel  circular  plates: 

2f  =  6, 760,000,000. 
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Hence 

/= 0.000,01  o,6N/aP** (18) 

For  annealed  mild  Fagersta  sled  circular  pkUes: 

K  =  $,  7 10,000,000. 
Hence 

/= 0.000,01 1, $2 VaP®-*  ....     (19) 

Eq.  (16)  gives 

P  = 


\o,8jVa/ 


Table  I  cpntains  the  results  of  computation  by  this 
formula  and  those  obtained  in  the  tests.  On  accouqt  of  the 
rounded  edge  of  the  supporting  ring,  K  was  so  taken  that 
P,  as  computed,  is  a  Uttle  larger  than  its  experimental 
value.  None  of  these  plates  was  cracked,  but  they  were 
bulged  at  the  centre  from  3.00  to  3.45  inches. 

In  ''Engineering*'  for  Sept.  28,  1877,  Robert  Wilson 
describes  four  experiments  on  imstayed  flat  boiler  heads 
subjected  to  hydraulic  pressure.  These  flat  circular  plates 
were  riveted  to  angles  encircling  the  body  of  the  boiler. 
The  edges  of  the  plates  were  thus  fixed,  and  eqs.  (15)  are 
therefore  to  be  used.  Proceeding  in  precisely  the  same 
manner  as  before,  the  following  values  were  established: 

For  wroughUiron  flat  boiler  heads  with  fixed  edges: 

jK'  =  1 1,000,000. 
Hence 

/  =  0.000,01  saTi;®-® (20) 

w  was  taken  in  pounds  per  square  inch ;  it  has  the  value 


w 


'f) 
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Table  I. 

CIRCULAR  PLATES  SIMPLY  SUPPORTED. 


Unannealed. 

Annealed. 

t,  in  Inches. 

P,  in  Pounds. 

t,  in  Inches. 

P  in  Pounds. 

ExperimentaL 

By  PonnuUt. 

Expenmental. 

By  Pormula. 

215,690 
162,740 

104,850 
71,800 
35,400 

219,420 

x66,ooo 

115,860 

69,800 

29,350 

198,000 

154,330 
95,600 

59,430 
25,430 

196,530 

148,690 

103,780 

62,520 

26,290 

Each  "experimentar*  result  is  a  mean  of  two. 

The  results  of  the  experiments,  and  of  this  formula,  are: 


Diameter. 
Inches. 


Inch. 


34.5 

34.5  . 
26.25, 

28.25. 


I 
I 
I 


r-iy,  in  Pounds  i>er  Square  Inch.--\ 
Experimental.  By  Formula. 

280 


200. 

371. 
300. 


349 
211 

296 

270 


The  agreement,  in  this  case,  is  not  satisfactory.  It  is 
probably  due  to  the  lack  of  a  proper  exponent  of  a.  These 
plates  were  fractured  along  the  lines  of  rivet-holes  in  the 
edges. 

Two  means  of  four  experiments  by  Fairbaim  remain  to 
be  considered.  His  plates  were  square  ones  of  wrought  iron 
firmly  fixed  to  a  square  frame  1 2  inches  by  1 2  inches  in  the 
aperture.  The  force  was  applied  by  a  blimt  point  at  the 
centre,  consequently  eqs.  (17)  are  to  be  used. 

By  precisely  the  same  method  already  used  the  follow- 
ing results  were  established : 
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For  wroughUiron  12'inch  square  plates,  with  edges  firmly 

fixed: 

K  =  390,000,000 ; 

<=o.ooo,o3i\/aP''-* (21) 

The  expression  for  the  indenting  force  is 


m- 


The  experiments  and  computations  are: 

Diameter,  *,  rz ! ^-^  P<*"^^-~^ T^ 

Inches.  Inch.  Expcnmental.  By  Formula. 

12 1 16,780 16,350 

12 J 37,720 38,890 

The  plates  gave  way  at  the  centre,  under  the  blunt  point. 

Some  experiments  by  Kirkaldy,  in  1875,  on  wr ought-iron 
circular  plates  simply  supported  around  the  edge,  show  that 
for  12-inch  plates  forced  through  a  lo-irich  aperture  with 
rounded  edge,  there  may  be  safely  taken: 

^= 0.000,01 3\/aP°-* (22) 

In  all  the  preceding  formulae,  a  and  t  are  to  be  taken  in 
inches,  w  in  pounds  per  square  inch,  and  P  in  pounds. 

The  investigations  can  only  be  considered  provisional. 
Although  they  give,  as  a  whole,  tolerably  satisfactory  results, 
the  range  of  the  experiments  is  far  too  small  for  the  estab- 
lishment of  thoroughly  reliable  formulae.  Experiments  on 
which  a  proper  exponent  of  a  can  be  based  are  yet  wholly 
lacking,  and  as  the  only  resort,  that  found  in  the  rough 
analysis  has  been  retained. 

Art.  106. — Special  Cases  of  Flexure. 

There  are  a  few  cases  of  flexure  which,  while  not  fre- 
quently found  in  engineering  experience,  are  of  some  prae- 
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tical  importance,  and  are  occasionally  required.  The  two 
or  three  which  follow  involve  the  integration  of  some  linear 
differential  equations  that  are  treated  in  all  the  advanced 
works  on  the  integral  calculus ;  consequently  the  operations 
of  integration  will  not  be  given  here,  but  the  general  inte- 
grals will  be  assumed. 

Flexure  by  Oblique  Forces. 

In  Fig.  I  let  OX  represent  a  beam  acted  upon  by  the 
oblique  forces  P,  which  j^ 
make  angles  a  with  the 


axis  of  .Y.  The  origin  0 
is  supposed  to  be  taken 
anywhere  on  the  axis  of 
the  beam.    If  right-hand  ^''-  '• 

moments  are  positive,  and  left-hand  negative,  the  compo- 
nent P  sin  a  will  have  the  negative  moment  -  P  sin  ax 
about  0.  The  lever-arm  of  P  cos  a,  if  the  deflection  w  is 
positive,  is  +  w,  and  its  moment  P cos  a.w  \s  positive. 
Hence  the  resultant  moment  of  any  force,  P,  in  reference 
to  the  origin  0  is      ^ 

£/-j-j  =  — Psma.^-hPcosa.te;.  .     •     •     (i) 

If  a  is  greater  than  90®,  cos  a  is  negative,  so  that  if 

.         P  cos  a         ,     Tf         P  sin  a.x 
A-±-^j-    and    V ^j—, 

the  two  cases  may  be  expressed  by  the  equation 
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If  a=  +V  —  A,  and  b^  —  V  —  A,  the  general  integral 
of  eq.  (2)  is 

-C^  +  CV*+^^  fVe-^dx-~^fVe-^dx,     (3) 


w 


in  which  C  and  C  are  arbitrary  constants  to  be  determined 
by  the  special  conditions  of  any  given  problem,  and 
«?  =  2. 71828. 

When  a  is  less  than  90®  and 


IP  cos  a      .  I 


Pcos  a 


EI     '     ^         y     EI     * 
eq.  (3)  becomes 

Te;«C^*  +  C'^+:*:tancr;      .     •     •     •     (4) 

C  and  C  yet  remain  to  be  determined  by  the  particvdar  cir- 
cumstances of  a  given  case. 

The  conditions  on  which  the  determination  of  these  con- 
stants rests  are  expressed  by  giving  known  values  to  w  and 

J-  for  values  of  x,  also  known. 
ax 

If  a  is  greater  than  90®, 

\P  cos  a     , IPcosa       

g°"\     ^l     .v-i     and    6=-\     £7~-'^""^» 


and  eq.  (3)*  becomes 


^       IP  cos  a\*    .  ^,    .   /P  cos  cr\ 
tt;  =  c  cos(      p-j  —  )  ^  +  C'sm( — ^j — 1^- 


tana.jc.     (5) 


*  The  symbolical  method  by  which  eq.  (3)  was  established  shows  that  if 
0--JB+V/1-JB"  and  6--iB-VA^B»'.  the  complete  integral  of  the 

equation  ^-^  +  B^  +  i4w-K  is  given  by  eq.  (3). 


Art.   106.]  SPECIAL  CASES  OF  FLEXURE.  795 

As  before,  C  and  C  are  to  be  determined  by  the  cir- 
cumstances of  each  case  to  which  the  equation  is  applied; 
and  the  value  of  cos  a,  it  is  to  be  remembered,  is  to  be 
substituted  with  the  positive  sign. 

Let  a  column  with  one  fixed  and  one  free  end,  and  with 
the  force  P  acting  parallel  to  its  original  axis,  be  considered. 
Since  a  =  180°, 

w-=C  cos\\^j.x)'\-C  sm\^-^^  .     .     (6) 

With  the  origin  of  coordinates  at  the  free  end  w  must 
equal  zero,  for  x^o\  hence  C  =  o. 
The  value  of  w  then  becomes 

w-^C  sm\^^j..xj (7) 

But  if  /  is  the  length  of  the  column,  ^    =  o  f or  ir  « /.  • 


Hence 

cos 


W£'^)=°' 


or  if  n  is  any  whole  number  from  o  to  infinity, 


\5-^= 


i(2n+i);r (9) 


[p 
If  the  value  of  y^^j  be  taken  from  eq.  (9)  and  inserted 

in  eq.  (8),  there  will  result 

dw    ^,   \~P         /x(2n+T)\  ^    ^ 

^^Cylj.jcos^—j^—)n.      .     .     .     (10) 
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Eq.  (lo)  shows  that  for  values  of  x  equal  to  i,  3,  5,  7 

/        dw 
.  .  .  times  — — ,  5""^^-     The  most  dangerous  supposi- 
tion, i.e.,  that  which  requires  the  greatest  value  of  P,  is 
n  =  o. 

This  value  of  n  in  eq.  (9)  gives 

^  =  -^ (") 

The  ultimate  resistance  of  the  column  is  thus  seen  to 
be  independent  of  the  deflection,  as  was  f oimd  for  a  different 
case  in  Art.  24.  The  end  of  the  column,  in  this  case,  which 
carries  the  load  is  free  to  deflect  laterally,  but  in  Art.  24 
both  ends  were  supposed  to  be  fixed  in  a  lateral  direction  in 
reference  to  each  other.  In  the  latter  case  the  resistance  is 
seen  to  be  nine  times  as  great  as  in  the  present. 

Since 


cos 


W£-7°°'  «^"Wl/v°'' 


Hence  if  w^  is  the  deflection  of  the  free  end  from  a  vertical 
tangent  to  the  fixed,  eq.  (7)  becomes,  for  x = /, 

In  general,  therefore, 

w='W^sm\\^.x) (12) 

For  the  same  value  of  x,  therefore,  w  varies  directly  as  w„ 
and  the  relative  deflections  may  be  computed  by  the  equa- 
tion 
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or  in  the  ordinary  case 

—  =sm— ; (14) 

Eq.  ( I )  was  written  for  one  force  only.  If  any  number  of 
forces  act, 

EI'j-^^I{  —  P  sin  a.^  +  Pcoscr.w), 
and  in  place  of  w  there  is  to  be  put  Iw. 

General  Flexure  by  Continuous  Normal  Load. 

The  most  general  case  of  flexure  by  a  continuous  normal 
load  is  that  in  which  the  intensity  (load  per  unit  of  length  of 
beam)  is  a  variable  quantity.  Let  x  be  an  abscissa  meas- 
ured along  the  original  axis  of  the  beam,  and  let  w  represent 
the  deflection.  Then  the  intensity  of  the  load  may  be 
represented  by  j{x,  w).     It  was  shown  in  Art.  20  that 

-;^=-Er^4-/?=/(^,tt;)    ....     (is) 

The  integration  of  the  equation 

d^w    fix,  w) 
W'^    EI 

will  depend  upon  the  form  of  the  fimction  f(x,  w). 

Let  it  be  supposed  that  f(x,  w)  =  ex,  c  being  a  constant. 
Then  if  A,  A^,  A,,  and  A,  are  constants  of  integration,  there 
will  result 

cx^       Ax*    A.x*     >,      .   >,  /  ^N 
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Again,  if  /(^,  w)  ^^cw,  c,  as  before,  being  a  constant, 

d^  CW  ,  y, 

-^*'eT <'7) 

For  simplicity  of  notation  let 

^    Er 

then  the  general  integral  or  eq.  (17)  becomes 

w^Ae^  +  A^e-'^+A^cosax+A^sinax.     .     (18) 

In  eq.  (18)  ^  =  2.71828  is  the  base  of  the  Naperian  loga- 
rithms; while  in  both  eqs.  (16)  and  (18)  A,  A^,  A,,  and  A^ 
are  arbitrary  constants  to  be  determined  by  the  circum- 
stances of  each  individual  case. 


CHAPTER  XVII. 

WORKING  STRESSES  AND  SAFETY  FACTORS. 

Art  107. — ^Definitions. 

In  all  metallic  and  timber  constructions  the  greatest 
(supposed)  possible  loads  are  determined  from  the  attend- 
ant circumstances  of  the  different  cases,  and  then  the  stresses 
induced  by  these  greatest  loads  are  computed.  These 
stresses  are  called  the  ''working  stresses,*' 

The  ultimate  resistance  of  any  piece  in  a  structure 
divided  by  the  working  stress  gives  a  number  called  the 
"  safety  factor. "  Occasionally  the  reciprocal  of  this  number 
is  called  the  safety  factor,  though  but  seldom. 

The  intensity  of  the  ultimate  resistance  of  any  piece  in  a 
structure  divided  by  the  intensity  of  the  working  stress  will 
also  give  the  safety  factor.  This  is  the  more  usual  and 
convenient  form,  since  it  does  not  involve  the  cross-section 
of  the  piece. 

The  values  of  safety  factors  depend  upon  many  circum- 
stances, such  as  kind  and  character  of  material,  kind  of 
stress,  conditions  under  which  material  is  used  and  the 
amount  of  variation  of  stress  in  the  piece  or  the  fatigue  of 
the  material.  The  safety  factor  is  intended  also  to  cover 
both  computed  stresses  and  others  which  are  recognized, 
but  are  not  within  the  reach  of  exact  analysis.  The  latest 
practice  among  American  engineers  will  be  illustrated  in 
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the  following  articles  by  extracts  from  specifications  drawn 
from  some  first-class  sources. 

Art.  io8. — General  Specifications  for  Iron   Railroad   Bridges 
and  Viaducts,  by  Theodore  Cooper,  C.E.,  1901. 

The  excerpts  given  in  this  article  are  from  the  general 
specifications  of  Mr.  Theodore  Cooper,  C.E.,  consulting 
engineer,  which  have  secured  a  wide  adoption  in  American 
railway  practice. 

2.  Kind  of  Girders. — The  following  kinds  of  girders 
shall  preferably  be  employed: 

Spans  up  to    20  feet. . .  .Rolled  beams  or  longitudinal  trough  floors. 
"       20  to    75    "   . . . .  Riveted  plate  girders. 
"       75  to  120    "...  .Riveted  plate  or  lattice  girders. 
"      120  to  150    "...  .Lattice  or  pin-connected  trusses. 
**       over     150    "  ....Pin-connected  trusses. 

Generally,  ''double-track  through"  bridges  will  have 
but  two  trusses,  to  avoid  spreading  the  tracks  at  bridges. 


Loads. 

23.  All  the  structures  shall  be  proportioned  to  carry 

the  following  loads: 

Dead  Load. — ist.  The  weight  of  metal  in  the  structure 

and  floor. 

2d.  The  weight  of  rails,  fastenings,  ties,  guards,  foot- 
walk,  and  ballast  when  used ;  the  rails  and  fastenings  being 
assumed  at  100  pounds  per  foot  of  track,  timber  at  4^ 
pounds  per  foot  B.  M.,  and  ballast  at  100  pounds  per 
cubic  foot.  Minimum  will  be  assumed  at  400  potmds  per 
foot  of  track. 

These  two  items,  taken  together,  shall  constitute  the 

"dead  load." 

3d.  Live  Loads. — **  A  live  load  "  on  each  track,  supposed 
to  be  moving  in  either  direction,  consisting  of  two  "  consoli- 
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dation"  engines,  coupled  and  followed  by  a  train  load, 

distributed  as  shown  on  diagram  E ;    or  a  special 

load  equally  distributed  on  two  pairs  of  driving-wheels, 
spaced  six  feet  centre  to  centre,  of  100,000  pounds  up  to  class 
E40,  and  of  120,000  pounds  for  all  classes  above  E40. 

(The  diagram  E40  for  one  rail  is  shown  on  page  69.) 

Note. — ^As  all  the  wheel  loads  in  each  diagram  are  made 
of  the  same  percentages  of  the  driving-wheel  loads,  the 
strains  due  to  the  different  engine  diagrams  will  be  pro- 
portionate to  the  numerical  classes  of  the  engines. 

Any  intermediate  numbers  may  be  selected,  with  the 
tmderstanding  that  this  rule  of  proportion  applies. 

The  maximum  strains  due  to  all  positions  of  either  of 
the  above  "live  loads"  of  the  required  class,  and  of  the 
"dead  loads,"  shall  be  taken  to  proportion  all  the  parts  of 
the  structure. 


Proportion  of  Parts. 

31.  Tensile  Strain. — ^All  parts  of  the  structures  shall 

be  proportioned  in  tension  by  the  following  allowed  tmit 

strains : 

For  Medium  Steel. 

Lbs.  per 
Sq.  In. 
Floor-beam  hangers  and  other  similar  members  liable  to  sudden 

loading,  net  section 6,000 

lyongitudinal,  lateral,  and  sway  bracing,  for  wind  strains  (§§8,  24, 

25)* 18,000 

lyongitudinal,  lateral,  and  sway  bracing,  for  live-load  strains  (§§  27, 

29»  105)* 12,000 

Solid  rolled  beams,  used  as  cross  floor-beams  and  stringers 10,000 

Bottom  flanges  of  riveted  cross  girders,  net  section 10,000 

Bottom  flanges  of  riveted  longitudinal  plate  girders,  used  as  track- 

stiingers,  net  section ro,ooo 

For  Live  For  Dead 
Loads. .     Loads 
Bottom  chords,  main  diagonals,  counters,  and  long  verticals    10,000     20,00a 

*  These  articles  refer  to  Cooper's  spedficationa. 
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For  swing  bridges  and  other  movable  structures  the 
dead-load  unit  strains,  during  motion,  must  not  exceed 
three  fourths  of  the  above  allowed  unit  strains  for  dead  load 
on  stationary  structures. 

The  areas  obtained  by  dividing  the  live-load  strains  by 
the  live-load  unit  strains  will  be  added  algebraically  to  the 
areas  obtained  by  dividing  the  dead-load  strains  by  the 
dead-load  unit  strains  to  determine  the  required  sectional 
area  of  any  member.     (§  47.) 

Soft  Steel, — Soft  steel  may  be  used  in  tension  with  unit 
strains  10  per  cent,  less  than  those  allowed  for  medium 
steel. 

32.  Angles  subject  to  direct  tension  must  be  connected 
by  both  legs,  or  the  section  of  one  leg  only  will  be  consid- 
ered as  effective. 

33.  Net  Section. — In  members  subject  to  tensile  strains 
full  allowance  shall  be  made  for  reduction  of  section  by 
rivet-holes,  screw-threads,  etc.     (§  60.) 

34.  Compressive  Strains, — Compression  members  shall 
be  proportioned  by  the  following  allowed  tinit  strains : 

For  Medium  Steel. 

Chord  segments : 

I 
P  =  10,000 — 45 ;:  for  live-load  strains: 

I 

P  =  20,000 — 90  -  for  dead-load  strains. 

r 

All  posts  of  through  bridges : 

P  =  8, 500 — 45 :;:  for  Kve-load  strains; 

/ 
P  =  1 7,000  -  90  ^  for  dead-load  strains. 
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All  posts  of  deck  bridges  and  trestles: 

P  «  9,000  —  40  -  for  Uve-load  strains; 

/ 

P  =  1 8,000  —  80  -  for  dead-load  strains. 

r 

End  posts  are  not  to  be  considered  chord  segments. 
Lateral  struts  and  rigid  bracing: 

P  =  13,000  —  60  -  for  wind  strains. 

For  live-load  strains  use  two  thirds  of  the  above, 
(§§  27,  29,  105.) 

P = the  allowed  strain  in  compression  per  square  inch  of 
cross-section,  in  pounds. 

/ « the  length  of  compression  member,  in  inches,  c.  to  c. 
of  connections. 

r  =  the  least  radius  of  gyration  of  the  section,  in  inches. 

No  compression  member,  however,  shall  have  a  length 
exceeding  100  times  its  least  radius  of  gyration  for  main 
members,  or  120  times  for  laterals. 

Soft  Steel. — Soft  steel  may  be  used  in  compression  with 
unit  strains  15  per  cent,  less  than  those  allowed  for 
medium  steel. 

For  swing  bridges  and  other  movable  structures  the 
dead-load  unit  strains  during  motion  must  not  exceed  \  of 
the  above  allowed  unit  strains  for  dead  load  on  stationary 
structures. 

35.  For  long-span  bridges,  when  the  ratio  of  the  length 
and  width  of  span  is  such  that  it  makes  the  top  chords 
acting  as  a  whole  a  longer  column  than  the  segments  of 
the  chord,  the  chord  will  be  proportioned  for  this  greater 
length. 

36.  Alternate  Strains, — ^AU  members  and  their  connec- 
tions subject  to  alternate  strains  of  tension  and  compression 
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shall  be  proportioned  to  resist  each  kind  of  strain.  Both  oi 
the  strains  shall,  however,  be  considered  as  increased  by  an 
amount  equal  to  ^j-  of  the  least  of  the  two  strains,  for  deter- 
mining the  sectional  areas  by  the  above-allowed  tuiit  strains. 
(§§  3i»  34.) 

38.  Rivets,  Bolts,  and  Pins, — The  rivets  in  all  members, 
other  than  those  of  the  floor  and  lateral  systems,  must  be 
so  spaced  that  the  shearing  strain  per  square  inch  shall  not 
exceed  9000  pounds,  nor  the  pressure  on  the  bearing  surface 
(diameter  X  thickness  of  the  piece)  of  the  rivet-hole  exceed 
15,000  pounds  per  square  inch. 

The  rivets  in  all  members  of  the  floor  system,  including 
all  hanger  connections,  must  be  so  spaced  that  the  shearing 
strains  and  bearing  pressures  shall  not  exceed  80  per  cent, 
of  the  above  limits. 

The  rivets  in  the  lateral  and  sway  bracing  will  be  allowed 
50  per  cent,  increase  upon  the  above  limits  for  lateral  forces 
as  per  §§  24,  25,  but  not  per  §§27,  29. 

In  the  case  of  field  riveting  (and  for  bolts  as  per  §  61) 
the  above-allowed  shearing  strains  and  pressures  shall  be 
reduced  one  third. 

Rivets  and  bolts  must  not  be  used  in  direct  tension. 

39.  Pins  shall  be  proportioned  so  that  the  shearing  strain 
shall  not  exceed  9000  pounds  per  square  inch;  nor  the 
pressure  on  the  bearing  surface  of  any  member  (other  than 
forged  eye-bars,  see  §  85)  connected  to  the  pin  be  greater 
per  square  inch  than  15,000  pounds ;  nor  the  bending  strain 
exceed  18,000  poimds,  when  the  applied  forces  are  consid- 
ered as  uniformly  distributed  over  the  middle  half  of  the 
bearing  of  each  member. 

40.  Combined  Strains. — ^When  any  member  is  subjected 
to  the  action  of  both  axial  and  bending  strains,  as  in  the 
case  of  end  posts  of  through  bridges  (§  37),  or  of  chords 
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carrying  distributed  floor  loads,  it  must  be  proportioned  so 
that  the  greatest  fibre  strain  will  not  exceed  the  allowed 
limits  of  tension  or  compression  on  that  member. 

If  the  fibre  strain  resulting  from  the  weight  only,  of  any 
member,  exceeds  10  per  cent,  of  the  allowed  unit  strain  on 
such  member,  such  excess  must  be  considered  in  propor- 
tioning the  areas. 

41.  Compression  Flanges, — In  beams  and  plate  girders 
the  compression  flanges  shall  be  made  of  same  gross  section 
as  the  tension  flanges. 

42.  Depth  of  Girders. — Riveted  longitudinal  girders 
shall  have,  preferably,  a  depth  not  less  than  ^j^  of  the  span. 

Rolled  beams  used  as  longitudinal  girders  shall  have, 
preferably,  a  depth  not  less  than  tV  of  the  span. 

43 .  Plate  Girders,  etc, — Plate  girders  shall  be  proportioned 
upon  the  supposition  that  the  bending  or  chord  strains  are 
resisted  entirely  by  the  upper  and  lower  flanges,  and  that 
the  shearing  or  web  strains  are  resisted  entirely  by  the  web 
plate ;  no  part  of  the  web  plate  shall  be  estimated  as  flange 
area. 

The  distance  between  centres  of  gravity  of  the  flange 
areas  will  be  considered  as  the  effective  depth  of  all  girders. 

44.  Web  Plates, — The  webs  of  plate  girders  must  be 
stiffened  at  intervals,  not  exceeding  the  depth  of  the  girders 
or  a  maximum  of  5  feet,  wherever  the  shearing  strain  per 
square  inch  exceeds  the  strain  allowed  by  the  following 
formula : 

Allowed  shearing  strain  =  10,000— 75^, 

where  //  =  ratio  of  depth  of  web  to  its  thickness;  but  no 
web  plates  shall  be  less  than  three  eighths  of  an  inch  in 
thickness. 

45.  Stiff eners. — All  stiff eners  must  be  capable  of  carry- 
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ing  the  maximum  vertical  shear  without  exceeding  the 
allowed  tmit  strain, 

P  =  10,000 -45-. 

Each  stiffener  must  connect  to  the  webs  by  enough  rivets 
to  transfer  the  maximum  shear  to  or  from  the  webs. 

46.  Rolled  Beams, — Rolled  beams  shall  be  proportioned 
(§§3ii4i)by  their  moments  of  inertia. 

♦  ♦♦♦♦♦  4e 

Details  op  Construction. 

49.  All  the  connections  and  details  of  the  several  parts 
of  the  structures  shall  be  of  such  strength  that,  upon  test- 
ing, rupture  will  occur  in  the  body  of  the  members  rather 
than  in  any  of  their  details  or  connections. 

50.  Preference  will  be  had  for  such  details  as  shall  be 
most  accessible  for  inspection,  cleaning,  and  painting;  no 
closed  sections  will  be  allowed. 

51.  Riveting. — The  pitch  of  rivets  in  all  classes  of  work 
shall  never  exceed  6  inches,  or  sixteen  times  the  thinnest 
outside  plate,  nor  be  less  than  three  diameters  of  the  rivet. 

52.  The  rivets  used  shall  generally  be  f  and  f  inch  diam- 
eter. 

53.  The  distance  between  the  edge  of  any  piece  and  the 
centre  of  a  rivet-hole  must  never  be  less  than  i\  inches, 
except  for  bars  less  than  2^  inches  wide;  when  practicable 
it  shall  be  at  least  two  diameters  of  the  rivet. 

54.  For  punching,  the  diameter  of  the  die  shall  in  no  case 
exceed  the  diameter  of  the  punch  by  more  than  y'b  of  an 
inch,  and  all  holes  must  be  clean  cuts  without  torn  or 
ragged  edges. 

55.  All  rivet-holes  must  be  so  accurately  spaced  and 
punched  that  when  the  severpl  parts  forming  one  member 
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are  assembled  together,  a  rivet  ^  inch  less  in  diameter 
than  the  hole  can  generally  be  entered,  hot,  into  any  hole, 
without  reaming  or  straining  the  metal  by  ** drifts";  occa- 
sional variations  mxist  be  corrected  by  reaming. 

*^  ^P  *^  ^P  ^P  •^  •^ 

66.  Abutting  Joints. — In  compression  members,  abut- 
ting joints  with  untooled  faces  must  be  fully  spliced,  as  no 
reliance  will  be  placed  on  such  abutting  joints.  The  abut- 
ting ends  must,  however,  be  dressed  straight  and  true,  so 
there  will  be  no  open  joints. 

68.  Stiffeners, — All  web  plates  must  have  stiffeners 
over  bearing  points  and  at  points  of  local  concentrated 
loadings;  such  stiffeners  must  be  fitted  at  their  ends  to 
the  flange  angles,  at  the  bearing  points. 

^^  ^*  ^^^  ^^^  ^^^  ^^  ^^^ 

72.  Flange  Plates, — In  girders  with  flange  plates,  at 
least  one  half  of  the  flange  section  shall  be  angles  or  else 
the  largest-sized  angles  must  be  used.  Flange  plates  must 
extend  beyond  their  theoretical  length,  two  rows  of  rivets 
at  each  end. 

♦  ♦  iHi  Hfi  :|c  H/i  i^ 

74.  Compression  Flanges, — The  compression  flanges  of 
beams  and  girders  shall  be  stayed  against  transverse  crip- 
pling when  their  length  is  more  than  sixteen  times  their 
width. 

75.  Width  of  Plates, — ^The  unsupported  width  (dis- 
tance between  rivets)  of  plates  subject  to  compression  shall 
not  exceed  thirty  times  their  thickness ;  except  cover-plates 
of  top  chords  and  end  posts,  which  will  preferably  be  limited 
to  forty  times  their  thickness;  where  a  greater  relative 
width  is  used  in  chords  and  end  posts,  however,  only  forty 
times  the  thickness  shall  be  considered  as  effective  section 

76.  The  flange  plates  of  all  girders  must  be  limited  in 
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width  so  as  not  to  extend  beyond  the  outer  lines  of  rivets, 
connecting  them  with  the  angles,  more  than  5  inches  or 
more  than  eight  times  the  thickness  of  the  first  plate. 
Where  two  or  more  plates  are  used  on  the  flanges,  they  shall 
either  be  of  eqiial  thickness  or  shall  decrease  in  thickness 
outward  from  the  angles. 

77.  Where  the  floor  timbers  are  supported  at  their  ends 
on  the  flange  of  one  angle,  such  angle  must  have  wo  rows 
of  rivets  in  its  vertical  leg,  spaced  not  over  4  inches  apart. 

78.  Thickness  of  Metal, — For  main  members  and  their 
connections  no  material  shall  be  used  of  a  less  thickness 
than  f  of  an  inch;  and  for  laterals  and  their  connections, 
no  material  less  than  -^y  of  an  inch  in  thickness;  except 
for  lining  or  filling  vacant  spaces. 

^^*  ^^fc  ^^^  ^^^  ^^^  ^^^  ^^^ 

91.  The  pitch  of  rivets  at  the  ends  of  compression  mem- 
bers shall  not  exceed  four  diameters  of  the  rivets  for  a 
length  equal  to  twice  the  width  of  the  member. 

92.  The  open  sides  of  all  compression  members  shall  be 
stayed  by  batten-plates  at  the  ends  and  diagonal  lattice- 
work at  intermediate  points.  The  batten-plates  must  be 
placed  as  near  the  ends  as  practicable,  and  shall  have  a 
length  not  less  than  the  greatest  width  of  the  member  or 
one  and  one  half  times  its  least  width.  The  size  and  spac- 
ing of  the  lattice  bars  shall  be  duly  proportioned  to  the 
size  of  the  member.  They  must  not  be  less  in  width  than 
2  inches  for  members  9  inches  or  less  in  width,  nor  2\ 
inches  for  members  12  to  9  inches  in  width,  nor  2^  inches 
for  members  15  to  12  inches  in  width.  Single  lattice  bars 
shall  have  a  thickness  not  less  than  one  fortieth,  or  double 
lattice  bars  connected  by  a  rivet  at  the  intersection  not 
less  than  one  sixtieth,  of  the  distance  between  the  rivets 
connecting  them  to  the  members.  They  shall  be  inclined 
at  an  angle  not  less  than  60°  to  the  axis  of  the  member 
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for  single  latticing,  nor  less  than  45°  for  double  latticing 
with  riveted  intersectioni.  The  pitch  of  the  latticing 
must  not  exceed  the  width  of  the  channel  plus  nine  inches. 
93.  Where  necessary,  pin-holes  shall  be  reinforced  by 
plates,  some  of  which  must  be  of  the  full  width  of  the 
member,  so  the  allowed  pressure  on  the  pins  shall  not  be 
exceeded,  and  so  the  strains  shall  be  properly  distributed 
over  the  fxill  cross-section  of  the  members.  These  rein- 
forcing plates  must  contain  enough  rivets  to  transfer  their 
proportion  of  the  bearing  pressure,  and  at  least  one  plate 
on  each  side  shall  extend  not  less  than  6  inches  beyond 
the  edge  of  the  batten-plates.     (§92.) 

:|e  aK  aK  a|e  a|e  9|c  3|c 

108.  Friction  Rollers, — All  bridges  over  80  feet  span 
shall  have  hinged  bolsters  on  both  ends,  and  at  one  end 
nests  of  turned  friction  rollers  running  between  planed  sur- 
faces. These  rollers  shall  not  be  less  than  2  J  inches  diame- 
ter for  spans  100  feet  or  less,  and  for  greater  spans  this 
diameter  shall  be  increased  in  proportion  of  i  inch  for  100 
feet  additional. 

Nuts. — ^The  rollers  shall  be  so  proportioned  that  the 
pressure  per  lineal  inch  of  roller  shall  not  exceed  the  product 
of  the  diameter  in  inches  by  300  poimds. 

9|c  :|e  9|c  a|e  a|e  4s  4s 

Quality  of  Material. 

128.  Steel. — All  steel  must  be  made  by  the  open-hearth 
process.  The  phosphorus  must  not  exceed  0.06  of  one 
per  cent,  for  steel  made  by  the  acid  method,  or  0.04  for 
steel  by  the  basic  method. 

129.  The  steel  must  be  uniform  in  character  for  each 
specified  kind.  The  finished  bars,  plates,  and  shapes  must 
be  free  from  cracks  on  the  faces  or  comers,  and  have  a 
clean,  smooth  finish.     No  work  shall  be  put  upon  any  steel 
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at  or  near  the  blue  temperature  or  between  that  of  boiling 
water  and  of  ignition  of  hard-wood  sawdust. 

130.  The  tensile  strength,  elastic  limit,*  and  ductility 
shall  be  detennined  by  samples  cut  from  the  finished  ma- 
terial after  rolling.  The  samples  to  be  at  least  1 2  inches  long, 
and  to  have  a  uniform  sectional  area  not  less  than  J  square 
inch. 

131.  Material  which  is  to  be  used  without  annealing  or 
further  treatment  is  to  be  tested  in  the  condition  in  which 
it  comes  from  the  rolls.  When  material  is  to  be  annealed  or 
otherwise  treated  before  use,  the  specimen  representing 
such  material  is  to  be  similarly  treated  before  testing,  for 
tensile  strength. 

The  elongation  shall  be  measured  on  an  original  length 
of  8  inches.  Two  test  pieces  shall  be  taken  from  each  melt  or 
blow  of  finished  material,  one  for  tension  and  one  for  bend- 
ing.   (Art.  147.) 

132.  All  samples  or  full-sized  pieces  must  show  imiform 
fine-grained  fractures  of  a  blue  steel-gray  color,  entirely 
free  from  fiery  lustre  or  a  blackish  cast. 

133.  Medium  Steel, — Medium  steel  shall  have  an  ultimate 
strength,  when  tested  in  samples  of  the  dimensions  above 
stated,  of  60,000  to  68,000  pounds  per  square  inch,  an  elastic 
limit  of  not  less  than  one  half  of  the  ultimate  strength,  and 
a  minimum  elongation  of  22  per  cent,  in  8  inches.  Steel 
for  pins  may  have  a  minimum  elongation  of  15  per  cent. 

134.  Before  or  after  heating  to  a  low  cherry  red  and 
cooling  in  water  at  82  degrees  Fah.,  this  steel  must  stand 


♦  For  the  purpose  of  these  specifications,  the  elastic  limit  will  be  con- 
sidered the  least  strain  producing  a  visible  permanent  elongation  in  a  length 
of  8  inches,  as  shown  by  scribe  marks  of  a  pair  of  finely  pointed  dividers. 

If  the  yield -point  or  drop  of  the  beam  can  be  calibrated  for  any  machine 
and  its  speed  to  represent  the  elastic  limit  within  5  per  cent.,  it  may  be  used 
for  general  cases.  Test  reports  must  state  by  which  method  the  elastic  limit 
was  determined. 
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bending  to  a  curve  whose  inner  radius  is  one  and  a  haK 
times  the  thickness  of  the  sample,  without  cracking. 

135.  For  all  medium  steel,  f  inch  or  less  in  thickness, 
rivet-holes  punched  as  in  ordinary  practice  (§§  52,  53,  54), 
must  stand  drifting  to  a  diameter  one  third  greater  than 
the  original  holes,  without  cracking  either  in  the  periphery 
of  the  holes  or  on  the  external  edges  of  the  piece,  whether 
they  be  sheared  or  rolled. 

136.  Soft  Steel, — Soft  steel  shall  have  an  ultimate 
strength,  on  same  size  samples,  of  54,000  to  62,000  pounds 
per  square  inch,  an  elastic  limit  not  less  than  one  half  the 
ultimate  strength,  and  a  minimtim  elongation  of  25  per  cent, 
in  8  inches. 

For  soft  steel  the  above  drifting  test  (§  135)  shall  apply 
to  all  material  to  be  riveted. 

137.  Before  or  after  heating  to  a  light  yellow  heat  and 
quenching  in  cold  water,  this  steel  must  stand  bending  180 
degrees,  to  a  curve  whose  inner  radius  is  equal  to  the  thick- 
ness of  the  sample,  without  sign  of  fracture. 

138.  Rivet  Steel. — Rivet  steel  shall  have  an  ultimate 
strength  of  50,000  to  58,000  pounds  per  square  inch,  an 
elastic  limit  not  less  than  one  half  the  ultimate  strength 
and  an  elongation  of  26  per  cent. 

139.  The  steel  for  rivets  must,  under  the  above  bending 
test  (137),  stand  closing  solidly  together  without  sign  of 
fracture. 

140.  Eye-bars, — Eye-bar  material,  ij  inches  and  less 
in  thickness,  shall,  on  test  pieces  cut  from  finished  material, 
fill  the  above  requirements.  For  thicknesses  greater  than 
I  ^  inches,  there  will  be  allowed  a  reduction  in  the  percentage 
of  elongation  of  i  per  cent,  for  each  J  of  an  inch  increase  of 
thickness,  to  a  minimum  of  20  per  cent.    (Art.  119.) 

141.  Full-size  eye-bars  shall  show  not  less  than  10  per 
cent,  elongation  in  the  body  of  the  bar,  and  an  ultimate 
strength  not  less  than   56,000  pounds  per  square  inch. 
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Should  a  bar  break  in  the  head,  but  develop  lo  per  cent, 
elongation  and  the  ultimate  strength  specified,  it  shall  not 
be  cause  for  rejection,  provided  not  more  than  one  third  of 
the  total  number  of  bars  tested  break  in  the  head. 

142.  Pins  over  7  inches  in  diameter  shall  be  forged. 
Blooms  for  pins  shall  have  at  least  three  times  the  sectional 
area  of  the  finished  pins. 

143.  A  variation  of  cross-section  or  weight  in  the  finished 
members  of  2  J  per  cent,  from  the  specified  size  may  be 
cause  for  rejection. 

Steel  Castings, 

144.  Steel  castings  will  be  used«for  drawbridge  wheels, 
track  segments  and  gearing.    (Art.  i.) 

They  must  be  true  to  form  and  dimensions,  of  a  work- 
manlike finish  and  free  from  injurious  blowholes  and  defects. 
All  castings  must  be  annealed. 

When  tested  in  specimens  of  uniform  sectional  area  of 
at  least  \  square  inch  for  a  distance  of  2  inches,  they  must 
show  an  ultimate  strength  of  not  less  than  67,000  pounds 
per  square  inch,  an  elastic  limit  of  one  half  the  ultimate, 
and  an  elongation  in  2  inches  of  not  less  than  10  per  cent. 

The  metal  must  be  uniform  in  character,  free  from  hard 
or  soft  spots,  and  be  capable  of  being  properly  tool  finished. 

Cast  Iron. 

145.  Except  where  cast  steel  or  chilled  iron  is  required, 
all  castings  must  be  of  tough,  gray  iron,  free  from  cold 
shuts  or  injurious  blowholes,  true  to  form  and  thickness, 
and  of  a  workmanlike  finish.  Sample  pieces,  i  inch  square, 
cast  from  the  same  heat  of  metal  in  sand  molds,  shall  be 
capable  of  sustaining,  on  a  clear  span  of  1 2  inches,  a  central 
load  of  2400  pounds,  when  tested  in  the  rough  bar.  A  blow 
from  a  hammer  shall  produce  an  indentation  on  a  rectangu- 
lar edge  of  the  casting  without  flaking  the  metal. 
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Art.  109. — General  Specifications  for  Steel  Railroad  Bridges  of 

the  American  Bridge  Company,  1900. 

The  following  principal  clauses  are  taken  from  the  latest 
issue  of  the  General  Specifications  of  the  American  Bridge 
Company : 

General  Description. 

1.  Material, — ^AU  structures  to  be  wholly  of  rolled  steel 
as  specified  below.  Cast  iron  or  cast  steel  will  be  permitted 
only  in  machinery  of  movable  bridges  and  in  special  cases 
for  shoes  and  bearings. 

2.  Type  of  Bridges. — The  following  types  of  bridges  are 
recommended : 

For  spans  up  to  20  ft. — Rolled  beams  or  longitudinal 
trough  floors. 

For  spans  from  20  to  100  ft. — Plate  girders. 
For  spans  from  100  to  140  ft. — Lattice  girders. 
For  spans  over  140  ft. — Pin-connected  trusses. 

3.  Clearance. — On  straight  line  a  clear  section  shall  be 
provided  to  conform  to  given  requirements.  The  width 
must  be  increased  so  as  to  allow  the  same  minimum  clear- 
ance on  curves  and  on  double  track. 

4.  Spacing  of  Trusses, — The  width  between  centres  of 
trusses  shall  in  no  case  be  less  than  -^  of  the  span  between 
centres  of  end  pins. 

5.  Spacing  of  Deck-plate  Girders. — Deck-plate  girders 
shall  be  spaced  generally  6^  feet  between  centres. 

6.  Floor  Beams. — All  floor  beams  in  through  bridges 
shall  be  riveted  between  the  posts,  above  or  below  the  pin. 

♦  a|e  a|e  ♦  a|e  *  :|e 

15.  Effect  of  Impact. — 'xhe  effect  of  impact  and  vibration 
shall  be  added  to  the  maximum  strains  resulting  from  the 
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above-mentioned  live  load,  and  is  to  be  determined  by  the 
following  formula, 

\L  +  300  / 

where  /= impact  to  be  added  to  the  live-load  strain; 
5=calctdated  maximum  live-load  strain; 
L=  length  of  loaded  distance  in  feet  which  produces 
the  maximum  strain  in  member. 

16.  Wind  Pressure, — ^The  wind  pressure  shall  be  asstmied 
acting  in  either  direction  horizontally: 

First.  At  30  pounds  per  square  foot  on  the  exposed 
surface  of  all  trusses  and  the  floor  as  seen  in  elevation,  in 
addition  to  a  train  of  10  feet  average  height,  beginning 
2  feet  6  inches  above  base  of  rail,  moving  across  the  bridge. 

Second, — ^At  50  pounds  per  square  foot  on  the  exposed 
surface  of  all  trusses  and  the  floor  system.  The  greatest 
result  shall  be  assumed  in  proportioning  the  parts. 

17.  For  determining  the  requisite  anchorage  for  the 
loaded  structure,  the  train  shall  be  assimied  to  weigh  800 
poimds  per  lineal  foot. 

18.  Momentum  of  Train, — For  longitudinal  bracing  of 
trestle  towers  and  similar  structures,  the  momentum  pro- 
duced by  suddenly  stopping  the  train  shall  be  considered ; 
the  coefficient  of  friction  of  wheels  sliding  upon  the  rails 
being  assumed  as  0.2. 

19.  Centrifugal  Force  of  Train. — ^When  the  structure  is 
on  a  curve,  the  additional  effects  due  to  the  centrifugal 
force  of  as  many  trains  as  there  are  tracks  shall  be  con- 
sidered and  calculated  by  the  following  formula : 

C « 0.03  WD  for  a  curvature  up  to  5  degrees, 

where  C = centrifugal  force  in  pounds ; 
W  =  weight  of  train  in  pounds ; 
D  ==  degree  of  curvature. 
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The  coefficient  for  centrifugal  force  (0.03)  shall  be  re- 
duced 0.00 1  for  every  degree  of  curvature  above  5  degrees. 

Proportion  of  Parts. 

20.  Least  Thickness  of  Material. — For  main  members 
and  their  connections  no  material  shall  be  used  less  than 
f  of  an  inch  thick,  and  for  laterals  and  their  connections 
not  less  than  -^  of  an  inch  thick  except  for  lining  or  filling 
vacant  spaces. 

21.  Permissible  Tensile  Strains. — All  parts  of  the  struc- 
ture shall  be  so  proportioned  that  the  sum  of  the  maximum 
loads,  together  with  the  impact,  shall  not  cause  the  tensile 
strain  to  exceed — 

On  soft  steel,  15,000  pounds  per  square  inch. 
On  medium  steel,  17,000  pounds  per  square  inch. 

22.  The  same  limiting  unit  strains  shall  also  be  used 
for  members  strained  by  wind  pressure,  centrifugal  force, 
or  momentum  of  train. 

23.  Net  sections  must  be  used  in  all  cases  in  calculating 
tension  members,  and,  in  deducting  rivet-holes,  they  must 
be  taken  J  of  an  inch  larger  than  the  size  of  the  rivets. 

24.  Pin-connected  riveted  tension  members  shall  have 
a  net  section  through  the  pin-hole  25  per  cent,  in  excess 
of  the  net  section  of  the  body  of  the  member.  The  net 
section  back  of  the  pin-hole  shall  be  at  least  0.75  of  the  net 
section  through  the  pin-hole. 

25.  Permissible  Compressive  Strains. — For  compression 
members,  these  permissible  strains  of  15,000  and  17,000 
pounds  per  square  inch  shall  be  reduced  in  proportion  to 
the  ratio  of  the  length  to  the  least  radius  of  gyration  of  the 
section  by  the  following  formulae: 

For  soft  steel,     p  = p ; 

1  + r 

i3»5oor* 
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17,000 

For  medium  steel,    p  -= ji —  ; 

1  + 


ii,ooor* 


where  />— permissible  working  strain  per  square  inch  in 

compression ; 
Z— length  of  piece  in  inches,  centre  to  centre  of  con- 
nection ; 
f= least  radius  of  gyration  of  the  section  in  inches. 

26.  No  compression  member,  however,  shall  have  a 
length  exceeding  100  times  its  least  radius  of  gyration, 
excepting  those  for  wind  bracing,  which  may  have  a  length 
not  exceeding  ijo  times  the  least  radius  of  gyration. 

27.  The  least  width  of  posts  in  pin-connected  bridges 
shall  be  limited  to  10  inches. 

28.  AUemate  Strains. — Members  subject  to  alternate 
strains  of  tension  and  compression  in  immediate  succession 
(as  counter  stresses  in  web  members  or  chords  in  continuous 
trusses)  shall  be  so  proportioned  that  the  total  sectional 
area  is  equal  to  the  sum  of  areas  required  for  each  strain. 

29.  Combined  Strains. — In  case  the  maximtmi  strains 
due  to  wind  and  centrifugal  force,  added  to  the  maximum 
strains  due  to  vertical  loading  (including  impact),  g>»all 
exceed  the  following  limits: 

On  soft  steel,  19,000  pounds  per  square  inch. 

On  medium  steel  21,000  pounds  per  square  inch,  prop- 
erly reduced  for  compression,  addition  must  be  made  to 
such  sections  until  these  limits  are  not  exceeded. 

The  permissible  strains  for  the  connections  shall  be 
increased  proportionately. 

30.  Should  the  strains  be  reversed  in  any  possible  case, 
proper  provision  must  be  made  for  such  strains  in  the 
opposite  direction. 
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31.  Transverse  Loading  of  Tension  or  Compression  Mem^ 
hers. — ^When  the  floor  system  rests  directly  on  the  top  or 
bottom  chord,  the  latter  must  be  so  proportioned  that  the 
algebraic  sum  of  the  strains  per  square  inch  on  the  outer 
fibre,  resulting  from  the  direct  compression  or  tension, 
and  three  fourths  of  the  maximtmi  bending  moment  (the 
chord  being  considered  as  a  beam  of  one  panel  length,  sup- 
ported at  the  ends),  shall  not  exceed  the  before-mentioned 
limiting  strains  in  tension  or  compression,  the  proper  amount 
of  impact  being  added  to  each  kind  of  loading. 

32.  The  bending  moment  at  panel  points  shall  be  as- 
stmied  equal  to  that  in  the  centre,  but  in  opposite  direction. 

33.  All  other  members  which  are  subject  to  direct  strain 
in  addition  to  bending  moment  are  to  be  similarly  calcu- 
lated. 

34.  Shearing  and  Bearing  Strains. — The  shearing  strain 
on  rivets,  bolts,  or  pins,  per  square  inch  of  section,  shall  not 
exceed  11,000  poimds  for  soft  steel,  and  12,000  poimds  for 
medium  steel;  and  the  pressure  upon  the  bearing  surface 
of  the  projected  semi-intrados  (diameter  X  thickness)  of  the 
rivet-,  bolt-,  or  pin-hole,  shall  not  exceed  22,000  pounds  per 
square  inch  for  soft  steel  and  24,000  poimds  for  medium 
steel. 

35.  In  field-riveting  the  number  of  rivets  thus  found 
shall  be  increased  25  per  cent,  if  driven  by  hand,  but  10  per 
cent,  if  driven  by  power. 

36.  Bending  Strains  on  Pins. — ^The  bending  strain  on  the 
extreme  fibre  of  pins  shall  not  exceed  22,000  pounds  per 
square  inch  for  soft  steel,  and  25,000  per  square  inch  for 
medium  steel,  when  centres  of  bearings  of  the  strained 
members  are  taken  as  the  points  of  application  of  the  strains. 

37.  Plate  Girders. — Girders  shall  be  proportioned  on  the 
assumption  that  J  of  the  gross  area  of  the  web  is  available 
as  flange  area.    The  compressed  flange  shall  have  the  same 
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sectional  area  as  the  tension  flange;  but  the  unsupported 
length  of  flange  shall  not  exceed  i6  times  its  width. 

38.  In  calculating  shearing  strains  and  bearing  strains 
on  web  rivets  of  plate  girders,  the  whole  of  the  shear  action 
on  the  side  next  the  abutment  is  to  be  considered  as  being 
transferred  into  the  flange  angles  in  a  distance  equal  to  the 
depth  of  the  girder. 

39.  The  shearing  strain  in  web  plates  shall  not  exceed 
9,000  pounds  per  square  inch  for  soft  steel,  and  10,000 
pounds  per  square  inch  for  medium  steel;  but  no  web 
plate  shall  be  less  than  |  of  an  inch  in  thickness. 

40.  The  web  shall  have  stiffeners  riveted  on  both  sides, 
with  a  close  bearing  against  upper  and  lower  flange  angles 
at  the  ends  and  inner  edges  of  bearing  plates,  and  at  all 
points  of  local  and  concentrated  loads,  and  also,  when  the 
thickness  of  the  web  is  less  than  ^j^  of  the  unsupported 
distance  between  flange  angles,  at  points  throughout  the 
length  of  the  girder,  generally  not  farther  apart  than  the 
depth  of  the  full  web  plate,  with  a  maximum  limit  of  5  feet. 

41.  Provision  for  Future  Increase  of  Live  Load, — Wher- 
ever the  live-  and  dead-load  strains  are  of  opposite  char- 
acter, only  70  per  cent,  of  the  dead-load  strain  shall  be  con- 
sidered as  effective  in  coimteracting  the  live-load  strain. 

4e  4e  9k  ♦  *  a|e  :1s 

53.  Bolsters  and  Expansion  Rollers, — All  bridges  exceed- 
ing 80  feet  in  length  shall  have  hinge  bolsters  on  both  ends 
and  at  one  end  nests  of  turned  friction  rollers,  running  be- 
tween planed  surfaces.  Rollers  will  not  be  less  than  4  inches 
in  diameter;  and  the  pressure  per  linealjnch  of  roller,  in- 
cluding impact,  shall  not  exceed  1200  Vd  for  steel  rollers 
between  steel  surfaces  (rf  =  diameter  of  roller  in  inches) . 

54.  Friction  Plates, — For  bridges  less  than  80  feet  in 
length  one  end  shall  be  free  to  move  upon  planed  surfaces. 

55.  Bed-plates. — Bed-plates  shall  be  so  proportioned  that 
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the  pressure  upon  masonry   (including  impact)   will  not 
ercceed  400  potmds  per  square  inch. 

56.  Rivets. — The  pitch  of  rivets,  in  the  direction  of  the 
strain,  shall  never  exceed  6  inches,  nor  16  times  the  thick- 
ness of  the  thinnest  outside  plate  connected,  and  not  more 
than  40  times  that  thickness  at  right  angles  to  the  strain. 

57.  At  the  ends  of  compression  members  the  pitch  shall 
not  exceed  four  diameters  of  the  rivet,  for  a  length  equal 
to  twice  the  width  of  the  member. 

58.  The  distance"  from  the  edge  of  any  piece  to  the 
centre  of  a  rivet-hole  must  not  be  less  than  i  J  times  the 
diameter  of  the  rivet,  nor  exceed  8  times  the  thickness  of 
the  plate ;  and  the  distance  between  centres  of  rivet-holes 
shall  not  be  less  than  3  diameters  of  the  rivet. 

59.  Splices. — All  joints  in  riveted  work,  whether  in  ten- 
sion or  compression  members,  must  be  fully  spliced.  The 
sections  of  compression  chords  shall  be  connected  at  the 
abutting  ends  by  splices  sufficient  to  hold  them  truly  in 
position. 

60.  Tie-plates. — All  segments  of  compression  members 
connected  by  latticing  only,  shall  have  tie-plates  placed  as 
near  the  end  as  practicable.  They  shall  have  a  length  of 
not  less  than  the  greatest  depth  or  width  of  the  member, 
and  a  thickness  not  less  than  Vir  of  the  distance  between 
the  rivets  connecting  them  to  the  compressed  members. 

61.  Lacing. — Single  lattice  bars  shall  have  a  thickness 
of  not  less  than  ^o-,  and  double  bars  connected  by  a  rivet 
at  the  intersection  of  not  less  than  uV  of  the  distance 
between  the  rivets  connecting  them  to  the  member;  and 
their  width  shall  be : 

For  15-inch  channels,  or  built  sections  with  3^- )    1:1.     /?  •     1.    •     .   x 
and  4-inch  angles. ^^.\^i  ^'^^^^^s  (}-inch  nvets.) 

For  1 2- and  10-inch  channels,  or  built  sections  with  )    1.     •       ,,  •     t.    •     ^x 
3  inch  angles P*  *"^^^s  (J-'"^^  "vets). 

For  9-  and  8-inch  channels,  or  built  sections  with  I     .     1       ,.  .     ,     .     ^  ^ 
2i-inch  angles [  2  inches  (f -inch  nvets). 
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62.  Pin-plates. — ^All  pin-holes  shall  be  re-enforced  by 
additional  material  when  necessary,  so  as  not  to  exceed  the 
allowed  pressure  on  the  pins.  These  re-enforcing  plates 
must  contain  enough  rivets  to  transfer  the  proportion  of 
pressure  which  comes  upon  them,  and  at  least  one  plate  on 
each  side  shall  extend  not  less  than  6  inches  beyond  the 
edge  of  the  tie-plate. 

63.  Web  Splices. — ^Web  plates  of  girders  must  be  spliced 
at  all  joints  by  a  plate  on  each  side  of  the  web  not  less  than 
f  of  an  inch  thick,  capable  of  transmitting  the  full  strain 
through  splice-rivets. 

64.  Flange  Plates. — ^The  flange  plates  of  all  girders  must 
be  limited  in  width  so  as  not  to  extend  beyond  the  outer 
Unes  of  rivets  connecting  them  with  the  angles,  more  than 
five  inches  or  more  than  eight  times  the  thickness  of  the 
first  plate.  Where  two  or  more  plates  are  used  on  the 
flanges  they  shall  either  be  of  equal  thickness  or  shall  de- 
crease  in  thickness  outward  from  the  angles. 

Workmanship. 

65.  Riveted  Work. — All  riveted  work  shall  be  punched 
accurately  with  holes  iV  oi  an  inch  larger  than  the  size 
of  the  rivet,  and  when  the  pieces  forming  one  built  member 
are  put  together  the  holes  must  be  truly  opposite;  no 
drifting  to  distort  the  metal  will  be  allowed;  if  the  hole 
must  be  enlarged  to  admit  the  rivet,  it  must  be  reamed. 

66.  All  holes  for  field  rivets,  excepting  those  in  con- 
nections for  lateral  and  sway  bracing,  shall  be  accurately 
drilled  to  an  iron  templet  or  reamed  while  the  connecting 
parts  are  temporarily  put  together. 

67.  Planing  and  Reaming. — In  medium  steel  over  f  of 
an  inch  thick  all  sheared  edges  shall  be  planed,  and  all 
holes  shall  be  drilled  or  reamed  to  a  diameter  of  J  of  an 


Art.  109.]  SPECIFICATIONS  FOR  STEEL  RAILROAD  BRIDGES.      821 

inch  larger  than  the  punched  holes,  so  as  to  remove  all 
the  sheared  surface  of  the  metal. 

afe  ♦  4e  ♦  4>  3|(  <( 

78.  All  eye-bars  shall  be  annealed. 

81.  Pin-holes  shall  be  bored  truly  parallel  with  one  an- 
other and  at  right  angles  to  the  axis  of  the  member  unless 
otherwise  shown  in  drawings ;  and  in  pieces  not  adjustable 
for  length  no  variation  of  more  than  ^^  of  an  inch  for  every  20 
feet  will  be  allowed  in  the  length  between  centres  of  pin-holes. 

82.  Bars  which  are  to  be  placed  side  by  side  in  the  struc- 
ture shall  be  bored  at  the  same  temperatiu*e,  and  shall  be 
of  such  equal  length  that,  upon  being  piled  on  each  other, 
the  pins  shall  pass  through  the  holes  at  both  ends  at  the 
same  time  without  driving. 

83.  All  pins  shall  be  accurately  turned  to  a  gauge,  and 
shall  be  straight  and  smooth. 

84.  The  clearance  between  pin  and  pin-hole  shall  be  ^  of 
an  inch  for  all  lateral  pins ;  and  for  truss  pins  the  clearance 
shall  be  -gV  of  an  inch  for  pins  3^  inches  in  diameter,  which 
amount  shall  be  gradually  increased  to  -^  of  an  inch  for 
pins  6  inches  in  diameter  and  over. 

85.  All  pins  shall  be  supplied  with  steel  pilot  nuts,  for 
use  during  erection. 

86.  All  workmanship  shall  be  first-class  in  every  particu- 
lar. 

Steel. 

87.  Process  of  Manufacture. — ^AU  steel  must  be  made  by 
the  open-hearth  process,  and  if  by  acid  process,  shall  con- 
tain not  more  than  .08  per  cent,  of  phosphorus,  and  if  by 
basic  process,  not  more  than  .05  per  cent,  of  phosphorus, 
and  must  be  uniform  in  character  for  each  specified  kind. 

88.  Finish. — The  finished  bars,  plates,  and  shapes  must 
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be  free  from  injurious  seams,  flaws,  or  cracks,  and  have  a 
clean,  smooth  finish. 

89.  Test  Pieces. — The  tensile  strength,  limit  of  elasticity, 
and  ductility,  shall  be  determined  from  a  standard  test- 
piece,  cut  from  the  finished  material,  of  at  least  ^  square 
inch  section.  All  broken  samples  must  show  a  silky  frac- 
tiu*e  of  uniform  color. 

90.  Annealed  Test-pieces. — Material  which  is  to  be  used 
without  annealing  or  further  treatment  is  to  be  tested  in  the 
condition  in  which  it  comes  from  the  rolls.  When  material 
is  to  be  annealed  or  otherwise  treated  before  use  the  speci- 
men representing  such  material  is  to  be  similarly  treated 
before  testing. 

91.  Marking. — Every  finished  piece  of  steel  shall  be 
stamped  with  the  blow  number  identifying  the  melt. 

92.  Physical  Properties. — Steel  shall  be  of  three  grades: 
Rivet,  Soft,  and  Medium. 

93.  Rivet  Steel. — Rivet  steel  shall  have:  Ultimate 
strength,  48,000  to  58,000  pounds  per  square  inch.  Elastic 
limit,  not  less  than  one  half  the  ultimate  strength,  s  Elonga- 
tion, 26  per  cent.  Bending  test,  180  degrees  flat  on  itself, 
without  fracture  on  outside  of  bent  portion. 

94.  Soft  Steel. — Soft  steel  shall  have:  Ultimate  strength, 
52,000  to  62,000  pounds  per  square  inch.  Elastic  limit,  not 
less  than  one  half  the  ultimate  strength.  Elongation,  25 
per  cent.  Bending  test,  180  degrees  flat  on  itself,  without 
fracture  on  outside  of  bent  portion. 

95.  Medium  Steel. — Medium  steel  shall  have:  Ultimate 
strength,  60,000  to  70,000  pounds  per  square  inch.  Elastic 
limit,  not  less  than  one  half  the  ultimate  strength.  Elonga- 
tion, 22  per  cent.  Bending  test,  180  degrees  to  a  diameter 
equal  to  thickness  of  piece  tested,  without  fracture  on 
outside  of  bent  portion. 

96.  Full-size  Test  of  Steel  Eye-bars. — Full-size  test  of 
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steel  eye-bars  shall  be  required  to  show  not  less  than 
10  per  cent,  elongation  in  the  body  of  the  bar,  and  tensile 
strength  not  more  than  5000  pounds  below  the  minimum 
tensile  strength  required  in  specimen  tests  of  the  grade  of 
steel  from  which  they  are  rolled.  The  bars  will  be  required 
to  break  in  the  body,  but  should  a  bar  break  in  the  head, 
but  develop  10  per  cent,  elongation  and  the  ultimate 
strength  specified,  it  shall  not  be  cause  for  rejection,  pro- 
vided not  more  than  one  third  of  the  total  number  of  bars 
tested  break  in  the  head ;  otherwise  the  entire  lot  will  be 
rejected. 

97.  Pin-steel, — Pins  made  of  either  of  the  above-men- 
tioned grades  of  steel  shall,  on  specimen  test  pieces  cut  from 
finished  material,  fill  the  requirements  of  the  grade  of  steel 
from  which  they  are  rolled,  excepting  the  elongation,  which 
^all  be  decreased  5  per  cent,  from  that  specified. 

98.  Drifting. — Ptmched  rivet-holes,  pitched  two  diam- 
eters from  a  sheared  edge,  must  stand  drifting  tmtil  the 
diameter  is  one  third  larger  than  the  original  hole,  without 
cracking  the  metal. 

99.  Slabs  for  Plates, — The  slabs  for  rolling  plates  shall 
be  hammered  or  rolled  from  ingots  of  at  least  twice  their 
cross-section. 

100.  Pins, — Pins  up  to  7  inches  diameter  shall  be 
rolled. 

10 1.  Pins  exceeding  7  inches  diameter  shall  be  forged 
under  a  steel  hammer  striking  a  blow  of  at  least  5  tons. 
The  blooms  to  be  used  for  this  purpose  shall  have  at  least 
three  times  the  sectional  area  of  the  finished  pins. 

102.  Variation  in  Weight, — A  variation  in  cross-section 
or  weight  of  rolled  material  of  more  than  2  J  per  cent,  from 
that  specified  may  be  cause  for  rejection. 

103.  Steel  Castings, — Steel  castings  shall  be  made  of 
open-hearth   steel  containing   from  -^^  to  tVtf  per  cent. 
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carbon  and  not  over  1 2  q  per  cent,  of  phosphorus,  and  shall 
be  practically  free  from  blow-holes. 

104.  Cast  Iron, — Except  where  chilled  iron  is  specified, 
all  castings  shall  be  of  tough,  gray  iron,  free  from  injurious 
cold-shuts  or  blow-holes,  true  to  pattern,  and  of  workman- 
like finish.  Test  bars  one  inch  square,  loaded  in  middle 
between  supports  12  inches  apart,  shall  bear  2500  pounds 
or  over,  and  deflect  0.15  of  an  inch  before  rupture. 

Art.  J 10. — Standard  Specifications    for  Steel    Bridges   of  the 

Pennsylvania  Railroad  Company. 

♦  ♦  ♦  «  4e  ♦  ♦ 

Section  III. — Determination  of  Sections. 

13.  Strain-sheet. — The  calculation  of  stresses  produced 
by  the  above-mentioned  live  and  dead  loads  will  determine 
the  following  values  for  each  member: 

M  =  maximum  calculated  stress  in  member  (compression 
or  tension) ; 

m  =  (i)  minimiun  calculated  stress  in  members  subjected 
to  one  kind  of  stress  only  (all  compression  or  all 
tension),  or  (2)  maximum  calculated  stress  of  lesser 
kind,  in  members  subjected  to  reversal  of  stress. 

Note.— Minimum  stress  is  understood  to  mean  the  absolute  minimum; 
I.e.,  in  a  main  diagonal  or  post  of  a  single  span  m  equals  the  calculated 
dead-load  stress  minus  the  maximum  calculated  counter-stress  due  to  Uve 
load. 

i?  =  — • 

M 

14.  Stress-increment  due  to  Impact,  etc, — The  maximum 
calculated  stress  (M)  in  each  member  shall  be  multi- 
plied by  the  coefficient  (i  +fe),  and  the  restdtant  quantity, 
M(i  +ife),  shall  be  regarded  as  the  equivalent  static  stress  in 
the  member.  (For  the  value  of  k  see  Tables  B  and  C,  page  836.) 
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15.  Permissible  Tensile  Unit  Stress, — ^All  members  shall 
be  so  proportioned  that  the  stress  M{i+k)  shall  not  cause 
the  tensile  iinit  stress  to  exceed  15,000  pounds,  nor  the 
compressive  unit  stress  to  exceed  15,000  pounds  properly 
reduced  in  accordance  with  Clause  16. 

16.  Permissible  Compressive  Unit  Stress. — For  compres- 
sion members  the  imit  stress  of  15,000  pounds  per  square 
inch  shall  be  reduced  in  proportion  to  the  ratio  of  the  length 
to  the  least  radius  of  gyration  of  the  section,  by  the  follow- 
ing formula : 

15,000 
P=  P — • 

i3,5oor' 

where  />=  permissible  working  stress  per  square  inch  in 
compression ; 
/=  length   of  piece  in  inches  between   centres  of 

connections ; 
r= least  radius  of  gyration  of  section  in  inches. 

17.  Section  of  Hip-verticals  and  Hangers, — The  net 
section  of  the  long  hip- verticals  of  through  bridges  shall 
be  25  per  cent,  in  excess  of  the  above  requirements  (see 
Clause  No.  1 5),  all  details  of  these  members  being  correspond- 
ingly strengthened.  Short  floor-beam  hangers  will  be  re- 
quired to  have  50  per  cent,  excess  of  strength. 

18.  Unit  Stresses  for  Wind  Bracing. — The  same  limiting 
unit  stresses  shall  also  be  used  for  members  strained  by 
wind  pressure  or  momentum  of  moving  train,  the  stress- 
increment  being  neglected  in  these  cases. 

19.  Treatment  of  Stress  dtie  to  Centrifugal  Force. — ^The 
stress  due  to  centrifugal  force  shall  be  regarded  as  live 
load,  and,  when  necessary,  additions  shall  be  made  to  the' 
sections  of  truss  chords  or  girder  flanges  imtil  the  unit 
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stress  does  not  exceed  17,000  potinds  in  tension  nor  17,000 
pounds,  properly  reduced,  compression. 

In  lateral  bracing  the  stress  due  to  centrifugal  force 
shall  be  increased  50  per  cent,  and  the  unit  stresses  provided 
for  in  Clause  18  shall  be  used. 

In  the  case  of  deck  structures,  when  the  curvature 
exceeds  six  degrees,  the  lower  lateral  bracing  shall  be  de- 
signed to  carry  half  the  stress  due  to  centrifugal  force,  and 
properly  designed  sway  bracing  shall  be  ihtro<iuced  to 
transfer  the  stress  from  the  upper  to  the  lower  system. 

20.  Limiting    Value   of   -, — No    compression    member 

shall  have  a  length  exceeding  100  times  its  least  radius  of 
gyration,  excepting  wind  bracing,  in  which  the  length  may 
be  120  times  the  least  radius  of  gyration. 

21.  Increase  of  Section  required  by  Wind  Stress,  etc. — 
In  case  the  maximum  stresses  in  chords  of  bridges  or  posts 
of  trestle  towers  due  to  wind  and  momentum  of  train,  added 
to  the  maximum  stresses  from  vertical  loading  and  centrifu- 
gal force,  properly  increased,  shall  exceed  19,000  pounds 
per  square  inch  Cproperly  reduced  for  buckling  in  the  case 
of  compression  members),  additions  must  be  made  to  the 
sections  until  this  limit  is  not  exceeded. 

4c  4c  }|c  4c  4c  sK  a|e 

25.  Stability  under  Increased  Live-loads. — To  insure  the 
stability  of  bridges  under  increased  live  loads,  a  live  load 
shall  be  assumed  100  per  cent,  greater  than  that  previously 
provided  for  in  this  specification.  If  the  resultant  stress, 
A/(i  +fe),  produces  a  stress  per  square  inch  in  any  member 
more  than  twice  the  permissible  unit  stress  previously 
specified,  additions  must  be  made  to  the  sections  until  that 
limit  is  not  exceeded.  Counters,  having  in  no  case  less  than 
one  and  one-half  square  inches  of  section,  must  be  pro\nded 
where  required  by  the  increased  live  load ;  and .  in  case  of 
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reversal  of  stress  the  member  must  be  properly  designed 
to  resist  such  reversal. 

26.  Bending  Moment  in  Pins  and  Bolts. — Pins  and  bolts 
are  to  be  so  proportioned  that  the  maximum  stress  in  the 
extreme  fibres  due  to  bending  moment  shall  not  exceed 
22,000  pounds  per  square  inch  for  soft  steel  nor  25,000 
pounds  per  square  inch  for  pin-steel,  the  centres  of  bearings 
of  the  members  connected  by  the  pin  or  bolt  being  taken  as 
points  of  application  of  bending  strains. 

27.  Bearing  Pressures,  Pins,  and  Rivets, — The  bearing 
pressure  of  pins,  bolts,  or  rivets  upon  the  projected  semi- 
intrados  (diameter  X thickness)  of  the  hole  shall  not 
exceed  26,000  pounds  per  square  inch  for  rivets  nor  22,000 
pounds  per  square  inch  for  pins  and  bolts. 

28.  Shear  in  Rivets,  Pins,  and  Bolts. — The  shearing 
stress  per  square  inch  of  section  on  rivets,  bolts,  or  pins  shall 
not  exceed  11,000  pounds  for  soft  steel  nor  12,000  pounds 
for  pin-steel.     * 

29.  Net  Sections.  Tension  Members.  —  Net  sections 
must  be  used  in  all  cases  in  proportioning  tension  members, 
and  in  deducting  rivet-holes  they  shall  be  taken  one  eighth 
of  an  inch  larger  in  diameter  than  the  nominal  size  of  the 
rivets. 

30.  Field-riveted  Connections. — In  the  field-riveted  con- 
nections of  track-stringers  and  floor-beams  the  number  of 
rivets  determined  by  the  foregoing  rules  must  be  increased 
33J  per  cent,  in  all  cases.  In  all  other  field-riveted  joints 
a  25  per  cent,  excess  of  rivets  will  be  required  if  hand -driven 
and  a  10  per  cent,  excess  if  satisfactory  power  rivets  are 
used. 

31.  Value  of  Countersunk  Rivets. — Rivets  with  counter- 
sunk heads  shall  be  assumed  to  have  three  fourths  the  value 
of  corresponding  rivets  with  full  heads. 
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32.  Riveted  Tension  Members  and  Section  at  Pin-holes. — 
Riveted  tension  members  shall  have  a  section  through  the 
pin-hole  25  per  cent,  in  excess  of  the  net  section  of  the 
body  of  the  member.  The  section  back  of  the  pin-hole 
shall  be  at  least  75  per  cent,  of  the  section  through  the  pin- 
hole. 

33 .  Same  Gross  Section  in  Both  Flanges  of  Plate  Girders. — 
No  allowance  shall  in  general  be  made  for  the  web  as  resist- 
ing any  of  the  bending  moment  in  plate  girders.  The  com- 
pression flange  shall  have  the  same  gross  sectional  area  as 
the  tension  flange.  The  imsupported  length  of  the  com- 
pression flange  shall  not  exceed  twelve  times  its  width. 

34.  Shear  in  Web  Rivets.  Plate  Girders. — In  calculating 
the  shearing  stresses  and  bearing  stresses  in  the  web  rivets 
of  plate  girders,  the  whole  of  the  shear,  with  its  proper 
increment,  acting  on  the  side  of  the  panel  next  the  abut- 
ment is  to  be  considered  as  transferred  into  the  flange  angles 
in  a  distance  equal  to  the  depth  of  the  girder. 

35.  Extra  Rivets.     Top  Flanges  of  Plate  Girders. — In 
^  the  case  of  the  rivets  connecting  the  upper  flange  angles 

with  the  web  in  deck  girders  carrying  the  floor  directly  on 
the  top  flanges,  allowance  must  be  made  for  the  concentrated 
load  of  a  i2i-ton  driver,  which  shall  be  considered  as  dis- 
tributed over  three  ties. 

36.  Thickness  of  Web  Plates. — The  thickness  of  web 
plates  shall  be  such  that  the  maximiim  calculated  shear, 
with  its  proper  increment,  shall  not  cause  the  shearing 

'  stress  per  sqtiare  inch  of  net  section  of  the  web  to  exceed 
13,000  pounds;  but  no  web  plate  shall  be  less  than  three 
eighths  of  an  inch  in  thickness. 

37.  Rolled  Beams  and  Channels  as  Girders. — Rolled 
beams  and  channels  subjected  to  bending  stresses  shall  be 
so  proportioned  that  the  stress  per  square  inch  in  the  outer 
fibres,  deduced  from  the  calculated  bending  moment  (with 
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its  proper  increment)  and  the  moment  of  inertia  of  the  sec- 
tion, shall  not  be  more  than  14,000  pounds.  The  imsup- 
ported  length  of  the  top  flanges  of  such  beams  and  channels 
shall  in  no  case  be  greater  than  twelve  times  the  flange 
width. 

38.  Minimum  Sections. — For  main  members  and  their 
connections  no  material  shall  be  used  of  less  thickness  than 
three  eighths  of  an  inch ;  and  for  laterals  and  their  connec- 
tions no  materials  shall  be  used  of  less  thickness  than  five 
sixteenths  of  an  inch.  Material  of  less  thickness  will  be 
permitted  only  for  lining  or  filling  vacant  spaces. 

No  material  used  in  compression  shall  have  an  tmsup- 
ported  width  of  more  than  fifty  times  its  thickness. 

No  lateral  or  sway  rod  shall  be  used  having  less  than 
one  square  inch  of  section. 

4c  ♦  ♦  afe  4s  ♦  * 

47.  Expansion  Rollers, — All  bridges  80  feet  or  more  in 
length  shall  have  at  one  end  nests  of  turned  friction  rollers 
running  between  planed  surfaces.  Rollers  shall  not  be 
less  than  3  inches  in  diameter,  and  the  pressure  per  lineal 
inch  of  roller,  including  the  proper  increment,  shall  not 
exceed  i2ooVd  (d= diameter  of  rollers  in  inches). 


48.  Sliding  Bearings. — Bridges  less  than  80  feet  in 
length  shall  he  free  to  move  at  one  end  on  planed  surfaces. 

s|c  4s  4e  )|t  4e  >|e  4e 

50.  Assumed  Temperature  Variation. — Provision  shall  be 
made  for  a  free  expansion  and  contraction  of  the  completed 
structure  corresponding  to  a  variation  of  temperature  of 
150  degrees  Fahrenheit. 

51.  Pressure  on  Masonry. — Bed-plates  shall  be  so  pro- 
portioned that  the  pressure  upon  masonry,  including  the 
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proper  increment,  shall  not  exceed  400  pounds  per  square 
inch. 

55.  Web  Splices.  Plate  Girders, — Web  plates  of  girders 
must  be  spliced  at  all  joints  with  a  plate  on  each  side  of  the 
web  capable  of  transmitting  the  full  shearing  stress  through 
the  splice-rivets. 

56.  Rivet  Spacing,  Compression  Members. — In  members 
subject  to  compression,  rivets  shall  be  so  spaced  that  they 
shall  not  be  farther  apart  in  the  direction  of  the  stress  than 
sixteen  times  the  thickness  of  the  thinnest  external  plate 
connected,  and  not  more  than  fifty  times  that  thickness  at 
right  angles  to  the  direction  of  stress. 

57.  Rivet  Pitch  at  Eftds  of  Compression  Members, — ^At 
the  ends  of  compression  members  the  pitch  shall  not  exceed 
four  diameters  of  the  rivet,  for  a  distance  equal  to  twice 
the  greatest  width  of  the  member. 

58.  Splices. — All  joints  of  riveted  work,  whether  in  ten- 
sion or  compression  members,  must  be  fully  spliced. 

59.  Limiting  Pitch  of  Rivets,  Distance  from  Edge  of  Plate, 
etc. — The  distance  from  the  edge  of  any  piece  to  the  centre 
of  a  rivet-hole  must  not  be  less  than  one  and  one  half  times 
the  diameter  of  the  rivet,  nor  exceed  eight  times  the  thick- 
ness of  the  plate;  the  distance  between  centres  of  rivet- 
holes  shall  not  be  less  than  three  diameters  of  the  rivet. 

60.  Tie-plates. — All  segments  of  compression  members 
connected  by  lacing  only  shall  have  tie-plates  placed  as  near 
the  ends  as  practicable.  The  tie-plates  shall  have  a  length 
not  less  than  the  greatest  width  of  the  member,  and  a  thick- 
ness not  less  than  one  fortieth  of  the  distance  between  the 
lines  of  connecting  rivets,  measured  at  right  angles  to  the 
length  of  the  member. 

61.  Lattice  Bars. — Single  lattice  bars  shall  have  a  thick- 
ness of  not  less  than  one  fortieth  and  double  bars  connected 
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by  a  rivet  at  the  intersection  of  not  less  than  one  sixtieth  of 
the  distance  between  the  rivets  connecting  them  to  the 
member ;  and  their  width  shall  be : 

For  15-inch  channels,  or  built  sections  with  aJ- )    .  inches  ({-inch  rivets), 
or  4-inch  angles ) 

For  12-  and  lo-inch  channels,  or  built  sections  )  ^4  .^^^^  (J-inch  rivets), 
with  3-inch  angles ) 

For  9-  and  8-inch  channels,  or  built  sections  with  /  ^  inches  (J-inch  rivets). 
2i-inch  angles ) 

The  distance  between  connections  of  the  lattice  bars 
shall  not  exceed  eight  times  the  least  width  of  the  seg- 
ments connected. 

62.  Pin-plates. — All  pin-holes  shall  be  reinforced  with 
additional  material  when  necessary,  so  that  the  permissible 
pressure  on  pins  shall  not  be  exceeded.  These  reinforcing 
plates  must  contain  enough  rivets  to  transfer  the  proportion 
of  pressure  which  comes  upon  them  in  accordance  with  the 
previously  stated  rules  for  proportioning  rivets. 

63.  Wide  Girder-flanges  requiring  Four  Rows  of  Rivets. — 
Flanges  of  plate  girders  running  over  14  inches  in  width, 
or  projecting  more  than  3  inches  beyond  the  edge  of  flange 
angles,  shall  have  at  least  four  lines  of  rivets. 

64.  Length  of  Cover-plates.  Plate  Girders. — In  all  plate 
girders  having  cover-plates  at  least  one  plate  on  each 
flange  shall  extend  from  end  to  end.  of  the  same,  and,  in 
general,  cover-plates  shall  be  made  of  such  lengths  as  to 
allow  of  at  least  two  rows  of  rivets  of  the  regular  pitch  being 
placed  at  each  end  of  the  plate,  in  addition  to  those  theo- 
retically required. 

65.  Web-stiffeners.  Plate  Girders. — The  webs  of  plate 
girders  shall  have  stiffeners  riveted  on  both  sides,  with  a 
close  bearing  against  upper  and  lower  flange  angles,  at  the 
ends  and  inner  edges  of  bearing-plates,  and  at  all  points  of 
local  and  concentrated  loads;  and  also  when  the  thickness 
of  web  is  less  than  one  sixtieth  of  the  imsupported  distance 
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between  flange  angles,  at  points  throughout  the  length  of 
the  girder,  generally  not  farther  apart  than  the  depth  of  the 
full  web  plate,  with  a  maximum  limit  of  5  feet. 

PART  SECOND.— MATERIALS  AND  WORK- 
MANSHIP. 

Section  I. — Materials. 

A.  Rolled  Steel, 

1.  Character  of  Rolled  Steel. — In  general,  soft  steel  will 
be  used  in  all  parts  of  the  work.  For  pins,  lateral  bolts, 
and  expansion  rollers,  however,  mediiim  steel  will  be  used. 
All  steel  must  be  made  by  the  open-hearth  process,  and 
may  be  either  basic  or  acid,  at  the  discretion  of  the  chief 
engineer. 

2.  Phosphorus  Limit.  Acid  Open-hearth  Steel. — If  made 
in  an  acid  furnace,  the  maximtim  allowable  amount  of 
phosphorus  in  the  finished  product  shall  be  six  hundredths 
of  one  per  cent 

3.  Phosphorus  Limit.  Basic  Open-hearth  Steel. — If  made 
in  a  basic  furnace,  the  maximtim  allowable  amoxmt  of 
phosphorus  in  the  finished  product  shall  be  four  him- 
dredths  of  one  per  cent. 

4.  Surface  Requirements. — The  finished  product  shall  be 
perfect  in  all  parts  and  free  from  irregularities  and  surface 
imperfections  of  all  kinds.  All  steel  must  be  free  from  pip- 
ing. 

5.  Permissible  Excess  of  Weight. — No  difference  of  more 
than  2^  per  cent,  from  the  section  shown  on  the  plans  will 
be  permitted,  except  in  the  case  of  extra-wide  plates, 

6.  Marking  Finished  Pieces. — Every  finished  plate,  bar, 
or  angle  shall  be  plainly  stamped  on  one  side,  near  the 
middle,  with  a  number  identifying  the  melt.  Steel  for  pins 
shall  have  the  melt  numbers  stamped  on  the  end.    Rivet- 
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steel,  and  small  pieces  not  forming  part  of  the  calculated 
section  of  members,  may  be  shipped  in  bundles  wired  to- 
gether,  with  the  melt  number  on  a  metal  tag  attached. 

B.  Cast  Steel, 

7.  Cast  Steel.  General, — Cast  steel  shall  be  made  in  an 
open-hearth  furnace,  and  shall  fulfil  the  following  require- 
ments : 

(a)  Annealing  of  Steel  Castings, — ^All  steel  castings  shall 
be  annealed. 

(6)  Tests  of  Steel  Castings, — Every  steel  casting  shall  be 
made  with  a  coupon  for  testing,  which  coupons  shall  be  cut 
off  after  annealing,  and  the  test  shall  be  made  from  a  |-inch 
round  cut  from  the  coupon.  The  test  piece  shall  show  an 
ultimate  strength  of  at  least  65,000  pounds,  an  elastic  limit 
of  not  less  than  33,000  pounds,  an  elongation  of  at  least 
15  per  cent,  in  two  inches,  and  a  reduction  of  area  of  20  per 
cent,  at  the  point  of  fracture. 

(c)  Soundness  of  Steel  Castings. — ^When  the  bearing  sur- 
face of  any  steel  casting  is  finished  there  shall  be  no  blow- 
holes visible  exceeding  one  inch  in  either  dimension,  nor 
exceeding  one  half  a  square  inch  in  area.  The  length  of 
blow-holes  cut  by  any  straight  line  laid  in  any  direction 
shall  never  exceed  one  inch  in  any  one  foot. 

C.  General   Tests, 

8.  Sample  Bar, — A  sample  bar  not  more  than  2  inches 
wide,  and  having  a  sectional  area  of  not  less  than  \  square 
inch,  shall  be  cut  from  the  finished  product  of  every  melt. 
When  taken  from  metal  more  than  two  inches  thick  the 
sample  may  be  a  turned,  round  bar.  The  laboratory  tests 
shall  be  made  on  this  sample  bar  in  its  natural  state,  with- 
out annealing. 
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9.  Varieties  of  Material  to  be  Tested, — When  a  melt  is 
rolled  into  several  varieties  of  material,  each  variety  shall 
be  separately  tested.  A  variety  shall  consist  of  one  of  the 
following  shapes:  Shearecf  Plates,  Universal  Mill  Plates, 
Beams,  Angles,  Channels,  Z  Bars,  Flats,  Rotmds,  Pin-steel, 
Eye-bar  Steel. 

10.  Measured  Length  of  8  inches  for  Elongation  Test,^ 
In  the  laboratory  tests,  measurements  to  determine  elonga- 
tion shall  be  made  on  an  original  length  of  eight  inches. 

11.  Bending  Test. — ^A  piece  of  each  sample  bar  shall  be 
bent  cold  180**,  and  closed  up  against  itself.  In  the  case  of 
"pin-steel"  the  test  shall  be  considered  satisfactory  if  no 
crack  nor  flaw  appear  on  the  outside  of  the  bent  portion 
until  the  diameter  of  the  circle  arotmd  which  the  specimen 
is  bent  has  become  less  than  the  thickness  of  the  sample 
bar.  Samples  of  **soft  steel"  will  be  further  required  to 
close  up  on  themselves  without  developing  any  crack  or 
flaw  on  the  outside  of  the  bent  portion  before  the  test  shall 
be  considered  satisfactory. 

12.  Drifting  Test. — The  ductility  of  the  metal  must  be 
such  that  a  punched  hole  seven  eighths  inch  in  diameter, 
the  centre  of  which  is  not  more  than  one  and  one-half  inches 
from  the  sheared  or  rolled  edge  of  the  piece,  may  be  enlarged 
by  drifting  to  a  diameter  50  per  cent,  greater  than  the  origi- 
nal hole  without  cracking  the  specimen  at  any  point. 

13.  Ultimate  Strength,  Elastic  Limit,  etc. — ^The  sample 
bar  shall  be  tested  in  a  lever  machine,  and  shall  fulfil  the 
following  requirements: 


• 

Ultimate  Strength. 

Ldmit. 

Elongation. 

Reduction  of 
Area. 

Pin  steel 

Soft  steel 

Rivet-steel 

62,000  to  70,000  lbs. 
52,000  to  62,000   " 
48,000  to  56,000    ** 

33,000  lbs. 
28,000     " 
28,000     •* 

17  per  cent. 

25    "      " 
28    "      " 

40  per  cent. 
50    "      " 
56    "      " 
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14.  Fracture, — ^The  entire  fracture  shall  be  silky. 

15.  Minimum  Limits. — The  requirements  for  Elastic 
Limit,  Elongation,  and  Reduction  of  Area  are  minima,  and 
no  steel  will  be  accepted  which  fails  to  meet  these  require- 
ments, except  as  provided  in  Clause  16. 

16.  Duplicate  Tests,  when  Allowed. — Duplicate  tests 
may  be  made  when  the  sample  tested  fulfils  five  of  the  six 
requirements.  If  the  second  test  and  also  the  average  of 
both  tests  meet  all  the  requirements,  the  melt  may  be  ac- 
cepted. 

17.  Chemical  Analyses. — ^Analyses  shall  be  made  show- 
ing the  amoimt  of  phosphorus,  carbon,  sulphur,  silicon,  and 
manganese  whenever  reqmred,  the  drillings  for  these  analy- 
ses being  taken  directly  from  the  finished  material. 

D. .  Full-sized  Eye-bar  Tests. 

18.  Selection  of  Eye-bars  for  Test. — The  eye-bars  re- 
quired for  full-sized  tests  and  those  required  for  the  struc- 
ture shall  be  made  at  one  time.  The  test  bars  shall  be 
selected  by  the  inspector  and  must  be  fair  average  speci- 
mens of  those  which  would  be  classed  as  good  bars,  accepta- 
ble for  the  work.  No  bar  that  is  known  to  be  defective  in 
any  way  shall  be  selected  for  testing. 

19.  Elastic  Limit  and  Ultimate  Strength  of  Test  Bars. — 
The  test  bars  shall  show  an  elastic  limit  of  not  less  than 
27,000  poimds  and  an  ultimate  strength  of  not  less  than 
48,000  pounds  per  square  inch  of  section. 

20.  Elongation  of  Test  Bars. — The  test  bars  will  be  re- 
quired to  develop  an  average  stretch  of  16  per  cent,  and  a 
minimum  stretch  of  14  per  cent,  before  breaking,  the 
elongation  to  be  measured  on  a  gauged  length  of  10  feet, 
including  the  fracture. 

21.  Minimum  Limit  of  Elongation. — ^The  specified  elon- 
gations are  minima,  and  a  failure  in  these  requirements  will 
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be  sufficient  cause  for  condemning  the  bars  represented  by 
the  test. 

22.  Location  of  Fractures. — In  general  bars  will  be 
required  to  break  in  the  body.  When  a  bar  breaks  in  the 
head,  but  develops  1 4  per  cent,  elongation  before  breaking, 
a  second  bar  shall  be  selected  from  the  same  lot.  If  this 
bar  breaks  in  the  body  and  the  average  elongation  of  the 
two  bars  is  not  less  than  16  per  cent.,  the  bars  of  this  lot 
may  be  accepted. 

23.  Condemnation  if  Bars  Break  in  Head, — If  more 
than  one  third  of  all  the  bars  tested  break  in  the  head,  this 
shall  be  deemed  sufficient  cause  for  the  rejection  of  the  entire 
lot  of  eye-bars. 

Art.  III. — Specifications  for  the  Steel  Cables,  Suspenders,  etc., 
of  the  New  East  River  Bridge  at  New  York  City. 


Wire, 

57.  Ultimate  Strength  and-  Elongation. — The  wire  for 
the  cables  and  for  the  suspenders  and  ties  must  have  an 
ultimate  strength  of  200,000  pounds  or  more  to  the  square 
inch,  and  must  have  an  elongation  under  test  of  at  least 
2\  per  cent,  in  five  feet  of  observed  length  and  of  at  least 
5  per  cent,  in  eight  inches  of  observed  length. 

58.  Bending  Test, — It  must  be  capable  of  being  coiled 
cold  around  a  rod  of  its  own  diameter  without  cracking. 

59.  Size, — ^AU  wire  will  be  bright  and,  for  the  cables,  it 
will  be  of  size  No.  6,  Roebling  wire  gauge,  not  straightened 
by  machine,  but  drawn  absolutely  straight  and  free  from 
any  tendency  to  coil  when  unrolled  from  the  drums. 

60.  Lengths  of  Wire  and  Size  of  Drums, — It  shall  be 
made  in  lengths  of  not  less  than  4000  feet  and  shipped  to 
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the  site  on  drums  of  such  diameters  as  not  to  cause  any 
tendency  to  coil. 

6i.  Splices. — ^All  the  wires  of  each  cable  strand  will  be 
spliced  so  as  to  form  one  continuous  wire.  The  splices  must 
be  made  so  as  to  have  a  strength  of  at  least  95  per  cent,  of 
the  strength  of  the  wire.  The  splice  which  will  accomplish 
this  result  with  the  least  increase  in  size  above  that  of  the 
wire  will  be  approved  by  the  engineer.  The  right  and  left 
sleeve-nut  splice,  shown  on  the  drawings  and  used  for  the 
cables  of  the  New  York  and  Brooklyn  Bridge,  is  the  only  one 
known  to  the  engineer  which  will  give  the  required  strength. 

62.  Distribution  of  Splices. — The  lengths  of  the  wires 
must  be  arranged  so  that  the  splices  will  be  tmiformly  dis- 
tributed throughout  the  cables. 

Steel  for  Wire. 

24.  Furnace. — All  steel  for  wire  shall  be  made  in  an 
open-hearth  furnace  lined  with  silica. 

25.  No  Scrap  Allowed. — This  steel  shall  be  made  en- 
tirely from  pig  iron,  without  the  admixture  of  scrap  of  any 
kind  or  form  and  without  the  use  of  any  other  stock. 

26.  Quality  of  Pig. — No  portion  of  the  pig  iron  used  shall 
contain  more  than  .06  of  i  per  cent,  of  phosphorus  nor  more 
than  .05  of  I  per  cent,  of  sulphur. 

27.  Iron  Ore, — ^The  use  of  iron  ore  for  the  reduction  of 
carbon  in  the  furnace  charge  will  be  allowed  according  to 
usual  and  good  practice. 

28.  Recarbonization. — The  recarbonization  of  steel  and 
the  addition  of  manganese  shall  be  accomplished  by  the 
use  of  ferro-man^anese  or  spiegeleisen  only,  and  shall  be 
performed  carefully  in  a  manner  most  likely  to  give  good 

results. 

29.  Decarbonization. — During  the  reduction  of  the  steel 
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in  the  open-hearth  furnace  it  shall  not  be  decarbonized  below 
.10  of  I  per  cent. 

30.  Chemical  Limits, — The  finished  steel  shall  not  con- 
tain to  exceed  the  following  limits  of  the  elements  named : 

Phosphorus 04  of  one  per  cent. 

Sulphur 03  of  one  per  cent. 

Manganese 50  of  one  per  cent. 

Silicon 10  of  one  per  cent. 

Copper 02  of  one  per  cent. 

31.  Size  of  Ingots. — The  finished  steel  shall  be  made  into 
bottom-cast  ingots,  not  larger  than  16  inches  square  in  great- 
est cross-section,  weighing  not  more  than  5000  pounds 
each,  and  cast  in  groups  of  not  less  than  six  ingots  to  each 
group.  . 

^^^  ^^^  ^^^  ^^^  ^^^  ^^^ 


Art.  112. — Standard  Specificatioiis  for  Cast-iron  Pipe  and  Special 
Castings;  Department  of  Water-supply,  Gas,  and  Electricity, 
City  of  New  York,  1903. 

Allowable  Variations  in  Diameter. 

5.  Especial  care  shall  be  taken  to  have  the  sockets  of 
the  required  size.  The  seat  and  shoulder  of  the  socket 
and  the  end  of  the  spigot  must  be  straight  and  even,  so  as 
to  make  a  smooth  joint.  The  sockets  and  spigots  will  be 
tested  by  circular  gauges,  and  no  pipe  or  special  casting 
will  be  received  which  is  defective  in  joint  room  from 
any  cause,  or  whose  eccentricity  at  the  spigot  and  socket 
ends,  or  either,  exceeds  one-eighth  (J)  of  an  inch.  The 
diameters  of  the  sockets  and  the  outside  diameters  of 
the  spigot  ends  of  the  pipes  shall  not  vary  from  the  standard 
dimensions  by  more  than  one-sixteenth  (A)  of  an  inch 
for  pipes  sixteen  (16)  inches  or  less  in  diameter,  and  one- 
eighth  (t)  of  an  inch  for  all  larger  diameters. 
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Allowable  Variation  in  Thickness, 

6.  For  all  pipes  and  special  castings  whose  standard  thick- 
ness is  less  than  one  (i)  inch,  the  thickness  of  metal  in  the 
barrel  shall  not  be  more  than  eight  one-himdredths  (.08) 
of  an  inch  less  than  the  standard  thickness,  and  for  pipes 
and  special  castings  whose  standard  thickness  is  one  (i) 
inch  or  more,  the  variation  shall  not  exceed  one-tenth  (i) 
of  an  inch,  except  that  for  spaces  not  exceeding  eight  (8) 
inches  in  length  in  any  direction,  the  total  variation  shall 
not  exceed  one-eighth  (i)  of  an  inch.  The  thickness  of 
the  metal  of  the  pipes  and  special  castings  will  be  tested 
by  calipers,  after  the  castings  have  been  freed  from  sand 
and  cleaned. 

Allowable  Variation  in  Weight, 

9.  No  straight  pipe  will  be  received  which  weighs  less 
than  the  standard  weights  herein  mentioned  by  more 
than  fotir  (4)  per  cent,  of  said  weights,  and  no  excess  of 
weight  in  any  one  straight  pipe  of  more  than  four  (4)  per 
cent,  above  standard  weights  will  be  paid  for.  No  special 
casting  will  be  accepted  the  weight  of  which  may  be  less 
than  the  standard  weight  by  more  than  eight  (8)  per  cent., 
and  no  excess  above  the  standard  weight  of  more  than 
eight  (8)  per  cent,  will  be  paid  for. 

Quality  of  Iron, 

10.  The  metal  of  which  the  castings  are  to  be  cast 
(which  must  be  remelted  in  a  cupola  or  air-furnace)  shall 
be  pig  iron  made  without  any  admixture  of  cinder,  iron 
or  other  inferior  metal,  and  shall  be  of  such  character  as 
to  make  a  pipe  strong,  tough  and  of  even  grain,  entirely 
free  from  uncombined  carbon  when  seen  tmder  the  micro- 
scope, and  such  as  will  bear  satisfactorily  drilling  and 
cutting,  and  the  iron  in  the  pipe  shall  have  a  tensile  strength 
of  at  least  eighteen  thousand  (18,000)  pounds  to  the  square 
inch. 
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Specimen  Bars. 

1 1 .  Specimen  bars  of  the  metal  used,  each  being  twenty- 
six  (26)  inches  long  by  two  (2)  inches  wide  and  (i)  inch 
thick,  shall  be  made  at  the  cost  and  expense  of  the  con- 
tractor, as  often  as  ihe  engineer  may  direct,  and  the  inspector 
shall  test  at  least  one  bar  from  each  heat  or  nm  of  metal. 
The  bars  when  placed  flatwise  upon  knife-edge  supports, 
twenth-four  (24)  inches  apart  and  loaded  in  the  centre, 
shall  support  a  load  of  two  thousand  (2000)  potinds  and 
show  a  deflection  of  not  less  than  thirty-two  one-htindredths 
(.32)  of  an  inch.  The  inspector  may  break  three  bars 
from  each  heat  or  run  of  metal,  and  the  test  shall  be  based 
upon  the  average  results  of  the  three  bars.  Should  the 
dimensions  of  the  bars  differ  from  those  herein  given,  a 
proper  allowance  therefor  shall  be  made  in  the  results  of 
the  tests. 

Cast  Vertically. 

12.  All  straight  pipes  shall  be  cast  vertically,  in  such 
moulding  sand  or  loam  as  will  leave  the  surface  clean  and 
smooth.  Pipes  sixteen  (16)  inches  or  less  in  diameter 
shall  be  cast  with  the  socket  end  up  or  down.  Pipes 
eighteen  (18)  inches  or  more  in  diameter  shall  be  cast  with 
the  socket  end  down.  The  pipes  shall  not  be  stripped  or 
taken  from  the  pit  while  showing  color  of  heat,  but  shall 
be  left  in  the  flasks  a  sufficient  length  of  time  to  prevent 
imequal  contraction  by  subsequent  exposure. 

Quality  of  Castings. 

13.  The  pipes  and  special  castings  shall  be  smooth, 
free  from  scales,  lumps,  blisters,  sand-holes  and  defects 
of  every  nature  which,  in  the  opinion  of  the  engineer, 
unfit  them  for  the  use  for  which  they  are  intended.  No 
plugging  or  filling  will  be  allowed. 
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Coating. 

15.  Every  pipe  and  special  casting  shall  be  coated 
inside  and  out  with  coal-tar  pitch  varnish.  The  varnish 
shall  be  made  from  coal-tar  distilled  irntil  the  naphtha 
is  entirely  removed  and  the  material  deodorized.  To 
this  material  sufficient  oil  shall  be  added  to  make  a  smooth 
coating,  tough  and  tenacious  when  cold  and  not  brittle, 
nor  with  any  tendency  to  scale  off. 

Heating. 

16.  Each  casting  shall  be  heated  to  a  temperature  of 
three  htmdred  (300)  degrees  Farenheit  immediately  before 
it  is  dipped,  and  shall  possess  not  less  than  this  tempera- 
ture at  the  time  it  is  put  in  the  vat.  The  ovens  in  which 
the  castings  are  heated  shall  be  so  arranged  that  all  portions 
of  the  casting  shall  be  heated  to  an  even  temperature. 
Each  casting  shall  remain  in  the  bath  at  least  five  (5) 
minutes.  The  varnish  shall  be  heated  to  a  temperature 
of  three  htmdred  (300)  degrees  Farhenheit,  and  shall  be 
maintained  at  this  temperature  during  the  time  the  casting 
is  immersed. 

Hydrostatic  Test, 

18.  When  the  coating  has  become  hard  the  straight 
pipes  shall  be  subjected  to  a  proof  by  hydrostatic  pressure, 
and,  if  required  by  the  engineer,  they  shall  also  be  sub- 
jected to  a  hammer  test  under  this  pressure,  and  any 
casting  which  shows  any  defect  by  leaking,  sweating  or 
otherwise  will  be  rejected.  This  proof  will  be  made  at 
the  foimdry  and  at  the  expense  of  the  contractor. 

Pressures. 

19.  The  light  or  **L"  class  pipe  shall  be  subjected  to 
a  pressure  of  three  hundred  (300)  pounds  per  square  inch, 
and  the  heavy  or  ''H'*  class  pipe  to  a  pressure  of  three 
htmdred  and  fifty  (350)  pounds  per  square  inch.  Special 
castings  will  not  receive  the  hydrostatic  test. 


CHAPTER  XVIII. 

THE   FATIGUE  OF   METALS. 

Art.  113. — ^Woehler's  Law. 

In  all  the  preceding  pages,  that  force  or  stress  which, 
by  a  single  or  gradual  application,  will  cause  the  failure  or 
rupture  of  a  piece  of  material  has  been  called  its  **  ultimate 
resistance."  It  has  long  been  known,  however,  that  a  stress 
less  than  the  ultimate  resistance  may  cause  rupttu'e  if  its 
application  be  repeated  (without  shock)  a  sufficient  number 
of  times.  Preceding  1859  no  experiments  had  been  made 
foi  the  purpose  of  establishing  any  law  connecting  the  num- 
ber of  applications  with  the  stress  requisite  for  rupture,  or 
with  the  variation  between  the  greatest  and  least  values  of 
the  applied  stress. 

During  the  interval  between  1859  and  1870,  A.  Wohler, 
under  the  auspices  of  the  Prussian  Government,  undertook 
the  execution  of  some  experiments,  at  the  completion  of 
which  he  had  established  the  following  law : 

Rupture  may  he  caused  not  only  by  a  force  which  exceeds 
the  ultimate  resistance,  but  by  the  repeated  action  of  forces 
alternately  rising  and  falling  between  certain  limits,  the  greater 
of  whicii  is  less  than  the  ultimate  resistance;  the  number  of 
repetitions  requisite  for  rupture  being  an  inverse  function 
both  of  this  variation  of  the  applied  force  and  its  upper  limit. 

This  phenomenon  of  the  decrease  in  value  of  the  break- 
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ing  load  with  an  increase  of  repetitions  is  known  as  "</w 
fatigue  of  materials,'* 

Although  the  experimental  work  requisite  to  give 
Wohler's  law  complete  quantitative  expression  in  the 
various  conditions  of  engineering  constructions  can  scarcely 
be  considered  more  than  begun,  yet  enough  has  been  done 
by  Wohler  and  Spangenberg  to  establish  the  fact  of  metallic 
fatigue,  and  a  few  simple  formulae,  provisional  though  they 
may  be.  The  importance  of  the  subject  in  its  relation  to 
the  durability  of  all  iron  and  steel  structures  is  of  such  a 
high  character  that  a  synopsis  of  some  of  the  experimental 
results  of  Wohler  and  Spangenberg  will  be  given  in  the  next 
article. 


Art.  114. — Experimental  Resulls. 

The  experiments  of  Wohler  are  given  in  '*  Zeitschrift  fur 
Bauwesen,''  Vols.  X.,  XIII.,  XVI.,  and  XX.,  and  those  of 
Spangenberg  may  be  consulted  in  **  Fatigue  of  Metals," 
translated  from  the  German  of  Prof.  Ludwig  Spangenberg, 
1876. 

These  results  show  in  a  very  marked  manner  the  effect 
of  repeated  vibrations  on  the  intensity  of  stress  required 
to  produce  rupture. 

Spangenberg  states  that  **  the  experiments  show  that  vi- 
brations may  take  place  between  the  following  limits  with 
equal  security  against  rupture  by  tearing  or  crushing: 


Wrought  iron 


Axle  cast  steel 


[ 

Spring-steel  not  hardened. .  < 


+  17,600  and— 17,600  lbs.  per  sq.  in. 

+  33,000  and —     o 
.  +48,400  and +26,400 
'  +30,800  and— 30,800 

+  52,800  and  o 

.  +88,000  and+ 38,500 

+  55,000  and         o 

+  77,000  and+ 27,500 
I  +88,000  and+d4.,ooo 
[  +Qq.ooo  and +66,000 


<f  If 

fC  f< 

f<  it 

(f  CI 

«  <i 

<<  If 

f(  (« 

((  If 

II  <l 
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And  for  axle  cast  steel  in  shearing  • 

-l-24,2cx)  and  — 24,200  lbs.  per  sq.  in. 
4-41.800  and         o       " 


ti    tt 


PHCENIX  IRON  IN  TENSION. 


Pounds  Stress  per 
Square  Inch. 

Number 
of  Repetitions. 

Pounds  Stress  per 
Square  Inch. 

Number 
of  Repetitions. 

0  to  53,800 
0  to  48,400 
0  to  44iOoo 
0  to  39,600 

800  rupture 
xo6,Qio  rupture 
340,853  rupture 
409,481  rupture 

0  to  39.600 

0  to  35,300 

33,000  to  48,400 

36,400  to  48,400 

480,853  rupture 
10,141,645  rupture 
3,373.434  rupture 
4,000,000  not  broken 

WESTPHALIA  IRON  IN  TENSION. 


0  to  53,800 

4,700  rupttu^ 

0  to  39.600 

X 80,800  rupture 

0  to  48,400 

83,199  rupture 

0  to  39,600 

596,089  rupture 

0  to  48,400 

33,330  rupture 

0  to  39.600 

433.573  rupture 

0  to  44.000 

136,700  rupture 

0  to  35.300 

380.131  rupture 

0  to  44,000 

159.639  rupture 

0  to  35.300 

566,344  rupttire 

FIRTH  &  SONS'  STEEL  IN  TENSION. 


0  to  66,000 
0  to  60,500 
0  to  55.000 
0  to  55.000 
0  to  55.000 
0  to  55.000 

83,319  rupture 
168,396  rupture" 
133.910  rupture 
185,680  rupture 
360,335  rupture 
186,005  rupttu-e 

0  to  55,000 
0  to  53.900 
0  to  53.Q00 
0  to  53,800 
0  to  53,800 
0  to  50,600 

103,540  rupture 

1 3,300,000  not  broken 

339,330  rupture 

693,543  rupture 

1 3,300,000  not  broken 

KRUPFS  AXLE-STEEL  IN  TENSION. 


o  to  88,000 
o  to  77.000 
o  to  66.000 
o  to  60,500 


18,741  rupture 

46,386  rupture 

170,000  rupture 

1*3.770  rupture 


o  to  55.000 
o  to  53.800 
o  to  50,600 


473.766  rupture 
13,600,000  not  broken 
1 3,300,000  not  broken 


PHOSPHOR-BRONZE  (UNWORKED)  IN  TENSIOJi 


o  to  37,500 

O  to  3 3, 000 

o  to  16,500 


147,850  rupture 

408,350  rupture 

3,731,161  rupture 


oto  13,750 
oto  13.750 


1,548.930  rupture 
3.340.000  rupture 


PHOSPHOR-BRONZE  (WROUGHT)  IN  TENSION. 


o  to  33,000 
oto  16,500 


53,900  rupture 
3,600,000  not  broken 


1,631,300  rupture 
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COMMON  BRONZE  IN  TENSION. 


o  to  33.000 
o  to  16,500 


4  aoo  rupture 
6,300  rupture 


o  to  I X  ,000 


5,447,600  rupture 


PHOENIX  IRON  IN  FLEXURE  (ONE  DIRECTION  ONLY). 


Pounds  Stress  per 
Square  Inch. 

Number 
of  Repetitions. 

Pounds  Stress  per 
Square  Inch. 

Number 
of  Repetitions. 

0  to  60,500 
0  to  5  5 .000 
0  to  49,500 
0  to  44,000 

169,750  rupture 

430,000  rupture 

481,975  rupture 

1,320.000  rupture 

0  to  39.600 
0  to  35. aoo 
0  to  33.000 

4.035.400  rupture 
3,430,000  rupture 
4,8ao,ooo  not  broken 

WESTPHALIA  IRON  IN  FLEXURE  (ONE  DIRECTION  ONLY). 


o  to  53,350 
o  to  49,500 
o  to  46.750 


6x3,065  rupture 
457.339  rupture 
799.543  rupture 


o  to  44.000 
o  to  39,600 


1. 493.5 1 z  rupture 
3.587,509  rupture 


HOMOGENEOUS  IRON  IN  FLEXURE  (ONE  DIRECTION  ONLY). 


o  to  60,500 
o  to  55,000 
o  to  49.500 
o  to  44  000 


169.750  xupture 

430,000  rupture 

481,975  rupture 

1,330,000  rupture 


o  to  39.600 
o  to  35.oao 
o  to  33.000 


4.035.400  rupture 
3,430.000  not  broken 
48,300.000  not  broken 


FIRTH  &  SONS'  STEEL  IN  FLEXURE  (ONE  DIRECTION  ONLY). 


o  to  63,250 
o  to  60.500 
o  to  55,000 


381,856  rupture 

366.556  rupture 

1.479.908  rupture 


o  to  53.350 
o  to  49,500 
o  to  49.500 


578,333  rupture 

5,640.596*  rupture 

13.700,000  not  broken 


*  Accidental. 


KRUPFS  AXLE-STEEL  IN  FLEXURE  (ONE  DIRECTION  ONLY). 


o  to  77.Q00 
o  to  66.000 

V.  to  60,500 


X 04.300  rupture 
317,375  rupture 
613,500*  rupture 


o  to  55.000 
o  to  55.000 
o  to  49.500 


739.400  rupture 
1.499,600  rupture 
43,000,000  not  broken 
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KRUPFS  SPRING-STEEL  IN  FLEXURE  (ONE  DIRECTION  ONLY). 


0  to  110,000 

39.950  rupture 

72,600  to  110,000 

>9.673,3oo  not  broken 

0  to    88.000 

XI 7,000  rupture 

66,000  to    99,000 

33.600,000  not  broken 

0  to    66,000 

468.300  rupture 

44,000  to    88.000 

35.800,000  not  broken 

oto    55.000 

40,600.000  not  broken 

44.000  to    88.000 

38.000.000  not  broken 

0  to    40.500 

32.943,000  not  broken 

61,600  to    88.000 

36,000,000  not  broken 

88,000  to  132.000 

35.600.000  not  broken 

27,500  to    77,000 

36.600.000  not  broken 

99,000  to  I J  2,000 

33.478.700  not  broken 

33.000  to    77,000 

31,152,000  not  broken 

PHOSPHOR-BRONZE  IN  FLEXURE  (ONE  DIRECTION  ONLY). 


Pounds  Stress  per 
Square  Inch. 

Number 
of  Repetitions. 

Pounds  Stress  per 
Sqxiare  Inch. 

Number 
of  Repetitions. 

0  to  22.000 
0  to  19,800 

862,980  rupture 
8,151.811  rupture 

0  to  16,500 
0  to  13,300 

5.075.169  rupture 
10,000,000  not  broken 

* 

COMMON  BRONZE  IN  FLEXURE  (ONE  DIRECTION  ONLY). 


O  to  33,000 

o  to  19.800 


102,659  rupture 
151,310  rupture 


o  to  16,500 
o  to  13,200 


837.760  rupture 
10.400,000  not  broken 


PHCENIX  IRON  IN  TORSION  (BOTH  DIRECTIONS). 


35,200  to  +35, 200 
33,000  to  +3^  000 
38.600  to  +  28  600 
26.400  to  +  36.400 


56,430  rupture 

99.000  rupture 

479,490  rupture 

909,810  rupture 


34.200  to  +24,200 
22.000  to  +23,000 
19.800  to  +19.800 
17.600  to  +17,600 


3,632,588  rupture 
4-917.992  rupture 
19  186,791  rupture 
132,250,000  not  broken 


ENGLISH  SPINDLE-IRON  IN  TORSION  (BOTH  DIRECTIONS). 


—  37.400  to  +37,40f 

204,400  rupture 

—  30,800  to  +  30,80c 

079.100  rupture 

-37.400  to  +  37,40c 

147  800  rupture 

—  28  600  to  +  28.60c 

1,143.600  rupture 

-35.900  to  +35.200 

9 II.  100  rupture 

—  28.600  to  +  28.60c 

505.910  rupture 

—  35,200  to  +35.»oo 

402,900  rupture 

—  26,400  to  +  26.40c 

3.823,200  rupture 

—  33.000  to  +33.000 

1,064,700  rupture 

—  26,400  to  +  26.400 

6  100,000  not  broken 

—  3i  000  to  +  33  000 

384,800  rupture 

—  22,000  to  +  22,000 

8,800  000  not  broken 

—  30  800  to  +  30.800 

1,337,700  rupture 

—  22.000  to  +32.000 

4.000.000  not  broken 

KRUPFS  AXLE-STEEL  IN  TORSION  (BOTH  DIRECTIONS) 


—  44.000  to  +  44.00'- 

367,400  rupture 

-46,200  to  +46. 20c 

55.100  rupture 

—» 30,600  to  +  39  600 

925.800  rupture 

-37,400  to  +37.200 

797,Sa5  rupture 

-37,400  to  +37.400 

4.000.000  not  broken 

—  35  200  to  +35.200 

1  665.580  rupture 

-35,300  to  +35.800 

4 ,800,000  not  broken 

—  33.000  to  +33.000 

4.t63  375  rupture 

—  33.000  to  +33  000 

5 ,000  000  not  broken 

—  33.000  to  +33.000 

45,050.640  rupture 
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In  Art.  42  will  be  found  some  experiments  by  the  late 
Capt.  Rodman,  U.S.A.,  on  the  fatigue  of  cast  iron,  but 
they  are  sufficient  in  number  and  character  to  show  the 
general  effect  only,  and  give  no  quantitative  results. 

The  specimens  used  in  all  the  preceding  experiments 
were  small. 

During  i860,  '61,  and  '62  Sir  Wm.  Fairbaim  con- 
structed a  built  beam  of  plates  and  angles  with  a  depth  of 
16  inches,  clear  span  of  20  feet,  and  estimated  centre  break- 
ing load  of  26,880  pounds. 

This  beam  was  subjected  to  the  action  of  a  centre  load 
of  6643  pounds,  alternately  applied  and  relieved  eight 
times  per  minute;  596,790  continuous  applications  pro- 
duced no  visible  alterations. 

The  load  was  then  increased  from  one  fourth  to  two 
sevenths  the  breaking  weight,  and  403,2 10  more  applications 
were  made  without  apparent  injury. 

The  load  was  next  increased  to  two  fifths  the  breaking 
weight,  or  to  10,486  pounds;  5175  changes  then  broke  the 
beam  in  the  tension  flange  near  the  centre. 

The  total  number  of  applications  was  thus  1,005,175. 

The  beam  was  then  repaired  and  loaded  with  10,500 
pounds  at  centre  158  times,  then  with  8025  pounds  25,900 
times,  and  finally  with  6643  poimds  enough  times  to  make  a 
total  of  3,150,000. 

In  these  experiments  the  load  was  completely  removed 
each  time. 

It  is  thus  seen  that  vibrations  (without  shock)  with  one- 
fourth  the  calculated  breaking  centre  load  produced  no 
apparent  effect  on  the  resistance  of  the  beam,  but  that 
two  fifths  of  that  load  caused  failure  after  a  comparatively 
small  number  of  repetitions. 

It  is  probable  that  the  breaking  centre  load  was  calcu- 
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lated  too  high,  in  which  case  the  ratios  \  and  f  shotild  be 
somewhat  increased. 

Art.  115. — ^Formula  of  Launhardt  and  Weyrauch. 

Let  R  represent  the  intensity  (stress  per  square  unit  of 
section)  of  ultimate  resistance  for  any  material  in  tension, 
compression,  shearing,  torsion,  or  bending ;  R  will  cause  rup- 
ture at  a  single,  gradtial  application.  But  the  material  may 
also  be  ruptured  if  it  is  subjected  a  sufficient  number  of 
times,  and  alternately,  to  the  intensities  P  and  Q,  Q  being 
less  than  P  and  both  less  than  i?,  while  all  are  of  the  same 
kind.  WhenQ=oletP  =  H^,andletD=P-Q.  l^iscalled 
the  ''primitive  safe  resistance,"  since  the  bar  retiuns  to  its 
primitive  unstressed  condition  at  each  application.  In  the 
general  case  P  is  called  the  "working  ultimate  resistance." 

By  the  notation  adopted: 

P-Q  +  D (I) 

But  by  Wohler's  law,  P  is  a  fimction  of  D,  or 

P-^KD) (2) 

A  sufficient  number  of  experiments  have  not  yet  been 
made  in  order  to  completely  determine  the  form  of  the 
function  /  (D). 

It  is  known,  however,  that 

forQ  =  o,      P=D^W\ 
and  forD«o,      P^Q=R. 

Provisionally,  Launhardt  satisfies  these  two  extreme 
conditions  by  taking 

R^W       R-W 
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Even  at  these  limits  this  is  not  thoroughly  satisfactory, 
for  when  D  =  o,  P  =  -(/?-M^),  or  is  indeterminate. 
By  solving  eq.  (3), 


-K-^i)-  • 


(4) 


But  if  the  least  value  of  the  total  stress  to  which  any 
member  of  a  structure  is  subjected  is  represented  by  min  B, 

and  its  greatest  value  by  max  B,  there  will  result  ^^^  ^  =^, 
Hence 


maxB    P' 


_      /      R-W min  B\ 

~     V"*"    W     maxB/'     '     '     ■     ' 


15) 


which  is  Launhardt's  formula.  In  the  preceding  article 
some  values  of  W  are  shown.  In  applying  eq.  (5)  it  is  only 
necessary  to  take  the  primitive  safe  resistance,  IV,  for  the 
total  number  of  times  which  the  structure  ^^U  be  subjected 
to  loads.  Since  bridges  are  expected  to  possess  an  indefinite 
duration  of  life,  in  such  structures  that  nvmiber  should  be 
indefinitely  large. 

Eq.  (5),  it  is  to  be  borne  in  mind,  is  to  be  applied  when 
the  piece  is  always  subjected  to  stress  of  one  kind,  or  in  one 
direction  only.  It  agrees  well  with  some  experiments  by 
Wohler  on  Krupp*s  imtempered  cast  spring  steel. 

If  the  stress  in  any  piece  varies  from  one  kind  to  another, 
as  from  tension  to  compression,  or  vice  versa,  or  from  one 
direction  to  another,  as  in  torsion  on  each  side  of  a  state  of 
no  stress,  Weyrauch  has  established  the  following  formula 
by  a  course  of  reasoning  similar  to  that  used  by  Launhardt. 

If  the  opposite  stresses,  which  will  cause  rupture  by  a 
certain  ntimber  of  applications,  are  equal  in  intensity,  and 
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if  that  intensity  is  represented  by  5,  then  will  S  be  called 
the  **  vibration  resistance'* ;  this  was  established  by  Wohler 
for  some  cases,  and  some  of  its  values  are  given  in  the  pre- 
ceding article. 

Let  +P  and  —  P'  represent  two  intensities  of  opposite 
kinds  or  in  opposite  directions,  of  which  P  is  numerically  the 
greater.    Then  if  D^P  +  P', 

P^^D-P'. 

The  two  following  limiting  conditions  will  hold: 

ForP'=o,     P=D^W; 
ForP'=5;    P^S^^D. 

But  by  Wohler's  law  P=f(D),  and  the  two  limiting 
conditions  just  given  will  be  found  to  be  satisfied  by  the 
provisional  formula 

By  the  solution  of  eq.  (6), 

If,  without  regard  to  kind  or  direction,  tnax  B  is  numer- 
ically the  greatest  total  stress  which  the  piece  has  to  carry, 
while  max  B'  is  the  greatest  total  stress  of  the  other  kind 

P'     mux  B' 

or  direction,  then  will  -jr  = h  •     Hence  there  will  result 

'  P     m^x  B 

the  following,  which  is  the  formula  of  Weyrauch: 

r.     Txr/       W-SmaxB'\ 

\         W     maxB]  ^  ' 
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Eqs.  (5)  and  (8)  give  values  of  the  intensity  P  which  are 
to  be  used  in  determining  the  cross-section  of  pieces  de- 
signed to  carry  given  amounts  of  stress.  If  n  is  the  safety 
factor  and  F  the  total  stress  to  be  carried,  the  area  of  sec- 
tion desired  will  be 

nF 

P 
in  which  —  is  the  greatest  working  stress  permitted. 

If  for  wrought  iron  in  tension   P7  =  30,000   and  R- 
50,000,  eq.  (5)  gives 


(2  mtn  B  \ 
3WWWC  B) 


Hence,  if  the  total  stress  due  to  fixed  and  moving  loads 
in  the  web  member  of  a  truss  is  max  B=  80,000  pounds, 
while  that  due  to  the  fixed  load  alone  is  min  £=40,000, 
there  will  result 

_  /       2  4o,ooo\ 

P  =  30,000 ( I +-.5 )  =40,000. 

^  '       \       3  80,000/ 

In  such  a  case  the  greatest  permissible  working  stress 
with  a  safety  factor  of  3  would  be  about  13,300  pounds. 
For  steel  in  tension,  if  IF  =  50,000  and  /?  =  75,000, 


_  /       I  min  B  \ 

P  =  50,0001  i-\ 5). 

^  \       2  max  B/ 


For  wrought  iron  in  torsion,  if  5  =  18,000  and  W  «  24,000, 
eq.   (8)  will  give 


-,  /       I  max  B'\ 

P  =  24,000(  I Jy    )• 

^        \      4max  B  J 
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Other  methods  based  on  Wohler's  experiments  have  been 
deduced  by  MuUer,  Gerber,  and  Schaffer,  of  which  synopses 
may  be  fotmd  in  Du  Bois'  translation  of  Weyrauch's 
"Structtires  of  Iron  and  Steel/' 

Art.  116. — ^Influence  of  Time  on  Strains. 

In  the  section  ''Elevation  of  Ultimate  Resistance  and  Elastic 
Limit,''  in  Art.  41,  the  effect  of  prolonged  tensile  stress  and 
subsequent  rest  between  the  elastic  limit  and  ultimate  resist- 
ance was  shown  to  be  the  elevation  of  both  those  quantities. 
It  is  a  matter  of  common  observation,  however,  that  if  a  piece 
of  wrought  iron  be  subjected  to  a  tensile  stress  nearly  equal 
to  its  ultimate  resistance,  and  held  in  that  condition,  the 
stretch  will  increase  as  the  time  elapses. 

Experiments  are  still  lacking  which  may  show  that  a 
piece  of  metal  can  be  ruptured  by  a  tensile  stress  much 
below  its  ultimate  resistance.  It  may  be  indirectly  inferred, 
however,  from  experiments  on  flexure,  that  such  failure 
may  be  produced,  as  the  following  by  Prof.  Thurston  will 
show. 

A  bar  i  o  parts  tin  and  90  parts  copper,  i  X  i  X  2  2  inches 
and  supported  at  each  end,  sustained  about  65  per  cent,  of 
its  breaking  load  at  the  centre  for  five  minutes.  During 
that  time  its  deflection  increased  0.021  inch.  The  same 
bar  sustained  1485  poimds  at  centre  for  13  minutes  and 
then  failed. 

A  second  bar  of  the  same  size,  but  90  parts  tin  and  10 
parts  copper,  was  loaded  at  the  centre  with  160  pounds, 
causing  a  deflection  of  1.294  inches.  After  10  minutes  the 
deflection  had  increased  0.025  inch ;  after  one  day,  i  .00  inch ; 
after  two  days,  2.00  inches ;  and  after  three  days,  3.00  inches, 
when  the  bar  failed  under  the  load  of  160  pounds. 

Another  bar  of  the  same  size  showed  remarkable  results ; 
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it  was  composed  of  90  parts  zinc  and  10  parts  copper.  It 
gave  the  same  general  increase  of  deflection  with  time,  but 
eventually  broke  under  a  centre  load  which  ran  down  from 
1233  to  911  pounds,  after  holding  the  latter  about  three 
minutes. 

A  bar  of  the  same  size  and  96  parts  copper  with  4  parts 
tin,  after  it  had  carried  700  poimds  at  centre  for  sixty  min- 
utes was  loaded  with  1000  pounds,  with  the  following 
results: 

After.  Deflection. 

o  minute 3. 118  inches. 

5  minutes 3  ■  54° 

15  minutes 3.660 

45  minutes  .  . .' 4  ■  102 

75  minutes 7-634 

Broke  tmder  1000  pounds. 

A  wrought-iron  bar  of  the  same  size  gave,  under  a  centre 
load  of  1600  pounds: 

After.  Deflection. 

o  minute 0.489  inch. 

3  minutes 0.632 


II 
«< 

K 


6  minutes 0.650 

16  minutes 0.660 

344  minutes 0.660 


II 
i< 
II 


It  subsequently  carried  2589  pounds  with  a  deflection  of 

4.67  inches. 

During  1875  and  1876  Prof.  Thurston  made  a  number  of 
other  similar  experiments  with  the  same  general  results. 

Metals  like  tin  and  many  of  its  alloys  showed  an  increas- 
ing rate  of  deflection  and  final  failure,  far  below  the  so-called 
**  ultimate  resistance.''  The  wTOught-iron  bars,  however, 
showed  a  decreasing  increment  of  deflection,  which  finally 
became  zero,  leaving  the  deflection  constant. 

Whether  there  may  be  a  point  for  every  metal,  beyond 
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which,  with  a  given  load,  the  increment  of  deflection  may 
retain  its  value  or  go  on  increasing  tmtil  failure,  and  below 
which  this  increment  decreases  as  the  time  elapses,  and 
finally  becomes  zero,  is  yet  undetermined,  but  seems  proba- 
ble. 

It  does  not  follow,  therefore,  that  the  principle  enunci- 
ated in  the  section  named  at  the  beginning  of  this  article 
is  to  be  taken  without  qualification.  If  **rest'*  tmder 
stress,  too  near  the  ultimate  resistance,  be  sufficiently  pro- 
longed, it  has  been  seen  that  it  is  possible  that  failure  may 
take  place. 

In  verifying  some  experimental  results  by  Herman 
Haupt,  determined  over  forty  years  ago,  Prof.  Thurston 
tested  three  seasoned  pine  beams  about  i\  inches  square 
and  40  inches  length  of  span,  and  found  that  60  per  cent, 
of  the  ordinarj''  ** breaking  load"  caused  failure  at  the  end 
of  8,  12,  and  15  months.  In  these  cases  the  deflection  slowly 
and  steadily  increased  during  the  periods  named. 

.  Two  other  sets  of  three  pine  beams  each  broke  tinder  80 
and  95  per  cent,  of  the  usual  **  breaking  load,*'  after  much 
shorter  intervals  of  time. 

In  all  these  instances  it  is  evident  that  the  molecules 
tinder  the  greatest  stress  **  flow  *'  over  each  other  to  a  greater 
or  less  extent.  In  the  cases  of  decreasing  increments  of 
strain,  the  new  positions  afford  capacity  of  increased  resist- 
ance ;  in  the  others,  those  movements  are  so  great  that  the 
distances  between  some  of  the  molecules  exceed  the  reach 
of  molecular  action,  and  failure  follows. 

In  many  cases  strained  portions  of  material  recover  par- 
tially or  wholly  from  permanent  set.  In  such  cases  a  por- 
tion of  the  material  has  been  subjected  to  intensities  of 
stress  high  enough  to  produce  true  **  flow"  of  the  molecules, 
while  the  remaining  portion  has  not.  The  internal  elastic 
stresses  in  the  latter  portion,  after  the  removal  of  the  exter- 
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nal  forces,  prcxluce  in  time  a  reverse  flow  in  consequence  of 
the  elastic  endeavor  to  resume  the  original  shape. 

It  is  altogether  probable  that  the  phenomena  of  fatigue 
and  flow  of  metals  are  very  intimately  associated.  Some 
of  the  prominent  characteristics  of  the  latter  will  be  given 
in  the  next  chapter. 


CHAPTER  XDC 

THE  FLOW  OF  SOLIDS* 

Art.  X17. — General  Statements. 

Although  there  is  no  reason  to  suppose  that  true  solids 
may  not  retain  a  definite  shape  for  an  indefinite  length  of 
time  if  subjected  to  no  external  force  other  than  gravity,* 
many  phenomena  resulting  both  from  direct  experiment  for 
the  purpose,  and  incidentally  from  other  experiments  involv- 
ing the  application  of  external  stress  of  considerable  inten- 
sity, show  that  a  proper  intensity  of  internal  stress  (in 
many  cases  comparatively  low)  will  cause  the  molecules  of  a 
solid  to  flow  at  ordinary  temperatures  like  those  of  a  liquid. 
And  this  flow,  moreover,  is  entirely  different  from,  and  inde- 
pendent of,  the  elastic  properties  of  the  material;  for  it 
arises  from  a  permanent  and  considerable  relative  displace- 
ment of  the  molecules.  Nor  is  it  to  be  confounded  with 
that  internal  "friction"  which,  if  an  elastic  body  is  sub- 
jected to  oscillations,  causes  the  amplitudes  to  gradually 
decrease  and  finally  disappear,  even  in  vacuo.  This  latter 
motion  is  typically  elastic  and  the  retarding  cause  may  be 
considered  a  kind  of  elastic  friction. 

It  is  evident  that  if  a  mass  of  material  be  enclosed  on  all 
its  faces,  or  outer  surfaces,  but  one  or  a  portion  of  one,  and 
if  external  pressure  be  brought  to  bear  on  those  faces,  the 

*Tliis,  perhaps,  may  be  considered  a  definition  of  a  true  sofid. 
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Fig.  I. 


material  will  be  forced  to  move  to  and  through  the  free  sur- 
face ;  in  other  words,  the  -flow  of  tlie  material  will  take  place 
in  the  direction  of  least  resistance. 

The  theory  of  the  flow  of  solids 
to  be  given  is  that  developed  by 
Mons.  H.  Tresca  in  his  **  Memoire 
sur  TEcoulement  des  Corps  So- 
lides,"  1865.  He  made  a  large 
number  of  experiments  on  hard 
and  soft  metals,  ceramic  pastes, 
sand,  and  shot. 

These  different  materials  aU 
manifested  the  same  characteris- 
tics of  flow,  which  are  well  shown 
in  Fig.  2.  A  BCD,  Fig.  i,  is  sup- 
posed to  be  a  cylindrical  mass  of 
lead  with  circular  horizontal  sec- 
tion, confined  in  a  circular  cylin- 
der, MN,  closed  at  one  end  with 
the  exception  of  the  orifice  0- 

This  cylinder  is  supported  on 
the  base  PN,  while  the  face  AB 
of  the  lead  receives  external  pres- 
sure from  a  close-fitting  piston. 
When  the  pressure  is  sufficiently 
increased,  the  face  ^4^  in  Fig.  i 
sinks  to  AB  in  Fig.  2,  while  the 
column  hkHK,  in  the  latter  figure, 
is  forced  to  flow  through  the  ori- 
fice O. 

'°'  '^'  In  Tresca's  experiments  with 

lead,.the  diameter  AB  was  about  3.9  inches;  the  diameter 
HK  of  the  orifice,  from  0.75  in.  to  1.5  ins.,  while  the  length 
of  the  coliunn  or  jet  hK  varied  from  0.4  in.  to  about  24  ins. 
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The  total  pressure  on  the  face  AB  varied  from  119,000  to 
198,000  pounds.  The  initial  thickness  AD  varied  from  0.24 
inch  to  2.4  inches. 

Some  experiments  exhibiting  in  a  remarkably  clear  man- 
ner the  flow  of  metals  in  cold  punching  were  made  by  David 
Townsend  in  1878,  and  the  results  were  given  by  him  in  the 
**  Journal  of  the  Franklin  Institute"  for  March  of  that  year. 
If  the  dotted  rectangle  ABFG,  Fig.  3,  shows  the  original 
outline  of  the  middle  section  of  a  nut  before  punching,  he 
found  that  the  final  outline  of  the  same  section  would  be 
represented  by  the  full  lines.  The  top  and  bottom  faces 
were  depressed  by  the  punching,  as  shown ;  the  upper  width 
AB  remained  about  the  same,  but  the  lower,  GF,  was  in- 
creased to  CD.  Although  the  depth  of  the  nut,  AC,  was  1.75 
inches,  the  length  of  the  core  punched  out  was  only  1.063 
inches.  The  density  of  this  core  was  then  examined  and 
found  to  be  the  same  as  that  of  the  original  nut.  Hence  a 
portion  of  the  core  equal  in  length  to  1.75  —  1.063=0.687 
inch  was  forced,  or  flowed,  back  into  the  body  of  the  nut. 
Subsequent  experiments  showed  that  this  flow  did  not  take 
place  at  the  immediate  upper  surface  AB,  nor  very  much 
in  the  lower  half  of  the  nut,  but  that  it  was  chiefly  confined 
to  a  zone  equal  in  depth  to  about  half  that  of  the  nut,  the 
upper  surface  of  which  lies  a  very  short  distance  below  the 
upper  face  of  the  nut.  The  location  of  this  zone  is  shown  by 
the  lines  HK  and  MN  in  Fig.  3. 

Tresca's  experiments  on  punching  showed  essentially  the 
same  result. 

Art.  118. — Tresca's  Hypotheses. 

The  central  cylinder  FGKH,  Fig.  i  of  Art.  117,  was  called 
by  Tresca  the  **  primitive  central  cylinder."  As  the  metal 
flows,  this  cylinder,  will  be  drawn  out  into  the  volume  of 
revolution,  whose  axis  is  that  of  the  orifice  and  whose 
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meridian  section  is  FGkKIIh,  Fig.  2,  the  diameter  FG  being 
gradually  decreased. 

It  was  found  by  experiment  that  if  the  original  mass  AC, 
Fig.  I ,  was  composed  of  horizontal  layers  of  uniform  thick- 
ness, the  reduced  mass  in  Fig.  2  was  also  composed  of  the 
same  ntmiber  of  layers  of  uniform  thickness,  except  in  the 
immediate  vicinity  of  the  central  cylinder. 

Tresca  then  assumed  these  three  hypotheses: 
1°. — The  density  of  the  material  remains  the  same  whether 
in  the  cylinder  or  in  the  jet;  in  other  words,  the  volume  of  the 
material  in  the  jet  and  in  the  cylinder  remains  constant. 

Let  R  =  radius  of  the  cylinder; 
/?j=  radius  of  the  orifice; 
y  =  variable  length  of  the  jet  (i.e.,  hH)\ 
D  =  original  depth  of  material  (BC=^AD,  Fig.  i) 

in  the  cylinder; 
d  =  variable  depth  of  material  {BC  ^AD,  Fig.  2) 

in  the  cylinder; 

>  then  by  the  hypothesis  just  stated 

R^d^R'D-R,^y (i) 

2^. — The  rate  of  compression  along  any  and  all  lines  pared- 
lei  to  the  axis  of  the  primitive  central  cylinder,  and  taken  outside 
of  that  limit,  is  constant. 

If,  then,  the  material  lying  outside  of  the  central  cylinder 
be  divided  into  horizontal  layers  of  equal  thickness,  a  very 
small  decrease  in  the  variable  depth  equal  to  d  (a)  will  cause 
the  same  amount  of  material  to  move  or  flow  from  each  of 
these  layers  into  the  space  originally  occupied  by  the  central 
cylinder,  thus  causing  a  portion  of  the  material  previously 
resting  over  the  orifice  to  flow  through  the  latter.  If  d(d) 
is  the  indefinitely  small  change  of  depth,  and  dR^  the  in- 
definitely small  change  in  the  radius  of  the  cylindrical  por- 
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tion  resting  over  the  orifice,  then  the  equality  of  volumes 
expressing  this  hypothesis  is  the  following: 

or 

d{d)     2R,dR, 
d    ~R'^R^' ^^^ 

3^. — The  rate  of  decrease  of  the  radius  of  ihe  primitive  cen- 
tral  cylinder  is  constant  throughout  its  length  at  any  given  in- 
stant during  flow. 

Let  r  be  any  radius  less  than  i?j,  then  if  the  latter  is  de- 
creased by  the  very  small  amoimt  dR^,  the  former  will  be 
shortened  by  the  amotmt  dr\  and  by  the  last  hypothesis 
there  must  result 

dR.    dr 

-r:^t (3) 

This  is  a  perfectly  general  equation,  in  which  r  may  or 
may  not  be  the  variable  value  of  the  radius  of  that  portion 
of  the  primitive  central  cylinder  remaining  above  the  orifice 
at  any  instant  during  flow. 

These  are  the  three  hypotheses  on  which  Tresca  based 
his  theory  of  the  flow  of  solids.  It  is  thus  seen  to  be  put 
upon  a  purely  geometrical  basis,  entirely  independent  of  the 
elastic  or  other  properties  of  the  material. 

Art.  119. — ^The  Variable    Meridian    Section    of   the   Primitive 

Central  Cylinder. 

The  meridian  curve  haH,  or  hbK,  Fig.  2  of  Art.  117, 
mav  now  easilv  be  determined. 

Eq.  (i)  of  Art.  118  may  take  the  first  of  the  following 
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forms,  while  its  differential,  considering  d  and  y  variable, 
may  take  the  second : 


Dividing  the  second  by  the  first, 

d(d)         dy      _  2R,dR, 
d    ~      R*        R'-R*- 

The  last  member  of  this  equation  is  simply  eq.  (2)  of 
Art.  118;  and  if  the  value  of  dR^,  in  eq.  (3)  of  the  same 
article,  be  inserted  in  the  third  member  of  this  equation, 
there  will  result 

2/?i'      dr  dy 


y-'R;^^ 

Integrating  between  the  limits  of  r  and  i?j,  and  remem- 
bering that  r  will  be  restricted  to  the  representation  of  the 
radius  of  that  portion  of  the  primitive  central  cylinder 
which  remains,. at  any  instant,  over  the  orifice,  by  taking 
y  =  o  for  r=-R^, 

R^    > 
27?*  r  l^^W^^ 


R^-R^^'^^R^     •'-6^     ^^ 
**log'*  indicates  a  Napierian  logarithm. 
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Passing  from  logarithms  to  the  quantities  themselves, 
and  reducing, 


R 


H^r\\-  ■■■■ « 


This  is  the  desired  equation  of  the  line,  in  which  r  is 
measured  normal  to  the  axis  of  the  cylinder  or  jet,  while  y 
is  measured  along  that  axis  from  the  extremity  of  the  jet. 
When  the  material  is  wholly  expelled, 

R^ 
y=^D,  and  r  =  o. 

Eq.  (2)  is  applicable  to  the  jet  only.  For  the  line  hF  or 
Gk,  resort  will  be  had  to  the  equation 

d{d)^    2R,^    dr 
d    "R'-R,'  r' 

Again  integrating  between  the  limits  d  and  D,  or  r  and 
i?i,  and  reducing, 


-<^  "■' 


(2) 


This  value  of  r  is  the  radius  of  that  portion  of  the  primi- 
tive central  cvlinder  which  remains  over  the  orifice  when  D 
is  reduced  to  d. 

Art.  120. — Positions  in  the  Jet  of  Horizontal  Sections  of  the 

Primitive  Central  Cylinder. 

That  portion  of  the  primitive  central  cylinder  below  aft, 
in  Fig.  I  of  Art.  117,  will  be  changed  to  abKH  in  Fig.  2  of 
the  same  article. 
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If,  in  the  latter  Fig.,  y  is  the  distance  from  HK  to  ofc, 
measured  along  the  axis,  then  the  volimie  of  HKob  will 
have  the  value 


/    Tzr^dy. 


If  d'  is  the  distance  aF^bG,  in  Fig.  i,  the  equality  of 
volumes  will  give 


r^'dy-^R.^D-d'). 


Eq.  (i)  of  Art.  102  gives 


R» 


.-.  fr*dy^R,^D - R,'d(i -^^ ^R^^D-d^; 


'L-if]- 


.•.y=^.i  i-(^)    \D (1) 


If  N  is  the  number  of  horizontal  layers  required  to  com- 
pose the  total  thickness  D,  and  n  the  number  in  the  depth  d\ 


Hence 


-tf'-a)*} 


y-W-A    i-Ur         \D (a) 
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Tresca  computed  values  of  y  for  some  of  his  experiments 
and  compared  the  results  with  actual  measurements.  The 
agreement,  though  not  exact,  was  very  satisfactory.  Within 
limits  not  extreme,  the  longer  the  jet  the  more  satisfactory 
was  the  agreement. 


Art.  X2X. — Final  Radius  of  a  Horizontal  Section  of  the  Primitive 

Central  Cylinder. 

LfCt  it  be  required  to  determine  what  radius  the  section 
situated  at  the  distance  df  from  the  upper  surface  of  the 
primitive  central  cylinder  will  possess  in  the  jet. 

It  will  only  be  necessary  to  put  for  y  in  eq.  (i)  of  Art. 
119  the  value  of  3/  taken  from  eq.  (i)  of  Art.  120.  This 
operation  gives 

(r-(0 


^  \R?-Ri^ 


Hence 


-.(0 


(I) 


If  i?,  is  small,  as  compared  with  R,  there  will  result  ap- 
proximately 

(2) 


-■(S 


Art.  122. — Path  of  Any  Molecule. 

The  hypotheses  on  which  the  theory  of  flow  is  based 
enable  the  hypothetical  path  of  any  molecule  to  be  easily 
established. 
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In  consequence  of  the  nature  of  the  motion  there  will  be 
three  portions  of  the  path,  each  of  which  will  be  represented 
by  its  characteristic  equation,  as  follows: 

First,  let  the  molecule  lie  outside  of  the  primitive  central  \ 

cylinder. 

Let  R'  and  H  be  the  original  co-ordinates  of  the  mole- 
cule considered,  measured  normal  to  and  along  the  axis  of 
the  cylinder,  respectively,  from  the  centre  of  the  orifice  HK 
(Fig.  I,  Art.  1 17)  as  an  origin,  while  r  and  h  are  the  variable 
co-ordinates. 

The  first  hypothesis,  by  which  the  density  remains  con- 
stant, then  gives  the  following  equation: 

n{R^-R'^)H=it{R^-r^)h. 
or 

hR^-hr^^{R^--R^)H (i) 

This  is  the  equation  to  the  path  of  the  molecule,  in 
which  r  must  always  exceed  R^. 

As  this  equation  is  of  the  third  degree,  the  curve  cannot 
be  one  of  the  conic  sections. 

Second,  let  the  molecule  move  in  the  space  originally  occu- 
pied by  the  central  cylinder. 

While  h  and  r  now  vary,  the  volume  nr*{D—h)  must 
remain  constant.    When  r^R^  let  h^h^.    Hence 

r\D^h)^R,\D-h,) (2) 

But  if  fc=/ti  and  r  =  /?i  in  eq.  (i), 


(R'-R''\rr 

^'^\R^-R^^r^ 


Placing  this  value  in  eq.  (2). 


^\D-h)^R,^(p^H^^:^^.     ...     (3) 
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Third,  let  the  molecide  move  in  the  jet. 

After  the  molecule  passes  the  orifice,  its  path  will  evi- 
dently be  a  straight  line  parallel  to  the  axis  of  the  jet.  Its 
distance  r j  from  that  axis  will  be  found  by  putting  /t -»o  in 
eq.  (3).    Hence 

^  /      if  R^^R'\^  ,  , 


APPENDIX  1. 

ELEMENTS  OF  THEORY  OF  ELASTICITY  IN 
AMORPHOUS  SOLID  BODIES. 


CHAPTER  I. 

GENERAL  EQUATIONS. 

f^xt  X. — Expressions  for  Tangential  and  Direct  Stresses  in  Terms 
of  the  Rates  of  Strains  at  Any  Point  of  a  Homogeneous  Body. 

Let  any  portion  of  material  perfectly  homogeneous  be 
subjected  to  any  state  of  stress  whatever.  At  any  point  as 
O,  Fig.  I,  let  there  be  assumed  any  three  rectangular  co- 
ordinate planes;  then  consider  any  small  rectangular  par- 
allelopiped  whose  faces  are  parallel  to  those  planes.  Finally 
let  the  stresses  on  the  three  faces  nearest  the  origin  be  re- 
solved into  components  normal  and  parallel  to  their  planes 
of  action,  whose  directions  are  parallel  to  the  co-ordinate 
axis. 

The  intensities  of  these  tangential  and  normal  compo- 
nents will  be  represented  in  the  usual  manner,  i.e.,  p,y  signi- 
fies a  tangential  intensity  on  a  plane  normal  to  the  axis  of 
X  (plane  ZV),  whose  direction  is  parallel  to  the  axis  of 
y,  while  p:sx  signifies  the  intensity  of  a  normal  stress  on 

868 


Art.  I.] 


TANGENTIAL  AND  DIRECT  STRESSES. 


869 


a  plane  normal  to  the  axis  of  X  (plane  ZY)  and  in  the 
direction  of  the  axis  of  X.  Two  unlike  subscripts,  there- 
fore, indicate  a  tangential  stress,  while  two  of  the  same  kind 
signify  a  normal  stress. 


Fig.  1. 

From  eq.  (3)  on  page  5  and  eq.  (7)  on  page  12  there  is 
at  once  deduced 


5« 


2(1 +r) 


<f>--G<f> (i) 


Now  when  the  material  is  subjected  to  stress  the  lines 
bounding  the  faces  of  the  parallelopiped  will  no  longer  be 
at  right  angles  to  each  other.  It  has  already  been  shown 
in  Art.  2  that  the  angular  changes  of  the  lines  from  right 
angles  are  the  characteristic  shearing  strains,  which,  multi- 
plied by  Gs  give  the  shearing  intensities. 

Let  ^j  be  the  change  of  angle  of  the  boundary  lines 
parallel  to  X  and  Y. 

Let  4>2  t)e  the  change  of  angle  of  the  boundary  lines 
parallel  to  Y  and  Z. 

Let  ^,,  be  the  change  of  angle  of  the  boundary  line 
parallel  to  Z  and  X. 
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Eq.  (i)  will  then  give  the  following  three  eqiiations: 

E      , 

^"'i(rT7)*» ^^) 

In  Fig.  I  let  the  rectangle  a^h  represent  the  right  pro- 
jection of  the  indefinitely  small  parallelopiped  dxdydz.  U 
li,  V,  and  w  are  the  strains  parallel  to  the  axis  of  x,  y,  and  z  of 

.  .     ,      .     ,     ,        .       r       .  ^.       ^  ^    .    du  dv  dw 
the  onginal  point  K  the  rates  of  variation  of  strain  53*  T"»  X". 

etc.,  may  be  considered  constant  throughout  this  parallelo- 
piped; consequently  the  rectangular  faces  will  change  to 
oblique  parallelograms.  The  oblique  parallelogram  dhck^ 
whose  diagonals  may  or  may  not  coincide  with  those  of  ag//t, 
therefore,  may  represent  the  strained  condition  of  the  latter 
figure. 

Then,  by  Art.  2,  the  difference  petween  dhc  and  the  right 
angle  at  h  will  represent  the  strain  4>^.  But,  from  Fig.  i,  ^^ 
has  the  following  value: 

4>^^dh€  +  bhc (5) 

But  the  limiting  values  of  the  angles  in  the  second  mem- 
ber are  coincident  with  their  tangents ;  hence 

.      rf^      he 
"^^^d^^dx (^^ 
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But,  again,  de  is  the  distortion  parallel  to  OX  found  by 
moving  parallel  to  OY  only;  hence  it  is  a  partial  differential 
of  Uy  or  it  has  the  value 

^^^^y (7) 

In  precisely  the  same  manner  be  is  the  partial  differential 
of  v  in  respect  to  x^  or 

bc^-r-dx. 
dx 

By  the  aid  of  these  considerations,  eq.  (6)  takes  the  form 

du     dv 

'i'^-d^^d^ <8) 

If  XY  be  changed  to  YZ,  and  then  to  ZX,  there  may  be 
at  once  written  by  the  aid  of  eq.  (8) 

dv     dw 

dw    du  .    . 

^•°=5;^+5? ("> 

Eqs.  (2),  (3),  and  (4)  now  take  the  following  form: 

-(du    dv\  ,    . 

_/cfv  .  dw\  ,    . 

^y-^[^-^d^p <"> 

^fdw    du\  ,    . 
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The  direct  stresses  are  next  to  be  given  in  terms  of  the 
displacements  u,  v,  and  w.  Again,  let  the  rectangular  par- 
allelopiped  dx  dy  dz  be  considered.  Eq.  (i),  on  page  3, 
shows  that  the  strain  per  unit  of  length  is  found  by  dividing 
the  intensity  of  stress  by  the  coefficient  of  elasticity,  ij  a  sin- 
gle stress  only  exists.  But  in  the  present  instance,  any  state 
of  stress  whatever  is  supposed.  Consequently  the  strain 
caused  by  /?,,,  for  example,  acting  alone  must  be  combined 
'  with  the  lateral  strains  induced  hy  pyy  and  p,^.  Denoting 
the  actual  rates  of  strain  along  the  axes  of  X,  V,  and  Z  by 
/j,  /,,  and  /,,  therefore,  the  following  equations  may  be  at  once 
written  by  the  aid  of  the  principles  given  on  pages  9  and  10 : 

^'-K+iPyy  +  Pj^f      ....      (14) 
fy^h+iPs.  +  Pjh        ....       (15) 


^'-h+(Pyy  +  Pji (16) 

Eliminating  between  these  three  equations, 

/'»'=7f-,[^x+73^(U/,+^.)];    .   .   (x7) 

But  if  w,  V,  and  w  are  the  actioal  strains  at  the  point  where 
these  stresses  exist,  the  rates  of  strain  /^  /,,  and  /,  will  evi- 
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dently  be  equal  to  -r- ,  -^ ,  and  -p,  respectively.  The  volume 
of  the  parallelepiped  will  be  changed  by  those  strains  to 

dx{i  +  l^)dy{i  +  l^dz{i  +  /,)  -=dx  dy  dz{i  +l^  +  l^  +  /,) 

if  powers  of  /^  l^y  and  l^  above  the  first  be  omitted.  The 
quantity  (/^  +  /,  +  ^3)  is,  then,  the  rate  of  variation  of  volume, 
or  the  amount  of  variation  of  volume  for  a  cubic  unit.  If 
there  be  put 

.    du    dv     dw         J     /-         E 
dx     dy    dz  2(1 +r)' 

eqs.  (17),  (18),  and  (19)  will  take  the  forms 

2Gr  ^      ^du  ,     . 

^-^rr^^+^^di'     ....    (20) 

2Gr  ^      ^dv  ,    . 

Pyy-T^r^^''%'^      •    •    •    •     (21) 

P    =-?^5  +  2ff—  (22) 

^"     i-2r^dz ^"^ 

The  form  in  which  eqs.  (14),  (15),  and  (16)  are  written 
shows  that  if  p^^,  Pyyj  ^^  Pg^^^  positive,  the  stress  is  tension, 
and  compression  if  it  is  negative.  Consequently  a  positive 
value  for  any  of  the  intensities  in  eqs.  (20),  (21),  or  (22)  will 
indicate  a  tensile  stress,  while  a  negative  value  will  show 
the  stress  to  be  compressive. 

The  eqs.  (14)  to  (19),  together  with  the  elimination  in- 
volved, also  show  that  the  coefficients  of  elasticitv  for  ten- 
sion  and  compression  have  been  taken  equal  to  each  other, 
and  tliat  the  ratio  r  is  the  same  for  tensile  and  compressive 
strains. 
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Further,  in  eqs.  (ii),  (12),  and  (13),  it  has  been  asstimed 
that  G  is  the  same  for  all  planes. 

Hence  eqs.  (11,)  (12),  (13),  (20),  (21),  and  (22)  apply 
only  to  bodies  perfectly  homogeneous  in  all  directions. 

It  is  to  be  observed  that  the  co-ordinate  axes  have  been 
taken  perfectly  arbitrarily. 

Art.  2. — General  Equations  of  Internal  Motion  and  Equilibrium. 

In  establishing  the  general  equations  of  motion  and  equi- 
librium, the  principles  of  dynamics  and  statics  are  to  be 
applied  to  the  forces  which  act  upon  the  parallelopiped  repre- 
sented in  Fig.  I ,  the  edges  of  which  are  dx,  dy,  and  dz.  The 
notation  to  be  used  for  the  intensities  of  the  stresses  acting 
on  the  different  faces  will  be  the  same  as  that  used  in  the 
preceding  article. 

Let  the  stresses  which  act  on  the  faces  nearest  the  origin 
be  considered  negative,  while  those  which  act  on  the  other 
three  faces  are  taken  as  positive. 

The  stresses  which  act  in  the  direction  of  the  axis  of  X 
are  the  following: 

On  the  face  normal  to  X,  nearest  to      0,  —  p,,  dy  dz ; 


4< 


«« 


f< 


M 


« 


« 


"   "  farthest  from  0,  (p^^+'^dxjdydz; 


*    dy  dx  nearest  to  0,  — />,»  dy  dx\ 


«      c< 


farthest  from  0,  f  p^^  +  -^dz  jdydx\ 


dz  dx  nearest  to  0,  —py^dzdx; 


*     ti    it 


farthest  from         Ojpy^  +  --r^dyjdzdx. 
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The  differential  coefficients  of  the  intensities  are  the  rates 
of  variation  of  those  intensities  for  each  unit  of  the  variable, 
which,  multiplied  by  the 
differentials  of  the  varia- 
bles, give  the  amounts  of 
variation  for  the  different 
edges  of  the  parallelopiped. 

Let  Xo  be  the  external 
force  acting  in  the  direc- 
tion of  X  on  a  unit  of  vol- 
ume at  the  point  consid- 
ered; then  Xo  rfjc  dy  rf0  will 
be  the  amount  of  external 
force  acting  on  the  paral- 
lelopiped. 

These  constitute  all  the  forces  acting  on  the  parallelo- 
piped in  the  direction  of  the  axis  of  X,  and  their  sum,  if  un- 

mass  or  inertia  of  a  unit  of  volume,  and  dt  the  differential 
of  the  time.  Forming  such  an  equation,  therefore,  and  drop- 
ping the  common  factor  dx  dy  dz,  there  will  result 


X 

*               «^^^ 

azy^ 

7^ 

dx     \ 

da 

d» 

Y 

Fig.  I. 


dp 


dx 


'"r^P^+iP^+X,^m 


+ 


dy       dz 


d*u 
df' 


(i) 


Changing  xtoy,y  to  z,  and  zXo  x,  eq.  (i)  will  become 


dpxy    dp 
+ 


dx       dy        dz 
Again,  in  eq.  (i),  changing  «  to  2,  «  to  y,  and  y\x>x. 


(2) 


dp..,dp,.    dp^.    y  _    dhv 
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The  line  of  action  of  the  resultant  of  all  the  forces  which 
act  on  the  indefinitely  small  parallelopiped,  at  its  limit, 
passes  through  its  centre  of  gravity,  consequently  it  is  sub- 
jected to  the  action  of  no  unbalanced  moment.  The  parallelo- 
piped, therefore,  can  have  no  rotation  about  an  axis  passing 
through  its  centre  of  gravity,  whether  it  be  in  motion  or 
equilibrium.  Hence^  let  an  axis  passing  through  its  centre 
of  gravity  and  parallel  to  the  axis  of  X,  be  considered.  The 
only  stresses,  which,  from  their  direction  can  possibly  have 
moments  about  that  axis,  are  those  with  the  subscripts  {yz), 
{zy\^  iyy),  or  (22).  But  those  with  the  last  two  subscripts 
act  directly  through  the  centre  of  the  parallelopiped,  conse- 

dp 
quently  their  moments  are  zero.    The  stresses  -^-dy  -  dx  dz 

and  -3^  dz .  dx  dy  are  two  of  six  forces  whose  resultant  is 

directly  opposed  to  the  resultant  of  those  three  forces  which 
represent  the  increase  of  the  intensities  of  the  normal,  or 
direct,  stresses  on  three  of  the  faces  of  the  parallelopiped; 
these,  therefore,  have  no  moments  about  the  assumed  axis. 
The  only  stresses  remaining  are  those  whose  intensities  are 
pzy  and  pyjf.  The  resultant  moment,  which  must  be  equal 
to  zero,  then,  has  the  following  value : 

py^xdz.dy+pg/lxdy.dz^o;       ...     (4) 

•*.    Pyn'^-Pzy (S) 

Hence  the  two  intensities  are  equal  to  each  other. 

The  negative  sign  in  eq.  (5)  simply  indicates  that  their 
moments  have  opposite  signs  or  directions;  consequently, 
that  the  shears  themselves,  on  adjacent  faces,  act  toward 
or  from  the  edge  between  those  faces.  In  eqs.  (i),  (2),  and 
(3),  the  tangential  stresses,  or  shears,  are  all  to  be  affected 
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by  the  same  sign,  since  direct,  or  normal,  stresses  only  can 
have  different  signs. 

The  eq.  (5)  is  perfectly  general,  hence  there  may  be 
written: 

Pxy='Pyz'  and  p,,-^p„ (6) 

Adopting  the  notation  of  Lam6,  there  may  be  written: 

Ps.=Nv      Pyy-^\,      P..-N,; 

by  which  eqs.  (i),  (2),  and  (3)  take  the  following  forms: 

dN,     dT,    dT.     ^         dH 

dT.    dN.  ,  dT,     ,^         d*v 
■rf^+V+^  +  ^o'^^dF'     •    •    •    (8) 

dT,     dT,    dN,     ^         d'w 

■d^  +  -d^+-di+^^'''*'-dF'     •    •    •    (9) 

The  equations  (ii),  (12),  (13),  (20),  (21),  and  (22)  of  the 
preceding  article  are  really  kinematical  in  nature ;  in  order 
that  the  principles  of  dynamics  may  hold,  they  must  satisfy 
eqs.  (7),  (8),  and  (9).  As  the  latter  stand,  by  themselves, 
they  are  applicable  to  rigid  bodies  as  well  as  elastic  ones; 
but  when  the  values  of  N  and  7,  in  terms  of  the  strains  w,  v, 
and  Wy  have  been  inserted,  they  are  restricted,  in  their  use, 
to  elastic  bodies  only.  With  those  values  so  inserted,  they 
form  the  equations  on  which  are  based  the  mathematical 
theory  of  sound  and  light  vibrations,  as  well  as  those  of 
elastic  rods,  membranes,  etc.  In  general,  they  are  the  equa- 
tions of  motion  which  the  different  parts  of  the  body  can 
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have  in  reference  to  each  other,  in  consequence  of  the  elastic 

nature  of  the  material  of  which  the  body  is  composed. 

If  all  parts  of  the  body  are  in  equilibritim  under  the 

action  of  the  internal  stresses,  the  rates  of  variation  of  the 

d^H    d^v  d^w 

strains  -^,  -^,  and  --t^,  will  each  be    equal  to  zero. 

Hence,  eqs.  (7),  (8),  and  (9)  will  take  the  fonns 

dN,    dT,     dT,     ^ 

-55r+^+^+^o-^-    •    •    •    <^^) 

dT,     dN.dT,     ,^  ,    , 

^+V"3r  +  ^o«o;.    .    .    .    (II) 

dr,     dT.  .  dK\     ^  ,    , 

■d7+-^  +  'rf^  +  ^o-o (I.) 

These  are  the  general  equations  of  equilibrium.  As  they 
stand,  they  apply  to  a  rigid  body.  For  an  elastic  body,  the 
values  of  N  and  T  from  the  preceding  article,  in  terms  of  the 
strains  u,  v,  and  w,  must  satisfy  these  equations. 

The  eqs.  (10),  (11),  and  (12)  express  the  three  conditions 
of  equilibrium  that  the  sums  of  the  forces  acting  on  the 
small  parallelopiped,  taken  in  three  rectangular  co-ordinate 
directions,  must  each  be  equal  to  zero.  The  other  three  con- 
ditions, indicating  that  the  three  component  moments  about 
the  same  co-ordinate  axes  must  each  be  equal  to  zero,  are 
fulfilled  by  eqs.  (5)  and  (6),  The  latter  conditions  really 
eliminate  three  of  the  nine  unknown  stresses.  The  remaining 
six  consequently  appear  in  both  the  equations  of  motion 
and  equilibrium. 

The  equations  (7)  to  (i  2),  inclusive,  belong  to  the  interior 
of  the  body.  At  the  exterior  surface,  only  a  portion  of  the 
small  parallelopiped  will  exist,  and  that  portion  will  be  a 
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tetrahedron,  the  base  of  which  forms  a  part  of  the  exterior 
surface  of  the  body,  and  is  acted  upon  by  external  forces 

Let  —  be  the  area  of  the  base  of  this  tetrahedron,  and  let 

2 

p,  q,  and  r  be  the  angles  which  a  normal  to  it  forms  with 
the  three  axes  of  X,  Y,  Z,  respectively.    Then  will 

da  cos  p  ^dy  dz,  da  cos  q  =dz  dx,  and  da  cos  r  —dx  dy. 

Let  P  be  the  known  intensity  of  the  external  force  acting 
on  rfa,  and  let  tt,  x^  ^^^  9  be  the  angles  which  its  direction 
makes  with  the  co-ordinate  axes.   Then  there  will  result : 

Xo=-Pc/a.cos  ;r,  Y ^^P da ,q,o^  x^  a^d  Z^=^P da. cos  p. 

The  origin  is  now  supposed  to  be  so  taken  that  the  apex  of 
the  tetrahedron  is  located  between  it  and  the  base;  hence 
that  part  of  the  parallelopiped  in  which  acted  the  stresses 
involving  the  derivatives,  or  differential  coefficients,  is 
wanting ;  consequently  those  stresses  are  also  wanting. 

The  sums  of  the  forces,  then,  which  act  on  the  tetra- 
hedron, in  the  co-ordinate  directions,  are  the  following: 

—  (iVj  dy  dz  +  r,  dz  dx  +  T^  dy  dx)  +Pda  cos  tt  =  o; 

—  (r,  dz  dy  +  N^ dz  dx  +  T^  dy  dx)+Pda  cos  ;r""o; 

—  (r, dz dy+T^  dz dx  +  N^ dy  dx)+Pda cos  p -c. 

Substituting  from  above, 

A^jCOS/7+ r,  cos  g  +  r,  cos  r«P  cos  jr;  ,  .  (13) 
r, cos/? +  A/^, cos g  +  Tj  cos r=-P  cos  ;^;  .  .  (14) 
T^cosp  +  T^oosq  +  N^cosr^P  cos  p.     ,     .     (15) 

These  equations  must  always  be  satisfied  at  the  exterior 
surface  of  the  body;  and  since  the  external  forces  must 
always  be  known,  in  order  that  a  problem  may  be  determi- 
nate, they  will  serve  to  determine  constants  which  arise 
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from  the  integration  of  the  general  equations  of  motion  and 
equilibrium. 

Art.  3. — Equations  of  Motion  and  Equilibrium  in  Semi-p<dar 

Co-ordinates. 

For  many  purposes  it  is  convenient  to  have  the  condi- 
tions of  motion  and  equilibrium  expressed  in  either  semi- 
polar  or  polar  co-ordinates ;  the  first  form  of  such  expression 
will  be  given  in  this  article. 

The  general  analytical  method  of  transformation  of  co- 
ordinates may  be  applied  to  the  equations  of  the  preceding 
article,  but  the  direct  treatment  of  an  indefinitely  small 
portion  of  the  material,  limited  by  co-ordinate  surfaces,  pos- 
sesses many  advantages.     In  Fig.  i  are  shown  both  the 


R 


V.-J--.J 


\>Ki 


V  y^S    I 


*? 


\i 


Fig.  I. 

small  portion  of  material  and  the  co-ordinates,  semi-polar 
as  well  as  rectangular.  The  angle  made  by  a  plane  normal 
to  ZV,  and  containing  OX,  with  the  plane  XV  is  repre- 
sented by  4>  \  the  distance  of  any  point  from  OX,  measured 
parallel  to  ZF,  is  called  r;  the  third  co-ordinate,  normal  to 
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f  and  <f>,  is  the  co-ordinate  x,  as  before.  It  is  important  to 
observe  that  the  co-ordinates  x,  r,  and  ^,  at  any  point,  are 
rectangular. 

The  indefinitely  small  portion  of  material  to  be  con- 
sidered will,  as  shown  in  Fig.  i ,  be  limited  by  the  edges  dx,  dr, 
and  f  d<l>.  The  faces  dx  dr  are  inclined  to  each  other  at  the 
angle  d<l>. 

The  intensities  of  the  normal  stresses  in  the  directions  of 
X  and  r  will  be  indicated  by  N^  and  R,  respectively.  The 
remainder  of  the  notation  will  be  of  the  same  general  char- 
acter as  that  in  the  preceding  article;  i.e.,  T„  will  represent 
a  shear  on  the  face  dr,r  d^  in  the  direction  of  r,  while  A^^  is 
a  normal  stress,  in  the  direction  of  ^,  on  the  face  dx  dr. 

The  strains  or  displacements,  in  the  directions  of  x,  r,  and 
^,  will  be  represented  by  u,  p,  and  w;  consequently  the 
unbalanced  forces  in  those  directions,  per  unit  of  mass, 
will  be 

d^u         d^p          ,       d^w  ,  ^ 

^^5?'     ^^5?'    ^""^    "^d^ <") 

Those  forces  acting  on  the  faces  fe/,  /^,  and  he,  will  be 

considered  negative ;  those  acting  on  the  other  faces,  posi- 
tive. 

Forces  Acting  in  the  Direction  of  r. 
^R.rd<f>dXy  and 

+Rrd^dx+(-^j^dr=r-T-dr+Rdrjd<l>dx. 

—  T^r  dx,  and 

dTj, 
+  T^rdx  +  '~J^di>'dr  dx. 

^T^,rd^dr,  and 

dTxr 

+  T^,rd4>dr  +  --^ — dx.rd^dr. 
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On  the  face  dr  dx,  nearest  to  ZOX,  there  acts  the  normal 
stress  lN^rdx  +  --T^d4>.drdx]  =N'.  Now iV'  has  a  com- 
ponent acting  parallel  to  the  face  fe  and  toward  OX,  equal  to 
N^  sin  (d^)  =A^' — -=N'd<f>.     But  the  second  term  of  this 

product  will  hold  (d<l>y,  hence  it  will  disappear,  at  the  limit, 
in  the  first  derivative  of  N'd4>  .\  N'd4>^N^4>dr  dx. 
Since  this  force  must  be  taken  as  acting  toward  OX,  it 
acts  with  the  normal  forces  on  hf,  and,  consequently,  must 
be  given  the  negative  sign.  » 

If  jRq  is  the  external  force  acting  on  a  tmit  of  volume, 
another  force  (external)  acting  along  r  will  heR^.rd<f>dr  dx. 

The  sum  of  all  these  forces  will  be  equal  to 

m,rd4>drdx  .-T^. 

Forces  Acting  in  the  Direction  of  ^. 
—  A^^r  dx,  and 

+  N4^r  dx  +  --T^d<j>.dr  dx. 
^Tr^.rd^dx,  and 

+  Tr^.r  d<i>  dx  +  (^^^^dr  =  r^dr  +  Tri4^d4>  dx. 
^Tx^.r d4>dr,  and 

+  T^^.rd(f>dr+-^dx.rd<l>dr. 

As  in  the  case  of  A^^,  in  connection  with  the  forces  along 
f ,  so  the  force  T^r  dr  dx  has  a  component  along  <f)  (normal 
to  fe)  equal  to  T^rdrdx.  sin  {d4>)=T^rd4>dr dx.  It  will 
have  a  positive  sign,  because  it  acts  from  OX. 

The  external  force  is  0Q,rd<t>dr dx. 
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Forces  Acting  in  the  Direction  of  x. 

^N^.rd^dr,  and 

dN 
^-N^r  d<j>  dr+  -j-^dx.rd^  dr. 

^Trx'dxr d<l>,  and 

+  Trx,dxrd<l>+(j^^^dr=r^dr+Trx^^^ 
^T^^xdr,  and 

+  T^:4^  dr + -2^d<f> .  dx  dr. 

The  external  force  is  XQ.rd(f>dx  dr. 

Putting  each  of  these  three  sums  equal  to  the  proper 
rates  of  variation  of  momenttim,  and  dropping  the  common 
factor  rd<j>dxdr: 

dT^^    dTr^    dN^     Tr^  +  Tr^  dhv 

"5;r+"5r+7d^+    r^+*»=*"dir.  .  (4) 

These  are  the  general  equations  of  motion  (vibration)  in 
terms  of  semi-polar  co-ordinates ;  if  the  second  members  are 
made  equal  to  zero,  they  become  equations  of  equilibrium. 
Eqs.  (2),  (3),  and  (4),  are  not  dependent  upon  the  nature  of 
the  body. 

Since  x,  r,  and  ^  are  rectangular,  it  at  once  follows  that 

Trx  =  T„,  Tr^  =  T^,  and  T^^^T^^-      .     .     (5) 
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In  order  that  eqs.  (2),  (3),  and  (4)  may  be  restricted  to 
elastic  bodies,  it  is  necessary  to  express  the  six  intensities 
of  stresses  involved,  in  terms  of  the  rates  of  variation  of  the 
strains  in  the  rectangular  co-ordinate  directions  of  x,  r,  and 
^.  Since  these  co-ordinates  are  rectangular,  the  eqs.  (11), 
(12),  (13),  (20),  (21),  and  (22)  of  Article  i,  may  be  made 
applicable  to  the  present  case  by  some  very  simple  changes 
dependent  upon  the  nature  of  semi-polar  co-ordinates. 

For  the  present  purpose  the  strains  in  the  co-ordinate 
directions  of  x,  y,  and  z  will  be  represented  by  t*',  ?/,  and 
tt/.  Since  the  axis  of  x  remains  the  same  in  the  two  systems, 
evidently 

du'  ^du 
dx     dx' 

From  Fig.  i  it  is  clear  that  the  axis  of  y  corresponds 
exactly  to  the  co-ordinate  direction  r ;  hence 

dv^    dp 
dy     dr' 

From  the  same  Fig.  it  is  seen  that  the  axis  of  z  corre- 
sponds to  <f>f  or  r<l>.  Bu  the  total  differential,  du/,  must  be 
considered  as  made  up  of  two  parts ;  consequently  the  rate 

dvt/ 
of  variation  -7-  will  consist  of  two  parts  also.    If  there  is  no 

distortion  in  the  direction  of  r ,  or  if  the  distance  of  a  mole- 
cule from  the  origin  remains  the  same,  one  part  will  be 

disj        div 

J.    ..  =—!-;.    If,  however,  a  unit's  length  of  material  be  re- 
(i\r<p)     T  a<p 

moved  from  the  distance  r  to  r+p  from  the  centre  O,  Fig,  i, 

while  <l>  remains  constant,  its  length  will  be  changed  from 

I  to  1.(1  +  -),  in  wnich  p  may  be  implicitly  positive  or 
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negative.    Consequently  there  will  result 

dii/     dw     p 
dz  '^fd<t>r* 

For  the  reason  already  given,  there  foUow 

dii'  _du  di/    dp 

"dy^dr  dx  ^  dx 

In  Fig.  2  let  dc  be  the  side  of  a  distorted  small  portion 

of  the  material,  the  original  position  ^ 

of  which  was  d'e.  Od  is  the  distance 

r  from  the  origin,  ad^dr  and  ac=^ 

dw,   while   dd' =w.      The  angular 

,    ac    dw 
change  in  position  of  ac  is  —j  =  ,    ; 

^       ab     w , 
but  an  amount  equal  to  — ^  =  —  is  due  to  the  movement  of 

r,  and  is  not  a  movement  of  dc  relatively  to  the  material 
immediately  adjacent  to  d. 
Hence 


Fio.  2. 


dw^  ^dw    w 
dy     dr      r* 


also 


di/      dp 
dz  "rd^" 


There  only  remain  the  following  two,  which  may  be  at 
once  written 

dw^^dw  du'  ^  du 

dx  ~dx  dz  "rd^' 

The  rate  of  variation  of  volume  takes  the  following  form 
in  terms  of  the  new  co-ordinates: 


rfw'     dv^    dw^  ^du    dp     dw     p 
^^dx'^dy'^'dz'^dx'^dr'^rd^'^r' 


(6) 


1 
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Accenting  the  intensities  which  belong  to  the  rectan- 
gular system  x,  y,  z,  the  aqs.  (ii),  (12),  (13),  (20),  (21), and 
^'22).  of  Art.  I,  take  the  following  form: 

R    -N;-i^,e^^i: (8) 

If  these  values  are  introduced  in  eqs.  (2),  (3),  and  (4), 
those  equations  will  be  restricted  in  application  to  bodies 
of  homogeneous  elasticity  only. 

The  notation  t  is  used  to  indicate  that  the  r  involved  is 
the  ratio  of  lateral  to  direct  strain,  and  that  it  has  no  rela- 
tion whatever  to  the  co-ordinate  r . 

The  limiting  equations  of  condition,  (13),  (14),  and  (15) 
of  Art.  2,  remain  the  same,  except  for  the  changes  of  nota* 
tion,  shown  in  eqs.  (7)  to  (12),  for  the  intensities  N  and  T, 
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Art.  4. — Equations  of  Motion  and  Eqtiilibrium  in  Polar 

Co-ordinates. 

The  relation,  in  space,  existing  between  the  polar  and 
rectangular  systems  of  co-ordinates  is  shown  in  Fig.  i .  The 
angle  ^  is  measured  in  the  plane  ZY  and  from  that  otXY\ 


Fio.  I. 


while  0  is  measured  normal  to  ZF  in  a  plane  which  contains 
OX.  The  analytical  relation  existing  between  the  two  sys- 
tems is,  then,  the  following: 

jif =r  sin  ^,    y  =r  cos  (p  cos  ^,     and    z=r  cos  ^  sin  ^. 

The  indefinitely  small  portion  of  material  to  be  considered 
hsahed.  It  is  limited  by  the  co-ordinate  planes  located  by 
^  and  0,  and  concentric  spherical  surfaces  with  radii  r  and 
r + dr.  The  directions  r,  <f>,  and  0,  at  any  point,  are  rectangu- 
lar ;  hence  the  sums  of  the  forces  acting  on  the  small  portion 
of  the  material,  taken  in  these  directions,  must  be  found  and 
put  equal  to 


m 


rfV         d'^Ti 


dt 


3  > 


m 


dt 


a  > 


and    m 


dt" 
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in  which  expressions,  p,  r;,  and  w  represent  the  strains  in  the 
direction  of  r,  <f>,  and  ^  respectively. 

Those  forces  which  act  on  the  faces  ah,  bd,  and  cd  will  be 
considered  negative,  and  those  which  act  on  the  other  faces 
positive. 

The  notation  will  remain  the  same  as  in  the  preceding 
articles,  except  that  the  three  normal  stresses  will  be  indi- 
cated by  Nr,  N^,  and  N^. 

Forces  Acting  Along  r. 
^Nf.rd^r cos  <lfd<f>. 

+Nr.r^  cos  (pd(lfd<f> 

+  (^^^^dr  =  r'^rfr+  arNrdr)  cos  #  d#  d^. 
—  T^.rdipdr. 

+  T^.rd(pdr+'-T^d4>.rd<pdr. 
-^T^.r  cos  (p d4> dr. 
+  r^.f  cos  ipd<f>dr 


+ 


-^N^.r  d^  dr. ^aOc=  ^N^.r  dip  dr. cos  (pd<f>,  on  f ace  C9. 
^N^.r cos  ip d<l>  dr. sin  aOb^^N^.r cos  (p d4> dr .dip^ 
on  face  be. 

Forces  Acting  Along  ^. 
—  Tr^^.f  cos  ([fd^rd<p. 

+  Tr^.r^ cos  <lfd(f>d(lf 

+  (^^^^f^dr  -  r'^dr  +  2r  Tr^  dr)  cos  0  d^  d^. 
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+Ni>,r  diff  dr +-j^d<j>  r  dip  dr. 

—  r^^.rcos  (pd^dr. 

+  r^^cos  (p.rd^dr 

^(diT^cos  ^).^^,,os>^^d0-r,,  sin  <pd<p)rd<f>dr. 
+  T^r  dip  dr. cos  ip  dj>,  on  face  ce. 

-^T^r  dipdrisixi  akc^ tTdT)  ^  ^T^rdipdr.sin  ipdip, 

on  face  ce. 

Tlie  lines  ak  and  ck  are  drawn  normal  to  Oc  and  Oa^ 

Forces  Acting  Along  ip. 

—  r^.rcos  ipdip.rdip. 

+  r^f'cos  ip  dip  dip 

+  (^^^^^dr=r^^ar+2rTr^dr) cos  ipdipd<p. 

—  T^.rdipdr. 

+  T4,^rdipdr+--r^d4>,rdipdr. 

—  JV^.r  cos  ipdfpdr. 
+  N^.r  cos  ipdipdr 

fT^.r cos  ipdipdr. dip,  on  face  be. 

+-  N^  .r  dip  dr. sin  akc^  +  N4,  rdipdr. sin  ip  d^,  on  face  ce. 
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The  volume  of  the  indefinitely  small  portion  of  the 
material  is  (omitting  second  powers  of  indefinitely  small 
qxiantities) 

f  cos  <lfd<f>.rd(p,dr  =  JV, 

and  its  mass  is  w  mtiltiplied  by  this  small  volume.  The 
latter  may  be  made  a  common  factor  in  each  of  the  three 
sums  to  be  taken. 

The  external  forces  acting  in  the  directions  2?,  <f>,  and  ^ 
will  be  represented  by 

R^JV,     fi^JV,    and     W^JV, 

respectively. 

Taking  each  of  the  three  sums,  already  mentioned,  and 
dropping  the  common  factor  J  V,  there  will  result 

,       dT^       .  dT^  ,  2Nr-N4,-N^-  T^  tan  ^ 


dNr 
dr  ^rcos  <p.d<l>^rd<p 


+Ro^mj^;    (i) 


dTrA  .       dN^         dT^^ 
+ /.  J  » "1 


dr      r  cos  (p. d<f>    rd<p 

2Tr^  +  T^-T^^tQ,niP-T^tan<lf  d^i)^ 

+ ~ +  ^o=w^,     (2) 

dTr^        dT^A         dN^ 
dr      f  cos  0d^     rd(p 

2r^  +  r^-Ar^tan^+Ar^tan0  rf'o; 

"t"  ^  "^^o"      (f^>'      >^3^ 

Since  r ,  ^,  and  ^  are  rectangular  at  any  point, 

r^-r^,   r^-=r^,  and  r^^=r^ 
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Hence 

■ 

2r.^  +  r^-tan  (pjT^^  +  T^^)  ^37^^-2  tan (p,T^^ 

r  r  ' 

2r^  +  r^-tan0(JV^-iV^)     3r^~tan  HN^-N^) 

r  r  ' 

These  relations  somewhat  simplify  the  first  members  of 
eqs.  (2)  and  (3). 

Eqs.  (i),  (2),  and  (3)  are  entirely  independent  of  the 
nature  of  the  material ;  also,  they  apply  to  the  case  of  eqtd- 
libritun,  if  the  second  members  are  made  equal  to  zero. 

The  rectangular  rates  of  strain,  at  any  point,  in  terms 
of  r,  ^,  and  ^  are  next  to  be  found.  As  in  the  preceding 
article,  the  rates  of  strain  in  the  rectangtdar  directions  of 
r,  ^,  and  ^  will  be  indicated  by 

dv^   dii/  du'  dv'  du^ 

dy'  57"'  dj^'  d^\  dy'  ^^^• 

Remembering  the  reasoning  in  connection  with  the  value 

dii/ 
of  -T— ,  in  the  preceding  article,  and  attentively  considering 

Fig.  I,  there  may  at  once  be  written, 

du'      doj      p 

dxf     rdip     r 

In  Fig.  I,  if  a<:  =  i  and  db  =  (o,  while  afe=r  cot.  (p  (ak  is 
perpendicular  to  aO),  the  difference  in  length  between  ac 
and  bh  will  be 

(o  (1)  tan  ^ 

r  cot  ^  ~  r      ' 

This  expression  is  negative  because  a  decrease  in  length  takes 
place  in  consequence  of  a  movement  in  the  positive  direction 
of  r^. 
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Again,  a  consideration  of  Fig.  i,  and  the  reasoning  con- 
nected with  the  equation  above,  will  give 


dii/ 


drj 


1 
r' 


dz'  ""fcos^d^    r         r 

Without  explanation  there  may  at  once  be  written : 

dv'     dp 
dy    dr' 

Fig.  I  of  this,  and  Fig.  2  of  the  preceding  article,  give 

du'    do)     (o  di/      dp 

dy'    dr     r  daf^rdili' 

These  are  to  be  used  in  the  expression  for  T^.     Precisely 
the  same  figures  and  method  give 

di/  dp  du/  ^dj) 

dz'  " r  cos  ijf  d<j>  dy  "dr 

which  are  to  be  used  in  finding  T^ 

dii/ 
The  expression  for  -r-r  will  be  composed  of  the  sum  of 

two  parts.   In  Fig.  2,  a&  is  the  original  position  oir  d(p,  and 
after  the  strain  -q  exists  it  takes  the  position  ec.  Consequently 

ac  (equal  and  parallel  to  hd  and  perpen- 
dicular to  ak)  represents  the  strain  ij, 
while  ed  represents  rfiy.  Since,  also,  fc  is 
perpendicular  to  ck,  the  strains  of  the  kind 
ly  change  the  right  angle  fck  to  the  angle 
fee ;  or  the  angle  eck  is  equal  to 

dii/        ,      ,  ,     ed    ca 
dx  dc    ak 


drj 


+ 


rdip    rcotfp' 

In  Fig.  2,  the  points  a,  6,  and  k  are 
identical  with  the  points  similarly  lettered  in  Fig.  i.    The 
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expression  for  tj-  may  be  at  once  written  from  Fig.  i.  There 
may,  then,  finally  be  written, 

du/      di)      ly  tan  (p         -    du'  _      dcj 
dyd  '^rdfp         r  dsf     r cos (p d<f>* 

These  equations  will  give  the  expression  for  T^. 
The  value  of 

-    du'    di/    dvf 

^^d^'^dy^'d^ 

now  takes  the  following  form: 

-    dp  dj)  dcj      2j0_wtan  <[f 

^^df'^rcos(pd<t>    rd^'^T  r      '    *     •     ^"^^ 

The  last  two  terms  are  characteristic  of  the  spherical 
co-ordinates. 

The  eqs.  (20),  (21),  (22),  (11),  (12),  and  (13),  of  Art. 
I,  take  the  forms 

^'-T^v'^'4-- (5) 

_-        2GV  r,      ^/      dt)  p     wtan  A 

^     i--2t  \rcos<pd(l>    r  ^      J 

__        2GV  ^      ^/  doj      o\ 

^**    %d4rr  cos  ^d<i>'^      r     J ^^^ 

_       ^/<iw     o)      dp\ 

^'*-^[d?-7+idi>)' (9) 
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If  these  values  are  inserted  in  eqs.  (i),  (2),  and  (3),  the 
restilting  eqiiations  will  be  appUcable  to  isotropic  material 
only. 

As  in  the  preceding  article,  X  is  used  to  express  the  ratio 
between  direct  and  lateral  strains,  and  has  no  relation  what- 
ever to  the  co-ordinate  r . 

It  is  interesting  and  important  to  observe  that  the  equa- 
tions of  motion  and  equilibritun  for  elastic  bodies  are  only 
special  cases  of  equations  which  are  entirely  independent  of 
the  nature  of  the  material,  of  equations,  in  fact,  which 
express  the  most  general  conditions  of  motion  or  equilibrixun. 


CHAPTER  II. 

THICK.  HOLLOW  CYLINDERS  AND  SPHERES.  AND 

TORSION. 


Art.  5.— Thick,  Hollow  Cylinders. 

In  Fig.  I  is  represented  a  section,  taken  normal  to  its 
axis,  of  a  circular  cylinder  whose  walls  are  of  the  appreciable 
thickness  t.  Let  p  and  p^  represent  the  interior  and  exterior 
intensities  of  pressures,  respectively.  The  material  will  not 
be  stressed  with  tmif orm  intensity  throughout  the  thickness  t. 
Yet  if  that  thickness,  comparatively 
speaking,  is  small,  the  variation  will 
also  be  small;  or,  in  other  words, 
the  intensity  of  stress  throughout 
the  thickness  t  may  be  considered 
constant.  This  approximate  case 
will  first  be  considered. 

The  interior  intensity  p  will  be 
considered  greater  than  the  exterior 
p^,  consequently  the  tendency  will 
be  toward  rupture  along  a  diametral  plane.  If,  at  the  same 
time,  the  ends  of  the  cylinder  are  taken  as  closed,  as  will  be 
done,  a  tendency  to  rupture  through  the  section  shown  in  the 
figure  will  exist. 

The  force  tending  to  produce  rupture  of  the  latter  kind 
will  be 

F^nipr^'-p.r^) (i) 
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If  iVj  represents  the  intensity  of  stress  developed  by  this 
force, 

If  the  exterior  pressure  is  zero,  and  if  r'  is  nearly  equal  to 

2       ' 

^^'    2(r,-r').     2t ^3J 

In  this  same  approximate  case,  the  tendency  to  split  the 
cylinder  along  a  diametral  plane,  for  unit  of  length,  will  be 

If  N'  is  the  intensity  of  stress  developed  by  F*, 

N'.^l.tl^ M 

N'  is  thus  seen  to  be  twice  as  great  as  N^  when  p^  =  o.  If, 
therefore,  the  material  has  the  same  ultimate  resistance  in 
both  directions  the  cylinder  will  fail  longitudinally  when  the 
interior  intensity  is  only  half  great  enough  to  produce  trans- 
verse rupture,  the  thickness  being  assumed  to  be  very  small  and 
the  exterior  pressure  zero, 

N^  and  A^'  are  tensile  stresses,  because  the  interior  pres- 
sure was  assumed  to  be  large  compared  with  the  exterior.  If 
the  opposite  assumption  were  made,  they  would  be  found  to 
be  compression,  while  the  general  forms  would  remain  ex- 
actly the  same. 
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The  preceding  formulas  are  too  loosely  approximate  for 
many  cases.  The  exact  treatment  reqtdres  the  use  of  the 
general  equations  of  equilibrium,  and  the  forms  which  they 
take  in  Art.  3  are  particularly  convenient.  As  in  that  article, 
the  axis  of  x  will  be  taken  as  the  axis  of  the  cylinder. 

Since  all  external  presstire  is  uniform  in  intensity  and 
normal  in  direction,  no  shearing  stresses  will  exist  in  the 
material  of  the  cylinder.  This  condition  is  expressed  in  the 
notation  of  Art.  3  by  putting 

Again  the  cylinder  will  be  considered  closed  at  the  ends, 
and  the  force  F,  eq.  (i),  will  be  assumed  to  develop  a  stress 
of  uniform  intensity  throughout  the  transverse  section 
shown  in  Fig.  i.  This  condition,  in  fact,  is  involved  in  that 
of  making  all  the  tangential  stresses  equal  to  zero. 

Since  this  case  is  that  of  equilibrium,  the  equations  (2), 
(3),  and  (4)  of  Art.  3  take  the  following  form,  after  neglect- 
ing Xq^  R^t  and  tfo« 

-d^-^'^ (5) 

dR    R^Nh    ^.  ... 

^rT4>^'' (7) 

These  equations  are  next  to  be  expressed  in  terms  of  tho 
strains  u,  p,  and  w. 

In  consequence  of  the  manner  of  application  of  the  exter- 
nal forces,  all  movements  of  indefinitely  small  portions  of 
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the  material  will  be  along  the  radii  and  axis  of  the  cylinder. 
Hence 

u  will  be  independent  of  r  and  ^ ; 


The  rate  of  change,  therefore,  of  voltime  will  be  (eq.  (6) 
of  Art.  3) 

g^du    dp    p 


dd    d^u 
As  p  is  independent  of  x,  -j-  =t~j  »  hence  if  the  value  of 

Nj  be  taken  from  eq.  (7)  of  Art.  3  and  put  in  eq.  (5)  of  this 
article, 

dN,      2GV  d^u         dhi 
dx  ^i-2Vdx^'^^^^dx^''^* 


d'u 
.*.  j~a==*o     and    U'^^ax+ar. 


But  the  transverse  section  in  which  the  origin  is  located 
may  be  considered  fixed.  Consequently  if  ^=0,  u=o  and 
thus  a' « o.   The  expression  for  u  is  then  u^ax. 

The  ratio  u-i-x  is  the  /  of  eq.  (i),  on  page  3,  while  the 
p  of  the  same  equation  is  simply  TVj  of  eq.  (2),  given  above. 
Hence 

^    x"  E''E(r,^-r'') ^9) 
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Again,  eq.  (8)  of  Art.  3,  in  connection  with  eqs.  (8) 
and  (6)  of  this,  gives 

2GV  (d}p     dp     p\         (d^p      dp     p\ 
i^2V\dr^'^rdr    ry'^^^\dr^^rdr''ry''^ 

••  dr^^rdr    r^^dr^^   dr  "®- 

dp    p 
dr     r      ' 

rdp  +  pdr  =d{pr) «  cr  dr. 

cr^     y  cr    b  ,    . 

•••  ^=Y"^^'  ^^   ^"7"^f-     •    •    •     ^^^^ 

This  value  of,  p  in  eqs.  (8)  and  (9)  of  Art.  3  will  give 

At  the  interior  stirface  R  must  be  equal  to  the  internal 
pressure,  and  at  the  exterior  surface  to  the  external  pressure. 
Or  since  negative  signs  indicate  compression, 

If  r^r" R  =  -p. 

If  r  =  rj R=:^p^, 

Either  of  these  equations  is  the  simple  result  of  applying 
eqs,  (13),  (14),  and  (15)  to  the  present  case,  for  which 

cos  /?=cosr=cos  7r=cos  /t>  =  o, 
cos 9 =cos  2 " i»  aJ^d  P^—p  or  —  />,. 
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Applying  eq.  (i  i)  to  the  two  surfaces. 

Subtracting  (14)  from  (13), 

Inserting  this  value  in  eq.  (13), 

(  I  — 2r      2)        r^—r^ 

The  general  expressions  of  R  and  A^^,  freed  from  the 
arbitrary  constants  of  integration,  can  now  be  easily  written 
by  inserting  these  last  two  values  in  eqs.  (11)  and  (12).  By 
making  the  insertions  there  will  result 

^        /»  — 7- >    ""       ^3  —  ^  a       '^a»      •      •      U5^ 

^**       f^^lTr  »~~  + — ^i_^a p-     •     .     (16) 

The  stress  N^  is  a  tension  directed  around  the  cylinder, 
and  has  been  called  **  hoop  tension."  Eq.  (16)  shows  that  the 
hoop  tension  will  be  greatest  at  the  interior  of  the  cylinder. 
An  expression  for  the  thickness,  t,  of  the  annulus  in  terms  of 
the  greatest  hoop  tension  (which  will  be  called  h)  can  easily 
be  obtained  from  eq.  (16). 
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If  f — f*  in  that  eqviation, 


2j>,r.*-/>(/*+0 


.-.r.-r'^'-li.^M.    ■    (.7) 

Eq.  (17)  will  enable  the  thickness  to  be  so  determined 
that  the  hoop  tension  shall  not  exceed  any  assigned  limit  h. 
If  p^  is  so  small  in  comparison  with  p  that  it  may  be  neg- 
lected, t  will  become 

H(^H <-'. 

If  />!  is  greater  than  p,  N^  becomes  compression,  but 
the  equations  are  in  no  manner  changed. 

The  values  of  the  constants  b  and  c  may  easily  be  foimd 
from  the  two  equations  immediately  preceding  eq.  (15). 

It  is  interesting  to  notice  that  the  rate  of  change  of  vol- 
ume, 6,  is  equal  to  (a  +  c)  and  therefore  constant  for  all 
points. 


Art.  6. — Torsion  in  Equilibrium. 

The  formulas  to  be  deduced  in  this  article  are  those  first 
given  by  Saint-Venant,  but,  with  one  or  two  exceptions, 
established  in  a  different  manner. 

It  will  in  all  cases,  except  that  of  the  final  result  for  a 
rectangular  cross-section,  be  convenient  to  use  those  equa- 
tions of  Art.  3  which  are  given  in  terms  of  semi-polar  co- 
ordinates. 
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Let  Fig.  I  represent  a  cylindrical  piece  of  material,  with 
any  cross-section,  fixed  in  the  plane  ZY,  and  let  the  origin  of 

co-ordinates  be  taken  at  O.  Let 
it  be  twisted  also  by  a  couple 

P.ab^Pl, 

the  plane  of  which  is  parallel  to 
ZY.  The  material  will  thus  be 
subjected  to  no  bending,  but  to 
pure  torsion. 

The  axis  of  the  piece  is  sup- 
posed to  be  parallel  to  the  axis 
of  X  as  well  as  the  axis  of  the 
couple.  Normal  sections  of  the 
piece,  originally  parallel  to  ZOY, 
will  not  remain  plane  after  tor- 
sion takes  place.  But  the  tendency  to  twist  any  elementary 
portion  of  the  piece  about  an  axis  passing  through  its  centre 
and  parallel  to  the  axis  of  X  will  be  very  small  compared 
with  the  tendency  to  twist  it  about  either  the  axis  of  r  or  ♦; 
consequently  the  first  will  be  neglected.  In  the  notation 
of  Art.  3,  this  condition  is  equivalent  to  making  7V^=o. 

As  the  piece  is  acted  upon  by  a  couple  onty,  all  normal 
stresses  will  be  zero. 


Eqs.  (7),  (8),  (9),  and  (11)  of  Art.  3  then  become 


R 


I  — 2r  dr       ' 


N. 


^ 


"^■'^4m-T) 


l-2t 


o: 


r^ 


^/  dp     dw    w\ 
^\rd<f>'^df     r) 


(1) 


(2) 


(3) 


(4J 
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After  introducing  the  values  of  T^x  and  T^,  from  eqs. 
(lo)  and  (12)  of  Art.  3,  in  eqs.  (2),  (3),  and  (4)  of  the  same 
article,  at  the  same  time  making  the  external  forces  and 
second  members  of  those  equations  equal  to  zero,  and  bear- 
ing in  mind  the  conditions  given  above,  there  will  result 

dr  "^rrf^"^  r 

^(d^u  ,   d^p    ,     dhv        dH       du      dp\ 
'^^\dr'^drdx'^rd<t>dx'^r^d<t>^^rdr^rdx)'''^'   ^S; 


dTrx 

dx 


=^55^ ■'■^7'^'      ....    (6) 

x^    ^(d^w  ,     d^u    \ 


dx 


Also  by  eq.  (6)  of  Art.  3, 

du    dp     dw     p 
^^Tx^d^-^V^^r (^) 

The  cylindrical  piece  of  material  is  supposed  to  be  of 
such  length  that  the  portion  to  which  these  equations  apply 
is  not  affected  by  the  manner  of  application  of  the  couple. 
This  portion  is,  therefore,  twisted  uniformly  from  end  to 
end;  consequently  the  strain  u  will  not  vary  with  any 
change  in  x.    Hence 

du 

Tx^'' (9) 

Eq.  (i)  then  shows  that  0=o.  This  was  to  be  antici- 
pated, since  a  pure  shear  cannot  change  the  volume  or 


w     -—  w» 
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density.     Because  d  *o,  eqs.  (2;  and  (3;  at  ooce  give 


—  SB    -*-     - 

dr    rd<l>    r 


-r!:=o KiZj 


As  the  Ujrsion  is  uniform  throughout  the  portioo  coo- 
sirlere^l, 

dp           dp  . 

-7^=0  =  — r (11) 

Eq,  (11),  in  connection  with  eq.  (10),  gives 

d^w  ,    V 

Eqs.  (ii)  and  (12),  in  connection  with  eq.  (10),  reduce 
cq*  (S)  to  the  following  form: 

?dcl>^'^dr^'^7dr^^^d^^'^^    dr     '    '     '     ^^^^ 

Both  terms  of  the  second  member  of  eq.  (6)  reduce  to 
zero  by  ecjs.  (9)  and  (11),  and  give  no  new  condition.  The 
second  term  of  the  second  member  of  eq.  (7)  is  zero  by 
ec].  (9);  the  remaining  term  therefore  gives 

d^w 


As  the  stress  is  all  shearing,  p  will  not  vary  with  <f>. 
Hence 
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Eqs.  (10),  (11),  and  (15)  show  that  /t)=o,  and  reduce 
eq.  (4)  to 

dw    w 

57"7=^ (^6) 

Eq.  (10)  now  becomes  yj^=o,  and  shows  that  w  does 

not  contain  4>\  while  eq.  (14)  shows  that  w  does  not  con- 
tain x""  or  any  higher  power  of  x.  The  strain  w,  in  connec- 
tion with  these  conditions,  is  to  be  so  determined  as  to  sat- 
isfy eq.  (16). 

If  a  is  a  constant,  the  following  form  fulfils  all  condi- 
tions : 

w=^arx (17) 

Eq.  (17)  shows  that  the  strain  w,  in  the  direction  of  ^, 
i.e.,  the  angular  strain  at  any  point,  varies  directly  as  the  dis- 
tance from  the  axis  of  X,  and  as  the  distance  from  the  origin 
measured  along  that  axis.  This  is  a  direct  consequence  of 
making  7^^  =  ©. 

The  quantity  a  is  e\adently  the  angle  of  torsion,  or  the 
angle  through  which  one  end  of  a  imit  of  fibre,  situated  at 
tuiit's  distance  from  the  axis,  is  twisted ;  for  if 

r=x  —  iy     w  =  a. 

An  equation  of  condition  relative  to  the  exterior  surface 
of  the  toasted  piece  yet  remains  to  be  determined ;  and  that 
is  to  be  based  on  the  supposition  that  no  external  force  what- 
ever acts  on  the  outer  surface  of  the  piece.  In  eqs.  (13), 
(14),  and  (15)  of  Art.  2,  consequently,  P  =  o.  The  conditions 
of  the  problem  also  make  all  the  stresses  except 

T^=^T„    and    T^  =  T^j, 
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equal  to  zero,  while  the  cylindrical  character  of  the  piece 
makes 

p—90^;    •'•  cos/>=o. 

•         •         •■ 

If  cos  t  be  written  for  cos  r , 

cos/=sin5. 
Eq.  (13),  just  cited,  then  gives 

r«.cosg  +  r^xsin9=o (18) 

But  since  /t> = o  and  w  «  arx. 


^-==^ (^9) 


and 


»^ 


-^(^+«7 


Eq.  (18)  now  becomes 


rd<f> 


+  ar 


(^0) 


du 
in =  -tang=-^-^,       .     .     .    (21) 


in  which  r©  is  the  value  of  r  for  the  perimeter  of  any  normal 
section. 

Eqs.  (13)  and  (21)  are  all  that  are  necessary  and  all  that 
exist  for  the  determination  of  the  strain  u.  Eq.  (13)  must 
be  fulfilled  at  all  points  in  the  interior  of  the  twisted  piece, 
while  eq.  (2 1 )  must  at  the  same  time  hold  true  at  all  points 
of  the  exterior  surface. 
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After  u  is  determined,  T„  and  Tx^  at  once  result  from 
eqs.  (19)  and  (20).  The  resisting  moment  of  torsion  then 
becomes 


M 


^f  fTx^r^d4>.dr^Gf  f^.rdTd<f>+GaIp.    (22) 


In  this  equation  Ip  =»  //^'  .rd<f>dris  the  polar  moment  of 

inertia  of  the  normal  section  of  the  piece  about  the  axis  of 
Xy  and  the  double  integral  is  to  be  extended  over  the  whole 
section. 

According  to  the  old  or  common  theory  of  torsion 

M^Galp. 

The  third  member  of  eq.  (22)  shows,  however,  that  such  an 
expression  is  not  correct  unless  u  is  equal  to  zero ;  i.e.,  unless 
all  normal  sections  remain  plane  while  the  piece  is  subjected 
to  torsion.  It  will  be  seen  that  this  is  true  for  a  circular  sec- 
tion only. 

It  may  sometimes  be  convenient  to  put  eq.  (22)  in  the 
following  form: 

M^gJ  J  rdr,-j^d<f>-\-GaIp^Gj  u.rdr+GoJp.    (23) 
In  this  equation  u  is  to  be  considered  as 

I  ^'^' 

while  the  remaining  integration  in  r  is  to  be  so  made  that 
the  whole  section  shall  be  covered. 
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It  is  very  important  to  observe  that  the  equations  of 
condition  for  the  determination  of  «,  and  consequently  the 
general  values  of  Txr  and  T^^,  are  wholly  independent  of  any 
considerations  regarding  the  position  of  the  axis  of  torsion, 
or  the  axis  of  X,  It  follows  from  this  that  the  resistance  of 
pure  torsion  is  precisely  the  same  wherever  may  be  the  axis 
about  which  the  piece  is  twisted.  It  is  to  be  borne  in  mind, 
however,  that  if  the  axis  of  the  twisting  is  not  the  axis  of 
the  cylindrical  piece  the  latter  wiU  be  subjected  to  combined 
bending  and  torsion,  the  bending  being  produced  by  a  force 
sufficient  to  cause  the  piece  to  take  the  helical  position  ne- 
cessitated by  the  torsion.  The  cylin- 
drical axis  is  the  straight  line  locus  of 
the  centres  of  gravity  of  all  the  nor- 
mal sections. 

If,  as  in  Fig.  2,  there  are  n  cylin- 
ders whose  centres  c  are  all  at  the 
same  distance  Cc  =  l  from  the  centre 
Cof  t^^dsting  or  motion,  and  if  il/ is 
the  total  moment  of  torsion  of  the 
system,  while  m  is  the  moment  of 
torsion  of  each  cylinder  about  its  own  axis  or  centre  c,  then 
will  M  =  nm,  and  each  cylinder  will  be  subject  to  a  bending 
moment  whose  amount  can  be  determined  from  the  con- 
dition that  the  diameter  of  each  piece  lying  along  Cc  before 
torsion  must  pass  through  C  after,  and  during,  torsion  also. 
Since  T^r  and  T^i,  act  at  right  angles  to  each  other,  the 
resultant  intensity  of  shear  at  any  point  in  an  originally 
normal  section  of  the  twisted  piece  will  be 


Fig.  2. 


r=v'r„»+rv- 


(24) 


According  to  the  ordinary  methods  of  the  calculus,  the 
co-ordinates  of  the  point  at  which  T  has  its  greatest  value 
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must  satisfy  the-' equations 

-         ■■  5^  =  5;^"°'    ......     (25) 


d^^V  •  *  df '  \°  •     \d<i>  dr)      di, 


T  d^T/ 
=  0. 


d4>^  dr* 

After  the  solution  of  eqs.  (25)  it  will  usually  be  neces- 
sary only  to  inspect  the  resulting  value  of  T,  in  order  to  de- 
termine whether  it  is  a  maximum  or  minimiun,  -without 
applying  the  tests  which  follow  those  equations. 

Equations  of  Condition  in  Rectangular  Co-ordinates, 

In  the  case  of  a  rectangular  normal  section,  the  analysis 
is  somewhat  simplified  by  taking  some  of  the  quantities 
used  in  terms  of  rectangular  co-ordinates. 

In  the  notation  of  Art.  2  all  stresses  will  be  zero  except 
T,  and  T,.  Hence  eqs.  (10),  (11),  and  (12)  of  that  article 
reduce  to 

dT^    dT. 
dy^  dz     ^' 

dT, 
=  0; 


dx 

dT 
dx 


^  =  0. 


The  strains  in  the  directions  of  x,  y,  and  ^i  are,  respec- 
tively, th  ir,  and  w.  Introducing  the  values  of .  T,  and  T^ 
in  the  equations  above,  in  terms  of  these  strains,  from 
eqs.  (11)  and  (13)  of  Art.  i,  and  then  doing  the  same  in 
reference  to  the  conditions, 
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the  following  equations  will  result: 

•     -  d^'^dz^^'''^  ......     (26) 

dv    dw  ,    ^ 

dz+d^'" (*7) 

The  operations  by  which  these  results  are  reached  are 
identical  with  those  used  above  in  connection  with  semi- 
polar  co-ordinates,  and  need  not  be  repeated. 

Eq.  (27)  is  satisfied  by  taking 

v=     axz; 

w=  —axy; 

in  which  a  is  the  angle  of  torsion,  as  before. 
Eqs.  (11)  and  (13)  of  Art.  5  then  give 

The  element  of  a  normal  section  is  dz  dy.  Hence  the 
moment  of  torsion  is 

M=ffiT^-T^)dy  dz; 

'■'M'=Gff(^^yZ-^y)dydz+GaI,;     .    (30) 
.*.  M=Gf(zudz—yudy)+GaIp (31) 

ip-ff(.^'+y')dydz 
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is  the  polar  moment  of  inertia  of  any  section  about  the 
axis  of  X, 

The  integrals  are  to  be  extended  over  the  whole  section ; 
hence,  in  eq.  (31),  zu  dz  is  to  be  taken  as 


and  yti  dy  as 


zdz.  I       -j-dy 
J -yo   dy  -^ 

.     f'^'^du. 


in  which  expressions  y©  and  z^  are  general  co-ordinates  of 
the  perimeter  of  the  normal  section. 

Eq.  (26)  is  identical  with  eq.  (13),  and  can  be  derived 
from  it,  through  a  change  in  the  independent  variables,  by 
the  aid  of  the  relations 

j8;=rcos^    and    y=rsin-^. 


Sohitions  of  Eqs.  (13)  and  (21). 

It  has  been  shown  that  the  function  u,  which  represents 
the  strain  parallel  to  the  axis  of  the  piece,  must  satisfy 
^q-  (13)  [or  eq.  (26)]  for  all  points  of  any  normal  section, 
and  eq.  (21)  (or  a  corresponding  one  in  rectangular  co- 
ordinates) at  all  points  of  the  perimeter ;  and  those  two  are 
the  only  conditions  to  be  satisfied. 

It  is  shown  by  the  ordinary  operations  of  the  calculus 
that  an  indefinite  number  of  functions  w,  of  r  and  <^,  will 
satisfy  eq.  (13) ;  and,  of  these,  that  some  are  algebraic  and 
some  transcendental. 

It  is  fiuther  shown  that  the  various  functions  u  which 
satisfy  both  eqs.  (13)  and  (21)  differ  only  by  constants. 
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If  u  is  first  supposed  to  be  algebraic  in  character,  and  if 
^v  ^v  ^v  ^^•»  represent  constant  coefficients,  the  following 
general  ftmction  will  satisfy  eq.  (13): 

^     (     c^r  sin  (l>  +  c^r^  sin  2<^  +  ^a^*  sin  3^+...) 
""^  (  +c'jrcos  ^  +  c',r'cos  2^  +  ^V*cos  3^+  ...  J   ^^^^ 

and  the  following  equation,  which  is  supposed  to  belong  to 
the  perimeter  of  a  normal  section  only,  will  be  found  tv) 
satisfy  eq.  (21): 

—  +  (7/  cos  0  +  (r/'  cos  2<l>+c^r*  cos  3^+  .  .  . 
—  c^jfsin  <^  — c^/^sin  2^  — c/jr'sin  3<^—  .  .  .  =C     (33) 

C  is  a  constant  which  changes  only  with  the  form  of 
section. 

If  J-  and  — TT  be  found  from  eq.  (32),  while  — :/t  be 
dr  rd(t>  ^   ^^  ^  ^0^^ 

taken  from  eq.  (33),  and  if  these  quantities  be  then  intro- 
duced in  eq.  (21),  it  will  be  fotmd  that  that  equation  is 
satisfied. 

The  only  form  of  transcendental  fimction  needed, 
among  those  to  which  the  integration  of  eq.  (13)  or  eq.  (26) 
leads,  will  be  given  in  connection  with  the  consideration  of 
pieces  with  rectangular  section,  where  it  will  be  used. 

Elliptical  Section  about  its  Centre, 

Let  a  cylindrical  piece  of  material  with  elliptical  normal 
section  be  taken,  and  let  a  be  the  semi-major  and  6  the 
semi-minor  axis,  while  the  angle  <!>  is  measured  from  a 
with  the  centre  of  the  ellipse  as  the  origin  of  co-ordinates, 
since  the  cylinder  will  be  twisted  about  its  own  axis.     The 
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polar  eqtiation  of  the  elliptical  perimeter  may  take  the 
following  shape: 

r»    f»  6»-o»  ,      a*b*  ,    , 

7+7'5M^<^«*"^r;:6-«-    •    •    •    (34) 

By  a  comparison  of  eqs.  (33)  and  (34),  it  is  seen  that 

and  that  all  the  other  constants  are  zero.    Hence  eq.  (32) 
gives 

The  quantity  represented  by  /  is  evident. 
By  eqs.  (19)  and  (20) 

T„^Ga-f^^r&n2<l>; (36) 

T:^-Gal-f^^r  cos  2(l>+rj.  .    .    .     (37) 

Since    ^'  ^       =di4,  A  being  the  area  of  the  ellipse,  or 

^ab,  the  second  member  of  eq.  (22),  by  the  aid  of  eq.  (37), 
may  take  the  form 

M^GaJd<l>J^   (^^^j^*  cos  2<f>+r*jdr\ 


.\  M-^Ga 


f(^^*'i^"^+T)^^' 
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Then  using  eq.  (34), 

^-^«Srppy'^^-^«HMT»-  •   •   •   ^38) 

If  Ip  is  the  polar  moment  of  inertia  of  the  ellipse  (i.e., 
about  an  axis  normal  to  its  plane  and  passing  through  its 
centre),  so  that 


thea 


M'^Ga — ijr (39) 

47:  Ip  ^^^^ 

Using  /  in  the  manner  shown  in  eq.  (35),  the  resultant 
shear  at  any  point  becomes,  by  eq.  (24), 


T^Gar^P  +  2J  cos  2^  +  1. 
dT 


gives 


sin  2^=0,    or    ^=90^    or    o^ 


Since  /  is  negative,  T  will  evidently  take  its  maximum 
when  (f>  has  such  a  value  that  2/  cos  2^  is  positive,  or  0 
must  be  90°. 

Hence  the  greatest  intensity  of  shear  will  be  found  some- 
where along  the  minor  axis.  But  the  preceding  expression 
shows  that  T  varies  directly  as  the  distance  from  the  centre. 
Hence  the  greatest  intensity  of  shear  is  found  at  the  extremities 
of  the  minor  axis. 
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Making  ^=90^  and  r  =  6  in  the  value  of  T, 

T  =  T„=Gab{i-f)=Ca^2-^f    ■     •     •     (40) 


•  t  ♦  • 


Taking  Ga  from  eq.  (40)  and  inserting  it  in  eq.  (38), 


in  which 


M=r„^^^»r„^-. 


zab^ 


(41) 


/.=     .   . 


or  the  moment  of  inertia  of  the  section  about  the  major  axis. 


Equilateral  Triangle  about  its  Centre  of  Grav^Uy. 

This  case  is  that  of  a  cylindrical  piece  whose  nonnal  cross- 
section  is  an  equilateral  triangle,  and  the  torsion  will  be  sup- 
posed abbut  ah  axis  passing  through  b 
the  centres  of  gravity  of  the  different 
normal  sections.  The  cross-section  is 
represented  in*  Fig.  3,  G  being  the  h 
centre  of  gravity  as  well  as  the  origin 
of  co-ordinates. 

Let  GH  =  }fiD  =a.   Then  from  the    ^ 
known  properties  of  such  a  triangle, 


Fig.  3. 


FD^DB  =  BF  =  2a\^, 


Hence  the  equation  for  DB  is ;  r  sin  <^ 7= — -  =  o , 

V3 

Hence  the  equation,  for  BF  is ;                 r  cos  <^  4-  a  =  o . 
Hence  the  equation  for  FD  is;  r  sin  ^  + ;=— ^  =0. 


V3 
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Taking  the  product  of  these  three  equations  and  reduc- 
ing, there  will  result  for  the  equation  to  the  perimeter 

—  —  T"  cos  36= — (42) 

2     6a        *^^      3  ^^ 

Comparing  this  equation  with  eq.  (33), 


I  -     ^     2a* 


cr,=  — 2-    and    C  = 
•        6a  3 


Hence 


r*sin3<^ 
^  =  "«— 6^— (43) 


And  by  eqs.  (19)  and  (20) 


T.-Ga^^: („) 


^       ^  /      f*cos3^\  ,    ^ 

T,^=Ga[r ^^j (45) 


Eq.  (22)  then  gives 


M=^Gah'  Ga 


p 


'ir-^^'^*: 


"Gaylp—a^y/zj  -0.6  6^a/^«  1.8  (Faa'VJ;  . 
since  /<>— polar  moment  of  inertia — 3a*\/3. 


(46) 


I 
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By  eq.  (34) 


(47) 


dT  .  .       ^ 

.'.  jT^o    gives    sin  3^  =  0, 

or 

^«o°,  60^,  120^  180®,  240^  300®,  or  360^     • 

The  values  o®,  120°,  240®,  and  360^  make 

cos3t^=+i; 

hence,  for  a  given  value  of  r,  these  make  T  a  minimum.  The 
values  60*^,  180^,  and  300*^  make, 

cos3<^  =  -i; 

hence,  for  a  given  value  of  r,  these  make  T  a  maximum. 
Putting  cos  3^  -  —  I  in  eq.  (47), 


-Ga{r-,'j) 


(48) 


This  value  will  be  the  greatest  possible  when  r  is  the 
greatest.  But  <^  =  60°,  180*^,  and  300°  correspond  to  the  nor- 
mal a  dropped  on  each  of  the  three  sides  of  the  triangle 
from  G,  Hence  r =a,  in  eq.  (48),  gives  the  greatest  intensity 
of  shear  7^,  or 

T^^^Gaa (49) 
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Or  the  greatest  intensity  of  shear  exists  at  the  middle  point 
of  each  side.  Those  points  are  the  nearest  of  all,  in  the 
perimeter,  tp  the  axis  of  torsion. 

The  value  of  Ga,  from  eq.  (49),  inserted  in  eq.  (46), 
gives 

M=o.4^r^=-^,       ....     (50) 
in  which  I  =»  side  of  section  «=  2a\/^ 


Rectangular  Section  about  an  Axis  passing  through  its 

Centre  of  Gravity. 

In  this  case  it  will  be  necessary  to  consider  one  of  the 
transcendental  forms  to  which  the  integration  of  eq.  (13) 
[or  (26)] leads;  for  if  the  polar  eqtiation  to  the  perimeter  be 
formed,  as  was  done  in  the  preceding  case,  it  will  be  found 
to  contain  r*,  to  which  no  term  in  eq.  (33)  corresponds. 

If  e  is  the  base  of  the  Napierian  system  of  logarithms 
(numerically  ^  =  2.71828,  nearly)  and  A  any  constant  what- 
ever, it  is  known  that  the  general  integral  of  the  partial 
differential  eq.  (13)  may  be  expressed  as  follows: 

when  n'+»"=o;  for 

d^u      dhi       du       .  ,  ,       ,,^  ^    ^  -1  ^ 

But  the  second  member  of  this  equation  is  evidently 
equal  to  zero  if 


{n^  +  n'^)  =0    or    n'  «V  — »*. 
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These  relations  make  it  necessary  that  neither  n  or  W  shall 
be  imaginary. 

It  will  hereafter  be  convenient  to  use  the  following  no- 
tation for  hj^rboUc  sines,  cosines,  and  tangents : 

sm^» :     coh/= ;     andtah/=— - — r; 

2  2  e^+e^ 


By  the  use  of  Euler's  exponential  formula,  as  is  well 
known,  and  remembering  that  n'^^—n^,  eq.  (51)  may  be 
put  in  the  following  form : 

u^S£^^*  [A^ sin  (nr  sin  0)  +A\ cos  (nr  sin  ^)], 

in  which  the  sign  of  summation  is  to  be  extended  to  all  pos- 
sible values  of  A^  and  A\.  At  the  centre  of  any  section  for 
which  r  is  zero,  u  must  be  zero  also,  for  the  axis  of  the  piece 
is  not  shortened.  This  condition  requires  that  A\^o',  u 
then  becomes 

u^JS^^^*  A^ sin  (nr  sin  ^). 

The  subsequent  analysis  will  be  simphfied  by  introduc-, 
ing  the  form  of  the  hyperboUc  sine,  and  this  may  be  done 
by  adding  and  subtracting  the  same  quantity  to  that  al- 
ready tmder  the  sign  of  summation,  in  such  a  manner  that 

u  — 2X>1^ sin  (nr sin ^).sih-<»r cos •^)     

+  iA^sm  {nr  sin  0)  e"^  ~« ♦].     (52) 

Now  if  the  product 

sin  (nr  sin  ^)  ^-•^^^ 


920 
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be  developed  in  a  series  and  multiplied  by  A^  one  term  will 
consist  of  the  quantity 

—  f*sin  ^cos  ^ 
multiplied  by  a  constant,  and  if 

JA^  sin  (nr  sin  4>)  e'^^^^ 


be  replaced  by  simply, 


—  ar^  sm  (f>  cos  </>$ 

all  the  conditions  of  the  problem  will  be  fotmd  to  be  satis- 
fied.  This  is  equivalent  to  putting 

—  ar^  sin  0  cos  ^ 

for  a  general  function  of  r  sin  ^  and  r  cos  ^.  This  change  will 
give  the  following  form  to  w,  first  used  by  Saint-Venant: 

u^IA^  sin  {nr  sin  0) .sih  {nr  cos  <f>)'-ar^  sin  ^  cos  </>.    (53) 

Fig.  4  represents  the  cross-section  with  C  as  the  origin  of 
co-ordinates  and  axis.    The  angle  ^  is  meastu^  positively 


Fig.  4. 

from  CN  toward  CH.  At  the  points  N,  H,  K,  and  L,  in  the 


J 
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equation  to  the  perimeter,  dr^  will  be  zero.    Hence  at  those 
points,  by  eq.  (21), 

-j-^IlA^  sin  (nr  sin  4) -^  cos  ^.coh  {nr  cos  4) 

+A^.n  sin  ^.cos  (nr  sin  ^)  .sih  {nr  cos  ^)] 
—  2ar  sin  </>  cos  (f>  «o. 

At  the  points  under  consideration  ^  has  the  values  o^, 

90®,  180*^,  270°,  and  360°.   At  the  points  N  and  AT,  ^  =0°  or 

180*^;  hence  sin  ^  =  0,  and  both  terms  of  the  second  mem- 

du 
ber  of  -r-  reduce  to  zero,  whatever  may  be  the  value  of  n. 

But  at  H  and  L,  ^  =90®  and  270®;  hence  sin^=+ior— i 
and  cos  <^  =  o. 

I„  oMc,  then,  .ha.  j^ -o  a.  «  and  L,  these  .ust  Obtain: 

cos  nr  =cos  ( —  nr)  =0. 
If  HL^e  and  ATiV^ft,  then 

cos--=cos(^-— j=o (54) 

If  the  signification  of  n  be  now  somewhat  changed  so  as 
to  represent  all  possible  whole  numbers  between  o  and  00, 
eq.  (54)  will  be  satisfied  by  writing 


2«— I 

7: 
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for  n  in  that  eqviatioii.     Eq.  (53)  will  then  become 

•  /2W — I  \  /2W — I  \ 

«  =  2'i4^sin  I ;rr  sin  0)  .sih  I ttt  cos  4>) 

—  ar^  sin  ^  cos  ^ (55) 

The  qtiantity  A  ^  yet  remains  to  be  determined  by  the 
aid  of  eq.  (21),  which  expresses  the  condition  existing  at 
the  perimeter  of  any  section. 

Now,  for  the  portion  BN  of  the  perimeter, 

rcos  0=~f 
^    2 

dr 
and  — j^  will  be  the  tangent  of  (—0),  or 

dr 
'  =--tan  (  — 0)«tan  ^. 


r^<l> 


Hence  eq.  (21)  becomes 


du 

5r 


du 

+  ar 


=tan^.      .     .    i    •.   •     (56) 


rd<f> 

or  ,     . 

du               du 
ar  sin  ^  =  -7-  cos  ^ ^  sin  ^. 

Substituting  from  eq.  (55),  then  making 

f  cos  9=-, 

S-     2n— I        , /2n— I  ,\    .    /2n— I       .       \ 
rsm^  =  i'A..-^^;r.coh|^-^^;r6^.sm|^— ^-;rrsm0j 
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If  r  sin  0  be  represented  by  the  rectangular  co-ordinate 
y,  and  another  quantity  by  H,  the  above  equation  may  be 
written 

c  c  c 

+  .  .  .  -if,  sin' r**~\jy+  .  .  . 

If  both  sides  of  this  equation  be  multiplied  by 

sin  (^^^ty)  •  dy. 


and  if  the  integral   then  be  taken  between  the  limits  o 

and  - ,  it  is  known  from  the  integral  calculus  that  all  terms 
2 

except  the  n'*  will  disappear,  and  that 


e  £ 


Completing  these  simple  integrations, 


^•"((■2n-i)J  (~'^""'c- 


Hence 

(— i)»~*c*  4       2ac 


A." 


»     (2n-i)Vc-(2n-i)ff-^^j^ 


(^'») 
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If  this  value  of  i4  ^  be  put  in  eq.  (55),  and  if  rectangular 
co-ordinates 

y=fsin0    and    £r=rcos^ 
be  introduced,  that  equation  will  become 

» 

,  ( - 1)»-»  sin  (^^Jry)  . sih  r^^nz) 

(iV.ac'I ^     ^      /     _    \ 

W  '  (2»  - 1)»  coh  (^^'^&) 


•     (57) 


This  value  of  u  placed  in  eq.  (31)  will  enable  the  moment 
of  torsion  to  be  at  once  written. 

The  limits  +y^  and  -y^  are  +-  and  — ,  and  the  limits 

2  2 

h  h 

+^0  and  -j^o  are  +-  and  — .     Hence 

2  2 

«(2,  for  brevity; 
i         ,,y,^(-.)-..sih(i;LZl^).si„(j!L^^)-j 
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For  the  next  integration 


.+  i 


f/Qzdz^ 


abc 


12 


/2\'g*(2n~i)7r 


2bc  ,  2n— 

.con 


2C 


-  nb—  7 ry-isih  ( nb ) 


(2W— i)'coh 


e^-^) 


/ 


+- 


Ry  dy  «=  a6c 


12      \7r/   (>    I 


A^'  _--i-  /2»  — 


j-2  sih 


5i(2n--i)'7r'         \    2g 


-^6) 


(2n—  i)' coh  ( Tzb\ 


Thus  the  integrations  indicated  in  eq.   (31)  are  com- 
pleted.    Hence 

M^G\JQzdz^JRydy^al^\^. 


Remembering  that 


<-^)' 


M^Gtt 


6  ■*"     JT*    t(2«-i)*        ^  t       (2«-l)*       J' 


(58) 


But  it  is  known  that 


Jl        I       ^     2      ^ 

,    (2«— l)*       I.2.3*2** 
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Hence  eq.  (58)  becomes 


La     ^bi       (2n-i)»      J-     • 


M=G^a6c»|    7-:f  r-5*— TTT-TTi-^    I-      •     (S9) 
Since 

e^.^?-  •  •  •) 

/i— tah;r      i— tah37r     i— tah  5;r  \ 

\      I       ^      3'  .  5'       "•"  *  •  7 

tah  ;r     tah  3;r     tah  5;: 
I  3  5 


and  since 


64 

^  =  0.209137, 


and  remembering  that 


7\2n-V  ^'■*"3'     S'"*"  •  •  •   "V     2V295.I2I5* 


cq-  (59)  becomes 

M  =Gai>c' I    -  -  0.2 100837- 


^    ?r&  .   3;r& 

I— tan  —     I —tan 


n 

CI  2C  .  2C  II 


+  o.209i37j;\ ^ +  -5 +  .  .  ./I.  (60) 

Eq.  (60)  gives  the  value  of  the  mcanent  of  torsion  of  a 
rectangular  bar  of  material. 
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If  z  had  been  taken  parallel  to  6,  and  y  parallel  to  c,  a 
moment  of  eqtial  value  woiild  have  been  found,  which  can 
be  at  once  written  from  eq.  (60)  by  writing  b  for  c  and  c  for  b. 

That  moment  will  be 

M'-=Gacb*\    -^  —  0.210083- 

,/i-tah^     i-tah^  " 
b\             20                 20  I    ■       „  N 

+  0.209137-^ + -, +  . .  .  /    1.     (61) 

Eq.  (60)  should  be  used  when  b  is  greater  than  c,  and  eq. 
(61)  wheti  c  is  greater  than  6,  because  the  series  in  the  paren- 
theses are  then  very  rapidly  converging,  and  not  diverging. 
Jt  will  never  be  necessary  to  take  more  than  three,  or  four 
terms  and  one,  only,  will  ordinarily  be  sufficient.  The  follow- 
ing are  the  values  of 


(i-tahf) 


for  a  few  values  of  n: 


1 1— tah  — j  =0.083  •  0-00373  •  0.000162  :  0.000007; 

n  =»    I      :        2       :        3        :        4 

Square  Section. 
If  c  -=6  either  eq.  (60)  or  eq.  (61)  gives 

M=^Gab^\  — 0.2101+0.209(1— tah -j    ; 

.'.  A/  =  o.i4o6  Ga6*=(7a 7-,       .     .     (62) 

42.7  ip 
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in  which  ^4  is  the  area  ( — &,)  and  Ip  is  the  polar  moment  of 
inertia  (  ^rj- 


Rectangle  in  which  h^2C. 
If  6  =»  2C,  eq.  (60)  gives 


M 


Ga.2C*l — 0.105 +0.1046  (i— tah;r)j; 

A* 

/.  M^o.^^TGac^-^Ga-—Y,     .     .     .     (63) 

42  ip 


in  which  A  is  the  area  ( «  2c')  and  Ip  "-polar  moment  of  in- 
ertia 

12  6  * 


Rectangle  in  which  6  «4C. 
If  6  ■=  4c,  eq.  (60)  then  gives 

M=Gahc^l — 0.0525  j  - 1. 123  G^ac*; 

in  which  A  —area  —  4c*  and  Ip  -polar  moment  of  inertia 

he*  +  6V     17c* 
12  .^ 
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If  h  is  greater  than  2c,  it  will  be  sufficiently  near  for  all 
ordinary  purposes  to  write 

M-ffay(i-o.63^) (65) 


Greatest  Intensity  of  Shear, 

There  yet  remains  to  be  determined  the  greatest  inten* 
sity  of  shear  at  any  point  in  a  section,  and  in  searching  for 
this  quantity  it  will  be  convenient  to  use  eqs.  (28)  and  (29). 

It  will  also  be  well  to  observe  that  by  changing  z  to  y^ 
y  to— 0,  c  to  6,  and  6  to  c,  in  eq.  (57),  there  may  be  at  once 
written 

/  \t          (  — i)*"'sin( — r — ^rsj.sihf — r — Tty] 
u^„zyJi)\ah*I— ^    ^       /       ^    \        K  (66) 

m 

This  amounts  to  turning  the  co-ordinate  axes  90*. 
Since  the  resultant  shear  at  any  point  is 


it  will  be  necessary  to  seek  the  maximum  of 

The  two  following  equations  will  then  give  the  points 
desired: 
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d 


Key     (du        \d*u    (du        \/d*u        \  .^. 

It  is  tinnecessary  to  reproduce  the  complete  substitu- 
tions in  these  two  equations,  but  such  operations  show  that 
the  points  of  maximum  values  of  T  are  at  the  middle  points  of 
the  sides  of  the  rectangular  sections,  omitting  the  evident  fact 
that  r  =  o  at  the  centre.  It  will  also  be  found  that  the  great- 
est intensity  of  shear  will  exist  at  the  middle  points  of  tlie 
greater  sides. 

This  result  may  be  reached  independent  of  any  analytical 
test,  by  bearing  in  mind  that  an  elongated  ellipse  closely 
approximates  a  rectangular  section,  and  it  has  already  been 
shown  that  the  greatest  intensity  in  an  elliptical  section  is 
fotmd  at  the  extremities  of  the  smaller  axis. 

By  the  aid  of  eqs.  (28),  (29),  (57),  and  (66),  it  will  also 
be  found  that  T^-^o  at  the  extremities  of  the  diameters, 
and  r,  =  o  at  the  extremities  of  the  diameter  6.  The  maxi- 
mum value  of  T  will  then  be 

r.--r,--^(J-a:y)_.   .   .   •   (69) 


c 


By  the  use  of  eq.  (57) 


du 


-aay+^;j  .ac  ^                         -——-— 
^'  (2«-i)»coh( ;r6j 
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Putting  jj =o  and  y=—  in  this  equation,  there  will  result 


T^  =  GacFi  -  -J r~l  •  •     (70) 


I  *  (2n— i)^coh 


2C 


nb 


If  6  is  greater  than  c  the  series  appearing  in  this  equation 
is  very  rapidly  convergent,  and  it  will  never  be  necessary  to 
use  more  than  two  or  three  terms  if  the  section  is  square,  and 
if  6  is  four  or  five  times  c  there  may  be  written 

T^^Gac (71) 


Square  Section, 

Making  h^cm  eq.  (70),  and  making  n  =  i,  2,  and  3  (i.e., 
taking  three  terms  of  the  series),  there  will  result 

T 
r^«  0.676  G^ac;     .'.  (7a  =  1.48—*. 

w 


Inserting  this  value  in  eq.  (62), 

M-o.2i&«r.=-^4^ (72) 


.-.  r^ -0.8-7-0 -s-n (73) 


in  which 


J     h*        ,         be 
/— —    and    c— -— . 

12  3       2 
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Rectangular  Section;  b^2C. 

Making  6  =  2C  in  eq.  (70),  and  making  n«i,  only,  there 
will  restilt 

T 
T^^  o.gsGac;    .'.  Ga«  1.08-5. 

c 

Inserting  this  value  in  eq.  (63), 

TT 
M«o.49c»r^  =  i.47-j= (74) 

M        M 
:.  r^=o.68ja«2-p,     ....     (75) 


in  which 


-    be*    c*        ^  c 

/  =  —  =7-    and    a=- 

12     6  2 


Rectangular  Section;  b^^c. 
Making  6  «4(r  in  eq.  (70),  and  making  n  « i,  only, 

T 
7*^=0.997  Gac;    .'.  Ga « 1.003— ^. 

c 

Inserting  this  value  in  eq.  (64), 

IT 
M  =  i.i26  cT^  =  i.69 — -.     .     .     .     (76) 

a 

Af  M 

.*.  r„-o.6ya-o.9^,     .....     (77) 


in  which 


,    be*    c*        ^         c 
/-. —  —    and    o—-. 
12     3  a 
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Circular  Section  about  its  Centre. 

The  torsion  of  a  circular  cylinder  furnishes  the  simplest 
example  of  all. 

If  fo  is  the  radius  of  the  circular  section,  the  polar  equa- 
tion of  that  section  is 


r  * 

— =C  (constant). 


Comparing  this  equation  with  eq.  (33),  it  is  seen  that 


V •  **  w • -~- w « **     •    •   •  "^1     """     2     ~~    •    •   •  "^  O, 


By  eq.  (32)  this  gives  «  =0.     Hence  all  sections  remain 
plane  during  torsion. 

Eqs.  (19)  and  (20)  then  give 

T„^o    and     T^^^Gar (78) 

Eq.  (23)  gives  for  the  moment  of  torsion 

M=GaIp (79) 

or 

M^o.5  7trQ^.Ga= — 2^r^;  •     •     •     •     (80) 

47r  Ip 

in  which  equation  A  is  the  area  of  the  section  and 


T        ^g 
'^         2 


4 
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The  greatest  intensity  of  shear  in  the  section  will  be  ob- 
tained by  making  r-^r^  in  eq.  (78),  or 

T^^Gau\    :.GaJf' (81) 

Eq.  (80)  then  becomes 

IT 
il/  =  o.5;rro*r^  =  2— a (82) 

M         M 
•••  r^-=o.64^,  =  o.s-T-ro, (83) 

in  which  /  =  — -^ 

4 

It  is  thus  seen  that  the  circular  section  is  the  only  one 
treated  which  remains  plane  during  torsion. 


General  Observations. 

The  preceding  examples  will  sufficiently  exemplify  the 
method  to  be  followed  in  any  case.  Some  general  conclu- 
sions, however,  may  be  drawn  from  a  consideration  of 
eq.  (33)- 

If  the  perimeter  is  symmetrical  about  the  line  from 
which  <f>  is  measured,  then  r  must  be  the  same  for  +  <j>  and 
—  ^;  hence 

Ci    — (Tj    — C3    =    .  .  .      =0. 

If  the  perimeter  is  S3mimetrical  about  a  line  at  right 
angles  to  the  zero  position  of  r ,  then  r  must  be  the  same  for 

^«9o«>+<^'    and    90*^-^'; 
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hence 

^l""^f'*^i  •  •  •       ""^j  ^C^  =C0  «■  . . .    «o« 

In  connection  with  the  first  of  these  sets  of  results, 
eq.  (32)  shows  that  every  axis  of  symmetry  of  sections  repre- 
sented by  eq.  (33)  will  not  he  moved  from  its  original  position 
by  torsion. 

If  the  section  has  two  axes  of  symmetry  passing  throt^h 
the  origin  of  co-ordinates,  then  will  all  the  above  constants 
be  zero,  and  its  eqtiation  will  become 

-■  +cjr^  cos  2^+c/*  cos  4^  +  Cer«  cos  6^+  . . .     ^K. 


Art.  7. — ^Torsional  Oscillations  of  Circular  Cylinders. 

Two  cases  of  torsional  oscillations  will  be  considered, 
in  the  first  of  which  the  cjdindrical  body  twisted  is  sup- 
posed to  be  the  only  one  in  motion.  In  the  second  case, 
however,  the  mass  of  the  twisted  body  will  be  neglected, 
and  the  motion  of  a  heaA^r  body,  attached  to  its  free  end, 
will  be  considered.  In  both  cases  the  section  of  the  cylin- 
der will  be  Considered  circular. 

Since  these  cases  are  those  of  motion,  the  internal 
stresses  are  not,  in  general,  in  equilibrium ;  hence  equations 
of  motion  must  be  used,  and  those  of  Art.  3  are  most  con- 
venient. Of  these  last,  the  investigations  of  the  preceding 
article  show  that  eq.  (4)  is  the  only  one  which  gives  any 
conditions  of  motion  in  the  problem  tmder  consideration. 

Putting  the  value  of 
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in  eq.  (4)  of  Art.  3,  that  equation  may  take  the  fonn 

dhv     GdPw  dhv    ,,rf^ 

For  brevity,  6'  is  written  for  — . 

That  dimension  of  the  cross-section  of  the  body  which 
lies  in  the  direction  of  the  radius  will  be  assiuned  so  small 
that  w  may  be  considered  a  function  of  x  and  t  only.  The 
results  will  then  apply  to  small  solid  cylinders  and  all  hollow 
ones  with  thin  walls. 

The  general  integral  of  eq.  (i),  on  the  assumption  just 
made,  is  (Booles'  **  Differential  Eqtiations/'  Chap.  XV. 
Ex.  i) 

w^f{x  +  bt)+F{x-bt), 

in  which  /  and  F  signify  any  arbitrary  functions  whatever. 
Now  it  is  evident  that  all  oscillations  are  of  a  periodic  char- 
acter, i.e.,  at  the  end  of  certain  equal  intervals  of  time,  w 
will  have  the  same  value.  Hence  since  /  and  F  are  arbitrary 
forms,  and  since  circular  functions  are  periodic,  there  may 
be  written 

w^A Jsin  {a^x  +  aj)t) +sm  (a^x  —  a^bt)] 

—  BJcos  {a^x  +  ajft) —cos  {oc^x  —  ajbt)},     (2) 

in  which  cr^,  A^,  and  B„  are  coefficients  to  be  determined. 

Substituting  for  the  sines  and  cosines  of  sums  and  differ- 
ences of  angles, 

m;  =  2  sin  a„x(A „  cos  aj)t  +  B^  sin  aj>t).   .     .     (3) 

Let  the  origin  of  co-ordinates  be  taken  at  the  fixed  end 
of  the  piece,  w  must  then  be  equal  to  zero,  as  is  shown  by 
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eq.  (3).  But  there  may  be  other  points  at  \^ich  w  is  always 
equal  to  zero,  whatever  value  the  time  i  may  have.  These 
points,  called  nodes ^  are  foimd  by  putting  zt;=o,  or 

sin  ax^o (4) 

This  equation  is  satisfied  by  taking 


n      2n      37r  nn 

a      a '      a  'a 


and  ^  « a ;  in  which  a  is  the  length  of  the  piece. 
Hence  at  the  distances 

a    a  a 

'23  '  n 

from  the  fixed  end  of  the  piece,  there  will  exist  sections  which 
are  never  distorted  or  moved  from  their  positions  of  rest.  These 
are  called  nodes,  and  one  is  assumed  at  the  free  end,  although 
such  an  assumption  is  not  necessary,  since  a  is  really  the 
distance  from  the  fixed  end  to  the  farthest  node  and  not 
necessarily  to  the  free  end. 

If,  as  is  permissible,  An  and  B^  be  written  for  twice 
those  quantities,  the  general  value  of  w  now  becomes 


,    izx(  .  nhi     _     .    nhtK 

w =sm  — I  A.  cos  —  +  S,  sm  —  I 

a  \    ^  a         *         a  J 

.     2Tzxl  ^  2T:ht      __     .     27r6A 

+  sm  —\^\  cos  —  +i?,  sm  —  j 
+  sin  -^^(.4.  cos  ^  +  B.  sin  ^^) 


.    mzxl  ^  nizht     _     .    mzht\  ,  . 

+  sm — (i4nCos h^nsm 1.  .     .     (s) 

a  \  a  a  I  ^^^ 
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The  coefficients  A  and  B  are  to  be  determined  by  the 
ordinary  procedure  for  such  cases.     Let 

be  the  expression  for  the  initial  or  known  strain  at  any  point, 
for  which  the  time  i  is  zero.  Then  if  A»  is  any  one  of  the 
coefficients  A, 


(6) 


The  velocity  at  any  point,  or  at  any  time,  will  be  given 
by 

-77  =  — sm — lA-sm Rcos  — ) — .  .     .     (7) 

In  the  initial  condition,  when  the  time  is  zero,  or  /=o, 
it  has  the  given,  or  known,  value 


dWy^ 
'dt 


=  0(x)  ---[B,  sm  — +  25,  sm-^  +  3B,sm ^+  . .  .j. 

Then,  as  before, 

^«=^6y„*Wsin-^ (8) 

Thus  the  most  general  value  of  w  is  completely  deter- 
mined. 

The  intensity  of  shear  at  any  place  or  time  is  given  by 


^    ^dw 
dx 


w  being  taken  from  eq.  (s). 
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The  second  case  to  be  treated  is  that  of  the  torsion  pen- 
dulum, in  which  the  mass  of  the  t\^dsted  body  is  so  incon- 
siderable in  comparison  with  that  of  the  heavy  body,  or 
bob,  attached  to  its  free  end  that  it  may  be  neglected* 

Let  M  represent  the  mass  of  the  pendulum  bob,  and  k 
its  radius  of  gyration  in  reference  to  the  axis  about  which  it  is 
to  vibrate,  then  will  Mk^  be  its  moment  of  inertia  about  the 
same  axis. 

The  unbalanced  moment  of  torsion,  with  the  angle  of 
torsion  a,  is,  by  eq.  (9)  of  Art.  6, 

GoJp. 

The  elementary  quantity  of  work  performed  by  this 
unbalanced  couple,  if  /?  is  the  general  expression  for  the 
angular  velocity  of  the  \nbrating  body,  is 

Galp.^dt. 

This  quantity  of  energy  is  equal  in  amount  but  opposite 
in  sign  to  the  indefinitely  small  variation  of  actual  energy 
in  the  bob ;  hence 

Gcdp^dt  =  ~rf  (^^^^  =  -Mk'pd^. 

But  if  a  is  the  length  of  the  piece  twisted, 
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Multiplying  this  equation  by  2d(acr),  and  for  brevity 
putting 

/GL 


{^)-H,     (Mk^)=K; 


then  integrating  and  dropping  the  common  factor  a', 

When  a—a^y  the  value  of  the  angle  of  torsion  at  the 
extremity  of  an  oscillation,  the  bob  will  come  to  rest  and 

-t:  will  be  zero.     Hence 
at 


C^Ha,^ 


and 


da  iH   ,. 

:.    sm-*-^  =  i"^^  +  (C"'=o).       ...     (9) 

C  =0  because  a  and  t  can  be  put  equal  to  zero  together. 
At  the  opposite  extremities  of  a  complete  oscillation  a 
will  have  the  values 

(  +  ai)    and     (-a,). 
Putting  these  values  in  the  expression 
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and  taking  the  difference  between  the  results  thus  obtained, 
the  following  interval  of  time  for  a  complete  oscillation  will 
be  found: 

\K          \M¥a  ,    , 

r^^y^^^n^^-^ (") 

The  time  required  for  an  oscillation  is  thus  seen  to  vary 
directly  as  tlie  square  root  of  the  moment  of  inertia  of  the  bob 
and  the  length  of  the  piece,  and  inversely  as  the  square  root  of 
the  coefficient  of  elasticity  for  shearing  and  the  polar  moment 
of  inertia  of  the  normal  section  of  the  piece  twisted. 

The  number  of  complete  oscillations  per  second  is  -.   If 

this  number  is  the  observed  quantity,  the  following  equa- 
tion will  give  G\ 

TT^Mk'a 


-©■ 


ip 


The  formulas  for  this  case  should  only  be  used  when  the 
mass  of  the  cylindrical  piece  twisted  is  exceedingly  small  in 
comparison  with  M. 

Art.  8. — ^Thicky  Hollow  Spheres. 

In  order  to  investigate  the  conditions  of  equilibrium  of 
stress  at  any  point  within  the  material  which  forms  a  thick 
hollow  sphere,  it  will  be  most  convenient  to  use  the  equa- 
tions of  Art.  4.  As  in  the  case  of  a  thick  hollow  cylinder, 
the  interior  and  exterior  surfaces  of  the  sphere  are  supposed 
to  be  subjected  to  fluid  pressure. 

Let  r'  and  r^  be  the  interior  and  exterior  radii,  respec- 
tively. 

Let  —  p  and  —  pi  be  the  interior  and  exterior  intensities, 
respectively. 
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Since  each  surface  is  subjected  to  normal  pressure  of  uni- 
form intensity  no  tangential  internal  stress  can  exist,  but 
normal  stresses  in  three  rectangular  co-ordinate  directions 
may  and  do  exist.   Consequently,  in  the  notation  of  Art.  4, 

With  a  given  value  of  r,  also,  a  uniform  state  of  stress 
will  exist.  Neither  N^  nor  N^  can,  then,  vary  with  if>  or  (jf. 
By  the  aid  of  these  considerations,  and  after  omitting  R^ 
*o.  '^oi  and  the  second  members,  the  eqs.  (i),  (2),  and  (3) 
of  Art.  4  reduce  to 

SF^ r °'     ••••(!) 

-Nt+N^-'O (2) 

By  eq.  (2) 

Eq.  (i)  then  becomes 

w+'—r^"" (3) 

On  account  of  the  existing  condition  of  stress  which  has 
just  been  indicated  it  at  once  results  that 

j^  s  a>=o, 

and  that  pis  a,  function  of  r  only. 

Eqs.  (4)  to  (10)  of  Art.  4  then  reduce  to 

»4^^^ (4) 

^'-T^'+4;= (S) 

N,-Nt-^«+^.     ....    (6) 
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After  substitution  of  these  qtiantities,  eq,  (3)  becomes 
jGt{d'p2rdp-2£dr\d'p  dp  p 


or 

d 


. .  {'¥) 


dr'  +~dr  =°- 

One  integration  gives 

dF+T"''^ (7) 

Hence  0,  the  rate  of  variation  of  volume,  is  a  constant 
quantity.    Eq.  (7)  may  take  the  form 

ft 

rdf)  +  2pdr=^crdr. 

As  it  stands,  this  equation  is  not  integrable,  but,  by  in- 
specting its  form,  it  is  seen  that  r  is  an  integrating  factor. 
Multiplying  both  sides  of  the  equation,  then,  by  r, 

r^dp+2rpdr=^d(r^p)  ^cr^dr; 

r'     ,  cr    b 

/.  rV=cj+6;     /.  p^-  +  -r      .     •     .     (8) 

Substituting  from  eqs.  (7)  and  (8)  in  eq.  (5), 

^'-i^r'H-f -1^; (9) 

It  is  obvious  what  .4  represents. 
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When  r'  and  r^  aire  put  for  r,  Nr  becomes  —  p  and  —p^. 
Hence 


and 


A  4^ 


A-JT---Pv 


These  equations  express  the  conditions  involved  in  eqs. 
(13),  (14),  and  (15)  of  Art.  2. 
The  last  equations  give 

These  quantities  make  it  possible  to  express  A^,  and  A^ 
independently  of  the  constants  of  integration,  c  and  b,  for 
those  intensities  become 

^^r-    f'*_r*  r'^-r*       r*'      '     ^"^ 

A7  _^7      Px^*-P^\  (P-P)ry  I  ,. 

Thus  it  is  seen  that  N^=N^  has  its  greatest  value  for 
the  interior  surface;  that  intensity  will  be  called  h. 

It  is  now  required  to  find  r, — r'  >■  Hn  terms  of  h,  p,  and  p^. 
If  r^r*  in  eq.  (ji), 
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Dividing  this  equation  by  /*  and  solving. 


.     r       ,-t      ,''1     ^^^'  +  ^^  tf  CT,^ 

..r,-r'=<-rvj^^^_^^^^^-f'.      .     .     (12) 

If  the  intensities  p  and  />j  are  given  for  any  case,  eq.  (12) 
will  give  such  a  thickness  that  the  greatest  tension  h  (sup- 
posing p^  considerably  less  than  p)  shall  not  exceed  any 
assigned  value.  If  the  external  pressure  is  very  small  com- 
pared with  the  internal,  p^  may  be  omitted. 

The  values  of  A  and  4Gb  allow  the  expressions  for  c  and 
6  to  be  at  once  written. 

If  p^  is  greater  than  p,  nothing  is  changed  except  that 
N^  =iV^  becomes  negative,  or  compression. 


CHAPTER  III. 

THE  ENERGY  OF  ELASTICITY. 

Xrt.  Q. — Work  Expended  in  Producing  Strains. 

The  general  expressions,  in  rectangular  co-ordinates,  for 
the  unbalanced  forces  which  act  in  the  three  co-ordinate 
directions  upon  any  indefinitely  small  parallelopiped  of 
material  subjected  to  any  state  of  stress  whatever  are  givea 
by  multiplying  each  of  eqs.  (7),  (8),  and  (9)  of  Art.  2  by 
{dx  dydz).  If  an  indefinitely  small  change  in  the  state  of 
stress  takes  place,  that  indefinitely  small  parallelopiped  will 
suffer  a  displacement  whose  rectangular  components  are  du, 
di\  dw\  and  the  amount  of  work  performed  in  moving  it  will 
be  found  by  multiplying  each  of  the  three  unbalanced  forces, 
determined  as  above,  by  each  of  the  three  small  strains  be- 
longing to  the  same  direction  with  the  force  (as  in  Art.  2 
u,  7;,  and  w  are  strains  in  the  directions  of  x,  y,  and  z).  This 
differential  quantity  of  work,  integrated  throughout  the 
extent  of  the  body,  will  give  the  elementary  quantity  of 
work  required  for  the  small  deformation  and  motion  of 
the  whole  body. 

The  resulting  equations  form  the  foundation  of  investi- 
gations in  elastic  vibrations  and  resilience ;  they  also  furnish 
the  means  of  reaching  some  general  conclusions  in  reference 
to  suddenly  applied  loads. 

Let  dW  represent  the  elementary  quantity  of  work  re- 
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quired  for  the  motion  only,  then  the  operations  which  have 
just  been  indicated  will  give  the  following  expression : 

J  J  J  L("sr  ^^  ^y  ^^  '^n^  ^^  ^y  ^^ + 'di  ^^  ^y  ^x^ 
+ (~^^^  ^y  ^^^~d^  ^^  ^y  ^^  "*"  ~d~^^^  ^^y  ^^)^^ 

+  (Xo  du  +  Vo  d^  +  Zo  rfiy)  dx  dy  dz] 

'^jj^m(dii'^  +  dv^  +  dw-^jdxdydz^dW,     (i) 

This  equation,  however,  can  be  put  in  a  much  simpler 
form  and  caused  to  take  a  shape  which  will  show  at  a  glance 
the  true  character  of  each  part ;  dx,  dy,  and  dz  are  diflFeren- 
tials  of  independent  variables,  hence  they  are  arbitrary  and 
independent.    Integrating  by  parts,  therefore, 

jjj  A-^dx.dydz.du 

=  \\  (N/  du'  -  AV  du")  dy  dz  -  \\\n,  d(^  dx  dy  dz ; 

in  which  the  primes  indicate  the  values  of  N^  and  u  at  one 
point  of  the  exterior  surface  of  the  body,  arid  the  seconds 
those  values  for  another  point  of  the  exterior  surface,  these 
points  being  taken  at  opposite  extremities  of  a  bar  of  the 
material  whose  normal  section  is  (dy  dz)  and  which  extends 
entirely  through  the  body  in  the  direction  of  x.  Maintaining 
the  same  notation  and  proceeding, 

\\\'--r^dy.dxdz.du 

«  jj{T/  du'  -  7,"  du'')  dx  dz  -  j\j  T^{^  dy  dx  di ; 
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J  I J  —f^dz  .dxdy.du 


-\\iT^'  du' ^  7/'  du')  dx  dy-\j\  ^i^(^)^  ^^^V- 

But  by  referring  to  the  equations  which  immediately 
precede  (13),  (14),  and  (15)  of  Art.  2  it  will  be  seen  that  the 
sum  of  these  three  double  integrals  will  represent  the  anunmt 
of  work  performed  on  the  body  by  the  external  forces  acting  in 
the  direction  of  ihe  axis  of  x.  Precisely  the  same  general  re- 
sults are  obtained  for  the  directions  of  y  and  z  by  treating 
in  the  same  manner  the  remaining  derivatives  of  the  internal 
intensities  in  eq.  (i).  The  preceding  operations  are  typical; 
therefore  they  need  not  be  repeated. 

Again,  by  reference  to  the  notation  and  demonstrations 
of  Art.  I, 


(I)  -^*.^ 


+d 


^(^) -'''■■  "(f)-^-'  <^-^ 


Finally 


,  d'«     ijduy      ^d*v     iJdvY       ,  dhv    i,(dw\* 


Introducing  these  reductions  and  quantities,   eq.   (i) 
becomes 
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P'da' (cos  ;r'  du^  +cos  x'  dv^  +  cos  p*  dw) 

-  fp"da"(cos  ;r"  dw"  +cos  x''  d7/'+cos  p"  dvi/') 

-  j  f  j  (^  A  +  ^  A + ^  A  +  T^i^f  ^,  +  r,d^,  +  Tji<f>;)dx  dy  dz 
+  f  f  Ux^u  +  Y^v+Z^w)  dx  dy  dz 

-lll-K(3r)"-(s)"-(t)>«^^*-<'«'-  •  •  « 

Eq.  (2)  shows  clearly  the  distribution  of  the  different 
portions  of  work  expended.  The  first  two  (single)  integrals 
evidently  represent  the  total  amount  of  work  performed  by 
forces  acting  on  the  exterior  surface  of  the  body ;  it  will  be 
indicated  by  dH^i.  If  the  forces  P*  and  P"  are  of  the  same 
kind  (i.e.,  both  pulls  or  both  pushes),  the  algebraic  sum  of 
any  two  terms  of  these  integrals  will  be  a  numerical  sum  if 
they  involve  cosines  of  the  same  letter  but  of  opposite 
signs. 

The  correct  application  of  eq.  (2)  depends  largely  upon 
the  proper  observance  of  the  signs  which  should  affect 
P',  P",  and  the  cosines. 

The  first  triple  integral  in  the  first  member  of  eq.  (2),  in 
which  each  intensity  of  stress  is  multiplied  by  the  differential 
of  its  characteristic  strain,  and  which  will  be  indicated  by  dW^, 
is  evidently  the  amount  of  work  required  for  the  small  dis- 
tortion alone  of  the  body.  The  quantity  within  the  paren- 
theses is  called  the  potential  energy  of  the  elasticity  of  a  cubic 
unit  of  material^  since,  if  it  be  multiplied  by  {dx  dy  dz),  the 
product  will  express  the  amount  of  work  that  small  portion  of 
material  caii  perform  in  returning  to  its  original  condition. 

This  potential  energy  for  a  cubic  tmit  is  easily  integrated 
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by  the  aid  of  eqs.  (ii),  (12),  (13),  (17),  (18),  and  (19)  of 
Art.  I.  Making  the  substitutions  from  those  equations  and 
iQtegrating, 

H  =  I  {N,dlx  +  ^^2 + ^ A  +  Tji<t>i^  T,d<f>,  +  T,d<l>,) 

^      \  2         /      I  — 2r  2  \  2  / 

H  is  the  potential  energy  of  a  cubic  unit  of  material  for  a 
change  of  state  extending  from  the  limit  o  to  the  strains 

Iv  hf  etc. 

The  last  triple  integral  in  the  first  member  of  eq.  (2) 
expresses  the  work  done  by  external  forces  which  take  hold 
of  the  mass  of  the  body.  Let  it  be  represented  by  d\\\. 
This  triple  integral  added  to  the  first  two  single  integrals, 
which  belong  to  the  surface  of  the  body,  will  give  the  total 
work  done  by  external  forces. 

The  second  member  of  the  equation  is  the  small  varia- 
tion of  actual  energy,  which  usually  exists  in  consequence 
of  vibrations. 

Let  V  be  the  resultant  velocity  of  the  parallelepiped, 
then  will 

i...=w.i.[(t)-.(f)%(^-]. 

By  transferring  dW^,  the  first  two  members  of  eq.  (2) 
may  take  the  form 

dW,+dW,  ^dW,+  \{\mV  dV  dx  dy  dz; 

:.  W,  +  W,  =  W,+j^jjfnVdVdxdydz.       .     (3) 

Or,  the  total  external  work  performed  is  eqtuil  to  the  m^rk 
done  in  distorting  the  body  added  to  the  change  of  actual  energy. 
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This  result  expresses  the  law  of  the  conservation  of 
energy  for  the  elastic  bodies  considered. 

If  the  external  work  is  nothing,  the  first  member  of 
eq.  (3)  is  zero.  The  actual  energy  will  then  exist  in  conse- 
quence of  a  state  of  vibration.  Let  its  variable  value  be 
represented  by  U.    Since  dx,  dy,  and  dz  are  arbitrary, 


[7=11  \m — dxdydz^C; 


•     >     -* 


C  representing  a  constant  of  integration.     Under  the  cir- 
cumstances assumed,  then, 

W^  +  U-^C. (4) 

Hence,  the  total  energy  of  the  vibrating  body  (i.e.,  the  sum  of 
the  actual  and  potential)  will  be  constant. 


Art.  10. — ^Resilience. 

The  term  resilience  is  applied  to  the  quantity  of  work 
which  .is  required  to  be  expended  in  order  to  produce  a 
given  state  of  strain  in  a  body.  The  analytical  expression 
for  this  amount  of  work  is  obtained  directly  froni  eq.  {2) 
of  the  preceding  article. 

Let  the  simple  case  of  a  single  straight  bar  be  considered, 
and  let  all  the  external  forces  act  parallel  to  the  axis  of  the 
bar  while  they  take  hold  of  the  end  surfaces,  which  are 
normal  sections.  These  external  forces  will  be  considered 
equal  to  the  internal  stresses  developed;  consequently  no 
vibrations  will  exist.  The  action  of  the  external  forces 
Xo,  Fo»  and  Zo  will  also  be  omitted. 

Now,  if  the  axis  of  x  be  taken  parallel  to  the  axis  of  the 
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bar,  and  if  that  end  of  the  bar  to  which  P"  is  applied  be 
fixed,  there  will  result  from  the  preceding  conditions 

cos  ;r'  =  cos  ?r"  =  i , 
cos  x'  =cos  p'  =cos  x"  =cos  p"  =^du"  =o, 

Eq.  (2)  will  then  become 

\p'dadu'^\[[N^dl,dxdydz.      .    .    .    {i) 

But  if  the  intensity  P'  is  uniform  and  A  the  area  of  nor- 
mal section,  eq.  (i)  becomes 

P'Adu'=AN,x,dl, (2) 

in  which  x^  is  the  length  of  the  bar. 
From  eq.  (i)  on  page  3, 

hence 

JP'A  du'  =- Resilience  =  Ax,  e{  \,  dl, «  A^,E^.  .     (3) 


The  quantity 


El  '=— i- 


is  called  the  *'  Modulus  of  Resilience.**  This  term  is  usually 
applied  when  A\  is  the  greatest  intensity  allowed  in  the  bar. 
If  one  end  of  a  bar  placed  in  a  vertical  position  is  fixed, 
while  a  falling  body  whose  weight  is  w  acts  upon  the  other 
end,  the  height  of  fall  may  be  sufficient  to  produce  rupture. 
Lret  h  be  the  height  of  fall  required  and  N^^p  the  ultimate 
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resistance  of  the  material  of  the  bar.     In  order  that  rupture 
may  take  place, 

,     Ax.  p^  ,         A   p^  ,  . 

Eq.  (4)  shows  that  the  height  of  fall  varies  directly  as  the 
length  of  the  piece.  It  is  virtually  asstmied,  however,  that 
the  extension  or  compression  is  uniform  throughout  the 
length  of  the  bar  to  the  instant  of  rupture.  This  in  real- 
ity is  not  true,  and  h  will  not  vary  as  rapidly  as  x^.  The 
principle  estabUshed  in  eq.  (4)  is  equally  true  for  torsion 
and  bending. 

Art.  II. — Suddenly  Applied  External  Forces  or  Loads. 

A  very  important  deduction  can  be  reached  by  an  atten- 
tive consideration  of  eq.  (2)  of  Art.  9,  if  it  be  asstmied  that 
the  external  forces  P'  and  P"  are  simple  and  direct  functions 
of  the  external  strains  u,  t^  and  w.  In  such  a  case  the  fol- 
lowing relations  will  hold,  in  which  a,  6,  and  c  are  constants : 

P'  cos  :r'  -aw' ;        P'  cos  x'  -^M \       P'  cos  /  ^cii/\ 
P"cos;r"=aM";    P"  cos /' -  fcz;" ;    P"cos^"=cw". 

Consequently  the  external  work  performed,  omitting 
Xo,  Vo*  and  Zo,  in  changing  the  body  from  a  state  of  no 
stress  to  that  indicated  by  the  strains  U',  V,  W,  U",  V",  W", 
will  be 


f  f      /  U'»      V      W'*\ 


-Jja"(a— +6— +c— j-W^'; 
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in  which  equations  the  integrals  are  to  be  naade  to  cover  the 
whole  extent  of  the  surface. 

If,  instead  of  being  variable,  the  forces  P'  and  P"  are 
constant  and  equal  to  the  -final  values  of  the  preceding  case 
(i.e.,  equal  to  all',  bV,  c\9\  aU",  etc.),  the  external  work 
performed  in  bringing  the  body  to  the  final  state  U',  V\  etc., 
will  be 


[dW,  =  [da'  (aU'^  +  6t>'» + trW") 


^Ida"  (aU"»+6t>"»+cW"»)=  2W\ 


This  last  case  is  that  of  "suddenly"  applied  external 
forces  or  loads,  while  the  former  is  that  of  gradual  applica- 
tion, in  which  the  external  forces,  at  each  instant,  are  equal 
to  the  internal  resistances.  In  the  case  of  sudden  application 
it  is  seen  that  the  amount  of  work  expended  is  twice  as  great 
as  in  the  other  case ;  consequently  when  the  body  arrives  at 
the  state  of  strain  indicated  by  U',  V\  etc.,  there  remains  to 
be  expended  just  as  much  work  as  has  already  been  performed, 
and  at  the  instant  in  question  it  exists  in  the  body  in  the 
shape  of  actual  energy. 

But  if  an  amount  of  energy  equal  to  W  will  produce 
the  strains  tt',  V\  etc.,  and  if,  while  the  force  acts  which 
performed  the  work,  an  additional  amount  of  energy  equal 
to  W  be  expended  on  the  body,  additional  strains  equal  to 
U',  t>',  etc.,  will  be  produced  in  the  body. 

When  the  body  comes  to  rest,  therefore,  the  external 
strains  will  be  2U',  2V',  2W',  etc.  There  is  then  no  actual 
energy,  all  is  potential. 

Since  the  external  strains  are  2U',  2V\  etc.,  the  external 
work  which  has  been  performed  up  to  this  instant  will  be 
fotind  by  putting  those  quantities  in  the  place  of  U',  10',  etc.. 
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in  the  expression  for  W,  above.    That  expression  will  then 
become  4W'. 

For  gradually  applied  loads  eq.  (2)  of  Art.  9  becomes 
simply 


W'^lUHdxdydz; 


in  which  H  is  the  potential  energy  per  cubic  unit  for  the 
state  of  strain  corresponding  to  U',  P',  W,  etc.  But  if  the 
loads  be  suddenly  applied,  in  accordance  with  what  has 
been  given,  eq.  (2)  of  Art.  9  becomes 


4W'=^{{{4Hdxdydz. 


Now  the  expression  for  H,  given  in  Art.  9,  shows  that 
multiplying  H  hy  4  is  the  same  thing  as  doubling  the  strains: 

h*  h*  K  4>v  ^v  ^^d  ^,. 

But  by  doubling  the  strains  the  intensities  of  stresses  are 
doubled.  Hence,  if  the  same  loads  are  first  applied  gradually 
and  then  suddenly,  the  strains  and  stresses  in  the  latter  case 
will  be  double  those  in  the  former.  This  is  a  very  important 
principle  in  engineering  practice,  for  it  covers  all  cases  of 
tension,  compression,  torsion,  and  bending.  It  also  finds 
many  important  extensions  in  special  cases  of  such  struc- 
tures as  iron  and  steel  bridges,  particularly  suspension 
bridges.  For  the  considerations  involved  in  this  article 
show  that  in  all  cases  of  sudden  application  of  loads  actual 
energy  will  be  stored  and  restored  during  different  intervals 
of  time,  and  consequently  that  vibrations  will  be  initiated. 
Eq.  (2)  of  Art  9  furnishes  a  most  convenient  and  elegant 
point  of  departure  for  investigations  in  such  special  cases, 
as  will  be  exemplified  in  the  next  article. 
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Art.  12. — ^Longitudinal  Oscillations  of  a  Straight  Bar  of  Uniform 

Section. 

The  complete  solution  of  this  problem  will  not  be 
given,  though  it  may  be  reax^hed. 

Let  the  bar  be  fixed  at  one  end  in  a  vertical  position  and 
let  a  heavy  weight,  W,  act  on  the  other.  Also,  let  the  axis 
of  ^  be  taken  parallel  to  the  axis  of  the  bar,  whose  uniform 
normal  section  will  be  represented  by  A. 

On  accotmt  of  the  circumstances  of  application  of  the 
external  forces  and  position  of  bar,  the  following  equations 
of  condition  will  exist: 

cos  x!  =cos  p'  =cos  /'  =cos  p" ^du"  =^N^^N^ 

dv    dw 

r 

di^'dt 

du 
will  be  very  small  compared  with  -it,  hence  they  will  be 

omitted.    P'  is  the  heavy  weight  attached  to  the  free  end 
of  the  bar  divided  by  A ;  consequently 

cos  ;r'  =»  I. 

Eq.  (2)  of  Art.  9  now  reduces  to 

[p'  da'  du'  -       El^  dl^  dx  dy  dz  +  [j  J  ^0  du  dx  dy  dz 


^IIHK^)'^"''^^'^''-     ^'^ 


The  integrals  are  to  be  extended  throughout  the  whole  of 
the  bar.  Since  strains  and  stresses  are  uniform  for  any  one 
cross-section  of  the  bar,  and  because  -X'o=ze'  =  weight  of  a 
vinit  of  volume  of  the  bar  (the  force  of  gravity  is  the  only 
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external  force  which  acts  on  the  mass  of  the  bar),  eq.  (i) 
becomes 

Wdu'^AE^dx+Awudx^jA(^)dx+Cdx.  .     (2) 

This  equation  (C  being  a  constant  of  integration)  involves 
the  complete  problem  of  longitudinal  oscillations.  Two 
special  cases,  only,  however,  will  be  treated,  in  which  the 
weight  of  the  bar  is  so  small  compared  with  W  that  it  may 
be  neglected.    This  condition  involves  the  omission  of 


Awu  dx    and 


w  ^ /du\ * , 


in  eq.  (2),  and  makes  l^  constant  throughout  the  length  of  the 
hat. 

Since  the  equation  must  be  homogeneous,  C  will  repre- 
sent a  quantity  of  actual  energy ;  in  fact,  a  part  of  that  quan- 
tity stored,  at  any  instant,  in  W, 

If  x^  represents  the  length  of  the  bar,  C  may  be  put  equal 
to 

W    (du^y 
2gx^  \dtj' 

Also,  because  l^  is  constant  for  the  whole  bar, 
Introducing  all  these  changes  in  eq.  (2)  and  integrating, 

If  W  is  suddenly  applied  to  the  bar  while  in  a  state  of 
equilibrium  or  rest,  for  which 
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C  will  be  zero,  as  the  equation  shows  by  such  a  substitution. 
For  this  case  eq.  (3)  becomes,  after  omitting  the  primes, 


=>/ 


,  Wx.  du 

dt 


••  ^ = -V -r-F^  ver  sm  ^y^-, — (4) 

The  limits  of  the  amplitude  are  discovered  by  putting 

du 


dt 


(the  velocity)  =0 


in  eq.  (3),  remembering  that  C  is  also  equal  to  zero.   That 
operation  will  give 

2Wx^ 


u^Q    and    u  = 


AE  • 


Putting  these  values  in  eq.  (4)  successively,  and  taking 
the  difference  of  the  results,  the  time  occupied  by  one  oscil- 
lation will  be 

^Wj'      ...     (5) 


7=1 

\AEg  ^^'  ^     ' 

in  which  equation 

Wx. 
""^-AE 

is  the  strain  in  the  bar  caused  by  a  gradual  application  of  W, 
In  the  second  case  to  be  treated  the  bar  is  first  supposed 
to  take  a  vertical  position,  with  the  weight  attached  to  its 
free  end,  in  a  state  of  equilibrium.  An  external  force  then 
depresses  the  free  end  a  distance  Wo»  measured  from  its  po- 
sition of  equilibrium.    If  the  force  F  is  now  removed,  the 
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weight  will  make  excursions  on  each  side  of  its  position  of 
rest. 

Let  Wj  represent  the  value  of  u'  corresponding  to  the 
weight  W  alone,  as  in  the  previous  case ;  then  let 

u  being  measured  from  the  position  of  equilibrium  of  thr 
weight  W, 

Eq-  (3)  will  then  take  the  form 

'^K+«)-f  K+")--I('-^')  +C.  .  (6) 

When  u^Uq  the  body  comes  to  rest.    Hence 

AE 
M^K+tio)-- —  K  +  Wo)^»C.     .    .    ♦     (7) 


2X, 


Su\)tr^cting  eq.  (7)  from  eq.  (6), 

W{u-u,)-~[2u,{u^u,)+u^^u,^^-J^^  ,     (8) 

since 

d(u^+u)  =du. 

Remembering  that 

eq.  (8)  may  take  the  form 

.        \]V^        du  ,. 


g  u 


(10) 
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Eq.  (9)  shows  that  the  amplitude  of  a  vibration  is  found 
by  putting 

u==+Uq    or     — »o- 

Putting  these  values  in  eq.  (10)  and  taking  the  differ- 
ence of  the  results,  the  time  of  a  single  oscillation  is  found  to 
be 


-^ 


Eq.  (11)  is  seen  to  be  identical  with  eq.  (5).  In  this 
case  the  amplitude  is  2tio,  and  the  body  oscillates  through 
its  position  of  rest.  Both  oscillations  are  completely 
isochronous  for  the  same  weight  W, 

If  n  is  the  observed  nimiber  of  oscillations  per  second, 
either  eq.  (5)  or  (11)  gives 

r*'  Ag   ^^    Ag  '  *   *   *   '   ^^ 


from  which  E  may  be  computed  if  W  is  very  great  com- 
pared with  the  weight  of  the  bar  or  wire. 


CHAPTER  IV. 


THEORY  OF  FLEXURE. 


Art*  13* — General  Fonnulae. 


Ip  a  prismatic  portion  of  material  is  either  supported  at 
both  ends,  or  fixed  at  one  or  both  ends,  and  subjected  to 
the  action  of  external  forces  whose  directions  are  normal 
to,  and  cut,  the  axis  of  the  prismatic  piece,  that  piece  is  said 
to  be  subjected  to  **  flexure."  If  these  external  forces  have 
lines  of  action  which  are  oblique  to  the  axis  of  the  piece,  it 
is  subjected  to  combined  flexure  and  direct  stress. 

Again,  if  the  piece  of  material  is  acted  upon  by  a  couple 
having  the  same  axis  with  itself,  it  will  be  subjected  to  **  tor«« 


sion." 


The  most  general  case  possible  is  that  which  combines 
these  three,  and  some  general  equations  relating  to  it  will 
first  be  established. 

The  co-ordinates  axis  of  X  will  be  taken  to  coincide  with 
the  axis  of  the  prism,  and  it  will  be  assumed  that  all  external 
forces  act  upon  its  ends  only.  Since  no  external  forces  act 
upon  its  lateral  surface,  there  will  be  taken 

retaining  the  notation  of  Art.  2.  These  conditions  are-not 
strictly  true  for  the  general  case,  but  the  errors  are,  at  most, 
excessively  small  for  the  cases  of  direct  stress  or  flexure,  or 
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for  a  combination  of  the  two.     By  the  use  of  eqs.  (12),  (21), 
and  (22)  of  Art.  i  the  conditions  just  given  become 

r     /du    dv   ,  ^^\     dv 
i''2r\dx'^dy'^  dzj'^dy^^'      •     •    •    W 

r     /du    dv     dw\     dw 
i-2rV5i"^^"^"5^/"^rfF"^'     ...    (2) 

dv     dw  ,  . 

5i-+^=° ^^ 

Eqs.  (i)  and  (2)  then  give 

dv     dw 

d^'d^^"" (*^ 

In  consequence  of  eq.  (4)  eqs.  (i)  and  (2)  give 

dv  _(hv_      du 

dy     dz  '~      dx ^^' 

By  the  aid  of  eq.  (5)  and  the  use  of  eqs.  (11),  (13),  and 
(20)  of  Art.  I,  in  eqs.  (10),  (11),  and  (12)  of  Art.  2  (in  this 
case  Xo  =  yo'='^o=o)»  there  will  result 

d'^u      d^u     d^u 

d^u      dh) 
IHy'^d^^  "^' ^7) 

d^u      dhv 
dxdz^d^""" ^^^ 

Eqs.  (3),  (5),  (6),  (7),  and  (8)  are  five  equations  of 
condition  by  which  the  strains  ti,  v,  and  w  are  to  be  deter- 
mined. 
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Let  eq.  (6)  be  diflEerentiated  in  respect  to  ^: 

(Pu        d}u         d}u    _ 
dx^     dy^  dx     dz^  dx  ^ 

From  this  equation  let  there  be  subtracted  the  sum  of 
the  results  obtained  by  diflEerentiating  eq.  (7)  in  respect  to  y 
and  (8)  in  respect  to  0: 

d^u        dh)         dhv 
^"d^^'db^^'d^^z"^' 

In  this  equation  substitute  the  results  obtained  by 
differentiating  eq.  (5)  twice  in  respect  to  x,  there  will  result 


d^u 


This  result,  in  the  equation  immediately  preceding  eq. 
(9),  by  the  aid  of  eq.  (5)  will  give 


d^v 

=0. 


dx^  dy 


After  differentiating  eq.  (7)  in  respect  to  y,  and  substi- 
tuting" the  value  immediately  above, 


.» /® 


dy*dx       dp      ° (") 

Eqs.  (9)  and  (10)  enable  the  second  equation  preceding 
eq.  (9)  to  give 

dhi   J  \dxj 

■    .,  dz^dx    .  dz\  °"°-    •    •    •    *    •     ^^^' 
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Let  the  restilts  obtained  by  diflEerentiating  eq.  (7)  in 
respect  to  z  and  (8)  in  respect  to  y  be  added : 

dxdydz    dx^dz    dx^  dy  ""  ' 

The  sum  of  the  second  and  third  terms  of  the  first  mem- 
ber of  this  equation  is  zero,  as  is  shown  by  twice  differentiat- 
ors 6<1-  (3)  ir  respect  to  x.     Hence 

d^u          \dx)  ,    . 

—  -    ^     ^  ==0 (12) 


a 

li 

i< 

(< 

it 

<< 

<i 

<( 

a 

If 

<« 

<i 

dydzdx     dydz 

Eqs.  (9),    (10),    (11),    and    (12)   are  stifficient  for  the 

dtt 
determination  of  the  form  of  the  function  -j-,  if  it  be  assumed 

dx 

to  be  algebraic,  for 

Eq.    (9)  shows  that  x'^  does  not  appear  in  it ; 

"  (10)      *'         "    y» 

"  (11)      "         "    z^. 

"  (12)      "  "    yz 

The  products  xz  and  xy  may,  however,  be  foimd  in  the 
function.  Hence  if  a,  a^,  a„  6,  6^,  and  6,  are  constants, 
there  may  be  written 

du 

2^^a+a^z+a^+x{Jb+b^z+h^).  .    .     .    (13) 

Eq.  (5)  then  gives 
dv    dw 

•   ^-^^--^l^+^i^+^iy+^Cft+fri^+Ml.  .   (14) 
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Substituting  from  eq.  (13)  in  eqs.  (7)  and  (8), 

^,  =-c,-6^; (15) 


dhv 

—^^^a,-b,x (16) 


The  method  of  treatment  of  the  various  partial  deriva- 
tives in  the  search  for  eqs.  (13)  and  (14)  is  identical  with  that 
given  by  Clebsch  in  his  **  Theorie  der  Elasticitat  Fester 
K  or  per.'* 

It  is  to  be  noticed  that  the  preceding  treatment  has  been 
entirely  independent  of  the  form  of  cross-section  or  direction 
of  external  forces. 

It  is  evident  from  eqs.  (13)  and  (14)  that  the  constant  a 
depends  upon  that  component  of  the  external  force  which 
acts  parallel  to  the  axis  of  the  piece  and  produces  tension  or 
compression  only.  For  (pages  9,  10)  it  is  known  that 
if  a  piece  of  material  be  subjected  to  direct  stress  only, 

du  ,     dv    dw 

-T-=a     and    :7-'=-t- =  — ra: 
dx  dy     dz  ' 

the  negative  sign  showing  that  ra  is  opposite  in  kind  to  a, 
both  being  constant. 

Again,  if  z  and  y  are  each  equal  to  zero,  eq.  (13)  shows 
that 

du  , 

Hence  hx  is  a  part  of  the  rate  of  strain  in  the  direction  of  x 
which  is  uniform  over  the  whole  of  any  normal  section  of  the 
piece  of  material^  and  it  varies  directly  with  x.     But  such  a 
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portion  of  the  rate  of  strain  can  only  be  produced  by  an 
external  force  acting  parallel  to  the  axis  of  X,  and  whose 
intensity  varies  directly  as  x.  But  in  the  present  case 
such  a  force  does  not  exist.     Hence  6  must  equal  zero. 

The  eqs.  (13),  (i4)»  (iS)»  and  (16)  show  that  a^  \  and 
a,,  6,  are  symmetrical,  so  to  speak,  in  reference  to  the  co- 
ordinates z  and  y,  while  eqs.  (13)  and  (14)  show  that  the  nor- 
mal intensity  N^  is  dependent  on  those,  and  no  other,  con- 
stants in  pure  flexure  in  which  a=o.  It  follows,  there- 
fore, that  those  two  pairs  of  constants  belong  to  the  two 
cases  of  flexure  about  the  two  axes  of  Z  atid  Y. 

No  direct  stress  N^  can  exist  in  torsion,  which  is  simply  a 
twisting  or  turning  about  the  axis  of  X. 

Since  the  generality  of  the  deductions  will  be  in  no  man- 
ner affected,  pure  flexure  about  the  axis  of  Y  will  be  con- 
sidered.    For  this  case 

a=a,  =  6j=o=6. 

Making  these  changes  in  (13)  and  (14), 

du 

^^a,z  +  b,xz; (17) 

dv  _dw         du 
dy'"dF^''^di^-^^^i^+^i^^)'  .     .     .     (18) 

,    ^    du    dv    dw 
••  ^^rfi+^+d^==^(^i  +  M(i-2r)..     .     (19) 


Also, 


i-2r   ^      dx 
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since 

2G(r+i)=E. 

Taking  the  first  derivative  of  iVj, 

^'-Eia,  +  b,x).     ...     .     .     (21) 

This  important  equation  gives  the  law  of  variation  of 
the  intensity  of  stress  acting  parallel  to  the  axis  of  a  bent 
beam,  in  the  case  of  pure  flexure  produced  by  forces  exerted 
at  its  extremity.  That  equation  proves  that  in  a  given  nor- 
mal section  of  the  beam,  whatever  may  be  the  form  of  the 
section,  the  rate  of  variation  of  the  normal  intensity  of  stress  is 
constant ;  the  rate  being  taken  along  the  direction  of  the  external 
forces. 

It  follows  from  this  that  N^  must  vary  directly  as  the 
distance  from  some  particular  line  in  the  normal  section 
considered  in  which  its  value  is  zero.  Since  the  external 
forces  F  are  normal  to  the  axis  of  the  beam  and  direction 
of  ATj,  and  because  it  is  necessary  for  equilibrium  that  the 
sum  of  all  the  forces  N^dy  dz,  for  a  given  section,  must  be 
equal  to  zero,  it  follows  that  on  one  side  of  this  line  tension 
must  exist,  and  on  the  other  compression. 

Let  N  represent  the  normal  intensity  of  stress  at  the 
distance  unity  from  the  line,  b  the  variable  width  of  the 
section  parallel  to  y,  and  let  A  =  bdz.  The  sum  of  all  the 
tensile  stress  in  the  section  will  be 


Jo  Jo 


The  total  compressive  stress  will  be 


ivf  zJ. 
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The  integrals  are  taken  between  the  hmits  o  and  the  greatest 
value  of  2  in  each  direction,  so  as  to  extend  over  the  entire 
section.     In  order  that  equilibrium  may  exist,  therefore, 


Fig.  I. 


^{M-A-'^ 


•    •    (22) 


Eq.  (22)  shows  that  the  line  of  no  stress  must  pass  through 
the  centre  of  gravity  of  the  normal  section. 

This  line  of  no  stress  is  called  the  neutral  axis  of  the 
section.  Regarding  the  whole  beam,  there  will  be  a  sur- 
face which  will  contain  all  the  neutral  axes  of  the  different 
sections,  and  it  is  called  the  neutral  surface  of  the  bent 
beam.  The  neutral  axis  of  any  section,  therefore,  is  the 
line  of  intersection  of  the  plane  of  section  and  neutral  sur- 
face. 

Hereafter  the  axis  of  X  will  be  so  taken  as  to  traverse 
the  centres  of  gravity  of  the  different  normal  sections 
before  flexure.     The  origin  of  co-ordinates  will  then  be 
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taken  at  the  centre  of  gravity  of  the  fixed  end  of  the  beam, 
as  shown  in  Fig.  i. 

The  value  of  the  expression  {a^  +  b^x),  in  terms  of  the 
external  bending  moment,  is  yet  to  be  determined.  Con- 
sider any  normal  section  of  the  beam  located 
at  the  distance  x  from  0,  Fig.  i,  and  let 
OA  =  /.  Also,  let  Fig.  2  represent  the  sec- 
tion considered,  in  which  BC  is  the  neutral 
axis  and  d'  and  d^  the  distances  of  the  most 
remote  fibres  from  BC.  Let  moments  of  all 
the  forces  acting  upon  the  portion  (/ — x)  of 
the  beam  be  taken  about  the  neutral  axis  BC.  If,  again,  6 
is  the  variable  width  of  the  beam,  the  internal  resisting 
moment  will  be 

f      NJbz  dz  ^E{a.+  \x)  f     0* .  bdz. 
J -di  J-rfi 


Fig.  2. 


But  the  integral  expression  in  this  equation  is  the  moment 
of  inertia  of  the  normal  section  about  the  neutral  axis,  which 
will  hereafter  be  represented  by  /.  The  moment  of  the 
external  force,  or  forces,  F,  will  be  F{l—x),  and  it  will  be 
equal,  but  opposite  in  sign,  to  the  internal  resisting  moment. 
Hence 


F  l-x)  ^M^-E(a,  +  b,x)I. 


(23) 


(24) 


Substituting  this  quantity  in  eq.  (i6), 


d^w    M 

dx'  ~Er 


(*S) 
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It  has  already  been  seen  (page  38)  that  eq.  (25)  is  one 
of  the  most  important  equations  in  the  whole  subject  of  the 
**  Resistance  of  Materials." 

An  equation  exactly  similar  to  (25)  may  of  course  be 
written  from  eq.  (15);  but  in  such  an  expression  M  will 
represent  the  external  bending  moment  about  an  axis  par- 
allel to  the  axis  of  Z. 

No  attempt  has  hitherto  been  made  to  determine  the 
complete  values  of  u,  v,  and  w,  for  the  mathematical  opera- 
tions involved  are  very  extended.  If,  however,  a  beam  be 
considered  whose  width,  parallel  to  the  axis  of  F,  is  indefi- 
nitely small,  u  and  w  may  be  determined  without  difficulty. 
The  conclusions  reached  in  this  manner  will  be  applicable 
to  any  long  rectangular  beam  without  essential  error. 

If  y  is  indefinitely  small,  all  terms  involving  it  as  a  factor 
will  disappear  in  u  and  w ;  or,  the  expressums  for  the  strains  u 
and  w  will  be  functions  of  z  and  x  only.  But  making  u  and  w 
functions  of  z  and  x  only  is  eqtiivalent  to  a  restriction  of 
lateral  strains  to  the  direction  of  z  only,  or  to  the  reduction 
of  the  direct  strains  one  half,  since  direct  strains  and  lateral 
strains  in  two  directions  accompany  each  other  in  the  tm- 
restricted  case.  Now  as  the  lateral  strain  in  one  direction 
is  supposed  to  retain  the  same  amount  as  before,  while  the 
direct  strain  is  considered  only  half  as  great,  the  value  of 
their  ratio  for  the  present  case  will  be  twice  as  great  as  that 
used  on  pages  9  to  12.  Hence  2r  must  be»written  for  r,  in 
order  that  that  letter  may  represent  the  ratio  for  the  tmre- 
stricted  case,  and  this  will  be  done  in  the  following  equations. 

Since  w  and  u  are  independent  of  y, 

dw    du  dv 

dy^Ty'^''^    ^^     ^•=^^- 

But,  by  eq.  (14), 

v  =  -  2r(aj  +  h^x)zy  +  f{x,  z). 
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By  eq.  (3),  since 

dw 

_ 2r{a,+b,x)y-\-jJ{x,  z)  -o. 

This  equation,  however,  involves  a  contradiction,  for  it 
makes  f{x,  z)  eqtial  to  a  function  which  involves  y,  which  is 
impossible.    Hence 

f{x,z)=Q. 

Consequently 

which  is  indefinitely  small  compared  with 

and  is  to  be  considered  zero 
Because  fix,  z)  =  o, 

dv  - 

This  quantity  is  indefinitely  small;  hence 

r,  =  —  2Grb^zy 

is  of  the  same  magnitude. 

Under  the  assumption  made  in  reference  to  y,  there  may 
be  written,  from  eqs.  (17)  and  (18), 

x^ 
u=a^xz+b^—z+f(z);      ....     (26) 

tt;=.-f(a40*  +  &i^^*)+/(^).    ...     (27) 
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Using  eq.  (26)  in  connection  with  eq.  (6), 
By  two  integrations, 


f(^)  =  — ^'-^2+c" (28) 


Using  eq.  (27)  in  connection  with  eq.  (8), 


By  two  integrations, 


x^     a.x^ 


f(x)  =  -6,-^ — ^—+c,x+c,^. 


The  functions  u  and  w  now  become 


-  X*      b.z^      ,       „ 
u-^a^xz  +  b^—z ^ — (fz+(/'\  .    .    . 


x*     a.x^ 


(29) 


tt;  =  -  rafi^  -  rb^xz^  -  b^-^  — ^— + c^x + c^^.    .     (30) 

The  constants  of  integration  c',  (f\  etc.,  depend  upon 
the  values  of  u  and  w,  and  their  derivatives,  for  certain 
reference  values  of  the  co-ordinates  x  and  0,  and  also 
upon  the  manner  of  application  of  the  external  forces,  F,  at 
the  end  of  the  beam,  Fig.  i.  The  last  condition  is  involved 
in  the  application  of  eqs.  (13),  (14),  and  (15)  of  Art.  2. 
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In  Fig.  I  let  the  beam  be  fixed  at  0.    There  will  then 
result,  for  ^ — o  and  z  «o, 


W"°)::r 


(w=o,     and    tt;=-o),-o. 
In  virtue  of  the  last  condition, 

c     =  ^11  =  O. 

In  consequence  of  the  first, 

(/=o. 

After  inserting  these  values  in  eqs.  (29)  and  (30), 

du  x^ 

^^a,x+b,--b,z\ 

^  =  -  rb,z'  -  b,—  -  a,x + c,. 

The  surface  of  the  end  of  the  beam,  on  which  F  is  applied, 
is  at  the  distance  /  from  the  origin  0  and  parallel  to  the 
plane  ZY.  Also,  the  force  F  has  a  direction  parallel  to  the 
axis  of  Z.  Using  the  notation  of  eqs.  (13),  (14),  and  (15)  of 
Art.  2,  these  conditions  give 

cos/>  =  i,     cosg  =  o,     cos  r=»o, 

cos;r=o,     cos;f  =  o,     cos/>«i. 
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Since,  for  x—l, 

M=F(/-^)=o, 

eqs.  (24)  and  (20)  give  N^=o  for  all  points  of  the  end  sur- 
face.     Eq.  (15)  is,  then,  the  only  one  of  those  equations 
which  is  available  for  the  determination  of  Cy 
That  equation  becomes  simply 

For  a  given  value  of  0,  therefore,  any  value  may  be  as- 
sumed f  Dr  Tj.  For  the  upper  and  lower  surfaces  of  the  beam 
let  the  intensity  of  shear  be  zero;  or  for  z=±d  let  r,=o. 
Hence,  by  eq.  (31), 

.'.  r,=<;6^(i+f)(d*-«»); 

•••  T,^^id*-z*) (32) 

The  constants  a^  and  b^  still  remain  to  be  found.  The 
only  forces  acting  upon  the  portion  {l—x)  of  the  beam  are 
F  and  the  sum  of  all  the  shears  T,  which  act  in  the  section  x. 
Let  Ay  be  the  indefinitely  small  width  of  the  beam,  which, 
since  z  is  finite,  is  thus  really  made  constant.  The  princi- 
ples of  equilibritmi  require  that 

V  T^.Ay.dz^Gb^{i-\-r)V'  (d^.Jy.dz-z^,Jy,dz)^F. 

The  first  part  of  the  integral  will  be  2  Jyd^,  and  the  second 
part  will  be  the  moment  of  inertia  of  the  cross-section  (made 
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rectangular  by  taking  Ay  constant)  about  the  neutral  axis. 
Hence 

F  F 

2(76,(1 +r)/-F,    or    K'tGiT+rJl'E'r    •    ^^3) 

.-.  T.^Yl^d'-^'^.    .    .    .    .    .    (34) 


If  «— o  in  eq.  (24), 


«i--£7 (35) 


Thus  the  two  conditions  of  equilibrium  are  involved  in 
the  determination  of  a^  and  6,.  The  complete  values  of  the 
strains  u  and  w  are,  finally, 

F  I  x^    z^         \ 


te; 


F/,    ,         ,    x*lx\FdH  .    , 


These  results  are  strictly  true  for  rectangular  beams  of 
indefinitely  small  width,  but  they  may  be  applied  to  any 
rectangular  beam  fixed  at  one  end  and  loaded  at  the  other, 
with  sufficient  accuracy  for  the  ordinary  purposes  of  the 
civil  engineer.  It  is  to  be  remembered  that  the  load  at  the 
end  is  supposed  to  be  applied  according  to  the  law  given 
by  eq.  (34),  a  condition  which  is  never  realized.  Hence 
these  formulae  are  better  applicable  to  long  than  short 
beams. 
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The  greatest  value  of  T,,  in  eq.  (34),  is  found  at  the 
neutral  axis  by  making  2  =  0;  for  which  it  becomes 

I* 

—7  is  the  mean  intensity  of  shear  in  the  cross-section; 

hence  the  greatest  intensity  of  shear  is  once  and  a  half  as 
great  as  the  mean. 

In  eq.  (36),  if  2?  =  o,  w=o.  Hence  no  point  of  the  neu- 
tral surface  suffers  longitudinal  displacement. 

In  eq.  (37)  the  last  term  of  the  second  member  is  that 
part  of  the  vertical  deflection  due  to  the  shear  at  the  neu- 
tral surface,  as  is  shown  by  eq.  (38).  The  first  term  of 
the  second  member,  being  independent  of  x,  is  that  part 
of  the  deflection  which  arises  wholly  from  the  deformation 
of  the  normal  cross-section. 

The  usual  modification  of  this  treatment,  designed  to 
supply  formulae  for  the  ordinary  experience  of  the  engineer, 
has  already  been  given  in  preceding  articles. 
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ANOTHER    METHOD    FOR    FINDING    PITCH    OP 

RIVETS. 

A  SIMPLE  method  of  finding  the  pitch  of  rivets  piercing 
the  vertical  legs  of  the  flange  angles  and  the  web  plate  of  a 
plate  girder  at  any  section  of  the  beam  may  readily  be  fotind 
by  using  the  general  but  elementary  expression  for  the  bend- 
ing moment, 

2Px=M. 

By  differentiating  this  equation, 

2P,dx=Sdx^dM\ 

S  representing  the  total  transverse  shear. 

If  dM  is  the  change  of  bending  moment  for  the  distance 
along  the  flange  represented  by  the  pitch  of  rivets,  />,  the 
change  of  flange  stress  for  the  same  distance  will  be  foimd 
by  dividing  dM  by  the  effective  depth  of  the  girder,  h.  If 
the  pitch  of  rivets,  />,  be  placed  in  the  preceding  equation  in 
place  of  dx,  the  corresponding  change  of  flange  stress  will 
represent  the  amotmt  of  stress  transferred  to  the  flange  by 
•ne  rivet.  Representing  that  variation  of  flange  stress  by  v, 
the  last  of  the  preceding  equations  may  be  written 

hv 
Sp^hv;  /.  P=""5' 

977 


978 


/tPPENDlX  a. 


In  this  equation  v  represents  either  the  bearing  capacity 
of  one  rivet  against  the  web  plate  or  against  the  two  flange 
angles,  or  the  double  shearing  value  of  the  same  rivet,  i.e., 
the  least  of  those  three  values.     Ordinarily  the  bearing  of 
the  rivet  against  the  web  plate  will  be  less  than  either  of  the 
two  other  quantities;  hence  that  bearing  value  would  then 
be  substituted  for  v.     In  general  the  least  of  the  three  pre- 
ceding values  for  one  rivet  is  to  be  substituted  for  t;  in  an 
actual  computation.     The  total  transverse  shear  S  is  always 
known  at  any  section  or  may  readily  be  determined.     The 
preceding  formula  for  the  pitch,  therefore,  is  a  very  simple 
one  and  is  much  employed  at  the  present  time  in  plate-girder 
design. 


=j=^ — ;=y 

-J — \ H — I- 


^ 


_J.. 


oooo 


Fn.  1 


APPENDIX  III. 


ART,  76a.— T  BEAMS  OF  REINFORCED  CONCRETE. 

The  general  formulae  of  Art.  74  belong  to  beams  of  any 
shape  of  cross  section  whatever ;  it  is  only  necessary,  there- 
fore, in  this  case,  to  apply  them  to  the  T-shaped  section. 
Two  conditions  may  arise,  in  one  of  which  the  neutral  axis 
may  lie  in  the  flange  of  the  beam  whose  cross  section  is 
shown  in  Fig.  i,  or,.as  shown  in  that  figure,  it  may  lie  below 
the  flange.  As  is  usually  the  case  in  actual  work,  the 
tensile  resistance  of  the  concrete  will  finally  be  neglected. 
This  latter  condition  makes  it  necessary  to  consider  only 
the  case  shown  by  Fig.   i. 

Position  of  Neutral  Axis. 

Using  the  notation  of  Art.  74  under  the  conditions  out- 
lined above,  but  first  recognizing  the  tensile  resistance  of 
the  concrete, 

zdA^  =    /        2  .  b^dz  +  J        z  .  bdz 

..,(..-t).6i^' 

Introducing  this  value  in  Eq.  3  of  Art.  74,  and  using  Eq.  2 

of  Art.   75, 

979 
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bjd^  -6*-  H > bdj  +  -^ — — > h  »6A.d.  —  n  — ^ 

22  22  2 


+  2 


I  —  n  I  —  n 

£3  A^  (a  +  rAJ 


jEj  6       I  —  n 
The  solution  of  this  quadratic  equation  will  give 


(i!-'>'^'-f.% 


I     —      » 

3=  i-n  "^^^\    6      i~n     "^  Ci-«)' 

3 

If  the  two  coefficients  of  elasticity  for  concrete  in  tension 
and  compression  are  the  same,  as  is  always  assumed  in 
actual  work,  n  =  i.  This  value  gives  indetermination  in 
Eq.  3,  but  it  is  only  necessary  to  multiply  both  members 
of  Eq.  2  by  (i  —  n)  and  then  make  «  =  i.  These  opera- 
tions give 

W&*  \f2    .  Ill  ,  ^  ^■' r      ^    t  ^ 


<-■)-*.-!: 


b 


If  the  entire  steel  reinforcement  is  on  the  tension  side  of 
the  beam,  r  =  i,  and  in  Eqs.  3  and  4,  a  +  rfe,  =  a  +4,. 
The  tensile  capacity  of  the  concrete  is  practically  always 
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neglected;  hence  «  =  o  in  Eq.  3,  and 


..-/(r-.)-i 


6 


*v(^'--)''-l;t(»-*-h('(r-Mt)'s 

These  formulae  locate  the  neutral  axis  by  giving  the  dis- 
tance d^  for  all  cases. 


Bending    Moment. 

Proceeding  in  precisely  the  same  manner  indicated  in 
Art.  76,  but  adapting  the  general  formulae  to  the  shape  under 
consideration,  the  equation  for  the  bending  moment  M 
corresponding  to  Eq.  5  of  Art.  76  becomes 

Af-6W^.^.^.-(6«-6)(d.-/).^i^*..i.|(d,-/) 

+  b  (A,  -d,)  i^^^^  A, .  i  .  i(A.  -  dj 


+  f^^^^k,,rA,.ih,-d,) 6 


Hence, 


3  3  ^1  3d,        » 

If  concrete  in  tension  be  ignored  and  if  all  the  steel  rein- 
forcement be  on  the  tension  side  (r  ■■  i),  the  third  and 
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fourth  terms  of  the  second  member  of  Eq.  7  disappear  and 

Equation  8  is  the  form  of  M  usually  required  in  actual 
work. 

Problem.  A  T  beam  14  feet  6  inches  long  with  an  eflfective 
span  of  13.3  feet,  has  a  flange  5  feet  6  inches  wide  and  4  inches 
thick,  the  total  depth  of  the  beam  being  26  inches.  The 
external  loading  produces  a  bending  moment  of  1,915,000 
inch-pounds;  it  is  required  to  design  the  beam,  i.e.,  to  find 
the  width  b  of  the  vertical  part  of  the  beam  and  the  steel 
reinforcement  wholly  on  the  tension  side  of  the  cross 
section.  The  greatest  allowed  compression  in  the  concrete 
is  500  pounds  per  square  inch,  and  16,000  pounds  per  square 
inch  tension  in  the  steel.  A  trial  value  of  16.5  inches  will 
be  taken  for  6,  and  the  steel  reinforcement  will  be  taken  as 
five  I J  inch  round  bars  placed  with  centers  2.5  inches  from 
the  bottom  of  the  beam.     Hence, 

fc'  =  66";  b  =  16/5;  /  =  4^";  a  +  A,  =  23.''5;  A,  =  6  square 

mches;  t-=  4»t^=  "T^  ==  —  \h.  =  26'';r  =  i. 
b      ^    b        16.5      5.5 

These  quantities  inserted  in  Eq.  5  give,  with  -=*  taken 
as  12, 

dj  =  —  16.36  ±22.82  =  6.46  inches. 
Hence,  h^  —  d^^  a  +  h^  —  d^  =17  inches. 

With  dj  and  A,  -  rf,  now  known,  Eq.  8  gives, 

M  =  2,045,500  inch-pounds. 


APPENDIX  III.  983 

As  this  is  but  little  larger  than  the  external  bending 
moment  given  above,  the  dimensions  used  will  be  considered 

satisfactory.  The  tension  in  the  steel  is  1 2 .  — ■—.  500  =  1 5800 

6.46 

pounds  per  square  inch. 

This  beam  as  here  designed  was  constriicted  for  an  office 
building  in  the  city  of  New  York. 

The  width,  b\  of  flange  which  may  be  taken  as  a  proper 
part  of  the  be^m  is  a  matter  of  judgment,  as  it  cannot  be 
determined  by  analysis.  It  has  been  stated  in  some  impor- 
tant building  regulations  that  b'  may  be  taken  as  large  as 
I06,  but  that  value  is  too  high  in  some  cases  at  least.  The 
ratio  of  6'  -^  6  should  vary  with  /,  being  smaller  when  /  is 
small  and  vice  versa. 

lib'  =  b  in  the  preceding  values  of  d^  and  M,  those  values 
at  once  take  the  forms  for  a  rectangular  section,  as  they 
should. 

In  the  case  of  T-beams  as  they  ordinarily  occur  in  prac- 
tice, it  will  be  found  that  as  d^  —  f  is  small  the  second 
term  of  the  second  member  of  Eq.  8  may  be  omitted  without 
much  error.  That  omission  will  make  the  resulting  equation 
identical  with  Eq.  11  of  Art.  76.  Hence  some  engineers, 
when  the  tensile  resistance  of  the  concrete  is  neglected, 
regard  T-beams  as  of  rectangular  section  with  the  width  ft'. 
This  simplifies  design  work  in  all  ordinary  cases  without 
incurring  more  than  a  small  error. 
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P. 
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Inctination  of  neutral  surface  of  beam. 106, 108 

Influence  of  time  on  strains 853-856 

Intermediate  shear  in  bent  beams 49 

Iron  shapes 241 
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Moment  of  inertia  of  I  section,  false 459 
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Moment  of  inertia  of  latticed  columns 45^457 

Moment  of  inertia  of  Phcenix  columns. 462 

Moment  of  inertia  of  rectangular  sections. 460 

Moment  of  inertia  of  star  section 459 

Moment  of  inertia  of  tee  section 458 

Moment  of.  single  load  at  centre  of  span 74 

Moment  of  uniform  load 76 

Moment  produced  by  concentrated  loads 62 

Moment  produced  by  two  equal  weights. 57 

Moments  and  shears  in  bent  beams 45 

Moments  of  inertia  of  column  sections 446-465 

Moments  tabulated  for  plate  girders 69,  70 

Mortise  holes,  shearing  behind 7^3-/84 

Motion,  equations  of 868-894 

Muntz  metal 338, 347-348 


N. 

Neutral  axis 35i  3^ 

Neutral  curve  for  contiimous  beams. 45, 1 16,  etc. 

Neutral  curve  for  special  cases no 

Neutral  surface 35 

Nickel  steel 303-307 

O. 

Oscillations,  longitudinal 956-960 

Oscillations,  torsional 935-941 

P. 

Palladium,  coeflficient  of  elasticity 351 

Pendulum,  torsion 939-941 

Permanent  set 204 

Phoenix-columu  section 460 

Phoenix  colunms , 477-483 

Phosphor-bronze 331, 345,  347 

Phosphor-bronze  wire 344,  345 

Pine,  white,  in  compression 440-443 

Pine,  yellow,  in  compression 436-443 

Pins,  connections  with 733*'736 
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Pitch  of  rivets 709-728 

Pitch  of  rivets  in  flanges  of  plate  girder. ^ ........ .  977-978 

Plate  and  angle  column. 451 

Plate  girder.    See  Girder. 

Plates,  bulging  of 784-792 

Platinum,  coefficient  of  elasticity. 351 

Portland  cement  and  cement  mortar  in  tension. 352-378 

Portland-cement  concrete  in  compression. 359 

Portland-cement  concrete  in  tension 355, 356, 357 

Punching,  drilling,  etc. ,  of  steeL 3^5-325 


R. 

Rails,  steel 3a>-302 

Reactions  for  bridge  floor  beams. 55 

Reactions  under  continuous  beams. 93. 105 

RecUngular  cylinders,  torsion  of 918-932 

Rectangular  sections,  solid  and  hollow 458 

Reduction  of  resistance  between  ultimate  and  breaking  point 253 

Red  brass 348, 350 

Resilience I49. 95>-953 

Resilience  of  cast  iron  in  tension. 263, 264 

Resilience  of  flexure 151 

Resilience  of  steel  in  tension 278-280 

Resilience  of  tension  and  conipressiou 150 

Resilience  of  torsion 158 

Resilience  of  wrought  iron 215,  216, 217 

Resilience  shearing 154 

Resilience,  total,  due  to  direct  stresses  and  shearing 157 

Riveted  joints 698-732 

Riveted  joints,  butt-joints  with  double  cover-plates,  for  steel 716-719 

Riveted  joints,  distribution  of  stress  in 698-708 

Riveted  joints  for  trusses. 728-732 

Riveted  joints,  lap-joints,  and  butt-joints  with  single  butt-stiap, 

for  steel 712-716 

Riveted  joints,  tests  for  full-^zed 719-728 

Rivet  steel  in  shearing 275,  550 

Rivets,  bearing  capacity  of 705,  706 

Rivets,  bending  of 704,  705 

Rivets  diameter  and  pitch  of 708-712 

Rivets,  shear  of 712-716 

Rivets,  steel 302 
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Rollers,  resistance  of, •••• ,.  776-779 

Ropes,  iron,  steel  and  hemp.  .., 764-769 

S. 

Safety  factor. 799 

Sandstones  in  compression 428-435 

Set,  permanent 204 

Shapes  and  plates  of  steel 293-296 

Shear,  first  derivative  of  moment 46 

Shear,  greatest  caused  by  uniform  load 60 

Shearing,  behind  mortise  holes 783-784 

Shearing,  coefficient  of  elasticity 543-546 

Shearing,  greatest  intensity  of 44 

Shearing  stress  in  beams. 41 

Shearing  stress  and  strain 5, 543-558 

Shearing,  ultimate  resistance 546-558 

Shearing  in  neutral  surface  of  timber  beams 601-603 

Shears,  single  load  located  at  centre  of  span 74 

Shears,  tabulated  for  plate  girders 69,  70 

Shears,  uniform  load  on  span 76 

Shears  in  bent  beams 45»  49 

"Short"  test  specimens. 223, 224, 225 

Short  blocks 385 

Silica-sand  cement  concrete  in  compression 405,  406, 407 

Silica  sand,  Portland  cement  and  mortar  in  tension 367,  368 

Silver,  coefficient  of  elasticity 351 

Skin  of  wrought-iron  bars,  influence  of 225 

Specifications  for  cast-iron  pipe 839-842 

Specifications  for  railway  bridges,  American  Bridge  Co 813-824 

Specifications,  Cooper's  General 800-81 2 

Specifications,  New  East  River  Bridge 837-839 

Specifications,  Pennsylvania  R.R.  Co 824-837 

Spheres,  thick  hollow 941-945 

Spheres,  thin  hollow 14 

Spikes,  driving  and  drawing 779-783 

Spruce  columns 533,  541 

Spruce  in  compresdon 439-443 

Star  section 457 

Steel,  annealing. 313, 315 

Steel  beams. 583-586 

Steel  castings. 299-300 

Steel,  change  of  elastic  properties  under  repeated  stresses 326 
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Steely  coefficientef  elasticity.- .-.•.•.-^..^^/•^/•^/.^^^.-w.».«w%» 271-278 

Steelij^ffect'  ef  high'and  -Jow  temperatures.-.-  .•//.... 307-310 

Steel,  effect  of  punching,  drilling,  reaming  and  shop  processes 315-325 

Steel,  effects  of  chemical  elements , 327-331 

Steel,  elastic  limit 274,  278-307 

Steel  eye<baps.  •.•.-.•.•..  ...•.....-...'.•...•.  ...•.•....•..-.  .'.......278,  284,  287,  288,  290,  292 

Steel,  fracture  of .-.  i ..-..  *  .....-...•.•...*.... 327 

Steel,  hardening  and-  tempering,  .t * 31 1, 312 

Steel,  in  compression. 393-396 

Steel,  in  shearing; 549-552 

Steel,  in  torsion .• 546-567,  571 

Steel,  nickel 303-307 

Steel  rails. 300-302 

Steel,  resilience  of 278-280 

Steel  rivets 275.  302,  556 

Steel,  rolled  flanged  beams 686-694 

Steel  shapes  and  plates 293-296 

Steel  slag  cement  concrete  in  compression 411 

Steel,  ultimate  tensile  resistance 274,  278-307 

Steel  wire 297-299 

Sterro-metal 338 

Stone  beams 617,618 

Stones,  in  shearing » » 556 

Stones,  natural  in  compression 427-435 

Strain it  2, 4 

Strains,  influence  of  time  on 853-856 

Straight  line  formula  for  columns 482-505 

Stress ' I,  2, 3, 4 

Stress,  intensity  of 2, 3 

Stresses  at  any  point  in  beam 141,  142,  etc. 

Stresses,  expressions  for  tangential  and  direct 868-874 

Stresses  of  tension  and  compression,  resolution  of 7, 8 

Stretch  limit 7.  202 

Suddenly  applied  loads 160, 953-955 

Suddenly  applied  stress 251 

T. 

Tee  section. 456 

Tees  as  columns 495-505 

Temperature,  effect  of  high 234,  235 

Temperature,  effect  of  low 236-338 

Temperature,  effect  of  high  and  low,  on  steel 307-31^ 
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Tempering  of  steel \ 311, 312 

Tensile  stress 4t  ^^^ 

Theorem  of  three  moments. 82, 90 

Theory  of  flexure,  general  formulae t 78, 961-976 

Theory  of  flexure,  with  unequal  coefifidents  of  elasticity 139 

Thermal  expansion  and  contraction  of  mortars,  concrete  and  stone.    376-378 

Thick  hollow  cylinders. X9»  895-901 

Thick  hollow  spheres 941-945 

Thin  hollow  cylinders. i4f  895-896 

Thin  hollow  spheres 14 

Timber  beams. 59»-6o6 

Timber  columns. 530-542 

Timber  in  compression 435-444 

Timber  in  tension 378-384 

Timber  in  torsion. 569-570 

Timber  in  shearing 553-55^ 

Tin 332-339,  396. 397 

Tin,  alloys  of 33^-344 

Tobin  bronze 345 

Tobin  bronze  in  compression 399 

Tobin's  alloy 33^-333.  33^ 

Torsion 23,  559-573 

Torsion,  combined  with  bending 164 

Torsion,  general  observations 934 

Torsion,  greatest  shear  in  circular  sections 934 

Torsion,  greatest  shear  in  elliptical  sections 914 

Torsion,  greatest  shear  in  rectangular  sections. . . . : 929-932 

Torsion,  greatest  shear  in  triangular  sections 917 

Torsion  in  equilibrium 9^1-935 

Torsion  of  circular  sections 933,  934 

Torsion  of  elliptical  sections 91 2-915 

Torsion  of  rectangular  sections 918-932 

Torsion  of  triangular  sections 915-918 

Torsion,  moment  of,  circular  sections 933 

Torsion,  moment  of,  elliptical  sections 913 

Torsion,  moment  of,  rectangular  sections 925-929 

Torsion,  moment  of,  triangular  sections. 916 

Torsion  pendulum 939_9^i 

Torsion  oscillations 93S-941 

Tresca's  experiments,  flow  of  solids 858 

Tresca's  hypotheses,  flow  of  solids 859-861 

Triangular  cylinders,  torsion  of 915-918 
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Ultimate  resistance 203 

Ultimate  resistance  affected  by  high  temperature 234, 235 

Ultimate  resistance  affected  by  low  temperature 236,  237,  238 

Ultimate  resistance  affected  by  repeated  stressing 243-251 

t-  Itimate  resistance  of  cast  iron  in  tension 264-268 

Ultimate  resistance  of  steel  in  tension t74,  278-307 

Ultimate  resistance  of  wrought  iron ^ 218,  221,  etc. 

W. 

We3rrauch's  formulae 851,  852 

White-oak  columns 53^-54' 

White  oak  in  compression 439-443 

White-pine  columns 538-541 

White  pine  in  compression 440-443 

Wire,  copper 336,  344, 345 

Wire,  iron 239,  240 

Wire,  steel 297-299 

Wohler's  experiments. 844-847 

Wohler's  law 843,  844 

Work  expended  in  producing  strains. 946-951 

Wrought  iron 205,  206,  etc 

Wrought-iron  angles 231 

Wrought-iron  bars. 207, 209, 211,  221,  222,  etc. 

Wrought-iron  bars,  diagram  of  strains 213 

Wrought-iron  beams 579-582, 694-697 

Wrought-iron  bridge- plates 229 

Wrought-iron,  coefficient  of  elasticity 205, 211 

Wrought-iron,  ductility  and  re^h'ence  of . . , 215 

Wrought-iron,  fracture  of. 241, 242 

Wrought-iron,  in  compression 386-390 

Wrought-iron,  in  shearing. 547 

Wrought-iron,  in  torsion 559-561, 571 

Wrought-iron,  single  and  double  rolled 227 

Wrought-iron,  ultimate  resistance  and  elastic  limit 218 

Y. 

Yellow-pine  columns. 531-541 

Yellow  pine  in  compression. 436-443 

Z. 

Zinc 334-341,396.398 

Zinc,  alloys  of. 331-347 
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EXPLANATORY    NOTE 

There  will  be  found  on  some  of  the  succeeding  pages  a  number  of  cross  ref- 
erenoes  to  matters  printed  on  other  x>age8  of  the  Cambria  Steel  Company's  Hand- 
book than  those  found  in  the  following  tables.  These  references  do  not  in  any 
way  affect  the  use  of  the  tables,  and  may  be  disregarded  in  every  case.  They 
simply  indicate  other  matters  which  may  be  found  in  the  Cambria  Steel  Com- 
pany's Handbook.  Indeed,  every  reader  of  this  book  will  find  much  of  prac- 
tical use  and  convenience  in  that  handbook. 
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BTANBABD  BEAMS  ANB  CHAMNKLS. 


'^ 


The  (pllowing  data  are  common  to  all  Standard  I-Beams  and 
Channeb,  with  the  exceptions  stated: 

c  »  ^(f  Minimum  Web. 

C  B  Minimum  Web  +  ^  inch. 

S  X  Minimum  Thickness  of  Web  «*  t  Minimum  for  all  Channels 
and  Beams,  except  20"  I  and  24"  I. 

For  20"  Standard  I,  s  =  .55",  t  Minimum  =  .50". 
For  24"  Standard  I,  s  =  .60",  t  Minimum  =  .50". 

The  Slope  of  Flange  of  all  Standard  Beams  and  Channels  is  16)% 
.  90  -.  27'  -  44"  =  2"  per  foot. 
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KDQKD  PLATES. 
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EXPLANATIONS  OF  THE  TABLES  OF  PROPERTIES 
OF  STANDARD  AND  SPECIAL  I-BEAMS,  STAND- 
ARD AND  SPECIAL  CHANNELS,  AND  STANDARD 
AND  SPECIAL  ANGLES  WITH  EQUAL  AND  UN- 
EQUAL LEOS. 

PBOPIETIEB  or  I-BEAKS. 

Pages  158  to  161  inclusive. 

The  figures  or  values  in  the  various  columns  give  the  section 
numbers,  dimensions,  weights,  areas  and  properties  of  the  sec- 
tions as  noted  in  the  different  headings. 

The  columns  which  require  special  explanation  are  as  follows: 

Section  Modulus — Column  8. 

This  is  obtained  from  the  moment  of  inertia  in  column  7  by 
dividing  it  by  the  distance  from  the  neutral  axis  to  the  most 
remote  fibre,  which  in  this  case  is  one-half  the  depth  of  the  beam. 

Coefficients  of  Strength — Columns  13  and  14. 

The  coefficients  of  strength  F  and  F'  have  been  computed  for 
fibre  stresses  of  16  000  and  12  500  pounds  per  square  inch  respect- 
ively, as  stated  in  the  headings  of  the  columns,  and  are  the  safe 
loads  in  pounds  uniformly  distributed,  including  its  own  weight, 
for  a  beam  one  foot  long.  Thus  the  safe  load  for  any  span  may 
be  obtained  by  dividing  the  proper  coefficient  by  the  length  of 
the  span  in  feet. 

The  coefficients  of  strength  were  obtained  from  the  following 
formulae: 

F   -}X16  000XS 
'  F'  «  i  X  12  500  X  S^ 

in  which  S  is  the  section  modulus. 
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CoBFFiciBNTs  OF  Dbflbction — Columns  15  and  16. 

The  Coefficients  of  Deflection  N  and  N'  for  uniform  and  center 
loads,  respectively,  were  obtained  from  the  following  formulae : 


N  - 


76.8EI 


N' 


PP 
48EI 


in  which 


P  and  W  -  1  000  pounds. 

1    *-  12  inches. 

£  »  20  000000. 

I   "B  moment  of  inertia  about  axis  1-1. 

These  coefficients  are,  therefore,  the  deflections  in  inches  of  a 
beam  one  foot  long  with  a  load  of  1  000  pounds,  hence,  the  deflec- 
tion of  a  beam  for  any  load  and  span  may  be  obtained  by  multi- 
plying the  proper  coefficient  by  the  cube  of  the  span  in  feet,  and 
by  the  number  of  1  000-pound  units  in  the  given  load. 


nU»nETBB  OF  tTAnABO  Am  MnClAL  CBAHmUi. 

Pages  162  to  165  inclusivb. 

The  various  columns  in  the  Tables  of  Properties  of  Standard 
Channels  are  similar  to  those  in  the  Tables  of  Properties  of 
I-Beams,  as  explained  above,  with  the  addition  of  column  11, 
which  gives  the  Section  Modulus  about  an  axis  through  the  center 
of  gravity  parallel  to  the  web,  and  column  13,  which  gives  the 
distance  of  the  center  of  gravity  from  the  outside  of  the  web. 

I' 

In  this  case  the  Section  Modulus  S'  ~  r the  notation  being 

b  —  X 

as  given  at  the  heads  of  the  columns. 
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VBOPntTm  OF  AHOU8. 

The  values  in  the  Tables  of  Properties  of  Standard  and  Special 
Angles,  with  Equal  Legs,  pages  166  to  171,  are  these  stated  in  the 
headings,  and  those  in  the  Tables  of  Properties  of  Standard  and 
Special  Angles,  with  Unequal  Legs,  on  pages  172  to  177,  are 
similar,  but  with  the  addition  of  values  for  V\  S"  and  r"  about 
the  inclined  axis  3-3,  the  position  of  which,  in  order  to  give  the 
minimum  values,  was  determined  by  the  formula  on  page  142 
or  the  value  of  the  tangent  of  2a.  After  determining  the  position 
of  the  inclined  axis,  the  properties  corresponding  thereto  were 
obtained  by  the  formula  on  page  142. 

MOaCERTS  or  IKERTIA  Or  BICTAHOLU. 

A  Table  of  Moments  of  Inertia  of  Rectangles,  about  a  trans- 
verse axis  through  the  center  of  gravity,  is  added  on  pages  178 
and  179  for  convenience  in  calculating  the  Moments  of  Inertia, 
Section  Moduli,  and  Radii  of  Gyration  for  compound  shapes  in 
which  plates  are  used. 

OENIRAL  FORMUUl  FOB  PB0PEBTII8  AND 


Formulae  for  obtaining  the  Properties  of  Standard  Sections  are 
given  on  pages.  142  and  143,  and  for  various  usual  sections  on 
pages  144  to  151  inclusive. 

General  formulae  for  Flexure  of  Beams,  Bending  Moments, 
and  Deflections  for  various  cases  of  loading  are  given  on  pages 
136  to  141  inclusive. 
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OF  APPLICATION  OF  THE  TABLES 
OF  PROPERTIES. 

Example  I. 


What  is  the  proper  size  of  I -Beam  to  cany  a  load  of  35  000 
pounds  concentrated  at  the  center  of  a  span  of  25  feet,  the  fibre 
stress  not  to  exceed  16  000  pounds  per  square  inch? 

In  the  Tables  of  Properties  of  Standard  I-Beams,  the  column 
headed  F  gives  the  coefficient  of  strength  for  a  uniform  load  cor- 
responding to  a  fibre  stress  of  16  000  pounds  per  square  inch. 

The  coefficient  of  strength  for  a  concentrated  load  at  the  center 
is  twice  that  for  the  same  load  uniformly  distributed,  hence  the 
coefficient  necessary  to  meet  the  conditions  is  35  000  X  25  X  2 
«  1 750  000.  From  the  Table  of  Properties  of  Standard 
I -Beams,  page  161,  column  13,  the  coefficient  F  for  a  24-inch 
80-pound  beam  is  found  to  be  1855  310.  The  weight  of  the 
beam  itself  is  80  X  25  —  2000  pounds,  which  corresponds  to  a 
coefficient  of  2000  X  25  =  50  000,  which  deducted  from  1  855  310 
gives  a  net  coefficient  of  1  805  310.  A  24-inch  beam  weighing 
80  pounds  per  foot  is,  therefore,  the  proper  size. 


Example  IL 

What  is  the  deflection  of  the  beam  in  tlie  preceding  example 
under  the  given  load? 

In  the  Table  of  Properties  of  Standard  I-Beams,  pages  158  to 
161  inclusive,  the  coefficient  of  deflection  for  beams  with  center 
loads  is  given  in  column  16.  To  obtain  the  required  deflection  it 
is  only  necessary  to  multiply  the  coefficient  by  the  cube  of  the  span 
and  the  number  of  1 000  pounds  units  contained  in  the  load. 

Thus  for  the  given  example  the  deflection  in  inches  =» 

.0000006  X  25*  X  ^— ^  =  .328  inch. 
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Example  III. 

What  is  the  safe  load  uniformly  distributed  that  can  be  placed 
on  an  8-inch  standard  channel  weighing;  11.25  pounds  per  foot» 
with  a  clear  span  of  15  feet  for  a  maximum  fibre  stress  of  12  500 
pounds  per  square  inch,  the  web  to  be  placed  vertically? 

From  the  Table  of  Properties  of  Standard  Channels,  page  163, 
column  16,  the  coefficient  of  strength  F'  for  the  given  channel 
under  the  conditions  named,  is  found  to  be  67  300.  Hence,  the 
total  load  may  be  67  300^  15  =  4487  pounds,  and,  as  the  channel 
itself  weighs  169  pounds,  the  net  superimposed  load  which  it  can 
safely  carry  under  the  given  conditions  is  4318  pounds. 


Example  IV. 

What  is  the  fibre  stress  in  a  5''  x  3''  angle  weighing  8.2  pounds 
per  foot  if  loaded  at  the  center  with  a  weight  of  1500  pounds,  used 
as  a  beam  with  a  span  of  6  feet,  the  5-inch  leg  to  be  placed  verti- 
cally? 

The  bending  moment  at  the  center  will  be 


Wil  ,  Wal  _  1  500  X  72      8.2  X  6  X  72 

4    "^    8  4  "^  8 


27  443  inch  pounds. 


Referring  to  the  Table  of  Properties  of  Standard  Angles, 
Unequal  Legs,  on  page  175,  the  Section  Modulus  for  this  angle, 
corresponding  to  the  axis  2 — 2,  is  found  to  be  1.89. 

The  maximum  fibre  stress  is  obtained  by  dividing  the  bending 

27443 


moment  by  the  section  modulus,  thus: 


1.89 


14  520,  which  is 


the  maximum  fibre  stress  in  pounds  per  square  inch  at  the  point 
most  remote  from  the  neutral  axis,  which  in  this  case  is  the 
extremity  of  the  longer  leg  of  the  angle. 

The  second  term  in  the  above  expression  for  the  bending 
moment  is  that  due  to  the  weight  of  the  angle  itself  and  is  incon- 
siderable, so  that  in  practice  it  might  be  neglected  for  short  spans, 
but  should  be  taken  into  consideration  for  the  longer  ones. 


PBOPIBTm  or  OOBIPOUND  8HAPI8. 

The  moments  of  inertia,  section  moduli,  and  radii  of  gjrration 
of  compound  sections  used  as  beams  or  colunms,  composed  of 
plates  and  angles,  channels,  beams,  or  any  combination  of  these, 
may  be  obtained  with  the  aid  of  the  Tables  of  Properties  as 
follows: 

The  first  step  is  to  find  the  center  of  gravity  of  the  proposed 
section,  which  in  the  case  of  symmetrical  sections  is  at  the  center 
of  the  figure. 

For  unsymmetrical  sections  the  position  of  the  center  of 
gravity  may  be  determined  by  multiplying  the  areas  of  the 
component  parts  by  the  distances  of  their  centers  of  gravity 
from  any  convenient  line,  taken  as  an  axis,  and  dividing  the  sum 
of  these  products  by  the  sum  of  the  areas,  which  will  give  the 
distance  of  the  center  of  gravity  of  the  compound  section  from 
the  assumed  axis. 

The  position  of  the  center  of  gravity  for  all  sizes  of  angles 
and  channels,  is  given  in  the  Tables  of  Properties  for  these 
shapes,  and  is  given  for  various  geometrical  sections  on  pages 
144  to  151  inclusive,  in  connection  with  their  other  properties. 

After  determining  the  position  of  the  center  of  gravity  of  a 
compound  section,  as  explained  above,  the  moment  of  inertia 
about  an  axis  through  its  center  of  gravity  may  be  found  by 
taking  the  sum  of  the  moments  of  inertia  of  each  component 
part  about  an  axis  through  its  own  center  of  gravity,  parallel  to 
the  axis  of  the  compound  section,  and  adding  thereto  the  sum 
of  products  obtained  by  multiplying  the  area  of  each  component 
part  by  the  square  of  the  distance  of  its  center  of  gravity  from 
the  axis  of  the  compound  section. 

Having  thus  obtained  the  moment  of  inertia  of  the  compound 
section,  the  section  modulus  may  be  obtained  by  dividing  this 
moment  of  inertia  by  the  distance  from  the  neutral  axb  to  the 
most  remote  extremity  of  the  section. 

The  square  of  the  radius  of  g3rration  for  the  compound  section 
may  be  obtained  by  dividing  the  moment  of  inertia  by  the  total 
area. 

The  moment  of  inertia  of  a  compound  section  about  any  axis 
other  than  that  through  its  center  of  gravity  may  be  found  in  a 
manner  similar  to  that  above  described. 


TABLES 
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PBOPIBTIB8  or  8PBCIAL  ANaLBS. 
IQUAL  Lias. 
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OAMBBXA  BTUIIa. 


OF  nvBBTiA  or  BICTlNaUUI. 

NentiBl   ■      Axis 
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9765.63 

10416.67 

50 

806/1.67 

8788.00 

9520.33 

10252.67 

10985.00 

11717.33 

52 

9021418 

0S41J0 

10661.63 

11481.75 

12301.88 

13122.00 

54 

10061.38 

10976.00 

11890.67 

12805.33 

13720.00 

14634.67 

56 

11178.29 

12194.50 

13210.71 

14326.92 

15243.12 

16259.33 

56 

12375.00 

13500.00 

14625.00 

15750.00 

16876.00 

18000.00 

60 
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PROP8BTIB8  AND  PBINCIPAL  DIMElf  8ION8 
OF  STANDARD  T-KAIL8. 


l( b — -N 


▼•igkt 
par  Tail 

km. 

b 

iMhai. 
8 

d 

k 

t 

8 

Azbl-L 

luber. 

aflMrtk. 

■oUbi 

PMna 

8i.Iiif. 

iMhai. 
8 

iMhM. 

1 

liflh. 

belM. 

I 

8 

580 

18 

1.18 

A 

0.98 

0.55 

038 

579 

16 

14^7 

2H 

2H 

Itt 

A 

1.1 

1.1 

035 

578 

80 

2JQ0 

8H 

8H 

IH 

K 

li) 

1.7 

13 

577 

85 

2JS 

2H 

9H 

IH 

tt 

1.8 

2JB 

13 

576 

80 

23 

BH 

BH 

IH 

tt 

1>4 

BJB 

83 

575 

85 

ZA 

8A 

8A 

1» 

If 

1.6 

43 

83 

545 

40 

8« 

8H 

8H 

1^ 

II 

1.7 

63 

83 

549 

45 

4^ 

BH 

8H 

8 

« 

13 

8.1 

43 

548 

50 

4^ 

B% 

BH 

8H 

A 

1.9 

93 

43 

587 

55 

bA 

4A 

4A 

8K 

H 

8j0 

183 

53 

588 

60 

bJ9 

4^ 

4K 

8H 

li 

8.1 

14.7 

6.7 

584 

65 

BA 

4A 

4A 

8H 

H 

2M 

173 

7w4 

588 

70 

e3 

4H 

4H 

8A 

tt 

2J2 

803 

a4 

589 

75 

7A 

4tt 

4H 

8tt 

tt 

8.8 

883 

9.1 

580 

80 

7S 

5 

5 

8H 

U 

8w4 

86.7 

10.1 

581 

85 

BS 

5A 

5A 

8A 

A 

8.5 

803 

113 

585 

90 

BS 

tH 

5H 

8H 

A 

8.6 

84^ 

183 

650 

95 

93 

M 

5A 

8U 

A 

8.7 

883 

183 

586 

100 

9S 

5K 

5K 

8K 

A 

83 

48>4 

14.7 

589 

160 

14.7 

6 

6 

4H 

1 

8j0 

693 

88.1 

All  sections  from  40  lbs.  to  100  lbs.  both  inclusive  are  Am.  Soc.  C.  E.  Standard. 
For  detail  dimensions  off  Section  No.  639,  see  page  17. 
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EADU  OF  aT&4TION  FOB  TWO  INQUUI 

PLACID 

I  BACK  TO  BACK. 

ANQLU  WITH  IQUAL  LIOS.                       | 

^iL 

^ 

.It-^ 

^'i.^                ^Il-^               ^.J»    H. 

Irr^^ 

„ 

tr,-M-    J.0^    ^'-^ 

Xh'» 

-^L^'»          -jLf^'*          -JLf^ 

RadU  of  gyration  ooxrespond  to  directions  indicated  by  arxowlieada.            1 

lute. 

H»iil« 

AkkaMa 

Am  of 

iBglM. 

Kidii  of  QjntioL                      1 

To 

0.46 
0^44 

ri 

0.64 
037 

0.78 
0.77 

0.78 
038 

'4 

038 
038 

034 
039 

IbAm. 

IBOL 

8).  ba 

All 

« 

i«, 

ilH 

g 

14)6 
1.96 

•A40 

i«, 

ilM 

J 

1434 
838 

OJbA 
0.61 

0.74 
0.78 

SH 

038 
038 

038 
038 

m 

8 

4 

i8 

1 

1^44 
8.80 
8.18 

0.68 
0.60 
0.69 

034 
036 
038 

038 
036 
038 

038 
14)0 
14)8 

14)8 
136 
138 

1.18 
1.16 
1.19 

•Ml 

8K, 

>c8^ 

A 

1.68 
8.10 

0.70 
0.67 

034 
037 

14)8 
14)6 

14)8 
1.11 

1.18 
1.16 

14)8 
137 

A17 

11 
M 

8H^ 

*     * 

s8H 

^ 

8.88 
8.46 
44^0 

0.77 
0.76 
0.74 

14)6 
137 
139 

1.14 
1.16 
1.19 

1.19 
131 
14)4 

14)4 

134 

in 

•A48 
<« 

>8K 

J 

84)0 
8434 
4.44 

0.86 
0.84 
038 

1.14 
1.16 
1.18 

14)8 
13! 

138 
130 
138 

138 
136 
137 

1A8 

lv46 
1.47 

•< 

8 

t 

k8 

1 

8.88 

Ills 

038 
031 
038 

14)6 
14)8 
138 

134 

i2I 

1^46 

1.48 
1.47 
131 

138 
137 
131 

A81 

BH. 

k8H 

1 

1^ 

137 
14)4 
14)8 

1.48 
138 
136 

136 
1.61 
1.66 

131 
136 
1.70 

136 
1.71 
1.76 

1.76 
131 
1.86 

A88 

i« 

4    : 

I 

i 

k4 

s 

4.80 

8.86 

11.68 

1434 
131 
1.18 

137 
1.71 
1.76 

1^ 

130 

134 

84)4 

•A47 

II 

»  1 

1 

i6 

1 

74UI 

94^0 

11.78 

136 
134 
138 

8.18 

m 

831 

84U) 
84)6 

836 
84)8 
830 

836 
838 
8^40 

A87 
•I 

«« 

6      3 

1 
1 

i6 

§ 

10.18 
144)8 
19.46 

131 

84(0 

838 
8.68 
836 

8.70 

837 
8.71 
8.76 

8.76 
830 
836 

A86 

II 

•« 
«« 
«« 
«« 

8    : 

1 

1 
* 
1 

k8 

1 

IH 

164M) 
194)8 
88.88 

831 
8.49 
8.47 

8^44 
8A8 

838 

ill 

838 
8^40 
8A8 

000000000000 

8w47 
8.49 
831 
838 
84^6 

8.49 
831 
838 
836 
837 
830 

838 
830 
838 
8.64 
8.67 
8.69 

A 

nglesma 

rlced  *  an  ti?frhi1  tectioiit. 

54 


OAJCBBIA  8TBBL. 


EADn  OF  OT&4TION  FOB  TWO  lNaU» 

PLACED  BACK  TO  BACK. 

ANGUS  WITH  UNBQITAL  L108. 


^$_ 


iL^AjtV 


-Hr^ 


Badil  of  gymtfan  cocnspond  to  dlrectloiis  Indicated  by  arrowheads. 


flMtka 
Iniibir. 


191 

•« 

«« 

•A189 

i« 

«« 

198 

«• 

«« 

195 

<i 

II 

197 

II 

II 

199 

II 

II 

*1181 

II 

•« 

1101 

II 

<i 

1108 

II 

II 

*1185 

II 

II 

1105 
II 

II 

1107 

II 

«« 

•1109 

II 

II 
II 
II 


2H 

8 

8 

8H 
8H 

4 
4 
5 
5 
5 
6 
6 
7 


x9 

2 


8 
8 

8H 

8 

8M 

4 

8H 
4 
8M 


Am«f 
Tvo 


8l.lM. 


1.68 
8.10 
4X)0 

1.80 
8.94 
4.00 

8.68 
8.84 
bJbe 

8.88 
5.50 
7.80 

8.86 
6.68 
9.84 

4.18 

7.84 

10J06 

44S0 
7jOO 
8.60 

4.80 

8.86 

11.68 

6.10 

9.84 

18.84 

6.46 

£50 

10.46 

6.84 
11.10 
15.10 

7.88 
11.78 
15.96 

8.80 
lOJOO 
18.84 
15.74 
19X)0 


lalii  «f  ayntta. 


ro 


0.79 
0.77 
0.75 
0.97 
0.95 
0.98 

0.95 
0.98 
0.91 

1.18 
1j09 
1.06 

1.10 
1j07 

1.041 

1J)7 
1.84 

iJSii 

1.86 
IJSiB 
1J22 

1.61 
14S8 
14S5 

1.60 
1.56 
14S8 

lJi9 
14>7 
14(5 

1.94 
1.90 
1.87 

1.98 
1.90 
136 

8.86 
8i)5 
8i)4 
8J31 
8.19 


0.79 
088 
084 

0.75 
0.76 
0.79 

IjOO 
ljQ8 

0.96 
IXH) 
1X>8 

1.81 
1.85 
1.80 

1.17 
1.81 
1.85 

1A2 
lAA 
lAe 

1j09 
1.18 
1.17 

1.84 
1.87 
IA2 

IJiS 
IJdO 
1.68 

IJie 
1.80 
1.84 

1.50 
IJiS 
IJ^S 

1.16 
IM 
IM 
1.87 
1.81 


088 
0.91 
094 

038 
035 
088 

15? 

1^5 

1j04 
IjOO 
ia8 

130 
134 
1^40 

135 
130 
135 

130 
138 
135 

1.17 
138 
137 

1.48 
1.46 
131 

136 
138 
1.71 

134 
139 
1^44 

138 
1.68 
137 

139 
130 
138 
136 
1^40 


098 
036 
039 

038 
030 
038 

1.18 
1.16 
130 

139 
1.14 
1.18 

135 
139 
lv45 

130 
134 
lw40 

135 
138 
130 

138 
136 
138 

lAe 
131 
136 

1.71 
1.78 
1.75 

139 
1A8 
1.49 

1.68 
1.67 
1.71 

138 
135 
137 
141 
145 


097 
131 
134 

038 
035 
038 

1.18 
131 
136 

1.18 
1.19 
138 

139 
144 
130 

134 
139 
145 

139 
138 
135 

136 
131 
137 

131 
136 
1.61 

1.75 
1.78 
130 

148 
148 
138 

1.67 
1.71 
1.76 

138 
139 
148 
146 
130 


137 
1.18 

ia5 

138 
135 
139 

138 
131 
135 

138 
139 
138 

149 
134 
130 

144 
149 
135 

139 
1.78 
1.75 

136 
141 
147 

130 
136 
1.71 

135 
137 
130 

138 
138 
134 

1.76 
131 
136 

147 
148 
131 

130 


Ani^  marked  *  are  special  sections. 
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EADn  OF  aT&ATION  FOB  TWO  INOLBS 

PLACED  BACK  TO  BACK. 

ANaUBS  WITH  UNEQUAL  LEOS. 


^UH"  ^U.j^'T  ^1^'^ 

Radii  of  gyration  ooncspond  to  directiooB  indicated  by  arrowheada. 


lub*. 


191 
II 

i« 

•Aia9 

«l 
«« 

198 

«« 

«< 

AM 

« 

«« 

197 

•« 

(• 

199 

« 

«« 

•1181 

«« 

i« 

1108 

i« 

41 

*1185 

41 
«« 

1105 

41 
44 

1107 

•4 
•4 

*1100 

44 

•< 

•      M 

«« 


8Hi2 

44 
44 

8    i8 
8    i2H 

44 
44 


8HxdH 

44 

8Mx« 

44 

4  i8 

41 
44 

•4 

5  s8 

44 
44 

5    i8H 

41 
M 

5    s4 

44 
41 


6 

zBH 

«4 

6 

i5* 

14 

7 

.8H 

M 


TMbItim— 


IiMk. 


Am«f 


8q.lM. 


ladii  «f  OjzvtiaL 


1.68 
8.10 
4X)0 

1.80 
8.94 
400 

8.68 
8.84 
5.56 

8.88, 

5.50 

7.80 

8.86 
6.68 
9i)4 

4.18 

7.94 

104)6 

450 
7XH} 
8.60 

480 

8.86 

11.68 

6.10 

9.84 

18.84 

6.46 

8.50 

10.46 

6.84 
11.10 
15.10 

7M2 
11.78 
15.96 

8.80 
lOJQO 
18.84 
15.74 
19.00 


0.60 
0JS8 
04(6 

0.58 
04^7 
OJib 

0.75 
0.74 
0.78 

0.74 
0.70 
0.69 

0.90 
0.87 
0.85 

0.89 
0.86 
0.88 

1j07 
1j04 
1j09 

035 
038 
030 

1j08 
039 
036 

130 
1.18 
1.17, 

039 
036i 
038; 

1.17 
1.18 
1.11 

035 
034 
038 
031 
039 


1.10 
1.18 
1.15 

137 
139 
lAl 

131 
138 
137 

138 
138 
136 

138 
137 
131 

1.79 
138 
138 

1.78 
1.76 
1.78 

838 
837 
8.48 

837 
831 
836 

830 
838 
834 

831 
836 
830 

8.74 
8.78 
838 

837 
839 
8^10 
8^6 
8.48 


1.19 
138 
135 

1^46 
1.48 
131 

1^10 
1A8 
1.46 

1.67 
1.78 
1.75 

1.61 
1.66 
1.71 

138 
138 
137 

131 
135 
137 

8A8 
8w47 
838 

836 
8^10 
8^6 

839 
831 
838 

830 
835 
830 

838 
837 
838 

8.47 
8.48 
830 
834 
838 


134 
14M 
130 

131 
138 
136 

IA6 
1.47 
131 

1.78 
1.77 
130 

1.66 
1.71 
1.76 

138 
137 
838 

136 
139 
138 

8w47 
838 
837 

8.41 
2A6 
830 

834 
836 
838 

835 
830 
835 

837 
838 
837 

838 
838 
835 
839 
838' 


139 
138 
135 

136 
138 
131 

130 
138 
136 

1.76 
131 
136 

1.71 
1.76 
131 

137 
838 
838 

134 
137 

838 
837 
8.68 

8^5 
830 
835 

838 
8.41 
8A8 

8.00 
835 
8.10 

838 
837 
838 

836 
838 
8.60 
8.64 
8.68 


139 
1^48 
146 

136 
1.68 
1.71 

130 
138 
136 

136 
138 
136 

130 
136 
131 

837 
8.18 
8.18 

830 
834 
837 

8.61 
8.67 
8.78 

835 
860 
8.65 

8.48 
830 
838 

8.09 
8.15 
830 

8.08 
836 
8.18 

8.66 
837 
8.70 
8.74 
8.78 


Angles  marked  *  are  special  aectioaa. 
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OAMBBIA  BTEXIi. 


DmEN 8ION8  FOB  PLATS  IMD  INQU 

COLUMNS. 


8iM 

SiM 

Of 

PktML 

«f 
Odum. 

Am  of 

(Uniui 
Sootion. 

h 

taAm. 

e 

iDOhM. 

m 

bfikM. 

bakM. 

k 
bakM. 

??< 

10^ 

bdiM. 

buhfliL 

Ut.p«K 

fl^.Ini. 

8  »8«'g 
8  »8«*g 
8  «8«*g 
8  «8«*^ 

BHxaHx^ 

sHxaxx^ 

8M.8«xg 

8«x8Hx^ 

1»«8«S 
li«8'^ 
1»'8  ^^ 

8^^ 

8'g 
8'§ 

88.1 
54^ 

84.8 
68.6 

86{ 
683 

88^ 
67.1 

86.6 
71* 

893 
848 

87.8 
973) 

108:0 

1083 

114i 

6.74 
16.95 

7.84 
17JJ0 

7.74 
18A6 

8.84 
19.70 

7.61 
8l3l 

7.76 
81.76 

88i)6 

&76 
84.76 

2g^ 

80.19 

lukos. 


in 

18 
18A 

11 
llA 

m 


Dimeniioai  m'  and  c  may  be  varied  to  suit  requirements. 
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I'l  ^.  . 


ION8  FOB  PULn  AKD  ANOU 
COLUMNS. 


2 


Ibi 

6f 

ilglML 

Urn 
PhtN. 

(UUB. 

Am  of 
(Miim 

b 

e 
bflhM. 

iti 

m 

btk« 

m' 

iMktL 

fc 

UOm. 

H 

bekMi 

iMhM. 

Ui.f«h 

8(.IlliL 

Ia«k« 

fi»8««ft 
?.«8«»J 
fi«8««J 
ft«8«»J 
«'8««5< 

ezSHzH 

•  4       41             Y 

1 

44       44    ■       Y 

1&1 

473 
185.1 

48.7 
1413 

68.1 
1504 

64.7 
1683 

1I73 

1837 
87.74 

1838 
8831 

1438 
41.48 

1534 
4836 

18.18 
4630 

80^48 
5830 

g£Sg 
6&00 

8646 
68jOO 

18« 

it* 

16 
16A 

m 

DfapcMioDi  taf  and  c  may  be  varied  to  aiilt  feqnlremeBta. 
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OAMBBIA  BTBXIa. 


OmEN SlOmi  TOR  LATTICED  GHAIRIIL 

COLUMNS. 


r  r  ' 


k-b-*t*-b'^^ 


IBBl 

SmUoi 


017 


081 


086 


C89 


10" 
088 


18* 
041 


16* 
058 


Yii|U 

Ct 

t 

h 

Pmb^ 

iMk 

IiikH. 

8X)0 

.80 

8<S< 

10^0 

.88 

18.00 

AA 

It 

16^0 

J^B 

•« 

0.75 

31 

^ 

18iS5 

.88 

14.75 

w48 

«« 

17iS5 

JSS 

«l 

10.75 

J68 

44 

11  JUS 

.88 

*l» 

18.75 

.81 

16J35 

AO 

II 

18.75 

.40 

fl 

81J)5 

.58 

«< 

18.86 
15.00 

IS 

6A 

80.00 

A6 

II 

85X)0 

SI 

<l 

16.00 

.84 

5H 

80.00 

.88 

II 

85X>0 

SS 

II 

80X>0 

Jd8 

(1 

85jOO 

J82 

II 

80.50 

J28 

»i» 

85.00 

.80 

80.00 

.51 

II 

85X>0 

.64 

II 

40X>0 

.76 

II 

88X>0 

^40 

8H 

85X>0 

^48 

n 

40.00 

JS2 

II 

45X>0 

.68 

•1 

50.00 

.78 

II 

55.00 

.88 

«« 

8 
«« 

If 

14 

8^ 

II 
II 
If 


44 
II 
II 
44 

41 
44 


14 
44 
44 
44 

6 

41 
44 
14 
44 


44 
44 
4< 
44 


OA 

44 
44 
<4 

11. 

44 
44 
44 

1«« 

14 
44 
14 


18K 

If 
44 


44 
41 
44 


1?^ 

44 
44 
44 

44 
44 
44 
44 


»» 


^ 


'^ 


^ 


»^ 


4< 
•« 

44 

14 
CC 
44 


44 
44 
44 

8 

44 
44 
44 


8S< 

44 
14 
44 


4H 

44 
44 
41 
•4 


44 
4« 
44 
«( 


OAMBRU.  BTimZh 

FOB   PL&TI   USD 
COLUBDIS. 
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II  -I 


[0N8  TOR  L4TnCSD  GHANinSL 
COLUMNS* 


r  I  / 


k-b-^-b'^'^ 


IBBl 

SmUoi 
lumbar. 


017 


081 


086 


089 


10" 
088 


18' 
041 


058 


¥ilgkl 


SJOO 
lOJbO 
ISJOO 
IbJiO 

9.75 
18iS5 
14.75 
17iS5 
19.75 

11^95 
18.75 
16i)5 
18.75 
81i)5 

18i)5 
15.00 
80X>0 
MJQO 

15jOO 
dOXX) 
85X>0 
80.00 
85jOO 

80.60 
8530 
80.00 
S6J00 
40X>0 

88.00 
85X)0 
40X>0 
45.00 
60J00 
66.00 


.66 

i)l 
.88 
A8 
4^8 
.68 

i>8 
.81 
.40 
.49 
AS 

^ 

.61 

.84 
.88 
AS 
.68 
.88 

JOB 
.89 
.61 
.64 
.76 

AO 
.48 
4S8 
.68 
.78 
.88 


M 
«4 

M 
« 
l« 

«< 
(f 
fl 

<i 


6?< 

II 
II 
II 


II 
II 
(I 


8i< 

II 
II 
II 
«« 


8 

II 

•I 

14 

II 
(I 
II 


II 
II 
II 
II 

II 
II 


II 
II 
•  I 
II 

6 
If 

II 

II 

<« 


II 
«• 
fl 
II 


9A 


If 


11 

II 

If 
II 

41 


18^ 

41 
44 
41 

14 
II 

41 
4( 
14 


1?^ 

tl 
44 
14 


44 
•I 
44 
41 


44 
14 

II 

44 
41 

f^ 

41 
II 
44 


II 
II 


41 
II 
14 

»^ 

41 
II 
II 


II 
II 
If 
II 


41 
41 
41 

41 
44 
44 

44 
44 
44 

8 

14 
44 
44 

8^ 

II 
II 
44 


II 
II 
II 


41 
14 
44 
44 


8i 
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1*— b- *j«-b-^*i 
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IH 

4 

M 

W 

^ 

W 

■M" 

».!< 

^ 

W 

».f 

",(> 

^^ 

»!< 

!,!« 

*!< 

>,!< 

«!« 

fl 

^ 

•i> 

«< 

».>< 

^ 

«!< 

W 

•A 

'.ti 

esi 

fl 

'il 

«.!< 

W 

".H 
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SHIABma  VALUl  OF  BIVBTS  AND  BSABINa 
VALUl  or  BIVETSD  PLATES. 

All  TM»**— ifl^fcwtff  In  fnciliM 
Shearing  Value  ■■  Area  of  Rivet  X  Allowable  Shearing  StrcM  per  Square  Indu 


lUttute 

Arm 

in 

8(Vir«IaelML 

UnitStraf  • 

-6000  Iba. 

Bearinir  ▼aiii«  for  DUrerant 

«f 
iiret 

ttngl* 
Shmx. 

DooUt 

ShMT. 

i 

A 

f 

^ 

H 

.1105 
.1964 
^068 
A418 
.6018 
.7864 

668 
1178 
1841 
8661 
8608 
4718 

1885 
8866 
8688 
6801 
7816 
9485 

1185 
1600 
1876 

1406 

1688 

H 

8844 
8818 

8866 
8818 
8876 
8988 

8686 

H 

dikdil 

H 

U56 
8686 
8000 

8988 

H 

8881 
8750 

4694 

1 

4600 

6860 

DiaiMtar 

Area 

in 

8q[Dar»InehM. 

ITBttStrMf 

-6750  Ibt. 

Baarlng  Value  for  XMHeBrant 

«f 
RiTtt 

ttnglt 
8hMr. 

BoaUe 
Shear. 

i 

A 

1 

T^ 

H 

.1106 
.1964 
.8068 
w44l8 
.6018 
.7864 

746 
1885 
8071 
8988 
4069 
6801 

1491 
8661 
4148 
6964 
8118 
10608 

1866 
1688 
8100 

1688 

1898 

H 

8109 
8687 
8164 

to8i 

8164 
8797 
4480 

8968 

H 

8toi| 

^ 

1^6^1 
8968 
8876 

4480 

H 

8661 
4819 

5168 

1 

6068 

6906 

Diameter 

Area 

in 

Square  Inelua. 

UnitStreeii 

-75001ba. 

Bearing  Value  for  Different 

of 
RiTeL 

Single 
Shear. 

888 
1478 
2801 
8818 
4610 
6891 

Doable 
Shear. 

i 

A 

1 

^ 

H 

.1106 
.1964 
.8068 

w4418 
.6018 
.7854 

1667 
2946 
4602 
6627 
9020 
11781 

1406 
1876 
8844 

1768 

8100 

H 

2^44 
2980 
8616 

8818] 
8616 
4819 
4982 

8281 

H 

4l02| 

H 

8818 
8281 
8760 

4922 

H 

4108 
4688 

6742 

1 

6626 

6668 

Diameter 

of 

Riret 


H 
H 
H 

H 


Area 

in 

Square  Inches. 


.1106 
.1964 
.8068 
v4418 
.6018 
.7864 


UnitStreas- 

-lOOOOlha. 

SinEle 

Doable 

Shear. 

Shear. 

1106 

2209 

1064 

8927 

8068 

6186 

4418 

8836 

6018 

12026 

7864 

16708 

Bearing  Value  for  Different 


A 


1876  2844 
2600 


8126 


876Cr 

4876 

6000 


8126 
8906 
4688 


6469 
6250 


I 


2818 


8760 
4688 
6626 
6668 


7600 


A 


4875 


64681 
6668 
7666 
8760 


In  the  above  tables  the  bearing  values  between  the  lower  and  upper  zigzag 
black  lines  are  greater  than  single  and  leas  than  double  shear  for  the  corre- 
spending  dimensions,  so  that  in  case  of  single  shear,  the  single  shearing  value 
governs,  and  in  case  of  double  shear,  the  bearing  value  governs  the  design. 
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SHIABma  VALUl  OF  BIVBTS  AND  BIABINa 
VALUS  OF  BIVBTED  PLATSS. 

An  DlmOTittoni  In  InehM. 

Bearing  Value  -  Diameter  of  Rivet  X  ThickneM  of  Plate  X  Allowable  Bearing 

StreM  per  Square  Indi. 

ThieknMMS  of  Plate  In  ZnchM  at  11-000  Pounds  per  ■qnare  Znefa. 


i 

A 

1 

H 

i 

H 

i 

H 

1 

8000 
1  8750 

4819 

4688 
5686 

6188 
7819 

6760 
7876 

8681 
9750 

9188 
10600 

9844 
11860 

4K66 

MM 
6906 
6760 

6860 

<^<M 

6000 

7600 

&too 

6oo6 

18000 

ThieknMMS  of  Plate  In  InehM  at  IS  800  Pounds  per  Square  Inch. 


i 

A 

i 

H 

f 

if 

i 

n 

1 

8875 
1  4819 

4746 

6878 
6888 

6961 
8181 

7694 
8869 

9598 
10969 

10886 
11818 

11074 
18666 

6068 

6^6 
6646 
7594 

5906 

•ird88 
8488 

6760 

9881 

10186 

18600 

ThicknessM  of 

PUte 

In  InehM  at  10  000  Pounds  per  Square  Inch. 

i 

A 

4 

H 

f 

if 

i 

U 

1 

8760 
1  4688 

5878 

6869 
7081 

7784 
9088 

8488 
9844 

18805 

6686 

6886 
7888^ 

6668 

to08 

10664  11484 
18188|  18186 

7500 

8488 

9875 

10818| 11860 

14068  16000 

ThlekneisM  of  Plate  in  Inches  at  SO  000  Pounds  per  Square  Inch. 


i 

A 

1 

ii 

1 

if 

i 

if 

1 

6000 
1  6860 

7081 

7818 
9876 

10818 
18081 

11850 
18185 

7600 

6488 

9844 

11860 

8760 

10988 
18500 

14819  16818;  16406 

10000 

18760  16000 

16860 

17600 

18760 

80000 

The  bearing  values  above  and  to  the  right  of  the  upper  zigzag  black  lines  are 
greater  than  double  shear  for  the  corresponding  dimensions,  so  that  in  these 
cases  the  shearing  values  govern  the  design. 

The  bearing  vaJues  below  and  to  the  left  of  the  lower  zi«{zag  black  lines  are 
less  than  singfe  shear,  so  that  in  these  cases  the  bearing  values  govern  the  design. 


f^-^-^;? 
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P&0PIETII8  or  L4TnCKD  CHANMEL  COLUMNS. 


2 


4 


Si 


fi 


▼tigkt 
hot 

ixiil-t 

Axiit4. 

SiftholOhnMl 
aad 

Iftmit 

flgjljm 

Iftmit 

Mka 

OfllllrtUL 

Mriulm*. 

oIlMrtb. 

Wiw!iiliii 

8«etto&  IvBbv. 

Ponndi. 

Iiiehat.« 

IllflhM.S 

Iiiakia.« 

bahH.* 

017 

m 

i 

8.7 
10.1 

874) 
81.1 

104 

7* 
081 

9.75 
18.85 
14.75 
17JS5 
19.76 

4949 
48^4 
544 
60w4 
6&4 

194) 

444) 

614 
664» 

15^ 

8* 

085 

11.85 
18.75 
16.86 
18.76 
21M 

64.6 

793 
87.7 
95.6 

184) 
80.0 
81.9 
88.9 

674 
763 

98.8 
99.7 

144) 
15.8 
17.6 
19^ 
803 

<& 

MJOO 
85X)0 

94.6 

181.6 
141w4 

81.0 
88.6 
874) 
814 

984 
1004) 

189.1 

173 
19i) 
88.1 
86.8 

^ 

15jOO 
MJOO 
86.00 
80X)0 
d6X)0 

188.8 
167w4 
1884) 

8814) 

86.8 
SlJb 
864 
41.8 
46Jd 

181.7 
168J» 
188.8 
8054 
8864) 

884) 
87.6 
88.0 

3i 

^ 

804(0 
86X)0 
SOJOO 
864)0 
404)0 

866iS 
8884) 
888J3 
868.6 
898.8 

48.7 
48.0 
68.9 
69.8 
66.6 

866.9 
896.6 
886.8 
870.6 
406.7 

87.9 
48.6 
494( 
64.6 
59.8 

16' 
C68 

884)0 
864)0 
404)0 
454)0 
604)0 
564)0 

685.8 
689.8 
6954) 
750i) 
8064 
8604 

86.8 

98.7 

1004) 

107.4 

114.7 

6ia7 
686.1 
700.8 

§74^ 

76.1 

100.9 
107.6 
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DIMUraiONS  rOB  PLAT!  AHD  OHAHinL 
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